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 14 
A model devised by Thorpe & Li (2014, J. Fluid Mech. 758, 94-120) that predicts the 15 
conditions in which stationary turbulent hydraulic jumps can occur in the flow of a 16 
continuously stratified layer over a horizontal rigid bottom is applied to, and its results 17 
compared with, observations made at several locations in the ocean. The model 18 
identifies two positions in the Samoan Passage at which hydraulic jumps should occur 19 
and where changes in the structure of the flow are indeed observed. The model 20 
predicts the amplitude of changes and the observed mode 2 form of the transitions. 21 
The predicted dissipation of turbulent kinetic energy is also consistent with 22 
observations. One location provides a particularly well-defined example of a 23 
persistent hydraulic jump. It takes the form of a 390 m thick and 3.7 km long mixing 24 
layer with frequent density inversions separated from the seabed by some 200 m of 25 
relatively rapidly moving dense water, thus revealing the previously unknown 26 
structure of an internal hydraulic jump in the deep ocean. Predictions in the Red Sea 27 
Outflow in the Gulf of Aden are relatively uncertain. Available data, and the model 28 
predictions, do not provide strong support for the existence of hydraulic jumps. In the 29 
Mediterranean Outflow, however, both model and data indicate the presence of a 30 
hydraulic jump.  31 
 32 
1. Introduction 33 
 34 
Little is known of the form and structure of hydraulic jumps in the deep ocean, and 35 
until recently measurements in and around features that satisfy the dynamical 36 
conditions necessary for hydraulic transitions to occur have been lacking. The 37 
potential importance of hydraulic jumps as a mechanism for mixing in stratified near-38 
bed currents is however recognised and several studies have been made of the flow in 39 
regions where jumps might be expected, notably in the Romanche Fracture Zone 40 
(Polzin et al., 1996) and in the near-bottom outflows from both the Red Sea (Peters & 41 
Johns, 2005; Peters et al., 2005) and from the Mediterranean Sea (Gasser et al., 2011; 42 
Nash et al., 2012). Alford et al. (2013) conclude that hydraulic jumps form 43 
downstream of a sill in the Samoan Passage, resulting in turbulent mixing. In the 44 
atmosphere transitions in pressure, wind speed and potential temperature described as 45 
being caused by hydraulic jumps have been observed, for example, in the lee of the 46 
Sierra Nevada mountain range in California by Armi & Mayr (2011) and in katabatic 47 
winds in Adélie Land in Antarctica by Pettré & André (1991), the latter a 48 
manifestation of  “Loewe’s phenomenon” (Baines, 1995). 49 
 50 
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   Our purpose here is to apply an idealized model in some of these regions where 52 
detailed measurements of near bottom flows are available and jumps appear likely. 53 
The theoretical model predicts when flows are prone to hydraulic jumps and, if they 54 
are, the amplitude of jumps and what loss of energy occurs. The comparison with 55 
observations provides tests of the validity of the model and, within the limits of the 56 
model and its ‘fit’ to the data, examination of whether hydraulic jumps occur in 57 
observed flows and some indication of their nature.  58 
   The model is described in § 2, and applied to data in the following sections. § 3 59 
makes comparison with observations over and in the lee of a sill in the Samoan 60 
Passage. Two abrupt changes in the character of the flow are examined in detail and 61 
are identified as hydraulic jumps. In § 4 the model predictions are applied to 62 
observations in the Red Sea Outflow, whilst § 5 describes comparison of the model 63 
with observations in the Mediterranean Outflow. The main conclusions are discussed 64 
in § 6 and summarized in § 7. 65 
 66 
2. The model 67 
 68 
A theoretical model of a stationary turbulent internal hydraulic jump in a non-rotating 69 
system is devised by Thorpe & Li (2014) (hereafter referred to as TL) and illustrated 70 
in figure 1. A stratified layer in which the jump occurs flows over a rigid horizontal 71 
boundary at z = 0 and beneath a uniform stationary fluid of infinite depth. Unlike the 72 
majority of models of such jumps which assume that the flow consists of two discrete 73 
uniform layers upstream of the hydraulic transition (reviewed, for example, by Ogden 74 
& Helfrich, 2016, and Baines, 2016), TL adopt continuous profiles of velocity and 75 
density both upstream and downstream of the transition. The velocities in the model 76 
are given by 77 
 78 
                 ui(z) = UiFi(z/hi),                                                                                      (1) 79 
 80 
where subscript i = 1 indicates a steady flow approaching a jump (‘upstream’) and i = 81 
2 indicates a steady flow beyond the jump (‘downstream’) when turbulence generated 82 
within the region of the transition has collapsed, and hi is the thickness of the flowing 83 
layers. The (positive) functions Fi are selected as ‘η profiles’; for a given value, ηi, 84 
and with y = z/hi:   85 
 86 
                Fi(y) = 1,                     if 0 ≤ y ≤ ηi ≤ 1 (a uniform lower layer),           ↑ 87 
                         = (1- y)/(1 - ηi),  if ηi ≤ y ≤ 1 (an interfacial layer),                      } (2) 88 
                         = 0,                     if y ≥ 1 (a uniform and stationary upper layer). ↓ 89 
 90 
The η profiles provide examples of flows ranging from a uniform gradient extending 91 
from z = 0 to z = hi when ηi = 0 to a two-layer structure with discontinuity at z = hi 92 
when ηi = 1.  93 
   The density is chosen with a profile similar to the velocity: 94 
 95 
                    ρi(z) = ρ0[1 - ∆  + 2∆Fi(z/hi)].                                                              (3) 96 
 97 
The reference density, ρ0, and the measure of density variation, ∆ (and the velocity 98 
measures, Ui), are all positive. The density at the boundary, z = 0, is ρ0(1 + ∆) in the 99 
upstream flow and also in the downstream flow. (This requirement of equal densities 100 
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at z = 0 can be relaxed to allow mixing in the transition to extend through the lower 101 
layer down to the seabed, so reducing the density in the downstream flow at z = 0 and 102 
introducing a measure, δ, of the density change, as described by Thorpe, 2010, and 103 
TL.) The density gradients, dρi/dz, are zero except in the interfacial layer where they 104 
equal -2∆ρ0/[hi(1 - ηi)]. Above z = hi the density is equal to ρ0(1 - ∆) and, since the 105 
density is uniform, no internal waves can propagate upwards from the transition 106 
region (but see appendix C later). It is assumed that the transition is not undular; no 107 
allowance is made for mixing and energy loss in a train of stationary waves 108 
downstream of a jump. The downstream profiles defined by U2, h2 and η2 depend on 109 
the turbulent mixing in the jump but are made to be consistent with their upstream 110 
values, U1, h1 and η1, according to the laws of conservation of volume, mass and 111 
momentum fluxes. 112 
   The η profiles at locations upstream and downstream of perceived hydraulic jumps 113 
are fitted to the data as explained in appendix A to obtain values of ηi, Ui, hi and 114 
2∆ρ0. The gradient Richardson number in the interfacial layer (ηihi  < z < hi) is 115 
 116 
                             Rii = 2g∆hi(1 - ηi)/Ui

2.                                                                 (4) 117 
 118 
Closure is obtained by assuming that the downstream interfacial Richardson number, 119 
Ri2, equals 1/3. This value is chosen because by the Miles-Howard theorem it ensures 120 
that the downstream flow is stable. Furthermore it is well within the bounds of 121 
uncertainty of the final values, RiF, of Richardson numbers in laboratory and 122 
numerical studies of decaying turbulence following Kelvin Helmholtz instability 123 
(KHI) in a stratified interfacial layer (e.g., Thorpe, 1973; Smyth, Moum & Caldwell, 124 
2001. It should however be noted that whether there is a similar limiting Richardson 125 
number following the collapse of turbulence initiated in a hydraulic jump is not 126 
known, although a value of about 1/3 is indeed found downstream of the jumps 127 
analysed in § 3.) The upstream flow is characterised by η1 and a Froude number, Fr, 128 
defined as  129 
 130 
                               Fr = U1

2/(g∆h1), = 2(1 - η1)/Ri1.                                               (5) 131 
 132 
   Figure 2 summarizes the analysis of three factors important in internal hydraulic 133 
jumps: wave propagation, consistency with the conservation laws, and the stability of 134 
the upstream and downstream flows; it shows the character of flows satisfying the 135 
conservation laws and the possibility of transitions at points in the (η1, Fr) plane 136 
defining the upstream flow. A necessary condition for a steady stationary jump is that 137 
no waves can propagate upstream to alter the flow in which the jump occurs. The bold 138 
lines of figures 2a and 2b are derived by Thorpe (2010; see his § 4.2) and indicate 139 
limiting values for this condition to apply. They mark the maximum value of Fr for 140 
given η1 at which waves can propagate in the upstream direction; at greater values of 141 
Fr (when jumps can be stationary) there are no upstream travelling waves. When η1 < 142 
2/3, the limiting Froude number equals 8(1-η1) and (5) implies that Ri1 = ¼. (The 143 
condition Ri1 = ¼ is satisfied on the dashed line and on its continuation to Fr = 8 at η1 144 
= 0 in figures 2a and 2b.) Figure 2b, found following TL, also shows where finite 145 
amplitude jumps consistent with the conservation laws may be possible in given 146 
upstream flows, i.e. at points in the (η1, Fr) plane. To the right of the bold line 147 
marking the limiting Fr the plane is divided into three regions, A, B and C. No jumps 148 
are possible in region A. Just one solution of the conservation equations for a flow 149 
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downstream of a jump is possible in region C (meaning that only one type of jump or 150 
mode of transition can occur). Two solutions exist in region B; one of two jumps are 151 
possible but only when η1 exceeds 0.74 and Fr is sufficiently large. Jumps occur in 152 
the regions B and C where the upstream flow with corresponding η1 and Fr is 153 
described as ‘supercritical’ to the formation of hydraulic jumps. Jumps are not 154 
supported in the remaining regions of the (Fr, η1) plane; these flows are ‘subcritical’. 155 
The smallest Fr at which a jump can occur is 2.2 when η1 = 0.74, at the junction of 156 
regions B and C and the bold line. The single roots in region C generally correspond 157 
to mode 2 jumps (figure 1b) in which the interfacial layer in the upstream flow, η1h1 < 158 
z < h1, expands both upwards and downwards; values of h2 exceed h1 but η1h1 > η2h2, 159 
so that the upper isopycnals rise and the lower descend. The double roots of region B 160 
are either of mode 2 jumps or those of mode 1, in which all isopycnals rise through 161 
the transition as illustrated in figure 1a.  162 
   The stability of the upstream flow is examined by TL (their § 2.2) and summarized 163 
in figure 2c. The hatched region shows where KHI is not possible in the upstream 164 
flow, i.e., where the Taylor-Goldstein equation describing the stability of small 165 
perturbations to the flow has no exponentially growing solutions. KHI may occur in 166 
the remaining region of the (η1, Fr) plane. A value Ri1 = 1/3 corresponds to the dot-167 
dash line, Fr = 6(1-η1). Points on this line are to the left of, and outside, the 168 
supercritical regions B and C of figure 2b in which hydraulic jumps are possible: it 169 
follows that a steady downstream flow with Richardson number, Ri2 = 1/3 is therefore 170 
stable both to KHI and to a possible hydraulic transition whatever the value, η2. To be 171 
consistent with the model’s assumption that Ri2 = 1/3 a measured downstream Froude 172 
number should lie on (or at least be close to) the dotted line and be approximately 173 
equal to 6(1-η2). Although, by comparing figures 2b and 2c, it is evident that KHI is 174 
possible where jumps may occur in all of region B and most of C, there is a small 175 
region marked E in figure 2c, part of C, where jumps are possible but KHI is not. (The 176 
flow with small values of η1 is stabilized by the presence of the rigid boundary at z = 177 
0, reducing the critical Richardson number to values below 1/4.) The possibility of 178 
KHI where jumps occur in regions B and C implies that (unless the flow is in the 179 
region E) it might be difficult, if not impossible, when comparing model predictions 180 
to observations to distinguish between hydraulic transitions and those caused by KHI; 181 
the occurrence of turbulence and an associated change in flow profiles may be a 182 
consequence of a hydraulic transition or of KHI, and in this sense the two are 183 
synonymous. (It will however be shown in § 3 that in at least two cases the nature of 184 
the hydraulic transition is quite distinct from KHI.) In regions A and D of figure 2b, 185 
the upstream flow is liable to KHI but not to a hydraulic jump, in D because upstream 186 
waves are possible (figure 2a) and in A because no hydraulic jump solutions can be 187 
found; for flows in region A small amplitude KHI disturbances may grow, but no 188 
finite amplitude hydraulic transition is possible.  189 
   There is one factor that may distinguish hydraulic jumps from KHI. Where they 190 
occur the turbulent hydraulic jumps are stationary, their position fixed where the flow 191 
becomes supercritical, e.g., downstream of sills or constrictions in the width of 192 
channels. The conditions favouring the onset of KHI may similarly be determined by 193 
the topography, e.g., by its enhancement of shear. It is however a property of KHI that 194 
the disturbances following instability and developing into billows and subsequently 195 
turbulence, propagate downstream at a speed within the range of the flow speeds, i.e., 196 
so that a critical level exists. The billows propagate at a speed between that of the 197 
upper layer (zero in the model) and that of the lower layer, U1, possibly causing the 198 
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critical position from which they develop, i.e., where the flow becomes subject to 199 
KHI (and possibly supercritical), to pulsate slightly in its downstream location. 200 
   As explained further in § 3 (and shown later in figure 6), the TL model provides 201 
prediction of other quantities related to transitions. The theory does not establish, 202 
however, the physical processes leading to the onset of turbulence in the transition. 203 
These might include an overturning billow-like structure or rotor (Ogden & Helfrich, 204 
2016; e.g., their figure 4d of an internal bore) or KHI. Nor does the theoretical model 205 
describe the nature of the flow within the turbulent transition (although it has been 206 
supposed to have a character sufficiently far downstream where turbulence has 207 
collapsed similar to that following KHI, with Ri2 = 1/3). Much about its structure is 208 
however revealed by observations described in § 3. The model does not predict the 209 
values of η or Fr within the turbulent transition region itself but these are determined 210 
from the observations. Some information is however available from the model about 211 
the mean rate of dissipation of turbulent kinetic energy as explained later, and 212 
estimates may be made of the vertical fluxes within the transition; Thorpe (2010). 213 
   Observations are used in §§ 3-5 to examine the predictions (and test the validity) of 214 
the theoretical model. Assumptions and approximations made in applying the 215 
theoretical model to observations are reviewed in appendix B. One of these is that 216 
rather than the uniform density of the η profiles, the observed density profiles may 217 
have a nearly constant gradient above the flowing layer near the seabed (e.g., as seen 218 
later in profiles in figure 4a). It is shown in appendix C that this appears unlikely to 219 
allow upward radiation of internal waves with energy and momentum loss from a 220 
transition region.  221 
 222 
3. The Samoan Passage 223 
 224 
                                         3.1 The observations 225 
Alford et al. (2013) examined the dense deep northerly flow through the Samoan 226 
Passage. They made detailed ‘tow-yo’ measurements with a CTD (measuring 227 
conductivity, temperature and depth) and a LADCP (a lowered acoustic Doppler 228 
current profiler) to obtain profiles of potential density, sigma4, referenced to 4000 m, 229 
and velocity in a region of mean depth about 5100 m. The ‘tow-yo’ cycled between 230 
40 m off the bottom and 4200 m depth making profiles with a derived 1 m vertical 231 
resolution about 250 m apart, and thus inclined at a mean angle to the horizontal of 232 
about 74 deg. Potential temperature and dissipation data over a major sill near 8o S are 233 
displayed in figure 3c in Alford et al.’s paper and are reproduced here in figure 3. 234 
Being at low latitude, the effects of the Earth’s rotation are likely to be relatively 235 
small. This section shows locations designated by their position, x (in kilometers), 236 
from 0 to 31.5. It passes in a northerly direction from just upstream (south) of the sill. 237 
Adjacent to the seabed an approximately 250 m thick layer of relatively dense water 238 
flows northwards about 0.4 m s-1. It is capped by an interfacial layer in which the 239 
velocity and potential density decrease upwards. Above this the flow is relatively 240 
small. The analysis made here is of two subsections of the data where hydraulic 241 
transitions appear likely. § 3.2 describes x = 20 to 25, presented first because – as it 242 
appears from figure 3 – it is found to contain a single ‘cleanly defined’ hydraulic 243 
jump and consequently sets a standard for later analysis. § 3.3 is from x = 3 to 12 244 
where a jump may also occur.  245 
   Additional measurements in the Samoan Passage are described by Voet at al. (2015, 246 
2016).  247 
 248 
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                             3.2 The tow-yo section from 19 km to 25 km 249 
Profiles of potential density and northwards velocity at 1 km spacing in the section of 250 
increasing depths from x = 19 to x = 25 are shown in figures 4a and 4b, respectively. 251 
Table 1 shows the results of fitting the η profiles to these data as described in 252 
appendix A. Here η (with no subscript) is derived from the best fit of an η profile to 253 
the observations at a position, x. The mean thickness, ηh, of the lower layer is 256 m 254 
and its mean northward speed is 0.43 m s-1. The mean thickness of the interfacial 255 
layer is 274 m. With the estimated values of Fr and η, figure 2 (with η1 = η) is used to 256 
determine whether or not the flow at various positions, x, can support a hydraulic 257 
jump. Points in the (Fr, η) plane denoted by their position, x, are shown in figure 5a 258 
which is divided as in figure 2. At x = 19, the Froude number, Fr, = 2.1 and η = 0.64, 259 
and (from figure 2b) the flow is subcritical (i.e., no hydraulic jump is possible). At x = 260 
20, Fr = 4.7 and η = 0.64 and, as shown by the location of the point in figure 5a, 261 
according to the model the flow is supercritical with (figure 2b) a single solution for 262 
the downstream flow. The density profile contains few regions of static instability and 263 
there is a relatively low dissipation rate (figure 3).  264 
   Figure 6 (reproduced from TL’s figure 5) shows contours of various downstream 265 
quantities derived from the model corresponding to upstream values, η1 and Fr. The 266 
predicted downstream values (at a location where Ri ~ 1/3) that correspond to 267 
upstream values η1 and Fr at x = 20 are η2 = 0.47 (figure 6a) and q = h2/h1 = 1.29 268 
(figure 6b). The latter has q > 1 and implies that the thickness of the overall flowing 269 
layer at the downstream location should exceed that upstream or, since at x = 20 the 270 
layer thickness is h1 = 426 m (table 1), the predicted downstream value is h2 = 549 m. 271 
Moreover the predicted downstream thickness of the lower layer, η2h2, is 258 m, i.e., 272 
the thickness of the uniform layer below the interfacial layer, should be less than that 273 
upstream, η1h1 = 271 m. Since the upper edge of the interfacial layer is predicted to 274 
increase in height above the bottom and the lower edge to decrease, a mode 2 275 
transition from upstream to downstream of the transition is expected as noted in § 2. 276 
But, to comply with the model, does the flow attain an approximately steady 277 
subcritical state with Ri2 ≈ 1/3 at some x > 20?  278 
   Although there is a well-defined shear and density interface between 4670 m and 279 
4790 m depth at x = 21, above it the density profile has a large region of static 280 
instability with variable shear at depths of 4530-4700 m, marked ‘A’ in figure 4a, and 281 
this x-location (the parameters of the interfacial region also implying in figure 5a that 282 
the flow is supercritical) is presumably within a hydraulic jump downstream of x = 20 283 
following its supercritical state. At x = 22 there is a near uniform layer from 4520 m 284 
to 4750 m , marked ‘B’ in figure 4a, containing a 60 m high region of static 285 
instability. At x = 23, there is what appears to be an 80 m deep layer of residual 286 
overturn, ‘C’, near 4650 m. Evidence of this layer persists at x = 24, ‘D’. The 287 
presence of the inversions (statically unstable regions) is reflected by the large 288 
uncertainty in Fr shown in table 1 and figure 5a at x = 22 and 23, and consequently 289 
the sub- or supercritical state of the flow is not definitely known at x = 22, although 290 
the latter is favored. However at x = 24 the flow becomes subcritical (although the 291 
interface in both density and velocity is somewhat irregular, possibly layered) with Ri 292 
= 0.33 (≈ 1/3) and a Froude number that approaches the dot-dash line in figure 2c, 293 
reproduced in figure 5a, as required in the model flow downstream of KHI.  294 
   The features of the jump described in the last paragraph are illustrated in more detail 295 
in the potential density contours of figure 7. The mixing region is outlined by an oval 296 
shaped curve to indicate its location and approximate dimensions. It is characterized 297 
by relatively uniform density but with frequent inversions. It begins near x = 20, the 298 
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position where the flow is first predicted to be supercritical. The mixing region 299 
appears initially near 4600 m depth, about 410 m off the bottom, splitting into two the 300 
upstream stratified interfacial layer between 4530 m and 4650 m. The potential 301 
density of the fluid where the mixed layer first appears is slightly less than the mean 302 
potential density in this interfacial layer. At x = 22 the layer develops into a vertically 303 
near-uniform region containing frequent density inversions extending from 4480 m to 304 
4770 m depth. At x = 23, the centre of the mixing region is at 4650 m, about 485 m 305 
off the bottom. The density of the oval shaped mixing region increases with x as more 306 
dense water is entrained from the bottom layer. Overall the layer of mixing resembles 307 
a mid-water (i.e., separated by about 200 m from the bottom) 3.7 km long rotor-like 308 
structure following the gradual bottom slope, although no significant sustained flow in 309 
the upstream direction was recorded that might confirm the circulatory flow of a rotor. 310 
At its maximum the mixing layer is about 390 m in height, and its aspect ratio - height 311 
divided by length - is approximately 0.08. The velocity field is more uncertain and 312 
less firmly structured than the density, but the oval layer appears to have a generally 313 
weak flow above its stratified base below which the near-bed northerly flow continues 314 
at about 0.4 ms-1. The mixing layer forming the hydraulic jump has a form 315 
reminiscent of a steady spilling surface-wave breaker (e.g., Rapp & Melville, 1990), 316 
like that downstream of a weir led by a ‘toe’ near x = 20, z = 4600m. There is no 317 
evidence that it is initiated by an overturn caused by convective instability (as in a 318 
plunging surface-wave breaker) or by KH billows, characterized e.g., by ‘braids’, high 319 
gradient regions between periodic billows, although the uniformity of the layer is 320 
sustained by static instability and convection. Its form is similar to that produced by 321 
breaking forced internal waves in the atmosphere above mountain ridges, modeled by 322 
Afanasyev & Peltier (1998; see especially their figure 12d) and by Yakovenko, 323 
Thomas & Castro (2011).  324 
   The values of η and h at x = 24 are 0.33 and 561 m, respectively, compared to the 325 
model’s predicted values of 0.47 and 549 m, respectively, for a jump produced by the 326 
flow at x = 20. The lower layer thickness at x = 24 is 186 m, less than the predicted 327 
258 m, but at least showing that the transition is of mode 2, as predicted. In view of 328 
the assumptions made in the theoretical model, of the uncertainty in fitting the η 329 
profiles to data (reflected in the error bars of figure 5a), of whether the profiles at x = 330 
20 represent the flow conditions immediately before the transition, and of the 331 
unaccounted-for variations in bottom topography shown in figure 3 over the 332 
horizontal extent of the transition layer shown in figure 7, it is not surprising that the 333 
predicted values differ somewhat from the observed. The density within the interfacial 334 
layer is irregular and ‘step-like’ at x = 25 (figure 4a). At this location, however, the 335 
northward velocity of the flow above the interfacial layer is about 0.1 m s-1, violating 336 
the model’s assumption of zero flow.  337 
   Contours of a non-dimensional energy loss in the jump, En, in (Fr, η1) space, 338 
estimated by TL (their equation 4.3), are given by figure 6c. En is related to the mean 339 
rate of dissipation of turbulent kinetic energy per unit mass in the hydraulic jump, ε, 340 
by  341 
 342 
                         ε = EnU1

3(1 + 3η1)/{4Lj[(1 – η1) + q(1 – η2)]},                                (6) 343 
 344 
where Lj is the horizontal extent of the transition region associated with the hydraulic 345 
jump, q = h2/h1, and U1 (≈ 0.43 m s-1) is the speed of the lower layer upstream of the 346 
jump. Using the upstream values of η1 and Fr at x = 20, figure 6c gives En ≈ 0.035. 347 
Selecting the downstream value of η2 as that at x = 24, and choosing Lj = 4 km (the 348 
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separation distance between the upstream and downstream locations) gives a mean 349 
value, ε = 4.1x10-7 W kg-1. This is comparable to the values observed and given in 350 
Alford et al.’s figures 2 and 3c, the latter reproduced here in figure 3. A further 351 
comparison of theory and data is made in appendix D: the approximate time required 352 
for turbulence to collapse is consistent with the observations of the length of the 353 
active mixing region estimated to be approximately 6U1N

-1, where N is the mean 354 
buoyancy frequency of the stratified region surrounding the upstream interfacial layer. 355 
   In summary: a transition begins at x = 20, the location where, according to the 356 
model, the flow becomes supercritical, and it takes the form of an elongated mixing 357 
layer. If this is a rotor it is similar to those found in numerical studies of moving bores 358 
by Ogden & Helfrich (2016). It is separated from the seabed by a relatively strong 359 
down-slope bottom flow, and thus differs from the near-boundary rotors found in 360 
large internal waves in the lee of mountains described by Scorer (1972; e.g., his figure 361 
5.7.i) and Doyle & Durran (2007). No KH billows or braids are apparent in the tow-362 
yo profiles immediately downstream of x = 20.  363 
 364 
                           3.3 The tow-yo section from 3km to 12 km 365 
Table 2 and figure 5b show the results of fitting the η profiles to data in 3 ≤ x ≤ 12. 366 
The mean thicknesses, the averages of ηh and h of the other flowing layers between x 367 
= 3 and x = 12 are 283 m and 484 m, respectively, and the mean northward speed of 368 
the dense lower layer is 0.30 ms-1. However at x = 7, the flow is unusually small, less 369 
than 0.05 ms-1, throughout the depth range sampled by the tow-yo. Although the 370 
density profile was ‘normal’, with a well-defined interfacial layer between depths of 371 
about 4300 m and 4700 m, no northward-going lower layer appears in the velocity 372 
profile. We have no simple explanation for this and it was not possible to fit 373 
consistent η profiles to both velocity and density. 374 
   According to the model the flow becomes supercritical at x = 4.8, returning to 375 
subcritical at x = 5.8. As shown in the contours of potential density in figure 8 a 100 376 
m high structure with numerous density inversions outlined by the oval shaped curve 377 
appears in the flow at x = 4.8. Its density is approximately equal to the mean of that in 378 
the upstream interfacial layer and it divides this layer into two. This mixing region 379 
extends approximately 1 km downstream, ending at x ≈ 5.8, the location at which the 380 
flow returns to a subcritical state. The aspect ratio of the mixing region is about 0.1 381 
compared with 0.08 for the transition at x = 20 shown in figure 7.  Its length as 382 
predicted in appendix D is 6U1N

-1 ≈ 1.5 km rather than the 1 km observed. Other 383 
mixing layers appear beyond x = 5.8, e.g. near x = 6.1, z = 4680 m, where, according 384 
to the model, the flow is subcritical but downstream of substantial increases in water 385 
depth. 386 
   Using the values of η and Fr at x = 4.8 as those upstream of a transition, figure 6a 387 
predicts η2 ≈ 0.57 downstream. This compares fairly well with the observed value, 388 
0.53, at the subcritical downstream end of the mixed structure at x = 5.8. The 389 
Richardson number at x = 5.8 is however 0.48, indicating a stable flow, but greater 390 
than the value, Ri2 = 0.33, adopted in the model. The value of En determined from 391 
figure 6c at x = 4.8 is approximately 0.018. The mean value of ε in the 1 km between 392 
x = 4.8 and 5.8 derived using (6) is approximately 1.0x10-6 W kg-1, in order of 393 
magnitude accord with the values shown in figure 3. Although smaller than the 394 
feature associated with the hydraulic jump at x = 20 the mixed structure shares many 395 
of its general characteristics, including its being separated from the seabed by the near 396 
bottom northerly flow of dense water and by an absence of any clear evidence of KH 397 
billows or braids.  398 
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 399 
4. The Red Sea outflow 400 
 401 
A different Froude number, described as a ‘bulk Froude number’ and denoted here by 402 
FrP, is used by Peters et al. (2005) in the analysis of data from the Red Sea Outflow in 403 
the Gulf of Aden, a near bottom flow with velocity and density structure similar to the 404 
profiles considered in the Samoan Passage. In terms of the notation of § 2, Peters et 405 
al. define FrP “following discussion with J. Price 2003 (personal communication)” by 406 
 407 
                         FrP

2 = (U1/2)2/{g∆[η1h1 + h1(1-η1)/2]}, 408 
                                 = U1

2/[2g∆h1(1+η1)],                                                                 (7) 409 
 410 
or, in terms of Fr given by (5) and the local value, η1,  411 
 412 
                         FrP

2 = Fr/[2(1+η1)].                                                                           (8) 413 
 414 
The critical curves in the (η1, Fr) plane shown in figure 2 are translated to the (η1, 415 
FrP) plane in figure 9. The thick line represents the lowest values of FrP at which, 416 
according to the model described in § 2, a hydraulic transition can occur for given η1; 417 
values of the minimum FrP vary with η1. The smallest FrP at which transition can 418 
occur is 0.80 at η1 = 0.74. The minimum (or critical) FrP is equal to unity only when 419 
η1 = 0.6.  420 
   The Red Sea Outflow exits the Red Sea through the Strait of Bab el Mandeb and 421 
passes down two channels in the Gulf of Aden between 12o N and 12o30/ N, the 422 
northern and southern channels denoted by Peters et al. (2005) as NC and SC, 423 
respectively. The outflow, confined to the channels, is conceived by Peters et al. 424 
(2005) and Peters & Johns (2005) in terms of gradually entraining plumes of dense 425 
water rather than gravity currents and in which the spread is dominated by localized 426 
hydraulic jumps. Measurements are made using a package combining an LADCP and 427 
CTD. During the period of stronger flow in observations made in winter, values of 428 
FrP estimated by Peters & Johns (2005) have locally maximum values of about 0.93 429 
and 0.97 at down-channel distances in the NC of about 70 and 120 km, respectively, 430 
from the Strait of Bab al Mandeb, and 0.88 at about 60 km in the SC. At all three 431 
locations the rate of dissipation of turbulent kinetic energy, estimated using an 432 
assumed proportionality between the Ozmidov and Thorpe length scales, is also 433 
maximal, suggesting the possible presence of hydraulic jumps. At these locations the 434 
value η1, taken here as the ratio of the bottom layer to the total thickness of the 435 
flowing layer (Hb/Hp in the notation of Peters & Johns, 2005) is approximately 0.30 436 
and 0.27 in the NC, and 0.42 in the SC, respectively. The corresponding points in the 437 
(FrP, η1) plane are shown in figure 9a and indicate that, although the values of FrP 438 
exceed the minimum for hydraulic jumps to occur, the flows should be sub-critical, 439 
stable to hydraulic jumps at the estimated η1. Values are however uncertain. Peters et 440 
al. and Peters & Johns take the depth of the lower layer (ηh, or Hb in their notation) as 441 
the height above the seabed at which the downstream velocity is a maximum, less 442 
than the estimate of η1h determined as in appendix A. The total thickness of the 443 
flowing layer (Hp in their notation), is taken in a less precise way, depending on the 444 
speed or direction of the velocity, or on the salinity. The value η1 = Hb/Hp, is likely to 445 
be less than that found as in appendix A, and FrP may consequently be overestimated. 446 
There is no clear evidence from observations or theory of the presence of hydraulic 447 
jumps in the Red Sea outflow. Rather, the spreading of the outflow down the channels 448 

Page 9 of 29



 

10 
 

in the Gulf of Aden appears to be dominated by a more gradual process of turbulent 449 
entrainment as concluded by the two sets of authors. 450 
 451 
5. The Mediterranean outflow  452 
 453 
   Gasser et al. (2011) and Nash et al. (2012) report observations using moorings and 454 
tow-yos in the Mediterranean outflow in the Gulf of Cadiz 70 km west of the Strait of 455 
Gibraltar and to the west of the Espartel Sill, the most western sill of the Strait. At this 456 
location the dense outflow is confined to a westward flowing layer of water, some 150 457 
m thick and of relatively high salinity, moving westward over the seabed at 458 
approximately 1.2 m s-1. Profiles of density and velocity are derived from surface to 459 
the bottom with 1 km horizontal resolution. Flow in the layer overlying the outflow is 460 
of order 0.2 m s-1 to the east. Gasser et al. (2011) show roughly 10 km long 461 
downstream tow-yo sections of salinity, downstream velocity and gradient Richardson 462 
number at four stages of the M2 tidal cycle. Nash et al. (2012) present a tow-yo 463 
section of downstream velocity and logε at the same time as that of the low tidal flow 464 
section presented by Gasser et al., and focus attention on two stations in the section, 465 
separated by about 3.5 km, UTS (upstream at 6o 19.23/W, 35o 47.04/N, where the 466 
water depth is approximately 417 m) and DTS (downstream at 6o 21.00/W, 35o 467 
46.51/N, in 454 m). 468 
   Following Peters et al. (2011), Nash et al. use the bulk Froude number, FrP, in their 469 
analysis, but assume, without formal justification, that transition occurs at FrP = 1. At 470 
UTS, 90% of the estimates of FrP lie between 0.70 and 0.92 (with a mean of 0.81). 471 
The mean dissipation, ε, in the outflowing layer is about 1x10-6 W kg-1. The value of η 472 
estimated from the profiles given by Gasser et al. and Nash et al. is 0.45±0.03. 473 
Respective points are shown in figure 9b. They indicate that, according to the model, 474 
the flow is sub-critical and stable to a hydraulic transition at UTS. 475 
   About 1-2 km west of UTS Nash et al. (2012; their figure 3, b&c) find a notable 476 
increase in the high frequency displacement of isopycnals, an increase in interface 477 
thickness, and a rise in ε to a mean value of about 1x10-5 W kg-1 in the outflow, 478 
suggesting that a mode 2 transition has occurred. Further downstream at DTS the 479 
mean FrP = 0.99 and 90% of the estimates of FrP lie between 0.63 and 1.45, 45% 480 
having FrP > 1, and η is equal to 0.39 ± 0.03. As shown in figure 9b, the upper values 481 
of these estimates of FrP and η imply that a hydraulic jump is possible. It is likely, 482 
however, that conditions for a jump have been reached upstream of DTS and that 483 
DTS lies within the transitional region, this accounting for the relatively large 484 
variations in isopycnal depths and in FrP or Fr. Similarly large variations in Fr are 485 
observed downstream of the hydraulic jump at x = 20 – 21 in the Samoan Passage, 486 
figure 5a. (Taking the upper values at DTS, FrP ≈ 1.45 and η ≈ 0.4, we find Fr = 5.85 487 
from (8) while figure 6 gives η2 ≈ 0.3, q ≈ 0.8 and En ≈ 0.05. Taking Lj equal to the 488 
distance between the two stations, i.e., 3.5 km, and using (6), gives ε ≈ 1.2x10-5 W kg-489 
1, consistent with the observed dissipation rate at DTS.) Nash et al. use the Taylor-490 
Goldstein equation to examine the stability of the flow at DTS to KHI. The gradient 491 
Richardson number of the flow near the centre of the interface above the flowing 492 
layer is less than 1/4, and the flow is found to be unstable to KHI, consistent with the 493 
larger values of FrP being in region C of figure 9b. Downstream (to the west) of DTS 494 
the depth of the seabed increases sharply to about 500 m, resulting in an increase of η 495 
to about 0.5, a flow that exhibits 30-50 m overturns and ε exceeding 10-5 W kg-1, 496 
again suggestive of a hydraulic jump. 497 
 498 
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6. Discussion 499 
 500 
The η profiles defined by (2) provide an approximate, if imperfect, description of the 501 
continuous profiles of density and velocity found in near-bottom flows through the 502 
channels of the Samoan Passage and the outflows from the Red Sea and the 503 
Mediterranean. The predictions of the model described in § 2 are used to determine 504 
whether flows observed in these three regions are sub- or supercritical to stationary 505 
hydraulic transitions. 506 
   The majority of selected examples, including those in which hydraulic transitions 507 
are suspected in the Red Sea Outflow because of high values of turbulent dissipation 508 
(§ 4), appear to be subcritical within the uncertainty of the estimated η and Fr or FrP. 509 
(High turbulent dissipation may be caused by the stress generated by the rapid flow 510 
over a possibly rough seabed, a factor not accounted for in the model.) Downstream 511 
of two locations in the Samoan Passage (x = 20 and 4.8; figures 5a and 5b, 512 
respectively), the flow appears to have undergone a transition, and the consequent 513 
changes appear to be reasonably in accord with the model’s predictions, including that 514 
of the dissipation of turbulent kinetic energy. The transition is manifest as a 515 
downstream-elongated mid-water actively mixing region. Its form downstream of the 516 
position at which flow becomes supercritical is most clearly seen in the potential 517 
density field of figure 7. A likely hydraulic jump is identified in the Mediterranean 518 
Outflow between Nash et al.’s stations UTS and DTS (§ 5) but none in the outflow 519 
from the Red Sea in the Gulf of Aden, in accord with analysis by Peters et al. (2005) 520 
and Peters & Johns (2005) (§ 4).  521 
   Further to the discussion in § 2, it is of note that only in the possibly rare cases 522 
where η is small and Fr large (region E in figure 2c) does the model predict that 523 
internal hydraulic jumps occur but not KHI. One case (at x = 9 in the Samoan 524 
Passage, figure 5b and table 2) is found, however, in which the flow is unstable to 525 
KHI but apparently not liable to a hydraulic transition (i.e., regions A or D in figure 526 
2b).  527 
   There is a further possibility not accounted for in the model: that the features 528 
identified from the tow-yo data as hydraulic jumps or KHI are not stationary, but are 529 
propagating down-slope as internal roll waves similar to those reported by Fer, 530 
Lemmin & Thorpe (2002). This is however unlikely as later observations in the 531 
Samoan Passage analysed by G.Voet have found very similar jump structures in the 532 
same locations. For example, figure 10 shows the hydraulic jump near x = 20 533 
surveyed about 2 years after that shown in figure 7. The overall structure outlined by 534 
the oval curve remains generally the same, with comparable height and length but 535 
with an aspect ratio of about 0.06. The mixing layer splits the upstream interfacial 536 
layer into two, and the mean density in the layer increases with x, although less 537 
rapidly in figure 10 than in figure 7. The depth of the toe in figure 10 is about 100 m 538 
deeper than in figure 7 and it is about 500 m further downstream. Although 539 
Yakovenko, Thomas & Castro (2011) draw attention to the long period vacillation of 540 
lee wave systems and mixing near a topographic feature, there is no evidence here of 541 
such variability, only that the feature persists. The theory of Rottman, Broutman & 542 
Grimshaw (1996) supporting variability finds that it is mainly due to internal waves 543 
that persist near the topography, but occasionally propagate upstream, a feature 544 
excluded in the present hydraulic jump model. 545 
   The Earth’s rotation is disregarded in the model. Its effect on the hydraulic jumps 546 
illustrated in figures 7 and 8 may be assessed by the magnitude of a Burger number, 547 
Bu. This is equal to the ratio of the internal Rossby radius of deformation, NH/f, 548 
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divided by the extent of the mixing region, Lj, where N is the mean buoyancy 549 
frequency of the fluid in which the jump occurs, H is the thickness of the mixing layer 550 
produced by the jump, and f is the Coriolis frequency, 2.03x10-5 s-1, at the latitude of 551 
the Samoan Passage. Estimated values of Bu are 3.1±1.4 and 4.2±0.3 for the jumps at 552 
x = 20 and 4.8, respectively. These values exceed unity and indicate that here in the 553 
Samoan Passage, although not necessarily in the Red Sea or Mediterranean outflows, 554 
rotation has a relatively unimportant effect in the region downstream of a transition. 555 
 556 
7. Conclusions 557 
 558 
   Available observations are largely consistent with the predictions of the model 559 
sketched in figure 1 and summarized in figure 2. The prediction of hydraulic 560 
transitions might, however, be refined and more closely tested by selecting a model 561 
with, instead of η profiles, velocity and density profiles that better match those 562 
observed, as in Thorpe (2010). The transition downstream of x = 20 in the Samoan 563 
Passage provides a well-defined example of a hydraulic jump in the deep ocean and of 564 
the consequent changes in density (figure 4). The jump appears to be persistent and 565 
possibly quasi-steady, being found in observations made two years apart (figures 7 & 566 
10). It takes the form of a large, near-uniform, mixing layer that splits the upstream 567 
interfacial layer overlying the deep dense layer of flowing water. This mixing region 568 
commences at a ‘toe’ (like that of a spilling surface-wave breaker) at which neither 569 
KHI nor convective instability is evident although static and convective instability are 570 
present within the mixed layer itself. The mixed layer produced by the transition is 571 
similar in form to those ascribed to the breaking of internal waves in the lee of 572 
mountain ridges in the atmosphere. 573 
   It is likely that a variety of types of hydraulic transitions are possible in stratified 574 
shear flows. A similar ‘nearly stagnant isolating layer’, some 50 m thick and preceded 575 
by flow bifurcation, is observed in the relatively shallow water flow over the sill in 576 
the Knight Inlet, British Columbia (Farmer & Armi, 1999; Winters & Armi, 2014; 577 
Jagannathan, Winters & Armi, 2017). The formation of a near-uniform layer therefore 578 
appears to be a characteristic of at least some internal hydraulic jumps. Gasser et al. 579 
(2011) provide one example of changes in the Mediterranean Outflow downstream of 580 
their station UTS occasioned at one phase of the tidal cycle by the presence of 50 m 581 
high and 1 km long KH billows. Billows have an important role in the atmospheric 582 
jump in the lee of the US Sierra Nevada mountain range (Armi & Mayr, 2011). More 583 
detailed observations are desirable to provide further examples of hydraulic jumps 584 
that might allow their classification particularly where, according to the model, both 585 
KHI and hydraulic jumps are possible as described in § 2. 586 
 587 
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Appendix A. Fitting model to data 595 
 596 
Data from the Samoan Passage used for analysis are listed profiles of the northward 597 
component of velocity and the potential density referenced to 4000 m at 1 m vertical 598 
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intervals obtained by tow-yos. Examples at approximately 1 km horizontal 599 
separations are shown in figure 4. The interfacial layer in the velocity profiles is 600 
generally more clearly defined than that of the density. (The suffixes, i, in ηi etc. are 601 
presently dropped, making no assumptions about whether locations are upstream or 602 
downstream of a jump.) At a chosen location (in km) a line is fitted to the velocity 603 
profile to represent the velocity interface. This intersects zero velocity at a determined 604 
height z = h above the seabed. The mean velocity, U, below the interface generally 605 
shows evidence of a frictional bottom boundary layer but is simply fitted by a line, U 606 
= constant, meeting the constant gradient line at z = ηh, so defining a value of η and 607 
the velocity η profile. The velocity gradient is U/[h(1 – η)]. The difference in 608 
densities, 2∆ρ0, at level ηh and at level h are used to find the density gradient 609 
2∆ρ0/[h(1 - η)]. The gradient Richardson number in the interfacial layer (ηh < z < h) 610 
is Ri = 2g∆h(1 - η)/U2, and represents and approximately preserves the minimum 611 
Richardson number of the observed flow. The Froude number of the upstream flow is 612 
Fr = U2/(g∆h), = 2(1 - η)/Ri.  613 
   The maximum potential density of the lower layer in this section from the Samoan 614 
Passage (at least at 40 m above the seabed, the lower limit of the tow-yo cycles) 615 
remains fairly constant, showing that the water at this level is not mixed with the 616 
overlying less dense water. (This implies that the parameter δ appearing in TL is 617 
unity.) The speed of the lower layer however changes as a consequence of its 618 
expansion or contraction as it passes downstream. 619 
   Values of η and Fr at numbered x locations in Alford et al.’s (2013) data are shown 620 
in tables 1 & 2 and figures 5 & 6.  621 
 622 
Appendix B. Assumptions of the theory 623 
 624 
The hydraulic jump theory (§ 2 and TL) makes a number of assumptions about the 625 
real flow that are only approximately satisfied. It is assumed in the model that the 626 
velocity upstream and downstream of the stationary hydraulic jump or transition is 627 
uniform in a horizontal direction and depends only on the vertical coordinate, z. In 628 
reality, the seabed generally slopes (in the Samoan Passage descending from a depth 629 
about 4706 m at x = 4 to 5128 m at x = 25, a mean gradient of 1.15o, but crossing 630 
notable sills at x = 4 and 19 and a trough at x = 7 in addition to smaller scale 631 
undulations; see figure 3). The real flow is consequently not steady, as assumed, but 632 
tends to accelerate down-slope, subject to the balance between the down-slope 633 
component of gravity and the bottom and interfacial drag. It will also respond to 634 
changes in channel width and to the tides (although in the Samoan Passage these are 635 
relatively weak, less than 0.05 ms-1). Since at the latitude of the Passage, 8o S, the 636 
inertial period is about 86 hrs and the time required to complete the tow-yo section of 637 
figures 4 or 7 made at 0.25 ms-1 is less than 6 hrs, inertial oscillations (which have 638 
moderate amplitude, typically less than 0.15 ms-1) will contribute little to the changes 639 
that are apparent in this section. The model’s velocity and density profiles are 640 
supposed similar in shape, and the velocity is zero above the interfacial layer. In 641 
reality changes in the flow occur continually both inside and outside the transition 642 
region. The density and velocity profiles are similar in that they generally contain an 643 
interfacial region of high gradient at the same depths, but (i) the flow above the shear 644 
layer is not precisely zero, although generally relatively small (an exception being at x 645 
= 25 in the Samoan Passage), and (ii) the potential density in the region above the 646 
shear layer is not constant but generally has a negative (i.e., statically stable) gradient. 647 
This may be sufficiently small to prevent the upward radiation of internal waves (see 648 
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appendix C). The effects of stationary (possibly breaking; Yakovenko, Thomas & 649 
Castro, 2014) lee waves generated by the flow over the sill are not taken into account 650 
and the transition is not allowed to be undular in form. In the model it is assumed that 651 
turbulence in the hydraulic jump collapses to give a Richardson number of about 1/3 652 
as observed in laboratory and numerical experiments of KHI. The transition occurs 653 
over a level horizontal seabed. In reality Richardson numbers of approximately 1/3 654 
are found downstream of possible jumps, e.g., at x = 24 and at 5.8 and 11 in tables 1 655 
& 2, respectively. Further study is required to extend the simple local model to a 656 
broader range of conditions.  657 
 658 
Appendix C. Radiation of internal waves 659 
 660 
Waves radiating upwards from a hydraulic jump transition region may be forced by 661 
KH billows (and other disturbances forced by turbulence) in the hydraulic transition 662 
region. The fastest growing KHI disturbances in an η profile move downstream at a 663 
speed of about U/2 and have a wavelength of about 7 times the interface thickness, 664 
h(1-η) (Miles & Howard, 1963). Suppose, for generality, that the hydraulic jump 665 
contains perturbations of horizontal scale, λ, moving downstream at speed c ~ U/2, 666 
and that these generate internal waves in an overlying region of buoyancy frequency, 667 
N. If the frequency of the internal waves is σ and their horizontal and vertical 668 
wavenumbers are k = 2π/λ and m, respectively, then σ/k = c and 669 
 670 
                                        σ2 = N2

k
2/(k2 + m2),                                                         (A1) 671 

 672 
the dispersion relation, disregarding the effect of the Coriolis force. This gives m = 673 
±k(N2/σ2 – 1)1/2, which is real if N/σ =  N/ck > 1. Waves can radiate upwards from the 674 
turbulent transition region if m is real or are evanescent, decaying exponentially 675 
upwards, if m is imaginary. 676 
   With the observed values in the Samoan Passage at x = 3 – 12 (or 19 - 25) of c = 677 
U/2 =  0.15 (or 0.21) m s-1, N = 4.62x10-4 (or 4.79x10-4) s-1 (greatly exceeding the 678 
inertial frequency, about 2.03x10-5 s-1) and with k = 2π/[7h1(1-η1)] corresponding to 679 
KH billows, we have k = 4.47x10-3 (or 3.28x10-3) m-1 giving N/ck = 0.69 (0.70). 680 
These values are less than 1, so that the forced waves are evanescent, trapped near the 681 
top of the flowing layer. The billow wavelengths,  λ = 7h1(1-η1) ~ 1.41 (1.92) km, are 682 
a substantial fraction of, or exceed, the approximate length of transitions, 1.0 km (3.9 683 
km) estimated in § 3.3 (§ 3.2). Only waves with horizontal wavelengths > 2πc/N ~ 2.0 684 
(or 2.8) km may radiate upwards from the turbulent hydraulic transition, leading to a 685 
loss in energy and momentum. (A study of internal waves in the Samoan Passage by 686 
G.Voet finds that waves appear to be trapped in the lower layer and do not radiate 687 
much energy beyond the interfacial layer.)  688 
 689 
Appendix D. The collapse of turbulence in the hydraulic jump 690 
 691 
According to laboratory experiments of Thorpe (1973), the time for turbulence to 692 
collapse following KHI and to reach a state in which Ri ~ 0.33 (after which there is 693 
little change in layer thickness) is approximately given by τ = 6U1/g∆. (The flow may 694 
still continue to contain ‘striations’, remnants of turbulent overturns, beyond a time, τ1 695 
= 12U1/g∆. The time for the decay of available potential energy in the turbulence or 696 
of the evolution of the efficiency parameter, Γ, in numerical calculations of Smyth, 697 
Moum & Caldwell, 2001, are consistent with a time τ1, rather than the smaller, τ.) 698 
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Supposing that turbulence is advected downstream at a mean speed U1/2, the distance 699 
downstream from a jump or ‘KHI event’ to where the gradient Ri becomes equal to 700 
1/3 is approximately τU1/2 = 3.5h1Fr. Using values at x = 20, the distance 701 
downstream before the flow evolves to a mean Richardson number of about 1/3 is 702 
therefore approximately 6 km, somewhat greater than the distance between the 703 
observations at x = 20 and 24 or over the horizontal extent of the transition event 704 
shown in figure 7. The larger time, τ1, suggests that remnants of the turbulence from a 705 
transition near x = 20 may be carried to at least 12 km downstream, and the irregular 706 
structure remaining in the observed interface at x = 25 is evidence that this may be so. 707 
   An alternative, again approximate, derivation of a collapse time but better 708 
representing that from a statically unstable region, is found from the laboratory study 709 
by Lawrie & Danziel (2011) of the decay of turbulence when an initially statically 710 
unstable region spreads into stably stratified surroundings with uniform buoyancy 711 
frequency, N. Shear is however absent. The decay time is approximately 12N

-1. 712 
Taking N ≈ 6.2x10-4 s-1 to represent the stratification in the water surrounding the 713 
mixing layer at A – D in figure 4a, gives a decay time of approximately 2x104 s or, if 714 
water is carried at mean speed U1/2 ≈ 0.215 ms-1, a decay distance 6U1N

-1, of 4.2 km 715 
which is more consistent with that observed. 716 
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TABLE 1 799 
Location   Depth      h                 η                 Ri                 Fr           Super/sub critical 800 
    x (km)     (m)      (m)             801 
       19        5022     537        0.64 ± 0.04      0.35           2.1 ± 0.2               sub 802 
       20        5006     426        0.64 ± 0.03      0.15           4.7 ± 0.5              super 803 
       21        5038     383        0.57 ± 0.03      0.11           8.0 ± 0.8              super 804 
       22        5092  432 - 617  0.44 ± 0.04  0.17 ± 0.13    6.7 ± 2.5           uncertain 805 
       23        5140  520 ± 45   0 54 ± 0.03  0.11 ± 0.10    8.7 ± 2.4             super   806 
       24        5076      561       0.33 ± 0.02      0.33           4.1 ± 0.4                sub 807 
       25        5111      521       0.31 ± 0.02      0.24           5.7 ± 0.60            uncertain 808 
 809 
Table 1. Values derived from fitting η profiles to data at locations of x = 19 to 25 in 810 
the Samoan Passage. The possible errors in the estimates of η and Fr (and of h and Ri 811 
at x = 22 and 23) are indicated by ‘±’ or a range of values. Locations where the range 812 
of possible values crosses the subcritical – supercritical boundary are labeled 813 
‘uncertain’. 814 
 815 
TABLE 2 816 
 Location   Depth      h              η                Ri                Fr          Super/sub critical 817 
     (km)        (m)      (m)             818 
         3         4776    458     0.85 ± 0.04      0.30       0.98 ± 0.1              sub 819 
         4         4706    344     0.75 ± 0.04      0.31         1.6 ± 0.2              sub 820 
         4.2      4706    291     0.74 ± 0.04      0.31         1.7 ± 0.2              sub 821 
         4.5      4753    338     0.72 ± 0.04      0.32         1.8 ± 0.2              sub 822 
         4.8      4756    356     0.65 ± 0.04      0.22         3.3 ± 0.2            super 823 
         5.1      4803    378     0.60 ± 0.05      0.24         3.3 ± 0.5         uncertain 824 
         5.4      4805    355     0.58 ± 0.04      0.18         4.6 ± 0.2            super 825 
         5.8      4889    409     0.53 ± 0.05      0.48         1.9 ± 0.2              sub 826 
         6.1      4888     538    0.35 ± 0 1          1.0         1.3 ± 0.07            sub 827 
         7         4952     ***    828 
         8         4936     596    0.43 ± 0.09        1.5         0.78± 0.33            sub 829 
         9         4856     431    0.75 ± 0.03       0.20         2.2 ± 0.05         uncertain 830 
        10        4904     454    0.59 ± 0.03       0.39         2.1 ± 0.2               sub 831 
        11        4920     470    0.57 ± 0.03       0.33         2.5 ± 0.04             sub 832 
        12        4952     562    0.57 ± 0.04       0.45         1.9 ± 0.2               sub 833 
 834 
Table 2. Values derived from fitting η profiles to data at locations of x = 3 to 12 in the 835 
Samoan Passage. The uncertainty in the estimates of η and Fr are indicated by ‘±’. At 836 
x = 7 (marked ***), the flow is small, less than 0.1 ms-1, perhaps being blocked, and it 837 
was not possible to fit consistent η profiles to both velocity and density. At x = 9 the 838 
flow is marginal (i.e., on or very close to the supercritical-subcritical boundary in 839 
figure 4b) although unstable to KHI. 840 
 841 
 842 
Figure captions 843 
 844 
1. A sketch showing the model representation of a turbulent hydraulic jump or 845 
transition in a stratified shear flow over a plane boundary at z = 0. (a) represents a 846 
mode 1 transition and (b) a transition of mode 2. Q and Q1 represent the fluxes of 847 
volume of density ρ0(1 - ∆) from above and of density ρ0(1 + ∆) from below into the 848 
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transition zone. (From Thorpe & Li, 2014; their figure 1.) 849 
 850 
2. A summary of the stability of a flow and hydraulic jumps in the (η1, Fr) plane. (a): 851 
Internal waves can propagate upstream in the hatched region, and consequently no 852 
stationary hydraulic jumps are formed here. Ri = ¼ on the line joining (η1 = 0, Fr = 8) 853 
to (η1 = 1, Fr = 0) with smaller values of Ri to its right. (b): The region Ri < ¼ is 854 
divided as follows: A, in which no jumps may occur; B, in which jumps of modes 1 855 
and 2 are possible; and C, in which only one jump, generally of mode 2, is possible. 856 
Flows in B and C are supercritical and the remaining area of the (η1, Fr) plane is sub-857 
critical. In D, Ri < ¼ and the flow is unstable to KHI but, because waves can 858 
propagate upstream (as shown in part (a)), no stationary jumps can occur. (c): The 859 
hatched region is where the flow is stable to KHI. Its boundary (thick line) is the 860 
stability boundary separating stable flow (to the left) from unstable flow (to the right). 861 
Ri is less than ¼ in the stable region E at small η1 to the right of the stability boundary 862 
where (as shown in part (b)), hydraulic jumps may occur. The dot-dash line 863 
corresponds to Ri = 1/3. 864 
   865 
3. Contours of  potential temperature, oC, and stippled regions in which the rate of 866 
dissipation of turbulent kinetic energy per unit mass computed using Thorpe scales 867 
exceeds 10-7 W kg-1 in a section through the Samoan Passage made while steaming at 868 
low speed in tow-yo mode (from Alford et al., 2013, figure 3c). The bottom 869 
topography is shown in black. The two sections, 19 – 25 km and 3 – 12 km (i.e., x = 870 
19 - 25 and 3 - 12), selected for analysis in §§ 3.2 & 3.3, respectively, are marked on 871 
the horizontal distance axis. 872 
 873 
4. Profiles of (a): Σ, the potential density, measured in kg m-3, minus 1045.9 kg m-3, 874 
and (b): northward velocity, u, in m s-1 in the Samoan Passage at roughly 1 km 875 
intervals from about x = 19 to x = 25. (The actual positions, the mean locations of the 876 
two-yo profiles, are x = 19.1, 20.1, 21, 22, 23.1, 24.1 and 25.2.)  Successive profiles 877 
are displaced to the right by (a) 0.2 kg m-3 and (b) 0.15 ms-1. The water depth is 878 
indicated by horizontal bars beneath each profile. The position of u = 0 for each 879 
profile is marked at the top of (b) by vertical arrows. The features marked A to D in 880 
(a) are discussed in the text. 881 
            882 
5. Values of η and Fr at numbered kilometer locations in the Samoan Passage (a): x = 883 
19 – 25 and (b): x = 3 – 12. Points to the right of the bold line are supercritical, those 884 
to the left subcritical. The uncertainty in observed values of η and Fr is shown by 885 
error bars. The dot-dash line corresponds to an interfacial gradient Richardson number 886 
of 1/3. 887 
 888 
6. The model’s predictions of (a): the downstream profile parameter, η2; (b): the ratio 889 
of flowing layer thickness, q = h2/h1; and (c): the non-dimensional energy loss, En, in 890 
the (η1, Fr) plane. Values of (upstream) η1 and Fr are indicated at labeled locations, x 891 
= 4.8 and 20 in the Samoan Passage where, according to the model, the flow becomes 892 
supercritical. 893 
 894 
7. Contours of potential density at intervals of 5x10-3 kg m-3 between x = 19.1 and x = 895 
24.1 and depths ranging from 4400 m to 4900 m in the Samoan Passage. The mean 896 
horizontal locations of vertical profiles made by the tow-yo are indicated by dots on 897 
the x-axis. The flow becomes supercritical at x ≈ 20. The approximate position of the 898 
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mixing region associated with the hydraulic jump is indicated by the oval shaped 899 
curve. The step-like structure of the unsmoothed contours sloping downwards from x 900 
= 19.1, z = 4680 m is probably unreal, a consequence of interpolation by the computer 901 
package used to construct the contours as a narrow density interface moves 902 
downwards as x increases.  903 
 904 
8. Contours of potential density at intervals of 5x10-3 kg m-3 through the hydraulic 905 
jump between x = 4 and x = 7 below 4300 m depth in the Samoan Passage. The mean 906 
horizontal locations of vertical profiles made by the tow-yo and the depth of the 907 
seabed are indicated by the dots. Tow-yo profiles extend only to about 40 m from the 908 
seabed so no data are available closer to the seabed. The flow becomes supercritical at 909 
x ≈ 4.8. The approximate position of the oval shaped mixing region associated with 910 
the hydraulic jump is outlined.  911 
  912 
9. The critical curves of figure 2 translated to the (η1, FrP) plane. Regions A – E 913 
correspond to those in figure 2, b&c. The thick line represents the lowest values of 914 
FrP at which a hydraulic transition can occur for given η1. In (a) points are taken from 915 
Peters & Johns (2005) in the two channels, NC and SC, of the Red Sea Outflow. (b) 916 
shows points taken from Gasser et al. (2011) and Nash et al. (2012) at stations UTS 917 
and DTS in the Mediterranean Outflow. The dot-dash line corresponds to an 918 
interfacial gradient Richardson number of 1/3.  919 
 920 
10. Contours of potential density at intervals of 5x10-3 kg m-3 through the hydraulic 921 
jump between x = 19.4 and x = 24.7 and in depths ranging from 4400 m to 4900 m in 922 
the Samoan Passage obtained approximately 2 years later than those of the jump 923 
shown in figure 7. The mean horizontal locations of vertical profiles made by the tow-924 
yo are indicated by dots on the x-axis. The approximate position of the mixing region 925 
associated with the hydraulic jump is indicated by the oval shaped curve. 926 
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