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Key Points:8

• The paper focuses on a region of significant tidal conversion and supercritical Froude9

number flow poleward of the critical latitude.10

• A numerical model is used to show that tidally generated high frequency internal11

waves are a key mechanism for conversion of tidal energy poleward of this latitude.12

• Observations show features characteristic of high frequency internal waves, with co-13

incident turbulence measurements suggesting significant mixing associated with these14

waves.15
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Abstract16

The tides are a major source of the kinetic energy supporting turbulent mixing in the global17

oceans. The prime mechanism for the transfer of tidal energy to turbulent mixing results18

from the interaction between topography and stratified tidal flow, leading to the generation19

of freely propagating internal waves at the period of the forcing tide. However, poleward of20

the critical latitude (where the period of the principal tidal constituent exceeds the local iner-21

tial period), the action of the Coriolis force precludes the development of freely propagating22

linear internal tides. Here we focus on a region of sloping topography, poleward of the criti-23

cal latitude, where there is significant conversion of tidal energy and the flow is supercritical24

(Froude number, Fr > 1). A high-resolution non-linear modelling study demonstrates the25

key role of tidally generated lee waves and super-critical flow in the transfer of energy from26

the barotropic tide to internal waves in these high latitude regions. Time series of flow and27

water column structure from the region of interest show internal waves with characteristics28

consistent with those predicted by the model, and concurrent microstructure dissipation mea-29

surements show significant levels of mixing associated with these internal waves. The results30

suggest that tidally generated lee-waves are a key mechanism for the transfer of energy from31

the tide to turbulence poleward of the critical latitude.32

1 Introduction33

The tide plays a key role in global ocean circulation through the supply of mechanical34

energy to turbulence which stirs the ocean, promoting mixing [Munk and Wunsch, 1998].35

There has been much recent interest in the role of the tides in driving mixing in the climati-36

cally sensitive Arctic Ocean. Microstructure measurements of the rate of dissipation of tur-37

bulent kinetic energy (ε) have indicated significantly enhanced mixing over areas of slop-38

ing topography compared to the very quiescent conditions observed elsewhere in the Arc-39

tic Ocean [e.g. Padman and Dillon, 1991; D’Asaro and Morison, 1992; Fer et al., 2010;40

Rainville and Winsor, 2008]. Rippeth et al. [2015] show that the enhanced levels of ε ob-41

served over the Arctic Ocean continental shelf break are correlated to the rate of conversion42

of barotropic tidal energy. This is an interesting result given that much of the Arctic Ocean43

lies poleward of the critical latitude, φc , at which the local inertial period matches the period44

of the principal semi-diurnal tidal constituent (M2) (Figure 1). Stratified tidal flow over slop-45

ing topography can produce lee waves at any latitude. However, poleward of the critical lat-46

itude linear wave theory does not permit the generation of a freely propagating internal tide,47
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the widely cited pathway for tidal energy conversion to turbulence in the ocean equatorward48

of the critical latitude [e.g. Green and Nycander, 2013].49

Dynamically there are two principal mechanisms for tidal energy conversion from the50

barotropic to baroclinic modes over sloping topography. They are distinguished by the rela-51

tive contribution of the two acceleration terms in the momentum balance equation:52

dv
dt
=
∂v
∂t
+ (v· ∇)v (1)53

Here v is the velocity vector with components u, v, and w directed along the Ox, Oy, and54

Oz axes, respectively, in a Cartesian coordinate system with the (xy) plane placed on the55

undisturbed free surface and the z-axis directed vertically upward.56

In a linear approximation with an assumption of weak tidal activity when only small-57

amplitude waves are generated [see, e.g., Nycander, 2005; Falahat and Nycander, 2015], the58

second term in the right-hand side of Eq. (1) is neglected and the governing system for plane59

waves in an inviscid fluid is reduced to a single wave equation [Vlasenko et al., 2005]:60

wxx −
σ2 − f 2

N2(z) − σ2 wzz = 0 (2)61

Here f = 2Ω sin(φ) is the Coriolis parameter, Ω is the angular frequency of the Earth’s rota-62

tion, φ is latitude, N(z) is the buoyancy frequency such that N2(z) = −(g/ρ)(∂ρ/∂z), where63

g is the acceleration due to gravity, ρ the water density, and σ is the tidal frequency.64

In systems with weak rotation ( f < σ < N), Eq. (2) is hyperbolic, with solutions65

that represent progressive internal waves of tidal frequency radiated from the source as freely66

propagated waves. However, in systems with strong rotation ( f > σ), including latitudes67

poleward of φc - which is 74.5◦ for the semi-diurnal M2 tidal constituent - the equation be-68

comes elliptic, and solutions represent evanescent waves decaying exponentially away from69

the source. Excluding the non-linear terms in Eq. (1) therefore results in a prediction that70

rotation will significantly reduce the conversion of energy from the barotropic tide to the71

baroclinic internal tide polewards of φc . However, the non-linear terms may actually con-72

tribute to tidal energy conversion through the tide-topography interaction [Bell, 1975; Naka-73

mura and Awaji, 2000; Nakamura et al., 2000]. Vlasenko et al. [2005] show that the advec-74

tive term in Eq. (1) can lead to the generation of unsteady lee waves. The properties of these75

waves are very different to those of long baroclinic tidal waves, as they occur as packets of76

high frequency internal waves with a spatial scale of the same order as the bottom topo-77

graphic features. They are generated by tidal currents on the lee side of the sloping bottom78
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topography. As the down slope current accelerates, the waves are trapped, forming a type of79

hydraulic jump. Vlasenko et al. [2003] suggest that this “lee jump” formation as a potential80

mechanism for conversion of tidal energy poleward of the critical latitude. Here we use “lee81

wave” to mean the structure described above, rather than propagating internal waves gener-82

ated by a general (non-tidal) flow.83

The aim of this paper is to demonstrate that lee wave generation coupled with super-84

critical barotropic tidal flow over sloping topography is potentially a key mechanism for85

the transfer of energy from the tide to turbulent mixing poleward of the critical latitude. To86

achieve this we will combine evidence from a proof of concept high resolution numerical87

modelling study with new in-situ observations of profiles of the rate of dissipation of turbu-88

lent kinetic energy (ε) from a region of significant tidal conversion and supercritical tidal89

flow poleward of the critical latitude.90

2 Region of Interest103

The focus of the present study is the Spitsbergen Bank, a shallow bank to the east of104

the Fram Strait and south of Svalbard which is poleward of the critical latitude φc (Figure105

1). A 12-hour time series of measurements were made here on the 8 August 2013, a couple106

of days ahead of a spring tide. These measurements included profiles of water column struc-107

ture, velocity and ε made at a location on the edge of the bank (75◦30’; Figure 1a).108

The rate of conversion of barotropic tidal energy over the region is expressed as a local109

balance between the rate of work done by the tide generating force and the divergence in the110

tidal energy flux [Egbert and Ray, 2001]. The rate of tidal conversion is the sum of the rates111

of energy transfer to baroclinic modes and to dissipation in the bottom boundary layer. Here,112

it is computed using tidal amplitudes and currents from the TPX08 database (available from113

volkov.oce.orst.edu/tides/tpx08_atlas.html). Figure 1b shows the rate of tidal energy con-114

version over the region of interest with high conversion rates estimated over the bank indicat-115

ing that the Spitsbergen Bank is an area of significant conversion of barotropic tidal energy.116

The water column was stratified with warmer (6.8◦C), fresher (34.53) water overlying cooler117

(3.5◦C), saltier (34.93) water at the time of the measurements with maximum stratification118

between approximately 20m and 40m (Figure 1d).119

A necessary condition for unsteady lee wave generation is that the Froude number,120

Fr = U/c, where U is the tidal velocity and c is the phase speed of internal waves, should121
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a b 
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d 

Figure 1. (a) A map of the Arctic Ocean showing the position of the observations (yellow triangle). The

critical latitude at which the local inertial period matches the period of the principle semi-diurnal tidal

constituent (M2) is shown as a red dashed line. Lighter blue areas indicate shallower regions including con-

tinental shelf seas and ridges whilst the darker blue areas indicate abyssal depths. (b) The area of interest

(the box outlined by a yellow dotted line in panel (a)) showing contours of the rate of conversion of tidal

energy (W m−2), in the M2 band, from the barotropic mode. (c) The Froude number distribution in the area

of interest with bottom topography overlaid (black contours representing the 100, 200 and 300m isobaths).

(d) Mean profiles of buoyancy frequency (N2) and vertical shear in the current speed (S2) at the location of

the observations. The mean is calculated for the 12 hour period of the observations. The variability is shown

by envelopes which represent the 95% confidence limits estimated by bootstrapping. These profiles indicate

that the Gradient Richardson number over the thermocline region is close to one, and so the thermocline is of

marginal stability.
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exceed the critical threshold value of 1. The phase speed c of the internal waves is found by122

solving the eigenvalue problem:123

Φzz +
N2(z)

c2
j

Φj = 0

Φ(−H) = Φ(0) = 0

(3)124

where Φj(z) is the eigenfunction that defines the vertical structure of j-th internal mode, cj is125

the phase speed of the internal mode, and j = 1, 2, 3, . . . is the mode number.126

A Froude number analysis was carried out for the region, using the background strat-127

ification measured during August 2013 (Figure 1d) and the maximum velocity of the semi-128

diurnal M2 tide from the TPX08. The phase speed of the first internal mode for different129

depths was then calculated using (3). The distribution of the Froude number is shown in Fig-130

ure 1c, and reveals that most of the study area, including all areas where the depth is less than131

100 m, is supercritical for tidal flow and so potentially susceptible to unsteady lee-wave for-132

mation through tide-topography interaction.133

3 Numerical Modelling Study134

The aim of the modelling study is to show that the barotropic tidal currents are able135

to generate internal waves in the region of interest (i.e. poleward of the critical latitude)136

and to characterise the internal wave field. To achieve this we use the fully non-linear non-137

hydrostatic Massachusetts Institute of Technology general circulation model MITgcm [Mar-138

shall et al., 1997] to simulate the tidally generated internal waves in the region.139

A two-dimensional version of the model was configured with fine resolution: 1m140

in the vertical and 9m in the horizontal direction. The horizontal grid step was exponen-141

tially increased near lateral boundaries to provide non-reflectance of radiated waves from the142

boundaries for at least five tidal periods. Tidal forcing was applied in the model by a tidal143

potential added to the right hand side of the momentum balance equations. The amplitudes144

of the zonal and meridional velocities in tidal ellipses were set 0.3m s−1 at 100m depth. The145

N2 profile was calculated from mean profiles of temperature and salinity (Figure 1d). A bank146

topography profile with slopes typical of those found along the transect was used. The hori-147

zontal viscosity and diffusivity were set to be constant at 0.01m2 s−1, which, in conjunction148

with the small horizontal grid step, provided reasonable conditions for the reproduction of149

the details of the generation processes. A Richardson number dependent parametrization for150
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vertical viscosity ν and diffusivity κ, [Pacanowski and Philander, 1981], was used:151

ν =
ν0

(1 + αRi)n + νb

κ =
ν

(1 + αRi) + κb

(4)152

Here Ri is the gradient Richardson number, Ri = N2(z)/S2(z); νb = 10−5 m2 s−1 and κb =153

10−5 m2 s−1 are the background parameters; ν0 = 1.5 × 10−2 m2 s−1, α=5 and n=1 are the154

adjustable parameters. This parameterisation increases the coefficients ν and κ in the areas155

where the Richardson number is small, to account for mixing processes induced by shear156

instability and breaking internal waves.157

4 Generation mechanism158

The model results show the generation of packets of high frequency waves over the159

topography which are initially trapped, but which propagate away as the tide slackens. The160

generation and the evolution of the high frequency internal wave packets over several tidal161

cycles is shown in Figure 2. At the beginning of the cycle (Figure 2a), the tidal flow moves162

across the topography and elevates the isotherms on the upstream side of the topography163

(identified as zone A), and depresses them on the downstream side (i.e. on the lee-side, iden-164

tified as zone B). The resulting elevated and depressed features (identified as a1 and b1)165

are trapped whilst the flow is supercritical. As the tide weakens and the flow becomes sub-166

critical the features, a1 and b1, are able to propagate away from the topography. The revers-167

ing tidal flow then accelerates, becoming super-critical, resulting in the generation of a sec-168

ond set of features (a2 and b2) which develop and are trapped as illustrated in the Hovmöller169

diagram (Figure 2b).170

The generation process is repeated on every tidal cycle. As the features propagate they178

evolve into packets of high frequency internal waves radiating away from the topography179

as shown in Figure 2c. The Hovmöller diagram (Figure 2d) shows the evolution and propa-180

gation of the internal wave packets over a further two tidal cycles. The leading edge of the181

internal wave packets propagating to the left are linked by red dotted lines, with the cor-182

responding trailing edge indicated by a black dashed line illustrating a spatial scale for the183

wave packet of about 5 km. The leading edge of the waves propagating to the right are linked184

by a dotted green line with the corresponding trailing edge again indicated by the black dot-185

ted line. The model therefore predicts that the supercritical tidal flow over the topography186
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Figure 2. Simulated temperature fields (4 - 6.5 ◦C isotherms at 0.5 ◦C intervals) after (a) 3 and (c)

27 hours of model time. b) and d) The Hovmöller diagrams showing evolution of the 5◦ isotherm during

the simulation time periods of (b) t=6-12 hours and (d) t=25-48 hours. The contour interval represents 1 hour.

Green and red lines identify the features radiating away from the topography. The direction and strength of the

tidal flow is shown by a blue solid line. The red and green shaded areas show time intervals with supercritical

(Fr > 1) conditions for radiated internal waves. Generation zones A and B are shaded yellow on panels (a),

(b) and (d).
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generates two packets of high frequency internal waves per tidal cycle, which then radiate187

away. However, the wave packets propagating against the tide are held by the flow.188

To illustrate characteristics of the waves from the prospective of single point measure-189

ments, we show the predicted evolution of the temperature structure at two fixed points, V1190

and V2, away from the topography in Figure 3. From this prospective there is evidence of191

two types of waves at both locations. The first is a long-period, semi-diurnal wave which is192

present at both locations but smaller in amplitude at the location farthest from the topogra-193

phy (V2). This is consistent with linear theory which predicts the existence of only evanes-194

cent modes poleward the critical latitude.195

The second type of waves evident are packets of high frequency internal waves which199

occur at the same point of every tidal cycle. The high frequency internal waves are present200

at a particular location for 3 - 5 hours during each semi-diurnal tidal cycle. These waves201

are characterised by a larger amplitude (approximately 10 m) wave followed by a series of202

smaller amplitude waves with a period of 20 - 30 minutes.203

In order to determine the partitioning of tidal energy conversion between the evanes-204

cent linear tidal wave and the unsteady lee wave the model was also run for identical con-205

ditions but with the non-linear terms turned off. A comparison between the linear and non-206

linear cases shows that the energy transfer to non-linear internal waves accounts for 71% of207

the total tidal conversion. It should be noted that whilst a sensitivity analyses of the partition-208

ing of the energy transfer between the linear and non-linear waves it beyond the scope of this209

paper, the ratio is likely to be very sensitive to the Froude number of the flow.210

5 Observations211

A 12 hour time series of velocity and turbulence profile data were collected on the212

edge of the bank along a short transect which approximately followed the 100 m contour.213

The north-south transect was repeated over two successive 6-hour periods (approximately 3214

km in length) as the ship moving slowly forward. A set of microstructure observations were215

made using a loosely tethered Rockland VMP500 microstructure profiler (VMP) which pro-216

filed from approximately 10m below the sea surface to the sea bed. Simultaneous current217

profiles were taken using an RDI 300kHz acoustic Doppler current profiler (ADCP) attached218

to the stern of the ship, which collected data with a 2 m bin size and single ping observations219

every 2 seconds. The barotropic tide over this area was found to be elliptical with the ma-220
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Figure 3. Temperature time series predicted by the model at two fixed points, V1 (16 km from the top of

the topography) and V2 (29km from the top of the topography). The positions relative to the topography are

shown in the middle panel. 4 - 6.5 ◦C isotherms are shown at 0.5 ◦C intervals.

196

197

198
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jor axis oriented approximately east-west with maximum U ∼0.4m s−1, and the minor axis221

oriented approximately north-south with maximum V ∼0.3m s−1.222

The first transect took place between 07.00 and 13.00 GMT with 41 VMP profiles col-223

lected. At this time the direction of the barotropic tide was predominantly westward, oriented224

approximately off-bank. The second transect took place when the flow was oriented pre-225

dominantly on-bank, between 14.00 and 19.00 GMT, during which time 47 VMP profiles226

were collected. During both transects VMP profiles were taken approximately every 6 min-227

utes providing profiles of temperature, salinity (and hence density) and ε [e.g. Rippeth et al.,228

2015], with gaps during the first transect and between the first and second transects whilst the229

ship repositioned.230

Mean profiles show that the gradient Richardson number is approximately 1, indicat-240

ing the water column is susceptible to shear instability (Figure 1d). The time series of tem-241

perature, ε and the observed mid-water currents are presented together with the shear in the242

horizontal velocities across the thermocline, in figure 4. During the first transect the thermo-243

cline is relatively thin, widening from 10 to 20 m when defined by the 4.5 and 6◦C isotherms.244

There are intermittent displacements in the isotherms of up to 15 m with periods of 20 - 30245

minutes. These features are particularly apparent from about 09:00 to the gap in the data af-246

ter 10:00, and again around 12:00.247

During the second transect the thermocline again thickens, with the separation of the248

4.5 and 6◦C isotherms increasing from 15 to 30 m over the duration of the transect. From249

about 15.00 hours to the end of the time series there are seven internal waves evident, with250

the amplitude of the leading wave about 15 m, and the following waves about 5 - 10m. The251

period of the waves is approximately 30 minutes. Estimates of shear in the horizontal veloc-252

ities, across the thermocline (Figure 4b), indicate variability of up to an order of magnitude,253

with the peaks in shear occurring approximately every 30 minutes, and so correlated with the254

vertical movement of the isotherms associated with the presence of internal waves.255

A time series of the vertical distribution of the ε is shown in Figure 4(c). High val-256

ues of ε are evident close to the the boundaries, and in particular in the bottom boundary257

layer. Within the thermocline there is high temporal variability in ε with isolated patches of258

enhanced dissipation, which coincide with the periods of significant internal wave activity.259

The mean thermocline ε over the period of the second transect, is 4.5 × 10−5 Wm−3 with260

several periods of significant enhancement evident (e.g. around 15:00 and 16:00 coincident261
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Figure 4. (a) Observed velocity (dotted line) together with the tidal current velocity predicted through tidal

analysis (solid line) in the eastward (red - approximately on-bank) and northerly (blue) directions at a mid-

depth location (50 m). (b) Vertical shear in the horizontal velocity across the thermocline evaluated between

10 m depth-averages centred around 8.15 m and 68.15 m with 240 sec running average at 100 sec intervals

based on raw observations at 2 s intervals and 2 m depth bins. (c) The coloured dots represent measurements

of ε from VMP profiles taken approximately every 6 minutes; the red lines are the 4.5 and 6◦C isotherms; and

the grey lines indicate the surface mixed layer (SML) and bottom boundary layer (BBL) based on a maximum

temperature difference of 0.4◦C from the boundary value, with ε values between the grey lines indicating

dissipation within the thermocline.
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with isotherm displacements of up to 15 m and spikes in the shear) and towards the end of262

the transect. Water column integrated estimates of dissipation imply that the total dissipation263

is dominated by bottom boundary layer dissipation, although the total observed dissipation264

in the thermocline (i.e. between the bottom boundary layer and the surface mixed layer) ac-265

counted for 37% (bootstrap 95% confidence limits of 28 to 49%) of the dissipation observed266

below the surface mixed layer.267

6 Discussion268

Recent observations have shown continental shelf break regions of the Arctic Ocean269

host significant barotropic tidal energy conversion [Rippeth et al., 2015], with evidence of270

greatly enhanced ε , and by implication mixing, over sloping topography in the presence of271

significant tides [e.g. Padman and Dillon, 1991; D’Asaro and Morison, 1992; Rainville and272

Winsor, 2008; Fer et al., 2010; Rippeth et al., 2015]. This is in sharp contrast to much of the273

central Arctic Ocean which is found to be remarkably quiescent [e.g. Lincoln et al., 2016;274

Shibley et al., 2017]. However, much of the Arctic Ocean lies poleward of the critical latitude275

and so the conversion of barotropic tidal energy to a freely propagating linear internal tide,276

over sloping topography, is suppressed by rotation.277

In this paper we present a mechanism for tidal energy conversion poleward of the crit-278

ical latitude, in which supercritical tidal flows result in the transfer of energy to short length-279

scale internal lee waves which are generated over steep topography as a result of strong non-280

linear advection. The mechanism is demonstrated through a high resolution non-linear nu-281

merical modelling study focused on a region of sloping topography in the vicinity of the282

Spitsbergen Bank, an area identified as hosting significant barotropic tidal conversion, and283

where the tidal flow is supercritical (Fr > 1). The modelling study predicts that for the284

conditions found in this area at this time approximately 71% of the barotropic tidal energy285

converted to baroclinic modes is associated with the non-linear internal waves whilst the re-286

mainder is associated with an evanescent semi-diurnal internal tide. It is worth noting that287

the non-linear wave component is not currently included in the tidal mixing parameterisation288

[Falahat and Nycander, 2015] available for application in locations poleward of the critical289

latitude.290

A 12 hour time series of temperature and velocity profiles collected on the edge of the291

Spitsbergen Bank reveal the presence of high frequency internal waves with coincident en-292
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hancement of shear and characteristics similar to those predicted by the model. Coincident ε293

profiles reveal that water column integrated dissipation is dominated by dissipation close to294

the boundaries, with the tidally generated bottom boundary layer accounting over half of the295

observed ε. This would suggest that a significant proportion of the converted tidal energy is296

dissipated within the well mixed bottom boundary layer and so not available to support mix-297

ing. Approximately a third of the observed ε occurs within the stratified mid-water column298

and so will potentially contribute to mixing.299

The observed thermocline mean ε is comparable to those previously reported over the300

continental shelf break to the north of Svalbard [e.g. Rippeth et al., 2015] and are similar to301

those reported over sloping topography for regions of similar water depths and tidal currents,302

equatorward of the critical latitude [e.g. Rippeth, 2005]. Whilst the high spatial and temporal303

variability of dissipation, and therefore mixing, associated with the lee-wave energy transfer304

mechanism evident from the modelling study, imply that the resolution of the observations305

reported here fails to fully resolve the associated mixing, they do indicate the potential of306

this mechanism to contribute to mixing. Evidence of the spatial extent of this energy conver-307

sion mechanism comes from recent studies based on Envisat synthetic aperture radar images308

which show the existence of high frequency internal waves across large areas of the eastern309

Arctic [Kozlov et al., 2014, 2015].310

The analysis presented highlights that the barotropic tidal conversion alone is not a311

good estimator of mixing for a number of reasons. The partitioning of converted energy be-312

tween the evanescent internal tide and the non-linear internal waves will vary considerably313

according to local flow conditions. Furthermore, the proportion of the converted energy dis-314

sipated in the bottom boundary layer (and so not available to mix the water column) is also315

likely to vary greatly. However, the Froude number may be a useful diagnostic in the pre-316

diction of the location and evolution of mixing hot spots poleward of the critical latitude.317

Accordingly changes in both stratification and flow over topography could result in the de-318

velopment of supercritical flow, and consequently mixing, as reported for lower latitudes319

[Stephenson et al., 2015]. There are large seasonal changes in the stratification in the Arc-320

tic. Furthermore there is evidence of increased currents associated with sea ice loss [Giles et321

al., 2012]. These changes will impact both the tidal conversion rate and the partitioning of322

energy between the linear and non-linear modes and so lead to variations in both the magni-323

tude of, and spatial and temporal patterns in, tidally driven mid-water column mixing.324
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