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SL MMARY 

This thesis is concerned with a detailed study of the performance 
of superlattice avalanche photodiodes (SAPDs) and the implications for 
high bit rate direct-detection optical fibre communication systems. In 
these advanced detectors the electron to hole ionisation rate ratio is 
artificially enhanced through selective heating of the electron 
distribution to reduce the excess noise associated with the randomness 
of the avalanche multiplication and to ensure high gain-bandwidth 
product. Thus SAPDs are suitable for long wavelength applications 
(1.3-1.6 pm) where most compound semiconductor materials otherwise 
have comparable electron and hole ionisation rates. 

A comprehensive discrete ionisation model is developed to assess 
the performance of SAPDs; emphasis being placed on the gain, excess 
noise factor, gain moment generating function (MGF), and 
gain-bandwidth product. The model is quite flexible and it is found 
that other device impairments such as dark current and the number of 
ionisations per stage caused by the injected carrier can be readily 
incorporated into the formulation. The performance of optical 
receivers employing SAPDs is examined using a Gaussian approximation 
(GA) and taking into account the influence of various device 
impairments. To assess the accuracy of GA a rigorous statistical 
analysis is developed using a MGF formulation. 

New signal designs for optical communications devised 
specifically for APD receivers are described. These signals achieve 
simultaneously both zero intersymbol interference and zero telegraph 
distortion with respect to a depressed optimum threshold and are thus 
well suited to untimed transmission. Importantly, they also offer 
improved tolerance to alignment jitter when they used in conventional 
fully retimed receivers. 
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CHAPTER 1 

INTRODUCTION 

1.1 High Bit Rate Direct Detection Systems 

Considerable effort has been invested world-wide in developing 

high bit rate, long haul direct detection optical communication 

systems. Increasing the bit rate expands the capacity of the system, 

whereas increasing the distance between transmitter and receiver 

ensures a decrease in the number of repeaters which can result in 

improved system reliability. In both cases, the effort ultimately 

reduces the cost of the communication system. Systems for 1.6 Gbit/s 

transmission have already been implemented for practical application 

[Cohen, 1986] and operating at > 10 Gbit/s systems are currently being 

studied [Fujita et al., 1988; Gimlett et al., 1989]. 

The straight forward target for achieving longer repeater 

spacings is improved receiver sensitivity. The photodetectors used in 

the present 1.55, um wavelength band are based on InGaAs/InP avalanche 

photodiode (APD) structures with separate absorption and 

multiplication (SAM) regions [Campbell et al., 1983], or InGaAs pin 

FETs [Gimlett, 1987]. APDs have the potential benefit, of providing 

internal gain and thereby offering improved sensitivity, especially at 
high bit rate. However, the performance of an APD is governed by the 

excess noise associated with statistical fluctuations in the 

multiplication process. This excess noise is a strong function of the 

ratio of ionisation rates for electrons and holes, which is about 
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0.4-0.6 in InP material systems. There is thus considerable interest 

in artificial enhancement of the ionisation rate of one carrier over 

the corresponding bulk rate through the use of superlattice structures 

[Capasso, 1983]. In these devices one type of carrier is selectively 

heated compared with the other via potential step discontinuities at 

the heterostructure interfaces. The target is to achieve ionisation 

rate ratios less than 0.01 in these structures. An improvement of up 

to 5dB in receiver sensitivity is possible, which corresponds to a 

33km extension in the repeater spacing for 0.15 dB/Km fibre [Kimura, 

1988]. 

A further feature of these superlattice APDs (SAPDs) is that 

carrier multiplication occurs at discrete locations in the device, 

leading to a* reduction in the variability of the number of 

hole-electron pairs generated per photon. Thus these APDs can be 

considered as a first step towards a solid state photomultiplier, 

analogous to a photomultiplier tube. Capasso et al. (1983) have shown 

that the noise characteristics of staircase SAPDs cannot be calculated 

using the conventional McIntyre analysis [McIntyre, 1966] since the 

latter assumes carrier ionisation to be a continuous process, as is 

appropriate for conventional APDs (CAPDs). In addition, Teich et al. 

[1986a; 1986b] have found that the theory of discrete ionisation 

processes proposed by van Vliet and co-workers [1979a; 1979b] for 

short avalanche region CAPDs is applicant for staircase and other 

superlattice APDs, assuming single ionisation per initiating carrier 

per stage. The performance of optical receivers incorporating such 

advanced structures has been reported for the ideal case of zero dark 
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current and negligible residual hole ionisation [Teich et al., 1986b]. 

The effect of these (and other) device impairments on system 

performance will be discussed in this thesis in detail. 

1.2 Thesis Organisation 

Following this introductory chapter, an overview of superlattice 

avalanche photodiodes (SAPDs) is presented in Chapter 2. 

Consideration is given to the discrete ionisation model used to 

investigate the noise characteristics of these advanced detectors. 

In Chapter 3 formulas are derived for the effective gain and 

effective excess noise factor associated with dark current generated 

in SAPDs. This allows us to investigate the performance of optical 

receivers incorporating SAPDs taking into account the influence of 

both dark current and residual hole ionisation. The analyses are then 

extended for conventional avalanche photodiodes (APDs) to examine the 

influence of dark current generated within the multiplication 

(avalanche) region. 

The performance of a staircase APD is usually analysed assuming 

that electrons ionise at the steps only while the holes ionise within 

the graded-gap regions [Capasso et al., 1983]. In Chapter 4 the 

analysis is extended, in order to consider the effect of carrier 
(electron and hole) impact ionisation both in the graded-gap regions 

and at the steps. General formulas for the gain and excess noise 
factor have been derived relating to three important extreme cases. 
The performance of a2 Gbit/s optical receiver employing a ten-stage 

staircase APD has been examined to assess the influence of various 
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carrier ionisation probabilities. 

Recently interest has been expressed in SAPDs in which multiple 

ionisations per initiating carrier per stage occur, similar to 

secondary emission in photomultiplier tubes, thereby greatly enhancing 

the gain of the device. In Chapter 5 we extend the existing analysis 

of SAPDs to allow for the production of up to two impact ionisations 

per initiating carrier per stage. Extension for more than two 

ionisations is considered in Chapter 6 where a new discrete 

ionisation model for a solid state photomultiplier (SSPM) is presented 

and used to predict the gain and excess noise characteristics of these 

devices. The expressions obtained here are quite general and can be 

applied to photomultiplier tubes, single ionisation or two-ionisation 

SAPDs, and CAPDs. The performance of optical receivers based on these 

advanced APDs is also examined, emphasis being placed on the effect of 

both dark current and residual hole ionisation. 

A Gaussian approximation (GA) has been used in Chapters 3-6 to 

predict the performance of optical receivers based on SAPDs. This 

technique make use of the excess noise factor, representing first and 

second order statistical properties of the gain fluctuations 

introduced by the multiplication process. A more precise measure for 

the performance of these systems requires a comprehensive statistical 

description of the random gain associated with SAPDs. This problem is 

addressed in Chapter 7. First we present a numerical technique to 

evaluate the moment generating function (MGF) associated with the 

multiplication process of nonideal SAPDs (with residual hole 

ionisation). Secondly, we use the MGF together with a modified 
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Chernoff bound [Prabhu 1982, da Rocha and O'Reilly, 1982] to predict 

the performance of SAPD receivers in the presence of dark current. A 

comparison with the GA is also presented. 

In Chapter 8 we direct our attention to the speed of response of 

SAPDs, and the effect on the performance of high bit rate lightwave 

receivers. We have shown that the SAPD may be modelled as a CAPD in 

which the hole and electron ionisation rates exhibit position 

dependency corresponding to a series of impulses, one per stage. This 

has enabled us to apply the theory of CAPDs directly to predict the 

gain-bandwidth product of SAPDs. 

Chapter 9 is devoted to overall receiver considerations. We 

start by comparing the performance of SAPD receivers with that for 

CAPDs. This is necessary in order to indicate upper bounds on 

superlattice device non-idealities, which are strongly dependent on 

the number of stages, below which these advanced APDs can offer 

improved performance compared with existing long wavelength CAPDs. We 

then describe new signal designs for optical communications based on 

APD receivers. These signals achieve simultaneously both zero 

intersymbol interference (ISI) and zero telegraph distortion (TD) with 

respect to a depressed optimum threshold encountered with high 

performance APD receivers. The new signal design targets are thus 

well suited to untimed transmission whilst also offering improved 

tolerance to alignment jitter when used in conventional fully retimed 

optical receivers. The practical realisation is considered to consist 

of signal shaping networks with responses closely approximating these 

new designs. 
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Chapter 10 concludes the thesis, summarising the main findings 

and identifying areas where further research may be appropriate. 

1.3 Contributions 

The research reported here sought to provide a detailed and 

comprehensive assessment of the performance of direct detection 

optical receivers incorporating superlattice avalanche photodiodes 

(SAPDs), emphasis being placed on the influence of residual hole 

ionisation and dark current. The gain and noise characteristics of 

various SAPDs have been analysed using discrete ionisation models and 

used as a basis for performance assessment of practical systems. In 

order to achieve this it has been necessary to produce a number of new 

derivations and means of analysis, relating both to specific 

impairments and their combined influence on system performance. 

The main contributions of this thesis may be summarised as 
follows: 

(1) Expressions are derived for the effective gain and effective 

excess noise factor associated with dark current in SAPDs [Fyath and 

O'Reilly, 1988a]. This allows us to assess the influence of various 

dark current components on the performance of optical receivers 

employing these devices [O'Reilly and Fyath, 1988a; Fyath and 
O'Reilly, 1988e]. The analyses are then extended for CAPDs to 

investigate the effect of dark current generated within the avalanche 

region [Fyath and O'Reilly, 1989a]. 

6 



(2) The performance of optical receivers using a recently proposed 

new APD, in which multiplication is achieved by single impact 

ionisation per traversal of the primary carrier through the device, 

has been investigated. It has been shown that the sensitivity 

improves as a function of ionisation rates 'ratio k, a behaviour which 

is in contrast to that for CAPDs [O'Reilly and Fyath, 1988c]. 

(3) The existing analysis of staircase APDs has been extended to 

allow for the possibility of both types of carriers impact ionising at 

the steps and in the graded regions. We identify and discuss three 

extreme cases depending on material and structure of the diode. The 

influence of various carrier ionisation probabilities on receiver 

performance has- been examined [Fyath and O'Reilly, 1988d]. 

(4) General expressions have been obtained for the average gain and 

excess noise factor associated with photocurrent and dark current in 

SAPDs where multiple ionisations per initiating carrier per stage may 

occur. The performance of optical receivers utilising these advanced 

detectors has also been examined [Fyath and O'Reilly, 1988b, 1988c, 

1988h]. 

(5) A gain moment generating function (MGF) formulation for SAPDs has 

been developed and evaluated numerically taking into account the 

effect of residual hole ionisation. This has been used as a basis for 

rigorous analysis of optical receivers employing these detectors. We 

have described a statistical model for the detection process using 

the modified Chernoff bound which has enabled us to assess accurately 

receiver performance in the presence of " hole ionisation and dark 

current [Fyath and O'Reilly, 1989b, 1989d]. 
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(6) We have examined in detail the speed of response of SAPDs and its 

effect on the performance of multigigabit per second lightwave 

receivers. Particular consideration is given to the avalanche 

build-up time arising from the regenerative nature of the 

multiplication process in the presence of residual hole ionisation 

[Fyath and O'Reilly, 1988f, 1988g; O'Reilly and Fyath, 1989]. 

(7) We have presented a comparison of the performance of SAPD optical 

receivers with that for CAPD receivers. This has enabled upper bounds 

to be indicated on superlattice device non-idealities below which 

these advanced APDs can offer improved performance compared with 

existing long wavelength CAPDs [Fyath and O'Reilly, 1989c]. 

(8) New signal designs developed for optical receivers employing APDs 

have been presented. These provide zero ISI and zero TD with respect 

to a depressed optimum threshold and can then be used for both untimed 

(2R) and fully retimed (3R) repeaters. The effect of alignment timing 

jitter on the performance of retimed receivers has been considered and 

the new designs have been shown to offer reduced power penalties 

compared with widely adopted raised cosine receivers. A fourth-order 

low pass ladder network filter has been shown to provide a suitable 

basis for a practical realisable approximation [Fyath and O'Reilly 

1987, O'Reilly and Fyath, 1988b]. 
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CHAPTER 2 

SUPERLATTICE AVALANCHE PHOTODIODES 

2.1 Introduction 

Recent years have seen renewed interest in avalanche photodiodes 

(APDs) as detectors for long haul lightwave communication systems. 

The internal gain associated with the avalanche process in these 

devices provides a potential means of overcoming thermal noise 

limitations in wideband detection [Personick, 1973]. Unfortunately, 

the performance of an APD is governed by excess noise associated with 

statistical fluctuations in the multiplication process. Nevertheless, 

it is widely accepted that APDs can provide substantial improvement in 

receiver sensitivity compared with PIN photodiodes, the margin 

provided by the APD increasing with bit rate [Brain, 1982; Smith and 

Forrest, 1982]. Multiplication noise for conventional APDs (CAPDs) 

was investigated by Tager [1965] and later by McIntyre [1966]. These 

results show that it is important for low noise, high gain APDs that 

carrier feedback in the multiplication process be minimised, that is, 

the electron and hole ionisation coefficients a and ß should be very 

different, and the carrier species with the highest ionisation rate 

should initiate the avalanche process. For wavelengths below 1um the 

silicon APD represents a near-ideal detector choice for optical fibre 

communication systems since the hole to electron ionisation rate ratio 

is less than 1/20 in this material [Webb et al., 1974; Robbins et al., 

1985]. 

The more recent development of optical fibres with. low loss and 
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negligible dispersion in the 1.2-1.6pm wavelength range has led to 

extensive research on new photodetector materials. These 

investigati ons have shown that germanium and most III-V materials 

sensitive to this wavelength range have nearly equal ionisation 

coefficients so that they are unsuitable for low noise APDs [Stillman 

et al., 1984]. Th ere is thus considerable interest in new APD 

structures in which the ionisation rate ratio can be artificially 

enhanced. 

2.2 APDs with Enhanced Ionisation Rate Ratios 

Several principles have either been used or proposed for altering 

the ionisation rate ratio, among these are the following 

(a) Eliminating the feedback noise associated with residual hole 

ionisation by trapping the holes in a potential well formed between 

two heterojunctions [Gordon et al., 1979]. 

(b) Difference between the ionisation energies and the quasi-electric 

fields for electrons and holes in graded-gap materials [Capasso, 

1981]. 

(c) The use of superlattice or multilayer structures in which the 

distribution of one carrier type (electrons in general) is selectively 

heated to high energy while the hole distribution remains relatively 

cool such that no subsequent ionisation occurs. Various schemes have 

been proposed which are based on : use of large asymmetry between 

conduction and' valence-band discontinuities as in multiquantum well 
APDs [Chin ' et al., 1980; Capasso et al., 1982] and staircase APDs 

[Capasso et al., 1983], use of built-in electric field arising from a 

periodic doping profile in conjunction with band-edge discontinuity as 
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in doped quantum well APDs [Blauvelt et al., 1982], or the use of 

sequential resonant tunelling [Brennan and Summers 1987a]. 

(d) Spatial separation of electrons and holes in materials of 

different bandgaps such as in channelling APDs [Capasso, 1982a, 1982b; 

Tanoue and Sakaki, 1982]. 

(e) Resonant enhancement of impact ionisation in a superlattice, 

induced by the zone folding effect [Mon and Hess, 1982]. 

(f) Making use of resonant impact ionisation initiated by holes from 

the split-off valence band. This occurs when the spin orbit splitting 

is equal to the bandgap energy which makes the threshold energy for 

hole initiated impact ionisation reach, the smallest possible value 

and the ionisation process occurs with zero momentum. This leads to a 

strong increase- of hole ionisation coefficient. An ionisation rate 

ratio of about 0.1 has been reported in AlGaSb [Hildebrand et al., 

1981] and HgCdTe [Alabedra et al., 1985]. 

(g) By using silicon as the avalanche material in SAM (separate 

absorption and multiplication) structures. This material has small 

impact ionisation rate ratio suitable for low noise carrier 

multiplication. Avalanche gain as high as 50 has been measured at a 

wavelength of 1.3pm in GexSi1-z/Si heterostructure photodiodes 

[Pearsall et al., 1986]. The absorption of the infrared radiation 

occurs in a GeSi/Si strained-layer superlattice which serves as a 

waveguide core, and the avalanche multiplication takes place in one of 

the Si-cladding layers. 

The superlattice APDs (SAPDs) mentioned in (c) have attracted 
increasing interest in the literature as promising long wavelength 
detectors with ionisation rate ratio below 0.01. The prediction of 
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enhancement of ionisation rate ratio has been clarified experimentally 

[Capasso et al., 1982; Juang et al., 1985; Yu et al., 1987] and 

theoretically using both Monte Carlo simulation [Brennan, 1985a; 

Brennan and Wang, 1988] and lucky drift theory [Ridley, 1985; Marsland 

and Woods, 1987; MacBean, 1990b]. 

2.3 Examples of SAPDs 

SAPDs have in general a p-i-n form where the superlattice "i" 

region consists of a periodic structure of alternating layers of 

different bandgaps. The engineering of this region and the material 

used are responsible for the enhancement of the ionisation rate ratio 

in these devices. 

2.3.1 Quantum well APDs 

This structure was first proposed by Chin et al. (1980) and it is 

illustrated schematically in Fig. - 2.1 along with its corresponding 

energy band diagram. The avalanche region consists of alternating 

layers of wide and narrow bandgap materials. In addition, the 

majority of the bandgap discontinuity occurs in the conduction band. 

In this structure an electron is accelerated by the electric field 

through the wide bandgap material (barrier) until it reaches the small 

bandgap material (well). When it enters the well, it abruptly gains 

an energy equal to the conduction-band, discontinuity AEIt is 

important to stress the ballistic nature of this energy gain. The 

threshold of impact ionisation of electrons in the small bandgap 

material is effectively lowered by AE 
C. 

However, the valence-band 
discontinuity d EV is not large enough to supply a similar energy boost 
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(a) 
narrow bandgap material = 

P+ wide bandgap material 

(b) 

Fig. 2.1 Quntwn well avalanche photodiode. 
(a) schematic diagram 
(b) energy band-diagram 
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to free holes (for semiconductor heterostructures where d EC >d EV). 

Since the impact ionisation rate depends exponentially on the impact 

ionisation threshold, the electron ionisation rate a is enhanced much 

more than that for holes, . 3. 

A quantum well APD similar to the one proposed by Chin et al. was 

fabricated by Capasso et al. [1982] and consisted of 50 alternating 

Al 
0.45 

Ga 
0.55 

As (550A) and GaAs (450A) layers with a doping 

concentration of 2x1014cm 3. They obtained electron to hole 

ionisation rate ratio a/ß of 7 to 8, which represents an improvement 

of a factor of 3 to 4 over a/ß in GaAs bulk material. Brennan et al. 

[1985a] have reported on Monte Carlo calculations of the 

ionisation rate coefficient in a superlattice of AlGaAs/GaAs identical 

to the one used by Capasso et al. [1982]. They found an excellent fit 

to the electron ionisation rate data of Capasso et al. if dE is taken 

to be 0.75 of the bandgap difference. The calculated hole ionisation 

rate, on the other hand, is comparable to the bulk value, which is 

again in agreement with experimental data. 

Other authors have also observed an enhancement of the alß ratio 

in AlGaAs/GaAs superlattices [Juang et al. 1985; Kagawa et al., 1989]. 

Osaka et al. [1986] have reported an enhancement of ß by a factor of 

four over the bulk value in Ga0.47In 
0.53As/InP superlattices due to 

the large value of LEv. Yu et al. [1987] have measured ß/a equal to 6 

in InGaAs/InAIAs SAPDs. 

Recently Capasso et al. [1986] have observed a new avalanche 

phenomenon in superlattices, namely, impact ionisation across 
band-edge discontinuities of carriers confined in the wells. This 

ionisation phenomenon was briefly discussed by Smith et al. [1983] and 
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later Chuang and Hess [1986] have proposed it independently and 

calculated the ionisation rates. In this ionisation effect only one 

type of carrier is created so that the positive feedback of impact 

ionisation of the other carrier species eliminated, leading to the 

possibility of a quiet avalanche with small excess noise. This has 

been confirmed experimentally by Capasso et al. [1986] on both 

AlInAs/GaInAs and AlSb/GaSb superlattices, and by Allam et al. [1987] 

on AIInAs/GaInAs systems. In the latter structure ionisation rate 

ratio j8/a 
in excess of 50 have been measured, which is the highest 

ionisation rate ratio measured to date in III-V materials. 

2.3.2 The graded-gap staircase APD 

This detector has been devised by Capasso et al. [1983] as a 

semiconductor analogue to the photomultiplier tube. It is also based 

on the physical concept of impact ionisation assisted by a band edge 

discontinuity. In a staircase APD, however, the entire ionisation 

energy may be acquired at the conduction band steps. Fig. 2.2 

illustrates the staircase APD, along with its associated energy band 

diagram. Each stage is linearly graded in composition from a low 

(Egl) to a higher (Ed) bandgap, with an abrupt step back to low 

bandgap material. The conduction band discontinuity shown accounts 

for most of the bandgap difference. The materials are, chosen for a 

conduction band discontinuity AE 
C 

comparable to, or greater than, the 

electron ionisation energy E1 in the low gap material following the 

step. 

The band structure of the staircase APD under reverse biased is 

shown in Fig. 2.2c. Consider that a photoelectron is generated 
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Fig. 2.2 Graded-gap staircase avalanche photodiode. 
(a) schematic diagram 

(b) energy band-diagram under zero bias 

(c) energy band-diagram under reversed bias 
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next to the p+ region. Under the combination of the biasfield F and 

the grading field d Ec/L (L is the width of the graded region), it 

drifts towards the first conduction-band step. The effective electric 

field in the graded region F-d EC/L is small enough so that the 

electron does not impact ionise before it reaches the step [Williams 

et al., 1982; Capasso et al., 1983]. After the step, since d EC = E. , 

the electron impact ionises; this ballistic ionisation process is 

repeated in each stage. In this structure the valence-band steps are 

of the wrong sign to assist ionisation. Thus any residual hole 

ionisation can only be caused by the effective electric field in the 

graded region, which is chosen so that holes cannot ionise them. For 

electron transport across the graded region, the bias field must be 

sufficiently high to cancel the AE /L quasi- electric field and 

provide a small extra component to assure drift rather than diffusion 

transport. Ideally, only electrons impact ionise in this structure 

and hence the multiplication process is virtually noise-free, even at 

high gain. For long wavelength photodetectors, two material systems 

are presently of interest: Al/GaAsSb/GaSb on GaSb substrate and HgCdTe 

lattice matched to CdTe or InSb substrates [Capasso 1985]. 

A further feature of SAPDs is that carrier multiplication occurs 

at discrete locations in the device - the narrow bandgap layers in 

multiquantum well APDs and conduction band steps in staircase APDs - 

leading to a reduction in the variability of the number of hole- 

electron pairs . generated per photon. Thus these APDs can be 

considered as a first step towards a solidstate photomultiplier, 

analogous to a photomultiplier tube. Capasso et al. (1983) have shown 

that the noise characteristics of staircase APDs cannot be calculated 
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using the conventional McIntyre analysis [McIntyre, 1966] since the 

latter assumes carrier ionisation to be a continuous process, as is 

appropriate for CAPDs. Thus a discrete ionisation model is required 

to investigate the noise characteristics of these advanced APDs. The 

features of this model will be discussed in the following section. 

2.4 Discrete Ionisation Model 

The avalanche multiplication process in semiconductor devices has 

usually been analysed using standard "continuous" device physics, 

involving differential or integral equations for position-dependent 

multiplied carrier fluxes. For two-carrier multiplication processes 

such as occur in bipolar devices, a detailed theory for the 

multiplication factors and noise was given by Tager [1965] for the 

case that ionisation coefficients of electrons and holes are equal, 

and by McIntyre [1966] for the general case that the ionisation 

coefficients for electrons and holes are different. A simple theory 

for the avalanche process in JFETs, where only majority carriers 

participate in the multiplication process, was given later by van der 

Ziel and Chenette [1978], although the result was known earlier to 

Tager. In these papers it is assumed that the avalanche region is very 

long compared to the mean free path for an impact ionisation to occur, 

so that the number of ionisations per carrier transit is extremely 

large. Only under these conditions can one justify the use of 

continuous ionisation rates per unit length, a(x) for electrons and 
ß(x) for' holes. When the avalanche region is short the above theories 

cannot be relied on. This was first observed by Lukaszek et al. 
[1976] in which they showed that for low-breakdown-voltage diodes the 
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number of possible ionisations per carrier transit through the 

avalanche region is often no more than one or two. They used a rather 

complex statistical theory to derive new expressions for the 

multiplication and the noise, presuming no more than one ionisation or 

two ionisations per carrier transit. The theoretical results were in 

good agreement with their experimental data. Experimental results 

conducted by other works also support the discrete ionisation approach 

in short avalanche region devices [Rucker and van der Ziel, 1978; 

Campbell et al., 1989a]. 

Van Vliet et al. [1979a, 1979b] have developed a comprehensive 

analysis for the gain and excess noise in short avalanche region 

devices. The theory involves consideration of the discrete 

statistical process whereby N ionisations can occur per carrier 

transit in the avalanche region. As N tends to co they recovered 

McIntyre's results [1966] for continuous ionisation in CAPDs. Further 

for N=1, which is applicable for submicrometer devices under the 

influence of extremely high electric field, they recovered Lukaszek's 

results [1976]. Later Teich et al. [1986a, 1986b] found that the 

theory of discrete ionisation processes developed by van Vliet and 

co-workers is applicable to staircase APDs and other superlattice 

APDs, assuming single ionisation per initiating carrier per stage. 
For a N-stage SAPD the average gain and excess noise factor for pure 

electron injection can be expressed as 

(1 +P)N (P- u) <M 
e> M <gN> = P(l+u)N+ i- u(l+p)N+i 

(2.1) 
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(1-1/< gN>)(P-u) 
i_P 

2(1 uý) u(1+P) <N> 
Fe FN =1+P+u+P (1 + u) 

CP-u+ 
1p, 

(2.2) 

where p and u represent the impact ionisation probability per stage 

for electrons and holes respectively (assumed to be identical for 

various stages). For N =l eqns. 2.1 and 2.2 reduce to 

<M >_ 
1+p (2.3) 

° 1-kp2 

F_1 +3p+3kp2+kp3 (2.4) 
0 (1+p)2 

in accord with Lukaszek's results [1976]. Here kmu/p. For 

conventional APDs, we let Na oo and set p=a. zl x and u =ß. d x with Ax the 

width of the stage and a and 8 the ionisation rates per unit length 

for electrons and holes, respectively. Using these expressions for u 

and p with eqns. 2.1 and 2.2, and letting Ax->O we obtain McIntyre's 

results [1966] for uniform CAPDs: 

_ <M > 
(1-k) ex [aW (1-k)] (2.5) 

e- I- K exp a 

F_ <M 
e> 

[[1-(1-k) [(<Ma>-1)/<Mo>]2)] (2.6) 

where W is the width of the avalanche region, k=ß/a, and we make use 
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of the relation [van Vliet et al. 1979b]. 

Lim [(1 +p)/(1 +u)]N = exp[W(«-ß)] (2.7) 
N4CO 

It is also interesting to examine eqns. 2.1 and 2.2 for two 

extreme cases according to the value of k: k=0 (very-low noise device) 

and k=1 (high-noise device). For the first case we have 

<gN>. = (l+p)N (2.8a) 

FN =[(1-P)ß(1+P)][l+[1-(l+p)"N]ý (2.8b) 

Note that FN=1 in two cases p=O -and p=, 1 since the gain will be 

deterministic. For k=1 such that u=p eqns. 2.1 and 2.2 reduce to: 

<gN> = 1/(1-Np) (2.9a) 

FN = (1-Np2)/(1-Np) (2.9b) 

In order to address the general case, we plot in Fig. 2.3 the 

gain of a SAPD as given by eqn. 2.1, as a function of p for different 

values of km u/p and number of stages N. This indicates that when k*0, 

the average gain will increase without limit for certain parameter 

values (i. e. avalanche breakdown will occur). We also know that as k 

decreases, larger values of p are possible at fixed N before avalanche 

breakdown occurs. From eqn. 2.1, avalanche breakdown will occur in a 
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SAPD if: 

p(l+u)N+1 5 u(l+p)N+1 for p>u, u*O 

or 

u(1 +p)x+l 5 p(1 +u)x+l for p <u, p *O (2.10) 

or 

pz 1/N for p=u, u*O 

For u=0 (or p= 0) no avalanche breakdown will occur with a finite 

number of stages. From the conditions of eqn. 2.10, the maximum 

allowable value of p (for p> u) is presented in Fig. 2.4 as a function 

of N. Note that Fig. 2.5 illustrates the variation of the excess 
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noise factor of a SAPD as a function of electron ionisation 

probability taking k and N as parameters. Note that even a small 

non-zero value of k leads to a large increase -in the excess noise 

factor, especially when N is large. This is in accord with previously 

published results [Teich et al., 1986a; Brennan, 1986c]. These results 

provide a limit on the residual hole ionisation that is tolerable in a 

SAPD. Brennan [1986c] has estimated k to be of the order of 103 for 

GalnAs/AlInAs doped quantum well devices with much higher values being 

predicted for other structures [Brennan, 1985a]. 

Teich et al. [1986a] have compared the gain and noise 

characteristics of SAPDs with those for CAPDs and photomultiplier 

tubes. They have also investigated the performance of optical 

receivers incorporating these advanced APDs assuming both zero dark 

current and negligible residual hole ionisation. In the next chapter 

we will extend the existing analyses relating to SAPDs taking into 

account the influence of these device impairments and investigate the 

performance implications for optical receivers. 

It should be noted that while the results developed in the 

following chapters are based on staircase APDs, they are also 

applicable to other superlattice structures in which the carrier 

transport is perpendicular to the superlattice planes. However, they 

do not apply to the channelling APD [Capasso, 1982b, Brennan, 1985b] 

in which the carriers are spatially separated by means of a transverse 

field, with transport taking place in the plane of the layers. 
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CHAPTER 3 

DARK CURRENT CONSIDERATIONS 

Rather high levels of dark current have been observed in many 

superlattice APDs, fabricated by variety techniques, especially at 

room temperature [e. g. Capasso et al., 1986; Allam et al., 1987; 

Beltram et al., 1987]. This high level of dark current, associated 

with the high gain of these devices, can lead to substantial 

degradation in receiver sensitivity and it is therefore important to 

analyse the influence of dark current in these structures. From the 

point of view of receiver sensitivity we can decompose the dark 

current into essentially three components 

(a) A surface component which, since it does not enter the 

multiplication ' process, can be taken into account as leakage current 

associated with the front-end amplifier following the APD. 

(b) Dark current components resulting from minority carriers 

diffusing from the p+ and/or n+ regions into the depletion layers. 

These will experience the same gain and excess noise factor as is 

associated with photocarriers generated in the same regions. 

(c) Dark current generated within the multiplication region 

(i. e. in different stages), attributed mainly to tunnelling through 

the various heterointerfaces. In this case, the distribution of dark 

current among the various stages must be taken into account in order 

to deduce the total noise associated with this component. 

In this chapter, we direct our attention to determining the 

effective gain and effective excess noise factor corresponding to the 

third component since it contributes predominently to the multiplied 
dark current, [Capasso et al., 1986; Li et al., 1987]. The 
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performance of optical receivers incorporating SAPDs is determined, 

allowing for the influence both of residual hole ionisation and dark 

current components. The analysis' is then extended to conventional 

APDs to investigate the influence of dark current generated within the 

multiplication region. 

3.1 Generalised Formulas for the Gain and Excess Noise Factor 

Since thermally generated dark current - carriers may originate at 

any position within the device, it is necessary to extend existing 

analyses relating to gain and excess noise factor for photogenerated 

current [e. g. Teich et al., 1986a] to include the position of the 

initiating hole-electron pair. 

Consider a hole-electron pair generated in the position A in the 

device. This position will be labelled by A(j), where j denotes the 

number of possible ionisations which the initiating elect ron can 

induce while moving to the n+ region. Thus the primary hole can 

induce N -j possible ionisations when moving to the p+ region, where N 

is the total number of stages and a single ionisation per initiating 

carrier per stage is assumed. Extension for more than one ionisation 

is considered in detail in Chapters 5 and 6 

Let p and u represent the impact-ionisation probability per stage 

for electrons and holes respectively. The average gain < gj > and the 

excess noise factor Fi associated with hole-electron pair initiation 

at point AU) are shown in Appendices A and B respectively to be given 

by 

<gj> = <gN>Qi'N (3.1) 
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Fj QN jF- 2( 1 -up) (QN-i - 1) (3.2) 
jN (l+u)2Q 

where 

Q= (1 +p)/(1 +u) (3.3) 

Here <gN> and FN are, respectively, the gain and excess noise factor 

associated with a hole-electron pair generated at the p+ region (i. e. 

pure electron injection) and they are defined in eqns. 2.1 and 2.2. 

It is instructive to examine eqns. 3.1 and 3.2 for two extreme 

cases: u=0 (very low noise device) and u=p (high noise device). For 

the first case (i. e. u=0) we have 

<g> _ (1+p)' (3.4) 

Fj =1+ [1-1/(1 +p)i][(1-p)/(1 +p)] (3.5) 

from which we note that the gain and the excess noise factor depend 

only on the number of stages crossed by the electron (i. e. j only). 

Eqns. 3.4 and 3.5 are identical to the 'gain and excess noise factor 

results for a j-stage device when u=0. This is anticipated since the 

multiplication process is unilateral in this instance. For u=p eqns. 

3.1 and 3.2 reduce to 

< gj> = 1/(1-Np) (3.6) 

Fj = (1-Np)/(1-Np) - (3.7) 

and < gi > and Fj are independent of the position of the initiating 

hole-electron pair. 

In order to address the general case, we consider first the 
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influence of the position of the initiating hole-electron pair on the 

gain and excess noise factor. Figs. 3.1 and 3.2 show, for a 5-stage 

device, the variation of < g. > and . F1, respectively, as a function of 

j, taking p and the ionisation rate ratio k (im u/p) as parameters. 

For p>u, the gain < gj > decreases exponentially with the distance (i. e. 

number of stages) from the p+ region where the initiating hole- 

electron pair generation occurs. For k=0 the excess noise factor Fi 

decreases slightly as j decreases. This result may also be deduced 

from Fig. 2.3a by replacing N by j since u=0. For k>0 Fi will 

behave in similar manner when p=0.1 
, 
(Fig. 3.2a), but for large p it 

increases strongly as j decreases (Figs. 3.2b and 3.2c). For k=1, 

both < gj > and Fi are independent of j as. stated previously. Also from 

these figures we see that for fixed j both < gj > and Fj increase with k. 

An interesting point to note here is that for small value of p, 

for example p=0.1, a lower noise device can be obtained when the less 

strongly ionising carrier (hole in this case) initiates the 

multiplication process, corresponding to the light being incident on 

the n+ region of the device. This is in marked contrast to the 

McIntyre theory [McIntyre, 1966] for CAPDs. However, the reduction in 

the excess noise factor in this case is small compared with FN and is 

associated with lower gains; this does not, therefore, seem to be of 

practical significance. 

3.2 Noise-Variance Analysis of Dark Current 

In staircase APDs and other supperlattice structures, the 

multiplication region is distributed across the stages and hence the 
dark current carriers generated in each stage will experience a 
different gain and excess noise factor. In order to treat the dark 
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current generated within the multiplication regionin a sim ilar way to 

photogenerated current we introduce the effective gain gff and 

effective excess noise factor F, 
ff. 

These differ from <ga> and FN and 

are chosen such that for the given primary dark current, if we treat 

this as initiated at the p+ region, the same values of average and 

variance of dark current are realised at the output. 

3.2.1 Modelling the Problem 

Let j be the dark current generated randomly at the position 

AU). This current will enter the multiplication process (which is 

governed by the random gain g. ) to give An output current yj. Let Io 

represent the total output dark current due to all stages, given by 

N 
i yj (3.8) 

J-1 

In a similar manner the primary dark current Id can be written as 

N 
Id = xj (3.9) 

J-i 

If we assume that the individual dark current components are 
statistically independent then [Cattermole, 1984] 

N 

<10> _ <y, > (3.10) 
, _, 

N 
S(I) = E. 

1 
S(Y") (3.11) 

where S(. ) denotes the mean square current spectral density. <y> and 
S(y) can be expressed as [Teich et al. 1986a]: 
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<yj> = <g? <xj> (3.12a) 

S(yj) = S(xj) < g. >2 Fj (3.12b) 

where a Poisson distribution for the thermally generated carriers 

associated with each dark current component is assumed [Buckingham, 

1983]. In eqn. 3.12b S(x) is the shot noise spectral density 

associated with j: 

S(x) = 2q < x. > (3.13) 

Here q is the electronic charge. 

3.2.2 Effective Gain and Effective Excess Noise Factor 

To treat the dark current in, a similar manner to photocurrent 

generated at the p+ region we introduce the effective gain gfi and 

the effective excess noise factor F, 
fr such that the same values of 

< Io > and S(I. ) are realised at the output. Hence 

N 
J <gj> <xi> 

geff-T> -N (3.14) 

j=I 

N 

_S 
(I Z. <x > <g>2Fi 

Feft- 
2q <I> g2 g2 N <X > 

(3.15) 
d off off 

ý-1 

For the case of individual dark current components in each stage 
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having identical mean values, then eqns. 3.14 and 3.15 reduce to 

N 
gcff =NE< gj (3.16) 

J -1 

N 

_N 

`gi>2Fi 
Feff 

-N1 (3.17) 

[< gj > ]2 
eil 

With the aid of eqns. 3.1 and 3.2 the expressions for Seff and Feff 

can be simplified further 

<g 
N> 

N 

benN q -N 

J-1 

_<1 (3.18) 
LJ 

N 
N Q2 J Fl 

-i Fef 
fNJ2 

C ß_1Q 
N 

(Q2-1)Q NFN 
-2(p-uQ2)(1+u)(QN-i_1) 

Q(Q+1)(QN-1) 
(3.19) 

For N=1, gaff and F, 
ff will be identical to those of photogenerated 

current < gN > and FN respectively. Eqns. 3.18 and 3.19 can be examined 
for two extreme cases. 

(i) k=0 

gern -Np [ii +p)N-i] (3.20) 
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F 
ef` 

Np 2(l+p) [(l+p)N+1] - (1-p)(2+p) (3.21) 
(2+p)( 1 +p) 2 [(1-p)N-1] 

(ii) k =1 

g. ff = <gx> = 

Fort = FN = (1-Np2)/(1-Np) 

(3.22) 

(3.23) 

In this latter case the dark current will behave in a similar manner 

to photocurrent generated in the p+ region. 

Figs. 3.3 and 3.4 show geff and Feff respectively as a function 

of p for different values of N and k. Curves corresponding to < gN > 

and FN (solid lines) are also shown for comparison. These results 

indicate that for N>1 the effective gain geff experienced by dark 

current is always less than that for photogenerated current < gN >, 

while the effective excess noise factor Fff is higher than FN 

especially for high values of p. Also both geff and Feff increase in 

general as a function of p, k and N. An interesting point to be noted 

is that even for p=1 and k=0, representing a noiseless device for 

photocurrent (since F. 
i 
=1), for dark current Feff will be greater than 

1 for N>1 since < gj > is a function of j. From the above discussion it 

is clear that the effect of dark current on the performance of SAPD 

receivers increase with p, k and N since these contribute to higher 

values of g, ff and Feff. 

3.3 Calculation of Receiver Sensitivity 

Teich et al. (1986b) have calculated the bit error rate (BER) for 

a staircase APD receiver, with k=0, neglecting the dark current, using 
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the electron counting distribution and assuming maximum-likehood 

detection. They showed that such a receiver will exhibit improved 

sensitivity compared with CAPD receivers with identical gain and 

circuit noise. In this section we will discuss the influence of dark 

current on the performance of these new APD receivers taking into 

account the effect of residual hole ionisation. We shall make use of 

Personick's approach [Personick, 1973; Smith and Personick, 1980] 

based on a Gaussian noise approximation. Although it is an 

approximation, there is a wealth of evidence available in the 

literature' substantiating it as accurate when it is compared with 

exact methods [Personick et al., 1977; Fyath and O'Reilly, 1989d]. 

Exact calculations based on a gain moment generating function 

formulation will be discussed in Chapter 7. Further we shall assume in 

the subsequent analysis that the gain-bandwidth product of the diode 

is extremely high, such that it is not a limiting factor receiver 

performance. This effect will be considered in Chapter 8. 

The receiver sensitivity P, expressed in terms of the average 

detected optical power required at the receiver input for a desired 

error rate, is given by [Smith and Personick, 1980]: 

17P = 
Qqby [QqBIIFN 

+ (< in= >+< ind >) 112/ < gN > (3.24) 

where r7 is the external quantum efficiency of the detector, hu is the 

photon energy, Qo is a parameter related to the desired bit error rate 

(Q, =6 for BER =10-9) and < i2a > is the input equivalent amplifier mean 

square noise current at the given operating bit rate B. The parameter 

< ind > represents the dark current noise contribution: 
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ind >= 2gBI2[Id$ -I- Idd 4 gN > 2FN + Ida g2fr Feff] (3.25) 

where Ids is the surface dark current that does not experience the 

multiplication process, Idd is the diffusion dark current, owing to 

minority carriers thermally generated outside the multiplication 

region, and Ida is the dark current component generated in various 

stages and is associated with effective gain gff and effective 

excess noise factor Foff as given by eqns. 3.18 and 3.19 respectively. 

The amplifier noise < ins > for a FET amplifier is given by [Smith 

and Personick, 1980]. 

13B3 (3.26) < iDa >= [i O (1 +r)+ 2q IS] I2B + 4K0T 
(2nC 

`)2 
L gm L gm 

where 1/f amplifier noise is neglected. Here K is Boltzmann's 

constant and 0 is the absolute temperature. Other parameters are 
defined in Table 3.1. 

The parameters I1, I2 and 13 appearing in the above equations are 

weighting functions which are dependent only on the shapes of the 

optical pulse at the input to the receiver and the equalised output 

pulse [Personick, 1973]. 

3.4 Performance Assessment of SAPD Receivers 

Illustrative results will be presented for a2 Gbit/s receiver 

operating at A. = 1.5pm. The receiver sensitivity is estimated for 

BER=10-9 at room temperature (300K), and assuming 50% return-to-zero 
(RZ) input format and full raised-cosine output signal spectrum. The 

receiver parameters used in the calculations are listed in Table 3.1. 
The equivalent input noise current spectral density of the amplifier 
is estimated to be 2.124 pA/Hz1/. 
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TABLE 3.1 

Parameters of APD/FET receiver used as thebasis for sensitivity 

calculations. 

Parameter Value 

Wavelength, A 1.5um 

FET gate leakage current, 19 2nA 

FET transconductance, gm 40mS 

FET noise factor, r 1.78 

Receiver input capacitance, Ct 1pF 

Load resistance, RL 22kQ 

Personick integrals for 50% 0.5 

return-to-zero (RZ) input format Iz 0.403 

and raised-cosin output signal I3 0.0361 

spectrum 

Temperature, 0 300K 

3.4.1 Effect of Number of Stages 

In this section we look at the effect of the number of stages N 

on receiver sensitivity. Fig. 3.5 shows the variation of receiver 

sensitivity r7P as a function of APD gain < gN > for two values of N, 

i. e. 5 and 10, and assuming zero dark current. At low values of k (0 

and 0.001) a better optimum sensitivity can be obtained with the 

10-stage SAPD, while as k increases, the 5-stage device offers a very 

slightly improved performance. Note that the 5-stage SAPD will have a 

wider bandwidth compared with N=10 device since the bandwidth is 

inversely proportional to the number of stages, all other factors 
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Fig. 3.5 Receiver sensitivity uP as a function of APD 
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assuming zero dark current. 

--- N=5 N=10 

being equal [Matsuo et al., 1985]. Fig. 3.5 also indicates that at 

lower values of k (e. g. 0 for N=10 and less than 0.01 for N=5) there 

is no optimum gain at which the detectable optical power for a given 

BER is minimum. Hence the diode continues to give improved 

sensitivity as the gain increases so that the optimum sensitivity will 

occur at p =1. For higher values of k there is an optimum gain. This 

is owing to avalanche breakdown associated with higher values of 

ionisation rate ratio, leading* to a strong increase in the excess 

noise factor as the gain increases. 

We are unable to present a' general expression for the optimum 
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gain <> 
opt, 

but it can be shown that for k=1 and neglecting all dark 

current components 

N< iÄa> 1/2 
1 11/2 

< for N>1 (3.27) 
°H opt -[0q1- 1) 'N 

and the value of the electron ionisation probability per stage at 

which < gx > 
opt 

occurs is given by: 

pops _ (1 - 1/<g 
N> opt) 

/N (3.28) 

3.4.2 Effect of Ionisation Rate Ratio k 

From the previous section, it is clear that for single carrier 

multiplication (i. e. k=0), the sensitivity increases with N for fixed 

p, a behaviour similar to that for a photomultiplier tube, while for 

k>0 this is not always the case. Here we shall investigate the 

influence of residual hole ionisation on system performance for 

different values of N. Three values of N are considered, i. e. 1,5 

and 10. The single stage SAPD (N= 1) has attracted attention recently 

as high aspeed photodiode with low excess noise-to-gain ratio 

[Hollenhorst, 1986; Jindal, 1987]. 

Fig. 3.6 presents the variation of receiver sensitivity as a 

function of hole-to-electron ionisation probability ratio k, assuming 

both zero dark current and 100nA dark current generated uniformly in 

the various stages. The gain of the diode is adjusted for each set of 

parameters to give the best attainable value of sensitivity. If we 

compare the different curves, the following can be stated: 

(i) As k increases the sensitivity degrades for the 10-stage SAPD, 

while it improves for a single stage device. For N=5 there is a 
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Fig. 3.6 Receiver sensitivity YP against ionisation rate ratio k. 

I 
da =0 --- Ida-100 nA 

certain value of k where the sensitivity approaches the best value, 

and this can be explained with the aid of eqn. 3.24. If we neglect 

the dark current for a moment, the receiver sensitivity j 7P is the sum 

of two terms: one directly proportional to FN, and the other inversely 

proportional to < gN >. As k increases, both FN and <g> increase, but 

to different extents. It is worthwhile noting here that the behaviour 

of the 10-stage SAPD is identical to that of a conventional photodiode 

[Smith and Forrest, 1982; Muoi, 1984]. 

(ii) At lower values of k, the best sensitivity can be obtained with 
N= 10. For high values of k, near 1, a single stage device offers the 
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best performance. 

(iii) The -10-stage device is more significantly affected by dark 

current, especially at low values of k. For the N=1 receiver the 

influence of dark current is negligible unless k is near 1. This is 

clear from Fig. 3.7 which is a plot as a function of k of the 

sensitivity penalty due to 100nA dark current. 

(iv) Although a single stage SAPD is useful for high speed 

operation, it will not offer a significant advantage over a PIN diode 

unless k is high. In this case, the best sensitivity can be obtained 

when both k and p approach 1, which requires ballistic injection of 

carriers across the gain region [Hollenhorst, 1986]. 
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Fig. 3.7 Degradation in receiver sensitivity owing to 100 nA dark 

current generated uniformly in the different stages. 
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The optimum gain < gN > 
opt 

and the optimum ionisation probability 

per stage pops used in the previous calculations (Fig. 3.6) are given 

in Figs. 3.8 and 3.9 respectively. At lower values of k, a higher 

optimum gain is required for the 10-stage device. Note that for N=1, 

<g N> opt 
increases with k in contrast to the N=10 case. The existence 

of dark current reduces the required optimum gain for the range of k 

where avalanche breakdown occurs. Note also that < gN > 
opt 

usually 

occurs, as in CAPDs, in the vicinity of the breakdown region, hence 

additional circuitry must be used with these APDs to ensure stable 

operation in the presence of temperature and voltage variations. 

3.4.3 Effect of Various Dark Current Components 

In the following, we will predict the sensitivity degradation for 

various dark current components. The effect of unmultiplied dark 

current, such as surface leakage current Ids, is in general not 

significant compared with multiplied dark current components. Also, 

its effect can be taken as a leakage current associated with the 

following amplifier, i. e. its effect added to < i2 >. Here, we focus 
ne 

on Ida and Idd components. 

Fig. 3.10 compares the relative multiplication noise spectral 

density associated with both dark current components on the 10-stage 

SAPD, using k as a parameter. When k=0, the multiplication noise due 

to Idd is greater than that for Ida of the same mean value, at all 

values of diode gain < gN >. As k increases the difference reduces, and 
it vanishes at k= 1. Note that at k= 1, the gain and excess noise 
factor are no longer dependent on the position of the initiating 

carrier. 

Fig. 3.11 displays the sensitivity against dark current for the 
10-stage SAPD. Notice that for all values of k<1,1 

dd 
is more 
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significant than Ida, and the difference between receiver sensitivity 

obtained when Idd dominates, compared with the case when Ida is 

dominant, increases with the mean value of dark current. Figs. 3.12a 

and 3.12b compare the performance of N=5 and N=10 SAPD receivers under 

the influence of both dark current components Idt and Idd' 

respectively. It is clear that the value of k, after which the 

10-stage device gives no significant performance improvement over that 

for the 5-stage device, depends on both the average value and the type 

of dark current component. 

3.5 Performance of Single Stage SAPD Receiver 

Recently new APD structures have been proposed [Hollenhorst, 

1986; Jindal, 1987] in which the avalanche multiplication can be 

achieved with only one ionising collision per traversal of the primary 

carrier through the device (i. e. N=1). Hence high speed and low noise 

operation can be achieved even with equal hole and electron ionisation 

probabilities. Moreover, such devices can offer improved sensitivity 

as k tends to 1 as seen from section 3.4.2. In the following we will 

investigate further the impact of using such advanced APDs in optical 

receivers. 

The average gain and the excess noise factor associated with 

a single stage SAPD (for pure electron injection) can be expressed as 

Me> Is <gN>= 1+p 
2 (3.29a) 

1-kp 

=1 +3p+ 3 kp2+kp3 
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Note that for k=1, Fo =2- which is exactly the same function of 

gain as that for a CAPD with k=0. The noise properties of these new 

APDs have been investigated by Hollenhorst (1986) and Jindal (1987). 

Here we shall turn our attention to receiver sensitivity. It can be 

shown that the receiver sensitivity is improved as p increases for 

fixed value of k and dark current. Hence the best attainable 

sensitivity occurs at p=1 leading to: 

<M0> = 2/(1-k) (3.30) 

Fe = 1+k (3.31) 

The optimum sensitivity for zero dark current ' can be expressed as 

(i7p)°pt = 
Q°bv 

[ (1+k)A + (1-k) i2 > In/2 1 (3.32) 
q 

where A=QogBI1. Thus for k41, (r7P)aPt = 2Q huA/q independent of the 

amplifier noise since the gain tends to an extremely large value. 

Eqn. 3.32 indicates that the optimum sensitivity varies linearly with 
k. Hence we can usefully discuss three cases (see Fig. 3.13): 

(i) < i2 > In = 2A, which gives (iSP)opt = 2Q hvA/q independent of k. 
OR 0 

(ii) < i2 > 1/2 < 2A, for which the sensitivity degrades as k Ila 
increases. This behaviour is identical to that for a CAPD. Note in 

this case that a very small value of k is required for best 

performance. 
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(iii) < ins > In > 2A, for which the sensitivity improves as k 

increases, and the best performance can be obtained as k91. This case 

requires ballistic injection of both carriers across the gain region 

to achieve p=k=1 as proposed by Hollenhorst [1986]. 

Note that (i) can offer the best performance 

cases at k=0, but it requires an extremely low noise 

consider a2 'Gbit/s receiver operating with 50% RZ 

full raised-cosine output signal, the amplifier in] 

must be less than 4.3x10-2 pA/Hzln, which is 

achieve practically. 

0 

ICl.. 

a 

0 
a 

a 
0 
ro 
u 
a 
ci 

E 
Z 
E 
C_ 
E 

lhv A/ q 

1 

Fig. 3.13 Variation of optimum sensitivity of the new APD receiver 
with ionisation rate ratio k, assuming zero dark current. 
Note there are three modes of operation. according to the 
amplifier noise Q=<i2 >1/2 relative to the parameter A. 

among the three 

amplifier. If we 

input format and 

put noise density 

very difficult to 

51 

0 0.5 
ionisation ratio k 



To illustrate the foregoing analyses, we consider the 2 Gbit/s 

receiver described in section 3.4. Fig. 3.14 presents the sensitivity 

versus the ionisation ratio k for both zero and lOOnA dark current. 

Results for a CAPD receiver are also shown for comparison. In these 

calculations the gain of the APD is adjusted, for each set of 

parameters, to obtain the optimum sensitivity. The sensitivity of the 

new APD receiver improves with increasing k, in contrast to a CAPD, 

although , at fixed k and dark current, the latter offers better 

sensitivity except at high values of k (e. g. k> 0.7 for zero dark 

current). The existence of dark current affects only very slightly 

the sensitivity of the new receivers unless k is close to 1. This is 

clear from Fig. 3.15 where the sensitivity penalty due to 100 nA dark 

current is given as a function of k. Again the penalty is an 

increasing function of k, in contrast to the behaviour of a CAPD. 

It is worth noting here that since most CAPDs sensitive to the 

wavelength range 1.3-1.6 um have in general ionisation rate ratios 

around 0.3-0.5, they can lead to a better receiver sensitivity 

compared with the new APD structures except when k for the latter 

devices is made very large (k> 0.9). Thus from a practical point of 

view we conclude that the only advantage to be gained from these 

advanced APDs is the high speed of operation due to the short length 

of the avalanche region [Hallenhorst, 1986; Jindal, 1987]. 

3.6 Performance Degradation of CAPD Receivers due to Dark Current 

Generated within the Multiplication Region 

Several theoretical studies have been reported on the influence 

of dark current on the performance of CAPD receivers [e. g. Personick, 
1973; Mazo and Salz, 1976; Smith and Forrest, 1982]. It has generally 
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been assumed that dark current is generated outside the avalanche 

region (diffusion type), where it can be modelled by an equivalent 

photocurrent source in the absorption layer. It is not then necessary 

to consider the positional distribution of dark current outside the 

multiplication region since all the initial hole-electron pairs are 

subject to the same random gain process. However, experimental 

studies show that the average gain and excess noise factor associated 

with dark current are different from those of photogenerated carriers 

since some of the dark current carriers are thermally generated within 

the multiplication region [Brain, 1979,1981; Knabe and Grosskopf, 

1980]. Also Knabe et al. [1981] have observed experimentally that Ida 

could be more significant than Idd in some germanium APD structures. 

For more substantial analysis of the influence of dark current 

Ida' its distribution within the avalanche region must be considered 

since the gain and the noise associated with a hole-electron pair 

initiated at the avalanche region exhibit positional dependence. 

Recently Fujihashi [1987] has studied the effect of this type of dark 

current, with the restriction that its rate of generation is 

proportional to the electron ionisation rate at the same position. 

Hence the excess noise factor for dark current is given in a form 

similar to the signal multiplication noise. 

In this -section we analyse the dark current generated within the 

multiplication region for CAPDs by applying the same approach used 

earlier to investigate the dark current in SAPDs. In this treatment 

Ida is replaced by an equivalent photocurrent source in the absorption 
layer, but has associated with it effective average gain and effective 

excess noise factors, which differ from those for photogenerated 

current, to include the position-dependence of both the random gain 
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and the primary dark current distribution in the high field region. 

The theory is then applied to a uniformly multiplying APD (p-i-n 

avalanche photodiode) in which the dark current is taken to be 

uniformly distributed within the avalanche region. 

3.6.1 Theory 

Consider a reverse biased APD in which the high-field region 

extends from x=0 to x=W as shown in Fig. 3.16. The direction of the 

electric field is such that the electrons travel in the positive x 

direction and the holes travel in the opposite direction, as shown. 

The electrons and holes traversing the high-field region have impact 

ionisation probabilities per unit length equal to ix and ß, 

electric field 

It(0) 
e le(w) 

h 
r 

Ih(o) Ih(w) 

_I1` 
0WX 

Fig. 3.16 Schematic diagram of the high-field region of APD. 
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respectively, which are functions of the electric field. The spectral 

density of the noise generated in the APD can be calculated for any 

distribution of the injected carriers [McIntyre, 1966]: 

w 
= 2q 2 [I(O). M2(O) + Ih(W). M2(W) +f R(x). M2(x). dx] 

oJ 

+Irf a(x). M2(x). dx - M2(0)1 
Lo J 

where Ie(0), Ih(W) are the electron and hole currents entering the 

depletion region at x=0 and x=W, respectively, Rs (x) is the rate per 

unit length at which the hole-electron pairs are generated (thermally 

(3.33) 

and/or optically) in the depletion region, and M(x) _< g(x) > is the 

average gain associated with a hole-electron pair initiated at 

position x: 

M(x) = 

w 

exp[ f («-ß) dx'J 
x (3.34) ww 

1- fß 
exp 

rf (a-ß) 
L 

dx"]dx' 

0 X, 

Further, I is the total current (including multiplication) flowing 

through the diode 

w 
I= Ia(0). M(0) + Ih(W). M(W) +f R9(x). M(x) dx (3.35) 

0 

Let us concern ourselves with dark current generated within the 
depletion region. By setting Ie(0) = Ih(W) =0 and assuming R (x) is 

8 

56 

i 



due to thermal excitation, eqn. 3.35 reduces to: 

ww 
Oda = 2q [2f R(x). M2(x). dx +[ R(x). M(x). dx] . 

o0 

w 
[2 f 

a(x). M2(x). dx - M2(0)]] 

0 

(3.36) 

where 0d= is the noise spectral density associated with dark current 

generated in the region 0<x<W. The primary dark current will be given 

by 

Ida =f R9(x). dx (3.37) 

0 

while the mean value of the dark current at the output 

w 
(Ia. )ouc =j R9(x). M(x). dx (3.38) 

0 

We may replace the distributed dark current by an equivalent 

photocurrent source in the p+ region with the same mean value Ida by 

introducing an effective average gain M, 
ff and effective excess noise 

factor Feff defined by 

Meff E geff (Ida)out"da 

or 
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ww 
Mcff 

=[j R9(x). M(x). dx] /[f R9(x). dxl (3.39) 

0J0J 

and 

_ Feff 0 
da 

I (2gI 
da 

M2 
of f) 

or 

www 
Feff =f Rg(x). dx 

[2 
f Rg(x). M2(x). dx +(f Rg(x). M(x). dx]. 

00 
`o 

ww2 

C2f a(x). M2(x). dx - M2(0)J /iRs (x). M(x). dx (3.40) 

00 

Eqns. 3.39 and 3.40 are general expressions for Meff and F0ff 

associated with dark current distributed in the multiplication region. 

Evaluation of these parameters requires information on Ra and ß as 

functions of position x. 

We will consider specifically the following three cases: 

(i) The hole and electron ionisation coefficients are equal [i. e. 

a(x) = ß(x)]. Hence 

w 
Meff = 1/[ 1-f a(x). dx] 

L0 
(3.41) 

Feff - Meff (3.42) 

These results are the same as for photocurrent injected into the 
depletion region [Tager, 1965; McIntyre, 1966], since the gain is no 
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longer a function of x. 

(ii) Let R9(x) be given by a delta function located at x=0 (i. e. 

R9(x) = R0. a(x), where a(. ) is the Dirac delta function) then eqns. 

3.39 and 3.40 reduce to the same expressions given by McIntyre [1966] 

for electron current injected into the depletion region at x=0. 

(iii) If the dark current is generated uniformly along the 

multiplication region [i. e. R9(x) = R0, independent of x], then 

w 
Moff =Wf M(x)dx 

0 

(3.43) 

www 
2f M2(x ). dx +J M(x). dx] 

L 
12 f a(x). M(x). dx - M2(0)] 

F_000J (3.44) 
irr w 

I M(x). dxl2 Vr 
O 

L J 

independent of Ro, the rate of generation of dark current Eqn. 3.43 

corresponds to the expression given by Howard [1962] for the 

multiplication for space-charge generated current in an APD since the 

conditions assumed in both cases are identical. 

3.6.2 PIN Avalanche Diode 

To compare the noise properties of distributed dark current with 

those of diffusion type (or injected electron) current, we consider a 

p-i-n diode in which the electric field is constant within the 

depletion region such that a and .8 are no longer dependent on x. For 

diffusion electron dark current, the gain <Me> HM(O) and the excess 
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noise factor F. will be given by eqns. 2.5 and 2.6 respectively. For 

dark current generated uniformly in the depletion region, eqns. 3.43 

and 3.44 reduce to: 

1-ex [-crW(1-k)] M(O) (3.45) Meff 
(X 

where km 8/a is the ionisation rate ratio. Or 

1 Meff 
- cx -k) 

[M(0) - M(W)] (3.46) 

since M(W) = M(O) exp [-aW(1-k)] for a p-i-n structure. Also 

F_ aW(1-k)M (0). M(W) (3.47) 
off -I M(U) 

or 

F_M (0 . M(W (3.48) 
eff 

off 

Fig. 3.17 shows the variation of the average gains < Me > and Meff 

as a function of aW for different values of ionisation rate ratio k. 

This figure indicates that the effective gain experienced by the dark 

current generated within the high-field region is less than that for 

diffusion dark current < Me >, when O :sk<1. This is in agreement with 

previously published experimental results [Kanbe et al., 1981]. The 

difference between <Ma> and M, 
ff 

is higher for k=0 and reduces to zero 

at k=1. For k<1, Meff will be greater than <M 
o> 

since the carriers of 

lowest ionisation rate are injected into the multiplication region to 

initiate the avalanche process. This is undesirable for practical 
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APDs since it results in higher signal-multiplication noise. It will 

thus not be considered further. An interesting point to be noted here 

is that both < M0 > and M, 
ff tend to infinity (avalanche breakdown 

occurs) at the same value of aW, at fixed k (see eqn. 3.45). 

The excess noise factors Fe and Fff are compared in Fig. 3.18. 

It is clear that F, 
ff 

is higher than F. especially at higher values of 

aW, when O5 k<1. Again 'the difference between the two parameters is a 

decreasing function at k. Fig. 3.19 shows that F, 
ff 

is higher than F. 

when the average gain <Ma> is less than 4 for all values of k< 1. Once 

again, the higher excess noise factor associated with dark current is 
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function of aW. Fe Fefr 

in agreement with experimental results [Brain, 1981; Knabe et al., 

1981]. 

To investigate the performance degradation caused by various dark 

current components, we consider a2 Gbit/s receiver operating at 

1=1.5/tm with an amplifier equivalent input noise current density of 

2.124 pA/Hz"2, as described in Section 3.4. Fig. 3.20 shows the BER 

curves for different values of dark current. Two values of k are 

considered, k=0.025 which represents a low noise APD and k=0.5 which 

is a reasonable value for APDs made from III-V semiconductor 

compounds. It is clear that diffusion dark current affects the 
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receiver sensitivity more than does Id., especially when k=0.025. In 

addition, it has been found that the difference between the 

sensitivity for the receiver with Ida and that with Idd is an 

increasing function of the mean value of dark current, at fixed k 

[Fyath and O'Reilly, 1989a]. 

Fig. 3.21 shows the variation of the receiver sensitivity with 

APD gain <M 
el 
> for different values of k. The optimum gain is reduced 

when dark current exists, but the reduction is greater for diffusion 

dark current at fixed k. For k=0.5 the difference between the optimum 

gains for the two types of dark current is small. 
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It is clear from the above discussions that for APDs with low k 

values (e. g. silicon APDs), care must be taken to distinguish between 

thetwo types of dark current. For germanium and III-V APDs however, 

where k> 0.3 in general all dark current can reasonably be treated as 

if it was of diffusion type since the effects of both types of dark 

current are almost the same In these cases. 

3.7 Summary 

Formulas for the gain and excess noise factor have been derived 

for superlattice avalanche photodiodes (SAPDs), ' taking into account 
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the position of the initiating hole-electron pair. , 
This has enabled 

the effective gain and effective excess noise factor for the dark 

current (generated in the various stages) to be determined. The 

performance has been investigated of optical receivers incorporating 

SAPDs allowing for both residual hole ionisation and different 

components of dark current. It has been shown that at low values of 

hole-to-electron ionisation rate ratio k, a SAPD with a larger number 

of stages will give improved sensitivity, - but will be influenced 

significantly by dark current. As k increases, best performance (high 

sensitivity and wide bandwidth operation) is obtained with a smaller 

number of stages. 

The analysis has been extended to accommodate conventional 

avalanche photodioes (CAPDs). General formulas have been presented 

for the effective gain and effective excess noise factor associated 

with dark current generated within the multiplication region of CAPDs. 

The expressions have been used to study the influence of dark current 

on the uniformly multiplying APD receiver. The results show that dark 

current generated within the multiplication region has less influence 

on system performance than does diffusion dark current of the same 

value, especially when k is very small. As k increases towards 1, the 

difference between the effects of the two types of dark current is 

reduced, approaching zero at k= 1. 

The analysis of SAPDs given here is applicable for staircase APDs 

assuming that the electrons ionise at the steps only while the holes 

ionise within the graded regions, as proposed by Capasso et al. 

[1983]. In the next chapter the analysis is extended, in order to 

consider the effect of carrier (electron and hole) impact ionisations 

both in the graded regions and at the steps. The modelling procedure 
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adopted represents an expedient simplication, selected to render 

tractable a complex subject, and -tailoring potential physical 

device models leads to consideration of three extreme cases. 
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CHAPTER 4 

PERFORMANCE OF STAIRCASE APD RECEIVERS 

The analyses of the performance of a staircase APD are usually 

based on the assumption that the effective electric field in the 

graded-gap region is sufficiently small that the electrons do not 

impact ionise before they reach the step, while the holes will not 

ionise at the step since the value of the valence band discontinuity 

(d EE) is small and of wrong sign to assist hole ionisation [Capasso 

et al., 1983]. Under these conditions, with electrons ionising at the 

steps only and holes impact ionising at a very small rate due to the 

residual electric field in the graded regions, the theory of discrete 

impact ionisations [van Vliet et al., 1979a; 1979b] can be applied 

directly by treating, as an approximation, both the graded region and 

the step as a single stage. 

In general, however, there * could be in principle finite but 

different probabilities for electrons to ionise both at the steps and 

in the graded regions and similarly, with different probabilities, for 

holes. It is appropriate, therefore, to develop analyses to encompass 

this situation. We do so initially without reference to specific 

physical device models seeking to provide a flexible general 

frame-work for subsequent study of practical cases. Three extreme 

cases will be identified depending on the material and the structure 

of the diode. The results indicate that electron ionisation in the 

graded region can lead to improved receiver sensitivity provided the 

residual hole ionisation in both the graded region and at the step is 
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kept to an ultralow value. 

It is worth noting here that while -the analyses given in the 

following sections are applied specifically to the staircase APD, they 

can be also used to investigate other superlattice APDs. 

4.1 Modelling Assumptions 

From practical considerations different assumptions are required 

to relate discrete probability models to physical device models. The 

modelling procedure adopted represents an appropriate expedient 

simplification, selected to render tractable a complex subject; 

tailoring this to potential physical - device models leads to 

consideration of three extreme cases, as follows: 

Case i: Here it is assumed that when an electron impact ionises 

at the step, it and its associated secondary electron will also have 

the possibility of causing ionisation with relatively small 

probability within the next graded region. The above conditions are 

satisfied if the electron, injected at zero energy into the graded 

region, can gain the required ionisation energy from the effective 

electric field therein. In other words, the collision-free mean path 

D is less than the width L of the graded region (see Fig. 2.2): 

D<L (4,1) 

where 

Eie(D) 
D-q-x-<n> (4.2) 

cp 
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Here, Eie(D) is the electron ionisation energy in the graded region at 

distance D from the previous step, F is the applied electric field, 

dE. /dx is the quasi-electric field intensity expressed as the gradient 

of the conduction band discontinuity, <n> is the average number of 

phonons emitted per unit length, and EP is the phonon energy. Thus, 

eqn. 4.1 is satisfied when the length of the graded region is 

relatively large, or when the staircase APD is made from a material 

system of low ionisation threshold such as InAsSb. 

Case ii: It is assumed here that if an electron impact ionise at 

the step, it may still further impact ionise at the following graded 

region but that there is no chance of the secondary electron generated 

at the step causing ionisation within this graded region. These 

conditions may occur in a staircase APD made from material in which 

A Ec can be made much greater than' the electron ionisation energy (such 

as HgxCdl 
xTe). 

Note that Capasso [1984; 1985] has previously 

proposed the use of HgCdTe material system to fabricate a staircase 

APD to create more than one hole-electron pair per initiating carrier 

per dynode. 

Case iii: Here the assumption is that only these electrons that 

do not cause ionisation at the step are able to gain the extra energy 

required to undergo an ionising collision in the next graded region. 

Other electrons, have just. undergo ionising collisions at the step, or 

which have just been created there, are unable to gain the required 

energy to ionise within the graded region. This may occur when 

eqn. 4.1 is not satisfied. 

In each of the above cases, similar assumptions may be made for 

the holes. 
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4.2 Gain and Noise Characteristics 

In the following sections expressions for the average gain and 

the excess noise factor associated with a staircase APD are derived 

for each of the above cases. 

4.2.1 Case I 

let 

ps = electron ionisation probability in the step 

p8 = electron ionisation probability in the graded region 

US = hole ionisation probability in the step 

ug = hole ionisation probability in the graded region 

Note that for practical realisations u8, pS <<1. Here, the N-stage 

staircase APD will be treated as 2N-stage device by considering each 

step and graded region as an individual stage. Since in general 

ps o pg and us *U 
9, 

the expressions given in the literature for the gain 

and excess noise factor of SAPDs with identical stages [Capasso et 

al., 1983; Teich et al., 1986a] cannot be applied directly to this 

case. In the following paragraphs, these analyses are extended to 

accommodate nonidentical stages and are then applied specifically to 

the staircase APD. 

Referring to Fig. 4.1, consider a hole-electron pair incident at 

position A. This position will be labelled by A(j), where j denotes 

the number of possible ionisation that can be caused by the electron 

when moving to the right (at B1, B2, ..., Bj). Thus the primary hole 

will cause 2N -j possible ionisations while moving to the left (at C 
,P 

C2, ..., C2N 
. 
), where N is the total number of stages. The electron 

moving to the right has a prior probability pi+l of impact ionisation 
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Fig. 4.1 Schematic diagram of the avalanche multiplication process. 
0 ionisation by electrons 0 ionisation by holes 

at B1 while the hole may cause ionisation at C1 with probability u11, 

where i= 2N j. Hence 

pi even 
Pi= pi i odd 

15i52N 
S 

(4.3) 

ui odd 
ui = u' i even $is 2N-1 

B 

let (z) be the probability generating function for the total number 
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of hole-electron pairs generated due to an initial hole-electron pair 

at position A(j), including this original pair. Following the 

analysis given in [van Vliet et al., 1979b], general expressions for 

the average gain <g> and the excess noise factor F0 can be derived; 

assuming the light in absorped at the p+ region. 

2N 
11Q1 

<g> =oi-i 
(4.4) 

2N 2N 2N 

1-ý u l7 Q. 
i-i 

i-1 
eil 

where 0'2N is the derivative with regard - to z of 02N(z) evaluated at 

z=1 and 

Qi = (1+pi)/(1+ui_1) 

With the aid of eqn. 4.3, eqn. 4.4 can be written as 

N 

<g> =QN 
1-Q(ug+u 

$ 
IQg) [ 1] 

where 

Q= Q3Qg 

QS = (1 + p8)/(1 +u) 

Qg = (1+pg)/(l+ug) 

and 

(4.5) 

(4.6) 

(4.7a) 

(4.7b) 

(4.7c) 
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Qi even 
Qi = Qg i odd 

15i5 2N (4.8) 

From eqn. 4.6 we note that <g> is nonpositive finite when 

Q(ug+u$IQg[(QN-1)/(Q-1)] z1 (4.9) 

which corresponds to occurrence of avalanche breakdown. 

The excess noise factor F is defined as [Teich et al., 1986a; 
e 

van der Ziel, 1986]: 

FQ = <e>/<g>2 

= 1+Var(g)/<g>2 (4.10) 

where [Cattermole, 1984] 

Var(g) = 0n 
2N - <g>2 + <g> (4.11) 

where 02N is the second derivative with regard to z of 02N(z) 

evaulated at z=1. From eqns. 4.10 and 4.11 

FD = O2N /<g>2 + 1/<g> (4.12) 

on 
2N can be expressed as 

0ZN re 
N= 

100 
I7 QI 

]+ 
EN 2Si 

IH 
Qo 

iHI 
Qj ý0 (4.13) 

I-1 I'I L Ami+I j-I 

74 



where 

2N 2N 2N 

0o =[ 2.1°2N-103 +E1 °2N "4 
:1 u2N-i01 

s 

2N 2N 2N 2 
+ E=1 u2N-j E=2N-j+1 2S ý=2N 

j+l 

ýa 

2 
17-1 Qm ä/ 1-EN u2N-i il Q1 (4.14) 

m -2N j+1 j-1 i -2N j+Y 

Also 

2N-j 
ýý_<g> II Qi' 1 : s, js 2N (4.15) 

iý1 

which represents the average gain associated with an initial hole- 

electron at position A(j) and 

Si = Pi ui-1Qi)/(1 +ui-1) (4.16) 

Again and represents the first and the second derivatives with 

regard to z of 4(z) evaluates at z=1. For the staircase APD 

considered here, eqn. 4.16 reduces to 

S- 
rs: = (pa-u )/(1 +u 

s) 
i even 

2N 
i= (p-ug)/(1 +u) i odd SS 9- 

Note that eqns. 4.4 and 4.12 through 4.16 are general expressions 

that can be used to determine the average gain and the' excess noise 
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factor of 2N-stage SAPDs in which the electron (an hole) ionisation 

probabilities are not the same for the different stages. It is 

illuminating to examine these expressions for certain special cases 

for which formulations have previously been reported: 

(a) Both electrons and holes impact ionise in the step only 

(i. e. ug=pg=0). Eqn. 4.6 reduces to 

<g> = 
(1+ p 

s)N(ps-us) (4.18) 
pa (1 +u 

s)N+i -ue (l+p 
a 
)N+i 

Also the excess noise factor can be deduced from eqns. 4.12-4.14 

(Fyath and O'Reilly, 1988d]. 

(1-1 /F+ <g>)(Pa-us) 
_p 

2(1 -usps) ua(1+ps)<g> 
=1 ý- p, us P, 8.1+u is=u51_ 

+1 _+p (4.19) 

Eqns. 4.18 and 4.19 are similar to the formula given in the 

literature [van Vliet et al., 1979b; Teich et al., 1986a] for the 

average gain and excess noise factor of an APD with N identical 

stages, as required. These expressions are also applicable to a 

staircase APD when both carriers impact ionise in the graded region 
only (i. e. us=p==0), in which case u9 and pg replace u= and p, 

It 
respectively in egns. 4.18 and 4.19. 

(b) The electrons impact ionise only at the steps while the 
holes ionise only at the graded region (ua=ps=p). These are the 

conditions used by Capasso et al. [1983] to study the characteristics 

76 

m 
i 



of staircase APDs. In this case, eqns. 4.6 and 4.12 will reduce to 

the form of eqns. 4.18 and 4.19, respectively, except that u8 is 

replaced by ug. 

4.2.2 Case n 

This case can be treated in a similar way to a staircase APD with 

two ionisations per initiating carrier per stage [Fyath and O'Reilly, 

1988b; 1988c]. The performance of two ionisation SAPD will be 

addressed in detail in the next chapter. 

Let We(m) and Wh(m) be the probability distribution function of 

m, the number of ionisations per stage caused by a single electron or 

hole, respectively, entering the stage. Hence 

10 m>2 
W (m) = ps pg am p2 m=2 

(4.20) 
PS -ß-p8 - 2pspg am pl m=1 
1-p1-p2 m=0 

A similar expression can be written for Wh(m) by replacing p by u. 

Following the analysis given in Chapter 5, the average gain and the 

excess noise factor for electron injection can be expressed as 

<g> = 
QN(Q-1) 

(Q-1)-Q(QN-1)(ul+2u2) 

F= 
2(u1+2u2)(QN-1) 

+ 
(u1+2u2)2(QN_1)2<gý 

Fe 
(Q 1 )QN-1 (Q_1)2 Q2N-2 

(4.21) 

77 



2(u +2u )S ZN 
+12+Q [2u2 (u1+2u22] 

(QZ . 1) 

2N-I (Q -1)Q 

2(u1+2u2) (QN-1) <g> 2S(QN -1 
_++ 

1/<g> (4.22) 
(Q-1)2Q2rt (Q-1)Q N+l 

where 

Q= (1 +p1+2p2)/(1 +u1+2u2) (4.23) 

(p+3p )-Q2(u+3u) 
S121z (4.24) 

+ul uZ 

4.2.3 Case III 

The conditions given for this case lead to an electron 

probability distribution function W(m) given by 

10 m>1 
We(m) = p: +pg pspg = pw m=1 (4.25) 

11-pav m=0 

A similar expression can be written for Wh(m) by replacing p by u. 

Hence, this case can be treated as a conventional staircase APD with 

electron ionising at the step only with probability pv and the holes 

ionising at the graded region with probability u, 
v. 

The gain and the 

excess noise factor can be calculated with the aid of eqns. 4.18 and 
4.19. 
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4.3 Illustrative Results 

The expressions given in the previous section can be used to 

study the influence on the performance of staircase APDs of the 

various parameters: us, u9, ps, pg and N. The special case when 

ua =pg=0 has been investigated in the previous chapter. Here we will 

concern ourselves with the effect of electron ionisation in the graded 

region. Illustrative results will be presented for an N=10 device, 

operating specifically under the conditions given in case I. Similar 

conclusions can be drawn from consideration of the other cases. 

The avalanche breakdown condition given in eqn. 4.7 is displayed 

in Fig. 4.2. Here the maximum allowable -value of pg is calculated as 

a function of ps for different values of ug and ks Eua/pe. When both u9 

and k are zero, no avalanche breakdown occurs and hence both pg and p 

can be varied between zero and one. The existence of residual hole 

ionisation will limit the maximum value of p8 and ps that can be 

achieved. As pg increases, lower values of ps must be used for given ke 

and ug. Also the maximum allowable value of pg reduces as ug, k`, and 

p increases. 

The average gain <g> is calculated as a function of p' for k, =0 

in Fig. 4.3a and for ks=0.001 in Fig. 4.3b with u9 and pg taken as 

parameters. ' These figures indicate that, for a given ug, ks and p., 

the gain increases as ps increases. The same conclusion applies for 

the excess noise factor FO as shown in Fig. 4.4. Note that any small 

deviation of u3 and u9 from zero will lead to a rapid increase in the 

gain and the excess noise factor, especially at higher values of pa 

and p 
s. 
The effect of various carrier ionisation probabilities on the 
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performance of an optical receiver employing a staircase APD may also 

be examined. We consider a 2Gbit/s receiver operating at k =1.5. um with 

an amplifier equivalent input noise current density of 2.124pA/HZ"2. 

Other receiver parameters are given in Table 3.1. The receiver 

sensitivity r7P is estimated following Smith and Personick [1980] for a 

bit error rate of 10-9. The results are illustrated in Fie. 4.5. 

Considering the case of no hole ionisation, represented by the curve 1 

of Fig. 4.5a, we note for pg=0.1, indicated by the broken line, a 
higher sensitivity is generally obtained compared with the case of 
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p =0, indicated by the solid line. This holds true for all values of 

ps except near p8=1; the deviation arises since the multiplication 

process becomes deterministic for pg=0, ps=1 leading to a lower values 

of the excess noise ftctor (Fe=1). Note also that the difference in 

the sensitivity between the two cases decreases as p3 increases, 

becoming negative for ps greater than 0.9. In fact, the difference is 

4dB at ps=0 and -0.24dB at pa=1. When holes impact ionise in the 

graded regions, at the steps, or both, the case of pg=0.1 still 

provides higher sensitivity for a fixed ps compared with that of p8=0 

provided that the APD is not operating close to the avalanche 

breakdown region. Near avalanche breakdown there will be a marked 

decrease in the sensitivity as ps increases for a given u9 and kn. 

From the above discussions it is clear that electron ionisation 

in the graded region can lead to -improved receiver performance if 

holes do not impact ionise in both regions. Without this restriction 

on hole ionisation it will tend to lead to a sensitivity degradation, 

especially when the APD is operating near the avalan che breakdown 

region. 

4.4 Summary 

Existing analyses of staircase APDs have been extended to allow 

for the possibility of both types of carriers impact ionising at the 

steps and in the graded-gap regions. General formulas for the gain 

and excess noise fsctor have been derived relating to three important 

extreme cases. The performance of a2 Gbit/s optical receiver 

employing a ten-stage staircase APD has been examined to assess the 

influence of various carrier ionisation probabilities. It has been 

83 



E 

1P- 

co 
C 
CD 
CO 

E 

ia- 

CD 
Co 

54 

52 

so 

48 

46 

44 

42 

40 

38 

36 

34 

32 
0 

54 

52 

so 

48 

46 

44 

42 

40 

38 

36 

34 

32 

(a) 

(b) 

0 0.5 1 
Ionisation probability ps 

Fig. 4.5 Effect of various carrier ionisation probabilities on the 

sensitivity of 10-stage APD receiver at 2 Gbit/s bit rate. 
(a) ks=0.0 (b) ks=0.001 p9=0 --- p9=. 1 

1: u9 =0.0 2: u9 =0.001 3: u =0.01 9 

84 

U. S 
ionisation probability ps 



found that electron ionisation in the graded region leads to higher 

sensitivity when the device is operating prior to avalanche breakdown 

with improved performance being obtained when the hole ionisation both 

at the steps and in the graded regions is vanishingly small. These 

observations are clearly of potential significance for the design of 

advanced APD structures - an assessment for the implications for 

specific practical cases will require a detailed consideration of the 

material systems and device structures involved, with the present 

analyses providing the necessary framework. 

Recently there has been interest in SAPDs in which an electron 

can cause more than one ionisation per' initiating carrier per stage. 

In the next chapter the previous analyses of the gain and noise 

properties of SAPDs are extended to allow* for the production of up to 

two ionisations per carrier per stage. Extension for more than two 

ionisations will be discussed in Chapter 6. 
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CHAPTER 5 

TWO-IONISATION SUPERLATTICE AVALANCHE PHOTODIODES 

Recently there has been interest in SAPDs in which an electron 

can produce by impact ionisation more than one secondary hole-electron 

pair per stage, as a further step towards a solid-state 

photomultiplier. For example, Capasso [1984; 1985] has suggested to 

the use of HgzCdl 
XTe 

to fabricate staircase APDs. For 

heterojunctions made in this material system, a bandgap difference is 

predominantly in the conduction band (bandgap can vary from 0 eV in 

HgTe to 1.6 eV in CdTe). Hence carrier multiplication per stage of 

greater than two can be obtained. As a second example we note that 

Brennan and Summers [1987a] have, proposed a new SAPD, based on 

sequential resonant tunnelling [Summers and Brennan, 1986; Brennan and 

Summers, 1987b]. Once again, more than one secondary carrier can be 

produced per initiating carrier per stage. 

Multiple ionisations per stage, similar to secondary emission in 

a photomultiplier tube, is a desirable requirement for the design of 

high performance APDs with small number of stages. This is necessary 

to achieve a wide bandwidth photodetector since the bandwidth of ideal 

SAPDs (single carrier-type ionisation) is inversely proportional to 

the number of stages and the sum of the transit times for both carrier 

to cross a single stage [Matsuo et al., 1985]. Note that the stage 

length cannot be shortened too much owing to the effects of spatial 

quantisation in narrow bandgap materials which increases the effective 

impact ionisation threshold [Brennan, 1986a; 1987c]. Also, it may be 

necessary to have minimum distance over which the electrons can be 

heated by the built-in field (and the holes cooled by phonon 
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scattering), especially in doped quantum well structures [ Brennan, 

1986b; 1986c]. A small number of stages is also required if on-chip 

photodetector is to be realised, operated at low bias voltage (5V). 

It has been shown that in this case, the number of stages is limited 

in general to 3-5 [Capass o, 1984; Brennan, 1987a; Brennan, 1987b]. 

In this chapter the noise properties of SAPDs will be 

investigated allowing for two ionisations per carrier per stage. The 

sensitivity of optical receivers employing these advanced APDs is 

calculated taking into account the influence of both residual hole 

ionisation and dark current. The results indicate clearly that 

multiple ionisations per stage will lead generally to higher gain, but 

higher excess noise factor. Receiver sensitivity studies indicate 

that dark current and hole ionisation are of increased significance in 

these devices, but if the effects are sufficiently small, improved 

performance is obtained. 

5.1 Gain and Noise Characteristics 

We shall direct our attention to the practically significant case 

of up to two ionisations per initiating electron per stage. The 

general extension to multiple ionisations will be discussed in 

Chapter 6. 

Let us assume that the initiating electron can obtain enough 

energy to cause one or two ionisations per stage with probability pl 

and p2, respectively, while the initiating hole can impact a single 
ionisation per stage with probability u. It is also assumed that the 

secondary electrons are unable to cause impact ionisation in the same 

stage in which they are generated. This is quite practical, since 

most of the energy gained by the electron is derived from the 
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potential step discontinuity. Let pl and p2 be related to new 

parameters, p and r according to 

pi = p/(1 +r) (S. la) 

p2 = rp/(1+r) (5. lb) 

where p = pl +p2 represents the total probability for an electron to 

cause one or two ionisations per stage, while r= p2/pl. Hence there 

are two extreme cases: 

(i) r=0 (i. e. p2 = 0) in which the electron can induce only a 

single ionisation per stage with probability p; this case has been 

investigated in Chapter 3. 

(ii) r= co (i. e. p =0) in which the electron can cause two 

ionisations per stage with probability p. In this case there is zero 

probability of an electron causing just one ionisation per stage. 

Other values of r, between 0 and oo, represents the situation 

where both one and two ionisations per stage are possible. Let k 

represent the ratio of the average number of ionisations per stage for 

a hole and an electron given by 

k= u/(p1+2p2) 

_u -p+rr (5.2) 

Consider a hole-electron pair injected into a stage. This entry 

position will be labelled by A(j), where j represents the number of 

stages crossed by the electron while moving towards the n+ region 
(positive contact). Hence the number of stages crossed * by the hole 
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while moving towards the p+ region is equal to N -j, where N is the 

total number of stages. The average gain < gN > and the excess noise 

factor FN associated with hole-electron pair photogenerated in the p+ 

region will be given by (see Appendices C and D): 

gN> _ 
(p1-2 p2 -u)QN 

(P1 +2p2)(1 +u)-u (1 +pl +2p2)QN 

F=2° (Q=1 + N (Q_1)QN-1 

u2 (QN-1)Z <gN> 

(Q-1)2Q2N-2 

(5.3) 

[2uS/(Q-1) 
-2 

(Q2N -1) < gN > 2uS (QN-1) <g> 
Q1 

[ 
(Q2-1)Q 2 N- 1 (Q- 1)2Q 2N 

+ 2S(QN-N)1 
+ 1/<gN> (5.4) 

(Q-1)Q 

where 

Q= (l+pi+2p2)/(l+u) (5.5a) 

S= (p1+3p2 uQ2)(1+u) (5.5b) 

For p2=0 (r=0) eqns. 5.3 and 5.4 reduces to the results given by Teich 

et al. [1986a] for single ionisation per carrier per stage- SAPDs. 
Note that the gain of the device (eqn. 5.3) depends on the average 

electron ionisation per stage (p1+2p). 

For the ideal case where there is no hole ionisation (i. e. u=0), 
eqns. 5.3 and 5.4 reduce to 
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<gN> = (l+p1+2p2)N (5.6a) 

(1+3p +8p )- (l+ p +2P2) 2 

e1ý+1p 

[l_(1+p1+2p2)(5.6b) 
pl pz pl2 

Egns. 5.6a and 5.6b are identical to the average gain and excess noise 

factor, respectively, for a photomultiplier tube with N identical 

stages [Teich et al., 1986a] in which <6> =1 +pl +2p2 and 

< a2 >=1 +3p1 +8p2, where 6 is the random gain of a single stage. Eqn. 

5.6b shows that when p=l, the excess noise factor FN will equal 1 only 

when r=0 or r= oo, since the gain will be deterministics. Other values 

of r will give slightly higher values of FN at P= 1. 

Figs. 5.1 and 5.2 show the variation of the average gain <ga> and 

the excess noise factor FN as a function of electron ionisation 

probability p, for different values of N, r, and k. Fig. 5.1 

indicates that, at fixed p, N, and k, higher values of r lead to 

higher average gain. The noise factor will behave in a similar manner 

except for high values of p when k=0. This is clear from Fig. 5.3 in 

which the effects of different parameters- on FN for a 5-stage device 

are given. For p=1 and k=0, the r=1 case gives slightly higher excess 

noise factor compared with r=0 or r= oo, as stated previously. These 

figures indicate that even a small deviation of k from zero leads to a 

large increase in gain and excess noise factor; this effect will be 

higher for high values of r, at fixed N. Note also that as k 

decreases higher values of p are possible, for given N and r, before 

avalanche breakdown occurs. This maximum allowable value of p will be 

lower for high values of r at the same conditions. This is clear 

since avalanche breakdown depends on the average electron ionisations 

per stage [i. e. p1+2p2 = p(1+2r)/(l+r)]. Thus when r=oo, breakdown 
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will occur at certain value of p equal to half that at r=0, assuming 

all other parameters are identical. 

Fig. 5.4 shown FN versus < gm > for a 5-stage APD, with k and r 

taken as parameters. Even higher gain can be achieved with larger 

value of r, but this will correspond to higher ratio of FN to < gN >. 

Thus, from the point of view of receiver sensitivity, it is better to 

design APDs operating at lower values of r if the required gain can be 

obtained in this case. 
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5.2 Effect of Dark Current 

The multiplication noise associated with dark current can be 

analysed in a similar way to that described in Section 3.2. The 

effective gain gen and the effective excess noise factor Feff 

associated with dark current generated in various stage can be 

expressed as 

N 

<gj1 
.1 9°n 

N 
(5.7) 
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N< 
gj > i ZF3 

Foff 
N2 g 

of f 

(5.8) 

where we assume that the individual dark current components, generated 

in different stages, as statistically independent, and have the same 

mean value. Here <g> and Fi are the average gain and excess noise 

factor associated with an initiating hole-electron pair of position 

A(j). These are given by (see Appendices C and D). 

<g, > _ Q-N <gN> (5.9) 

F_ QN-k FN _ 
2S (Q ýN-1 

i- 
(5.10) 

Substituting eqn. 5.9 into eqn. 5.7, and eqn. 5.10 into eqn. 5.8 

yields 

_ 
<gN > Q(1-Q-x) 

(5.11) gern -- rT- 

F= N(Q2 - 
1) QNFN - 2S (QN-1-1) 

eff Q(Q+ 1) (QN-1) 
(5.12) 

Eqns. 5.11 and 5.12 are displayed in Figs. 5.5 and 5.6, respectively. 

Curves correspond to <9 N> and FN (solid lines) are also shown for 

comparison. The results indicate that, at fixed k, p and r the 

effective gain experienced by dark current, gff, is always less than 

that for photogenerated current, <g>, while the effective excess 

noise factor Foff higher than FN, especially at higher values of p. 
An interesting point to be noted is that both g, « and * Feft increase 
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as a function of r, assuming all other parameters are fixed. 
. 

This 

indicates that r=0 case is less affected by dark current compared with 

r>0 cases under the same conditions. Also both g. ff and Fefrare 

strongly affected by the residual hole ionisation and this effect 

increases with r. 

5.3 Calculation of Receiver Sensitivity 

It is clear that from the previous sections that higher values of 

r will affect the performance of SAPD in two different ways: 

(i) Higher gain can be obtained which may lead to higher 

receiver sensitivity. 

(ii) Higher excess noise factor will in general result and the 

performance of the APD is more affected- by residual hole ionisation 

and background current. This may lead to sensitivity degradation. 

Thus the receiver sensitivity will increase or decrease with r 

according to the net effect of both factors. In the following 

paragraphs we will discuss the influence of r on the performance of an 

optical receiver, taking into account both dark current and hole 

ionisation. The receiver sensitivity is estimated for bit error rate 

(BER) of 10"9 using Gaussian approximation [Personick, 1973]. 

Fig. 5.7 shows the sensitivity, '7P of a2 Gbit/s receiver as a 

function of p for two different values of N, N=5 (Fig. 5.7a) and N=10 

(Fig. 5.7b), and assuming 22kQ load resistance (RL) and zero dark 

current. Other receiver parameters used in the calculations are given 

in Table 3.1. Note that at p=0 the sensitivity (= -33dBm), is nearly 

independent on N, k and r since the receiver behaves like a PIN/FET 

receiver (i. e. <ga> =1, FN= 1). Fig. 5.7a indicates that for k=0, the 

receiver sensitivity is an increasing function of r over all the range 
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of p, and also increases with p for fixed r. The existence of 

residual hole ionisation will lead to slightly increased sensitivity, 

at a given r, and the increment is higher for higher values of k, in 

the region prior to avalanche breakdown. As p increases near the 

breakdown region, a sharp reduction in the sensitivity occurs due to 

the greatly increased excess noise factor. Hence higher values of r 

will give better sensitivity, at fixed p and k, only when the device 

is operating away from the breakdown region. Note that for r=0 no 

breakdown occurs for the given values of k, And the device continues 

to give a better sensitivity with k over all values of p. 

The 10-stage receiver is more significantly affected by residual 

hole ionisation (Fig. 5.7b), but it gives better sensitivity compared 

with the 5-stage device under the same conditions, once more assuming 

that the device is operating away from the breakdown region. Note 

that at k=0 the the increase in the sensitivity with r will be less at 

higher values of p. In fact j 1P is nearly the same for the three 

values of r given, when p approaches 1. This is due to the high gain 

achieved with N=10, p =1 which results in the sensitivity being 

determined mainly by the first term of eqn. 3.24. Also FN is equal 

(or nearly equal) to 1 at p=1, k=0, for 0<r< co. For the same reason, 

the increase in the sensitivity for r=oo, is less than that for r=0, 

when N is varied from 5 to 10 at k=0. 

The variation of the sensitivity of the 5-stage receiver with bit 

rate B is illustrated in Fig. 5.8 for two values of k, assuming p=0.8 

and 50 nA dark current, assumed to be generated equal in the various 

stages. Curves for zero dark current are also shown for comparison 

(solid lines). An appropriate value of RL is selected in accordance 

with RL. B=1MQ. MHz [Brain, 1982; Forrest, 1984]. Comparing the various 
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curves we conclude that the sensitivity of the high-r receiver is more 

affected by dark current, and this degradation in performance 

increases as k increases. Note that at r= co the dark current affects 

the sensitivity over a wider range of bit rate than other values of r. 

It is clear from Figs. 5.7a and 5.7b that in the presence of 

residual hole ionisation there is a well-defined optimum gain where 

the detected optical power required to achieve certain value of BER is 

minimum. To illustrate the variation of minimum detectable power 

required for BER=10"9 with k, we plot Figs. 5.9a and 5.9b for N=5 and 

N=10 respectively. Two values of dark current are considered, zero 

and 100nA, assumed to be generated equally in various stages. In 

these calcuations B=2Gbit/s, RL=22kQ, and the gain of the APD is 

adjusted for each set of parameters to obtain the minimum detectable 

power (assuming k does not vary with p). It is clear from Fig. 5.9a 

that r=0, which represents a normal SAPD, still give the best 

performance provided k is greater than 0.0056 for zero dark current 

and greater than 0.0022 for 100nA dark current. Note also that low 

values of k, r= oo receivers are particularly strongly affected by dark 

current, reducing the benefits which can be gained from using multiple 

emission SAPDs. We also conclude from Fig. 5.9b that even at the very 

low value of k=10'5, the r=0 case still gives the best sensitivity. 

5.4 Summary 

Superlattice avalanche photodioes in which an electron can cause 

up to two ionisations per stage, have investigated taking into account 

residual hole ionisation and dark current. Expressions for the 

average gain and excess noise factor associated with photogenerated 

and thermally generated carriers have been represnted, and used to 
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evaluate the performance of optical receivers employing these advanced 

APDs. The influence of multiple ionisation per carrier per stage can 

be summarised as follows: 

(i) Higher gain APDs can be realised, or the same gain can be 

obtained with smaller number of stages leading to high bandwidth and 

low bias detectors. Unfortunately, there is also an increase in the 

excess noise factor. 

(ii) Receiver performance is more affected by residual hole 

ionisation which leads to increase strongly both the gain and the 

excess noise factor of the APD. The maximum allowable value o f p, 

which can be achieved without avalanche breakdown, is reduced in the 

presence of two ionisations (r= oo). 

(iii) Higher sensitivity is obtained for zero dark current and 

single carrier-type multiplication (no hole ionisation), but 

considerable degradation is experienced if these conditions do not 

apply. 

In the next chapter we will extend the existing analysis of SAPDs 

beyond that of two ionisation per initiating carrier per stage. 
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CHAPTER 6 

ANALYSIS OF NONIDEAL SOLID-STATE PHOTOMULTIPLIER (SSPM) 

Recently new SAPD structures have been proposed in which multiple 

ionisations per initiating carrier per stage occur, thereby greatly 

enhancing the gain of the device. Brennan and Summers [1987a] have 

proposed new GaAs/GaAlAs multiquantum well APDs based on sequential 

resonant tunnelling through a variably-spaced superlattice energy 

filter. In this scheme, the electron distribution is selectively 

heated to produce up to four secondary carriers per stage. Moreover, 

Petroff et al. [1987] have demonstrated a new solid-state device 

capable of detection of individual photons via impurity-impact 

ionisation. They have reported a very high gain at 7K without 

residual hole ionisation. 

From the previous discussion it is clear that it is necessary to 

extend the existing analyses of SAPDs beyond that of two ionisations 

per stage. This could be achieved by considering individual 

instances, in which the number of ionisations per stage is three, 

four, etc., but it is more useful if a general analysis can be 

obtained, applicable to a wide range of different schemes and 

encompassing specific devices. This is the subject of this chapter. 

In particular, the analysis of van Vliet et al. [1979a, 1979b] is 

extended to - allow for multiple emission per initiating carrier per 

stage. General formulas are obtained to describe the average gain and 

the excess noise factor: these reduce to the previously published 

results for specific cases such as the photomultiplier tube, single 

ionisation and two ionisation SAPDs. We find that the noise 
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characteristics of a solid-state photomultiplier (SSPM) can be 

expressed using four parameters: the means and variances of both the 

hole and electron ionisation rate per stage, and these may in 

principle be determined experimentally from measurement of the average 

and the variance of the gain for both pure hole and pure electron 

injection currents. Furthermore, general expressions are obtained for 

the effective gain and effective excess noise factor associated with 

dark current generated in the different stages. This facilitates a 

study of the influence of both dark current and residual hole 

ionisation on the performance of optical receivers employing SSPMs. 

The results indicate that when hole ionisation exists the gain per 

stage must be limited to a low value to prevent avalanche breakdown 

and to attain optimum sensitivity. 

6.1 General Model of SSPM 

We consider a reverse-biased p-i-n diode with intrinsic layer 

fully depleted by the external electric field. Let the depletion 

region consist of N identical stages, as shown in Fig. 6.1. As a 

convenient and appropriate approximation we model the situation as 

follows: 

An electron traversing any stage from left to right will 

encounter essentially two regions: region a in which the electron 

gains sufficient energy to cause a series of impact ionisations, these 

taking place, in the next region, b. We assume there is no possibility 

of the injected electron producing ionisation at region a. (For 

example, this region may be made from wide-bandgap material). Let us 

assume further that the secondary electrons do not undergo any impact 

ionisation in the same stage as that in which they are generated. 
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Fig. 6.1 Schematic diagram of a solid-state photomultiplier. 

This assumption is entirely appropriate when the net electric field in 

region a is low enough for the secondary , electrons to be unable to 

attain the required ionisation threshold energy from the field 

therein. For the sake of generality, similar assumptions are made for 

the holes entering the stage from the right. Here the holes will pass 

through -two regions per stage (not shown in Fig. 6.1). For low-noise 

operation, the -energy gained by the hole from the first region must be 

kept to a minimum, and other regions could be added to cool the bole 

distribution, as in doped quantum well APDs. It is worth noting here 

that the above assumptions are usually met in the various superlattice 

APD structures proposed by various workers, except that the number 

of ionisations per initiating carrier per stage has to date generally 

been limited to one. 

Let 

gj = total number of hole-electron pairs generated due to a 

hole-electron pair initiated at position At]), including the 
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original pair. 

w= number of ionisations per stage caused by a single electron C 

entering the stage from the left. 

wh = number of ionisations per stage caused by a hole entering 

the stage from the right. 

Here gj, w and wh are random variables with probability generating 

functions 4 (z), 0, (z) and 0h(z), respectively. 

Under these circumstances and following the explanation given in 

[van Vliet et at., 1979b], we can show that gi may be decomposed into 

the original pair plus the first-generation subtrees, which occur at 

the (N j+ 1)th, (N j +2)th, ..., Nth stage due to electron-triggered 

events and at (N-j)th, (N j-1)th, ..., 1st stage due to hole triggered 

events. Hence we have 

N-j 
gj =1+ yj-i +L yj+i (6.1) 

i =1 i -i 

where the symbol y is used to denote the subtrees. Here the random 

variable y. i(i > 0) corresponds to the gain process g, 
_, 

driven by the 

random variable wa. These have probability generating function 

Oj 
, 
(z), 00(z), respectively and hence from the theory of compound 

randomness [Cattermole, 1984] the probability generating function for 

yj_i is given by 0O(4j_i(z)). In a similar way the probability 

generating function of y, +i 
(i> 0) is given by 0h(oj+i(z)). Thus from 

eqn. 6.1 we have: 

i N-j 
j(z) =zH ýo(ýj-i(z}). II Oe('Oj+i(z))" (6.2) 

i-1 t-1 
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where the f(z) and 0h(z) are assumed to be identical for the various 

stages. Extension for nonidentical stages is also possible but will 

not be considered here explicitly. Eqn. 6.2 provides the key formula 

for the derivation of gain and noise properties of these devices. 

6.2 Gain and Noise Characteristics for SSPM 

In this section the gain and noise characteristics of the SSPM 

are evaluated using discrete ionisation models. The treatment which 

follows is based on the assumption that the detector and receiver 

integrating. time is sufficiently long for. the entire current pulse to 

be captured as a charge impulse. The analysis thus provides a white 

noise model 

6.2.1 Average Gain 

For pure hole injection, corresponding to the light being 

absorbed in the n+ region, j =0 and eqn. 6.2 reduces to 

N 

4o(z) =z II 0h(Oi(z)) (6.3) 
i -i 

Also, for pure electron injection j=N and 

N 

'ON(z) =z 17 die(. ON-i(z)) (6.4) 
i-I 

Now, eqn. 6.2 can be expressed in terms of the following recurrence 

relation: 

4. (z)" 4 (oj(z)) _ Oj+i(Z)" ý'h(qSj+i(Z)) (6.5) 
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Differentiating eqn. 6.5 with respect to z and evaluating the result 

at z =l yields 

0; [1 +001 =oi +1[1 +qbb 1 (6.6) 

where and 0h denote the first derivative with respect to z 

of 4,4, and h, respectively evaluated at z=1. Starting with j =O 

we find that 

Q10ä (6.7) 

10N = QN4I (6.8) 

where 

1+q' 1+ <w 
e> Q= 1+ =+ wb> 

(6.9) 

since the first derivative of the probability generating function at 

Z =I corresponds to the mean value. Differentiating eqn. 6.3 with 

respect to z and setting z= I we get 

N 

0h 
iýl 

i 

Substituting from eqn. 6.7,0 ö can be expressed as 

<Mb> = 
1N 

1-&- ý Qi i-l 

(6.10) 
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(Q-1) (6.11) 
(Q-1) ' OhQ(QN-1) 

where Mh m go is the gain for pure hole injection. Substituting eqn. 

6.10 into eqn. 6.8 yields 

ý' - <M >= 
QN(Q-1) 

N ýQ_1 - o# Q(QN-1) 
(6.12) 

where Me = gN is the gain for pure electron injection. In general, 

the average gain associated with a hole-electron pair injected at 

position A(j) is given by 

<g 
i>= 

q-N<M> (6.13) 

which will be used later to evaluate the effective gain associated 

with dark current. The above equations indicate that the average gain 

of these devices is determined by the first order statistics of the 

ionisation process, < we > and < wh >. 

At this point it is convenient to define the ionisation rate 

ratio k as 

kE 0h 14). ' = <wh>/<wo> 

Hence for k=1 (very high noise device), eqn. 6.13 reduces to 

<g> = <M >= 1/[1 - NO'] 
30e 

(6.14) 

(6.15) 
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which is independent of the position A(j) of the injected pair. 

It is clear from the previous analysis that to avoid the 

occurrence of avalanche breakdown in these devices (i. e. to keep the 

average gain a positive finite number) the following conditions must 

be satisfied 

Q(QN-1)4h < (Q-1) for k<1 

Q(QN_1)4e > (Q. 1) for k>1 (6.16) 

ýe = q5h < 1/N for k=1 

Again, this condition is independent of , position of injection A(j). 

For k =1 the above condi tions indicate that for stable operation the 

average number of total ionising collisions per traversal of the 

primary carrier through the whole depletion region must be less than 

one, a condition similar to that for conventional APDs [Stillman and 

Wolfe, 1977). 

6.2.2 Noise Characteristics 

The excess noise factor associated with pure electron injection 

is given by 

Var(M 
F$F=1+ e) 

eN <M >2 
e 

(6.17) 

where Var(. ) denotes the variance, related to the probability 

generating function by [Cattermole, 1984]. 

Var(M0) = 0x . 4rr2 + irr (6.18) 
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where cß"N is the second derivative with respect to z of 0N(z) 

evaluated at z=1. From eqns. 6.17 and 6.18 we have 

F= 
e 

ON 
N+1 

<M >2 <M CC 

(6.19) 

The derivation of an expression for 0"N is rather long and accordingly 

it is given in Appendix E. Using eqn. E9 from Appendix E with eqn. 

6.12, Fa can be expressed as 

24 (QN-1) 
Fe = 

(Q_ 1)QN-1 
+ 

4 12 (QN-1)2 

<M 
(Q-1)2Q2N-2 0 

20h* S+ 
Q(, O,, _0.2) (Q-1) hhI 

where 

x 
(QZN-1) 

<M >- 
(Q 2 

-1)QZN-1 
a 

20'S(QN-1) 

(Q-1)2Q2N 

x <M >+ 
2S(QN_1) +1 

o (Q_ 1) QN+i <M > 
(6.20) 

0 

2,0' "-Q(2ý' +0h) 
S=+ (6.21) 

Again, ¢ý e and 0" are the second derivatives with respect to z of 
4 (z) and h(z), respectively, evaluated at z=1 and given by 

ýn = <W2> - <W > 
eee 

+ 

(6.22a) 
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0N =v 7> - <wh> (6.22b) 

in general, the excess noise factor associated with a hole-electron 

pair initiated at position AU) is given by (see Appendix E). 

Fj=QNiF -ý [QNJ-1] 
0 

It is interesting to examine eqn. 6.23 for the special case of k=1. 

(0e - ch) 
Fj = Fe - (N - j) 1+ 

e 

where Fe is given by 

F=1- 
NOC 2+N Oe - ýh 

eI NO e T( I+e 

(6.23) 

(6.24a) 

2-NO' 4h 
x . 1- +- (6.24b) NO' 

ee 

Eqn. 6.24a indicates clearly that for k =1 the excess noise factor is 

still dependent on the position A(j) where the primary pair is 

initiated. Here, Fj will increase or decrease linearly with j 

depending on the values of b oth 4e and 0h . If these two parameters 

=F for are equal then F all values of j. This occurs in a single- i e 
ionisation APD where 0" = 0" = 0. Note that for conventional APDs, 

it is usually assumed that the excess noise factor is independent of 

the position of injection for the case of unit ionisation rate ratio. 

We may now make the following observations: 

(i) The gain and noise characteristics of photomultiplier tubes 
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are usually expressed using the average and the variance of the random 

gains for the different stages (or the random gain per stage in the 

case of identical stages). For a SSPM it is difficult to define a 

gain per stage due to the feedback effect which arises from residual 

hole ionisation. We have found here that it is more appropriate to 

define two random gains per stage 8e for injected electrons (assuming 

no residual hole ionisation) and 8h for injected holes (assuming no 

electron ionisation). The probability generating functions of these 

gains are given by z (z) and z4h(z), respectively. It can then be 

shown that 

<8e> = 1+0e = 1+ <we> (6.25a) 

Var (b) = 0" - 0. '2 + 0' (6.25b) 
eee 

Similar expressions may be written for <6h> and Var (8h). These 

expressions can be used to express the average gain and excess noise 

factor of a SSPM in terms of the new parameters < öe >, < 6h >, Var(8e), 

and Var(6h). This is useful for comparison with the photomultiplier 

tube. 

(ii) It is clear from the previous analysis that four parameters 

are required to determine the noise characteristics ofa SSPM: '0 e', 
00 , 0h and 0h . This is different from conventional APDs or single 

ionisation-superlattice APDs, where the excess noise factor can be 

determined using two parameters only (i. e. the average rates of hole 

and electron ionisation per unit length or per stage). These latter 

parameters can be determined experimentally either from the average 

gains for pure hole injection <Mo> [Stillman and Wolfe, 1977; Capasso 
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et al., 1983] or from noise measurements of Var(Mh) and Var(M) [Yu et 

al., 1987]. The four parameters arising in our SSPM analysis can in 

principle be determined from measurements of the quantities <Mb> , 

<M 
a>, 

Var(Mh), and Var(M'). This is demonstrated in Appendix F for 

reference purposes. 

6.2.3 Special Cases 

It is interesting to examine the new general expressions obtained 

here for the average gain and excess noise factor in relation to 

special cases for which results have been previously reported. 

(i) When there is no hole ionisation (i. e. ýh =h= 0), eqns. 

6.12 and 6.20 reduce to 

<M >= (1 + q' )N (6.26) 

Fe 
-ll 

+1 = 
(ýe +2ýö)ý(1-'O)N 

°Ö (1+0 ö) N+ 1 (1+4Ö)N 

Var (6 
a) 1- 1 (6.27) +<e>< 

e> 
- <8 >N 

C 

where < 8e > and Var(8o) are related to 4ä and 4ö through eqns. 6.25. 

Eqns. 6.26 and 6.27 are identical to those given in the literature for 

an N identical stages photomultiplier tube with random gain 6a per 

stage (Teich et al., 1986a]. 

(ii) For single ionisation SAPDs, fe(z) =1-p 1 +plz and 

'Oh(z)=1-ul+ulz, where pl (u1) is the probability for electron (hole) 

ionisation in a single stage. If we use these expressions in eqns. 

6.12 and 6.20, we recover the same results reported previously for 

these APDs (eqns. 2.1 and 2.2). It is appropriate to ngte here also 
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that van Vliet et al. [1979b] have shown that in the limit of N-* and 

p1, u1-)O, McIntyre's results for conventional APDs can be recovered. 

(iii) For two-ionisation SAP Ds 0a(z) = 1-pi p2+plz+p2 , where p 1, P2 

represent the probability per stage for an electron to impact one or 

two ionisation per stage, respectively. Similar expressions can be 

written for 0h(z). Making these substitutions in eqn. 6.12 and 6.20, 

we recover our previous results reported in Chapter S. 

6.3 Influence of Dark Current 

The influence of dark current can be taken into account using the 

same approach discussed in section 3.2. It can be shown [Fyath and 

O'Reilly, 1988h] that the expressions for the effective gain and 

effective excess noise factor associated with dark current generated 

equally in various stages are identical to those reported in Section 

5.2 (eqns. 5.11 and 5.12). Here Q and S are defined in eqns. 6.9 and 

6.21, respectively. Thus eqns. 5.11 and 5.12 represent general 

expressions; they reduce to those identified previously for special 

cases if the appropriate expressions for Q and S are used. 

For the limiting case of k= 1, we have 

> gaff =< Me 

(N- 1)( Opp-Olf) 
Farr = Fe -- 

e 

Thus, for N> 1, Feff=Fa only when 4" =011 , as expected. 

6.4 Diode Performance 

(6.28) 

(6.29) 

A photomultiplier tube is frequently analysed under the 
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assumption that due to high gain associated with these devices the 

variance of 6, the random gain of a single stage, is given by 

[Engstrom, 1980; Teich et al., 1986a]. 

Var(6) = <6> + <a>2ID (6.30) 

D is a constant which if set to co results in Var(ö) ö> corresponding 

to a Poisson distribution for the gain J. It has been found that the 

above formula is not appropriate for SSPMs, principally for two 

reasons: 

(i) The proposed realisation schemes for SSPM are limited to a 

small number of ionisations per initiating carrier per stage. 

(ii) The above equation does not predict zero variance for the 

case where there is no impact ionisation (6=1). 

In the following, we circumvent these difficulties, for the 

purpose of illustration, by considering 

Var(ae) = Ae[ < 8e >- 1] 

Var(ah) = Ah[<ah> - 1] 

(6.31a) 

(6.31b) 

where Aa and Ah are arbitrary positive constants. When <6 >>>1 and 

assuming A. = 1, eqn. 6.31a is consistent with a Poisson distribution 

for ae. With the aid of both parts of eqn. 6.25, eqns. 6.31a and 
6.31b can be written in the following form: 

ýä = (Aö 1)4e +4ö2 (6.32a) 
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Fig. 6.2 

ein = (Ah-1)4 +0h2 (6.32b) 

It has been found that both parts of eqn. 6.31 (or 6.32) can be 

satisfied in SSP M when the initiating carrier is able to impact two or 

more ionisations per stage. Fig. 6.2 shows the relation between p, and 

p2 required to satisfy the above formulas in two-ionisation AP Ds, 

as a taking A parameter, and Fig. 6.3 presents the same relation for 
a 

three-ionisation APDs taking A. and p3 as parameters. Note that pi 

represents the probability for an electron to cause i ionisations per 

stage. 
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Fig. 6.4 shows the maximum value of < 8a > which can be used 

without causing avalanche breakdown. The calculation is based on eqn. 

6.16. It is clear that as the ionisation rate ratio k increases, 

lower values of <6 
6> 

must be used to preserve stable operation, and 

this value is a decreasing function of the number of stages for a 

given k. Thus, there seems to be little point in designing multiple 

ionisation SSPMs unless the hole ionisation is reduced to extremely 

low values, especially when the number of stages is large. 

The average gain < gN > ra < Me > and the effective gain geit 

experienced by dark current generated equally in various stages are 
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displayed in Fig. 6.5. Note that g, ff 
is usually less than <MO> and 

both of them increase with N, all other parameters being equal. It is 

clear that the existence of even slight residual hole ionisation 

results in substantial increase in the average gain and this effect 
becomes more pronounced as N increases. A similar conclusion can be 

drawn from Fig. 6.6 for A =Ah, except that FCft for dark current is 

generally higher than Fa vsFN for pure electron injection. A comparison 

between Fe and Feff is also provided by Fig. 6.7, shown as a function 

of the device gain < Me >. This indicates that a higher excess noise 
factor is associated with dark current except for low gain values.. 
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Fig. 6.8 illustrates the effect of A. on the excess noise factor 

of a 10-stage device with Ah=1. As expected, higher values of A6 lead 

to an increase in the multiplication noise, but this effect is less 

pronounced for k>0 due to the excess noise associated with the 

feedback process. Note that for a given k, the curves correspond to 

lower values of A. extending over a small range of <J 
a> 

due to the 

restrictions imposed by keeping 0ä and 0h a1 ways 

non-negative. The effect of Ah on the excess noise factor is given in 

Fig. 6.9 assuming Ae=1. No results are shown for k=0 since this 

refers to the case of no residual hole ionisation. Also, it is 

impossible to adopt lower values of Ah (i. e. Ah < 1) for the values of k 

indicated and at the same time keep - the above four parameters 

non-negative. 

6.5 Receiver Performance 

In this section the sensitivity qP of an optical receiver 

employing a SSPM will be evaluated for bit error rate (BER) of 10'9, 

using Personick's approach [Personick, 1973] based on a Gaussian noise 

approximation. Further we shall assume in the subsequent analysis 

that the gain-bandwidth product of the diode is extremely high, such 

that it is not a limiting factor for receiver performance. 

For the purpose of illustration we consider the 2 Gbit/s receiver 

described earlier, with parameters as in Table 3.1. Figs. 6.10a and 

6.10b show the receiver sensitivity rIP as a function of <ö > for N=5 

and N=10, respectively. In each figure two values of k are 

considered, 0 and 0.001, in addition to two values of dark current 0 

and 50 nA, this being assumed to be generated equally among the 

various stages. For k=0 both receivers give better sensitivity as the 
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gain per stage < 60 > increases until a saturation limit is achieved 

which for N=5 and N=10 with zero dark current is approximately 3.2dB 

and 3.13dB, respectively worse than the quantum limit. Note than for 

N=10 the saturation in sensitivity occurs at a lower value of <6, > 

compared with that for N=5. The difficulty in achieving the quantum 

limit is primarily due to the equalisation stage used in the receiver, 

and partly due to noise associated with the detector and amplifier. 

The existence of dark current degrades the sensitivity of both 

receivers, especially at higher values of <6 
a 
>. 

The system performance in the presence of residual hole 

ionisation is significantly impaired. In this case there is an 

optimum gain at which the detectable optical power is minimum (maximum 

sensitivity). Beyond this optimum gain a strong reduction in receiver 

sensitivity occurs due to high excess noise factor associated with the 

detector since the device is then operating almost in the avalanche 

breakdown region. Note that for N= 10 the optimum gain occurs at a 

lower value of <6, > compared with that for N=5. It is clear from the 

above discussion that there is no advantage to be gained from adopting 

multiple ionisations per stage unless the residua 1 hole ionisation can 

be made vanishingly small. Even if this condition is satisfied, there 

is a limit to the gain per stage beyond which the receiver performance 

is unaffected unless the receiver is based on a photon counting 

approach. 

To proceed further, we calculate the optimum sensitivity achieved 

by the receiver as a function of k taking < Id > and N as parameters, as 

shown in Fig. 6.11. In this calculation, both < 8e > and the decision 

threshold are adjusted to obtain minimum detectable power for each set 

of parameters. The important conclusion drawn from this figure is 
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----- N=1 N=5 --- N=10 

that even for k as low as 10"8, the 5 stage device is capable of 

giving better sensitivity than the N=10 device, assuming zero dark 

current. As k increases the difference between the sensitivity of the 

two receivers decreases, and the N=10 case leads to slightly improved 

performance when k>10-3. The penalty incurred due to 50nA dark 

current is lower for the 10 stage receiver leading to slightly 

improved sensitivity compared with N=5 for the entire range of k 

considered. Fig. 6.11 also shows some results for a single stage 
device which has attracted attention recently in the literature as a 

promising structure for a high speed APD. Here there is a well defined 
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value of k at which the sensitivity is optimum. This result may be 

qualitatively interpreted as follows. Neglecting the dark current for 

a moment, we can claim that as k increases both the gain < Me > and the 

excess noise factor F. increase and this increment will be larger if 

the device operates near avalanche breakdown. Thus, the sensitivity 

is improved or degraded as a result of the relative magnitudes of the 

two effects. At lower values of k, no avalanche breakdown occurs in 

this device leading to improved sensitivity as <6 
0> 

increases. Under 

these circumstances, as k increases, Fe increases only slightly 

compared with the gain <M, >, leading to the observed improved 

performance. At higher values of k, where avalanche breakdown occurs, 

the excess noise factor increases strongly as k increases which 

results in sensitivity degradation. 

The optimum values of < 8e > and average gain used in the 

calculation of Fig. 6.11 are displayed in Figs. 6.12 and 6.13, 

respectively. For N=1 we limit our calculations to <6 > <11 since no 

breakdown occurs at lower values of k. Fig. 6.12 indicates that lower 

values of < ae>opt are required for higher values of N, all other 

parameters being kept the same. Note that <8e> 
opt 

is less than two 

for k> 10-4 for the case of N=10 and k>10-2 for N=S. Fig. 6.13 

predicts a reduction in the optimum gain <M > as k increases for 
o opt 

both N=5 and N=10 devices, with higher values for the latter receiver. 

For N=1, <M 
a> opt 

is nearly constant at lower values of k since, no 

avalanche breakdown occurs, while < öe > is limited to < 11 in our 

calculations. 

It is 
, appropriate to mention that the above discussion is limited 

to receiver sensitivity. For optical receivers other figures of merit 

may also be relevant such as speed of operation, which requires a 
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complete description for the structure of, the device. In general, 

though, we can say that high speed operation may be achieved by using 

lower values of N, assuming all other parameters including the 

structure of the individual stages to be the same. 

6.6 Summary 

General expressions have been obtained for the average gain and 

excess noise factor associated with photocurrent and dark current in 

superlattice APDs where multiple ionisations per stage, similar to 

secondary emission in a photomultiplier tube, may occur. It has been 

found that the multiplication noise characteristics of these devices 
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can be expressed as a function of the mean and variance of the number 

of ionisations per stage initiated by electrons and holes, 

respectively. An indication has been provided of bow these parameters 

may be deduced experimentally from measurements of the gain and the 

variance for both pure hole injection and pure electron injection. 

The performance of a2 Gbit/s optical receiver incorporating a SSPM 

has been evaluated allowing for both dark current and residual bole 

ionisation. The analysis shows that hole ionisation may be a severe 

limiting factor for these advanced receivers unless it can be reduced 

to an extremely low value. The existence of bole ionisation restricts 

the gain per stage <J, > to a relatively low value, both for stable 

operation and to obtain optimum sensitivity. 
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CHAPTER 7 

GAIN MOMENT GENERATING FUNCTION OF SAPDS 

A Gaussian approximation (GA) is commonly used to predict the 

performance of optical receivers. This technique is based on the 

excess noise factor, representing first and second order statistical 

properties of the gain fluctuations introduced by the multiplication 

process. A more precise measure for the performance of these systems 

requires -a comprehensive statistical description for the random gain 

associated with the APD and thus complete knowledge of the probability 

distribution or the moment generating function (MGF) is required for 

exact evaluation. Various techniques based on MGF (or other related 

functions have been previously reported for optical receivers based on 

conventional avalanche pbotodiodes (CAPDs) [e. g. Personick et al., 

1977; da Rocba and O'Reilly, 1982; Helstrom, 1988]. For superlattice 

avalanche photodiodes (SAPDs) characterisation in these terms has been 

limited to single-carrier multiplication devices, that is with no 

residual hole ionisation, since the MGF of the random gain has been 

reported only ' for these idealised detectors. Within these limitations 

Teich et al. [1986b] have evaluated the bit error rate (BER) of 

"integrater and dump" receivers employing SAPDs with zero dark 

current, assuming maximum likelihood detection. 

The purposes of this chapter are twofold. First we present a 

numerical technique with which to determine and evaluate the MGF 

associated with the multiplication process of nonideal SAPDs, allowing 
for nonnegligible hole ionisation, based on a discrete ionisation 

model. Secondly, we use the MGF together with a modified Chernoff 
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bound (MCB) [Prabhu, 1982; da Rocha and O'Reilly, 1982] to predict the 

performance of optical receivers incorporating * these advanced 

detectors, allowing for residual hole ionisation, detector dark 

current generated in the various stages, and circuit* noise. The MCB 

technique has a sound fundamental basis in employing the MGF, 

encapsulating the entire signal and noise process statistics and is 

known to provide very accurate error probability predictions. 

Consequently the MCB can be used to effect for SAPDs a comparison with 

- and in the eventuality a validation of - the widely adopted but much 

less soundly based Gaussian approximation. The latter aspect is an 

important feature of the work reported here since the possible 

inadmissibility of the GA in these circumstances has been an 

uncertainty underlying - and to some extent 'undermining - performance 

analyses presented to date for SAPD receivers. We shall see that the 

assumed applicability of the GA is indeed justified, in fact even more 

so than for conventional APDs. The results indicate clearly that the 

GA, whilst slightly overestimating the receiver sensitivity (by less 

than 0.3dB) and also overestimating the optimum gain, provides a 

generally good prediction of the optimum threshold and represents a 
useful basis for initial comparison of the performance of alternative 

receiver strategies. 

There is a wealth of evidence in the literature demonstrating the 

accuracy and flexibility of the MCB technique for optical 
communication [O'Reilly, 1984; O'Reilly and da Rocha, 1987]. In 

addition, it has been found that a very wide range of system 
impairments may be readily incorporated into the formulation both for 

performance assessment and receiver optimisation [O'Reilly, et al., 
1985; da Rocha and O'Reilly, 1986; O'Reilly et al., 1986]. However, 
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it should be noted that much of the analyses given here allow also for 

the use of other performance evaluation techniques based on the MGF 

such as the Gram-Charlier series [Mansuripur, 1980; Cartledge and 

Coathup, 1986], maximum entropy methods [Cartledge, 1987], and 

Edgeworth series expansion [Wu et al., 1988]. 

In the following sections the analysis is given for a SAPD in 

which the initiating carrier can impact a single ionisation per stage. 

Extension for more than one ionisation per stage is also possible but 

will not be considered here. 

7.1 Optical Receiver Model 

An outline block diagram for an optical receiver used in binary 

direct detection systems is illustrated in Fig. 7.1. The optical 

signal incident on the photodetector may be expressed as: 

00 

P (t) =Z ajhp(c JT) (7.1) 

where hp(t) is the elemental optical pulse and IN is the signalling 

rate. The sequence {aj} denotes the transmitted, independent, 

identically distributed data amplitudes. We assume that aj equals one 

or zero depending on whether a binary "1" or binary "0" is transmitted 

during the j `h signalling interval. In the receiver the optical power 

is first converted into an electrical signal. After amplification and 

equalisation the electrical- signal is sampled at regular intervals T 

and a decision whether aj is "1" or "0" is made in accordance with the 

sampled value being above or below a fixed threshold d. The output of 

the receiver filter can be considered as a linear combination of three 

statistically independent processes 
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it(t) =i (t) ý' ld(t) ý' 1n(t) (7.2) 

where is(t) is the filtered output signal current of the detector, 

id(t) is due to the dark current of the detector, and in(t) is 

independent zero-mean Gaussian filtered thermal noise generated in the 

front-end amplifier. Note that the mathematical model of i (t) is 

that of a filtered doubly stochastic process [Snyder, 1975; O'Reilly, 

1984]. Let the decision to be made about data bit ao be based on a 

sampled value of i1(t) at time ta. Since it(ta) is the sum of three 

optical 
power SAPID amplifier filter 
piM equalizer halt) 

data 
decision output 
circuit 

it(t) 

Fig. 7.1 Schematic diagram of direct detection optical receiver. 
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statistically independent random variables, the MGF of the composite 

variable corresponds to the product of the MGFs of the constituents 

[Cattermole, 1984]. 

M (s) = M$(s). Md(s). Mn(s) (7.3) 

Note that the output MGF, M1(s) is sequence conditioned: a different 

MGF results for each sequence {a. } of the transmitted symbols. It is 

more appropriate to make use of symbol-conditioned MGFs obtained by 

averaging eqn. 7.3 over all possible sequence realisations with ao 

kept fixed. For binary communications, two symbol-conditioned MGFs 

are obtained [O'Reilly and da Rocha, 1987]. 

Mt (s) = M$ 
k 
(s). Md (s). Mn(s) k=0,1 (7.4) 

k 

where M1 
k 
(s) and M$ 

k 
(s) are the symbol-conditioned MGFs for the total 

output and filtered signal current, respectively, corresponding to 

ao=k, and 

1n1 M$ (s) =2 n1 
17 (1 +exp(Hi(s)) 1 (7.5a) 

02 i=-nl LJ 

1*0 

Msi (s) a MSo (s). exp(H0(s)) (7.5b) 

where a finite sequence (a_n1, ..., a_1, ao, al, ..., ant) with 

(2n1+1) elements is assumed and 

Go 

Hi(s) _ ýl f hp(t-iT) [Mg (sghR(t$ t))-11 är (7.6) 
-C 

N 
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Here Mg '(s) is the MGF of the avalanche gain of the SAPD, hR(t) is the 

impulse response of the receiver filter, q is the electronic charge, 

and W= r1/hv, with rl the detector quantum efficiency, h Planck's 

constant and, v the optical frequency. 

The error probability for a binary communication system is given 

by 

PC =p Pr[110] + p1Pr[O 1] (7.7) 

where po, pl are apriori element probabilities and Pr[1 0], Pr[0 (1] 

are conditional error probabilities for "0" or "1" being transmitted. 

The MCB on p0 is given by 

pe s MCB =1[P. M, (s). exp(-ds) + p1M1 (-s). exp(ds)] 
� 2n sa °1 

A 

(7.8) 

where a2 is the variance of the filtered Gaussian additive noise. 

The optimum threshold dopt which minimises the bound on error 

probability can be obtained by setting to zero the derivative of 

eqn. 7.8 with regard to d 

dopy = (1/2s) In 
p°M4(s)"M 

$° 
(s) 

p1Md(-s) . Msi(-s) 

which leads to 

(7.9) 
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[p0M(s). 
p1M(-s)] pý 5 MCB =2 

in 
(7.10) 

�sa ot 
n 

To obtain the tightest form of the bound, we seek an optimum value of 

s which minimises the MCB in eqn. 7.10. 

Complete descriptions of the signal and noise at the decision 

times in terms of MGFs are required in order to estimate from 

eqn. 7.10 the error probability for the system. The MGFs associated 

with Gaussian additive noise M, (s) and with detector dark current 

Md(s) will first be described in the following sections. 

7.1.1 Additive Gaussian Noise 

Additive Gaussian noise introduced by the receiver front-end is 

generally not white but often has a power spectral density of the form 

N(f) = N0f + N2f2 (7.11) 

where No, N2 are constants associated with the receiver. For an 

APD/FET front-end we have 

No = (4K0/RL) [1+ T/(g. RL) ]+ 2gIg (7.12a) 

N2 = 167r2KOI'Cý/gm (7.12b) 

where 

K= Boltzmann's constant 

e= absolute temperature 
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T= FET noise factor 

C1 = amplifier input capacitance 

RL = amplifier input load 

1g= FET gate leakage current 

g= FET transconductance 

Here the 1/f FET noise is neglected, which is certainly appropriate 

for high bit rate systems, and so is any additional noise introduced 

by subsequent amplification stages. After filtering, this noise has 

variance a given by [O'Reilly and da Rocha, 1987]. 2 

CO 

Qn = 0.5 1 [N0h(t) + N2h, 2 (t) dt (7.13) 
Co 

] 

with MGF 

Mn(s) = 2S2 (7.14) 

The prime in eqn. 7.13 denotes the derivative with respect to t. 

Eqn. 7.13 can be rewritten in the simpler form 

Qn = NI 
ZB 

+ N2I3B3 (7.15) 

where B=1/T is the bit rate and I2 13 are Personick intergrals 

[Personick, 1973] 

CO 

J 
(' ym-z I HR(Y) I2 dy m=2,3 (7.16) 
0 
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where y=f/B is the normalised frequency and HR(f) is the Fourier 

transform of hR(t). Because of the normalisation the values of these 

integrals depend only on the relative shapes of the input and output 

pulses. 

7.1.2 Dark Current 

In the following, we direct our attention to determining the MGF 

of the dark current components generated within the multiplication 

region (i. e. in different stages) since it contributes predominantly 

to the multiplied dark current. The effect of diffusion dark current 

will be considered later. 

We consider a SAPD having a p-i-n structure in which the 

intrinsic region, fully depleted by the external electric field, 

consists of N identical stages. Let g, denote the total number of 

hole-electron pairs generated due to a single hole-electron pair 
initiated at position AO), including the original pair, where j 

denotes the number of stages crossed by the initiating electron while 

moving to the n+ contact. It is safe to assume that the dark current 

components generated within the various stages are statistically 
independent and hence the MGF of the filtered dark current at the 
input of the decision circuit is given by 

N 
Md(s) = I7 Md (s) (7.17) 

i-1 i 

where 
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Md (s) = exp 1i[ Mg (sghR(t5 T))-11 dz (7.18) 
, 00 

Here rj is the rate of generation of dark current in the (N -j + 1)`h 

stage, M 
gJ 

(s) is the MGF of the random gain gJ , and M 
d1 

(s) is the MGF 

associated with the filtered dark current component arising from rr 

only. Under the assumption that the rate of generation of dark 

current carriers is the same in the various stages, we have 

Md(s) = exp (Nro) f (1/N)'ý1 [M(sqh(tT))1 1 dT 

where 

j =1,2,..., N ro = ri 

(7.19) 

(7.20) 

Comparing eqn. 7.19 and eqn. 7.6 we note that dark current generated 

within the multiplication region can be treated as if it were 

photocurrent generated (with the same rate) in the p+ region, but with 

an effective random gain gaff differing from that for photocarriers 
(gN). The MGF of g, ff can be expressed as 

N 

Merr(s) = (1/N) Mg (s) (7.21) 
i-1 j 

Here eqn. 7.19 can be put in the following form 
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00 

Md(s) = exp 
f (Nr. ) j[ Mff(sghR(ts T))-l 

, dr , (7.22) 
` 

_oo 

Hence Nr0 is the rate of generation of dark current carriers in all 

stages. 

It is worth noting here that in calculating receiver sensitivity 

using a GA, only the first and second moments of the effective gain 

g, ff are required. These can be calculated from eqn. 7.21 using the 

fact that the nth derivative of the MGF at s=0 is the nth moment of 

the random variable [Cattermole, 1984]. Thus 

O 

= 
d° gaff 
d Sn 

Meff(S) I 
8=0 

N 

_ (11N) E< gj > 
j-1 

(7.23) 

where the angular brackets <. > denote ensemble average. The effective 

average gain and effective excess noise factor associated with dark 

current are given by 

N 

< gerr> = (1/N) E< Sj > (7.24) 
j ml 

2NN 
<gerr> 

_ ýL-1 Feff 

>2N2 
(7.25) 

<gefr E<g> 
J-1 

where < gi >, Fj are, respectively, the gain and excess noise factor 
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associated with a hole-electron pair initiated at position AU), and 

they are related to <gN> and FN (for pure electron injection) 

according to eqns. 3.1 and 3.2, respectively. Note also that eqns. 

7.24 and 7.25 are in accord with our previous results reported in 

section 3.3. 

The effect of nonnegligible diffusion dark current can also be 

included in the above analysis. The MGF associated with this 

component is given by 
00 

M (s) = exp 
[ [ 

(sghR(t8 r))-l 
Idr] 

rdiff 
J[M 

(7.26) 
di 
df f 9N 

-00 

where rdýff is the rate of diffusion into the depletion region of dark 

current carriers. The average gain and excess noise factor associated 

with this dark current component are, respectively, <g N> and FN. 

The MGF of the total output dark current can be evaulated by 

multiplying Md(s) by Md (s), assuming both dark cu rrent components 
diff 

are statistically independent. 

7.2 Moment Generating Function of the Gain 

It is clear from the previous analysis that to perform MCB 

calculations, a complete description is required for the MGFs of the 

individual gains g,. The evaluation of these MGFs will be considered 

here. 

Our starting point is the same as that of van Vliet et al. 
[1979a; 1979b] who treated the noise characteristics of small 

avalanche region-devices using a discrete ionisation model. Here the 
MGF of the, random gain gg can be related to the MGFs of other 
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individual gains according to 

M (s) = exp(s) Ili [PMg(s) + 1-p] .r uM (s) + 1-u 
;i -i+l 1 gi 

(7.27) 

where u (p) is the probability of hole (electron) impact ionisation 

per stage. Eqn. 7.27 will lead to the following recurrence relation 

M (s). CUM 
gj 

(s) + 1-u, =M gj-1 
(s). [pM 

gj-1 
(s) + 1-p] (7.28) 

gj 

For pure electron injection we set j =N in eqn. 7.27. 

Mg (s) = exp(s) 
V 

III [PMg (s) + 1-pj (7.29) 
10L1 

Also for pure hole injection 

N 
Mg (s) = exp(s) II [um� (s) + 1-uj (7.30) 

Eqn. 7.29 " can be solved for Mg (s) under the constraints imposed by 

eqn. 7.28. The solution can be achieved analytically for special 

cases, or numerically as will be shown later. 

Let us . examine eqns. 7.27-7.29 for the following extreme cases 

* Eqn. 7.27 is obtained from the probability generating function given by van Vliet et al. [1979b] by replacing z by exp(s) to obtain a MGF-based formulation. For simplicity, we avoid the use of two indices 
0, N -j) to be associated with the position of injection of the primary hole-electron pair as adopted in that reference. 
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(i) No residual hole ionisation (i. e. u=0), which represents to a 

very low noise device, then 

(1-p)M (s) +pM2 (s) 15 jsN 
M (s) = gJ-i g =i (7.31) 

9 Iexp(s) j=0 

as previously reported by Teich et al. [1986b]. 

(ii) For u=p, a very noisy device, 

Mgi (s) = Mg 
N 

(s) 0sjsN (7.32) 

independent of the position of injection. Also 

N 

MgN(s) = exp(s) 
f 

pMgN(s) + 1-PI (7.33) 

Eqn. 7.33 may be viewed as a nonlinear equation in the single variable 

Mg (s). 
N 

(iii) For a single stage device, N=1, we have 

M (S) = 
(1-p). exp(s) + (1-u)p. exp(2s) 

gl [1-up . exp S)] (7.34) 

For the more general case the MGF of the SAPD gain can be 

determined numerically as a function of s using the following five- 

step simulation flow, based on eqns. 7.28,7.29. 

Step (i) 

Set an initial value 

procedure adopted here. 

for Mg (s) to start the minimisation 
0 

It has been found that to achieve rapid 
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convergence it is appropriate to approximate go, for pure hole 

injection, as a random variable with Gaussian distribution: 

(s) = exp 
I< 

go >s+ Vargo) s2/2 
1 (7.35) Mgo 
J 

Here < go > and Vargo > denote, respectively, the average and the 

variance of the random gain go, and they are related to p, k (smu/p), 

and N according to 

= 
(1-k)(1 +k p) N 

ßg0 
(l +kp)N+i -k (l +p)N+i 

(7.36) 

Var(go) =< go >2 (Fö-1) (7.37) 

were FO is the excess noise factor for pure hole injection 

Fo =1+ 
[1-1 / <go >] (k-1) 

-kp + 2(1 -kZ <g0> (1+kp)/(k-1) 
k 12+ PPC 

1/(I+kp) II (7.38) 

Eqns. 7.36 and 7.38 are identical to those for pure electron injection 

except that the roles of u and p are interchanged. 

Step (ii) 

Calculate with the aid of eqn. 7.38 the MGFs M (s),..., m (s) 
99 N 

corresponding the value evaluated for Mg0 (s): 
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-(1-u) + [(1-U) 2+ 4uc ] 1/2 
Mg (s) = 2Tu-- (7.39a) 

i 

with 

c= M&. 
_l(s) 

.[ PMs. 
_l(s) 

+ 1-pI 
0 

(7.39b) 

Starting with M 
g0 

(s), Mg1 (s) can be estimated via eqns. 7.39 then 

M (s) is used to estimate M (s) using the same formula and so on. 
sl g2 

Step (iii) 

Evaluate Mg (s) using eqn. 7.29. This calculation is based on 
N 

the values of Mg (s), j=0,1,..., N-1 determined in the previous step. 

Step (iv) 

Search for the optimum value of Mg (s) which minimises the 
0 

absolute value of the difference between the two values of Mg (s) 
N 

calculated in steps (ii) and (iii). 

Step (v) 
Use the optimum value of Mg (s) to evaulate the other individual 

0 
MGFs via eqns. 7.39. 

Figs. 7.2 and 7.3 illustrate the behaviour of the MGF, M (s), 
g 

for N=I and N=10 sta ge devices, respectively. The results in Fig. 7.2 

are obtained using eqn. 7.34 for p=1 and taking k as a parameter, 
while the curves of Fig. 7.3 are obtained numerically using the 

minimisation procedure outlined above and assuming p=0.4. As we 
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Ma (S) 

1 

Fig. 7.2 Gain moment generating function of single stage SAPD 

with p=1. 

k=0.0 ...... k=0.5 --- k=0.9 

expect, the slope of these curves at s=0, which represents the average 

gain <g>. , is always positive and increases as residual hole 

ionisation increases. Note that Mg(0) is always equal to 1; a 

necessary property for a MGF. It is apparent from Fig. 7.3 that even 

small deviations of k from zero result in substantial increase in the 

gain of the device. For . this reason our calculations are limited to 

lower values of k to. ensure stable operation without avalanche 

breakdown. To check the accuracy of our numerical approach we compare 

the Mg (s) at k=0 in Fig. -7.3 with that obtained analytically from 
N 

eqn. 7.31. The two results are essentially identical. It is 
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S 

Fig. 7.3 Gain moment generating function for 10-stage SAPD with p=0.5. 

k=0.0 --- k=0.01 

interesting to observe that the starting point for the minimisation 

technique is Mg (s)=exp(s) (see eqn. 7.35) which is the required 
0 

optimum value as can be seen from eqn. 7.31. In addition, the average 

gain and the excess noise factor for a 10-stage SAPD with k=0.01 and 

p=0.4 have been calculated numerically from the first and second 

derivatives of the corresponding Mg (s) evaluated at s=0; they are 
N 

found to be in excellent agreement with those obtained analytically. 

The same procedure has been repeated for other cases and similar 

results are obtained. 
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7.3 Optical Receiver Performance 

In this section we evaluate the performance of SAPD-based optical 

receivers using the complete statistics of the detection process as 

outlined previously. The results are compared with those obtained 

utilizing the conventional Gaussian approximation which is based on 

the mean and variance of the detection process. Illustrative results 

are presented for a SAPD/FET front-end optical receiver operating at 

A=1.5pm and a bit rate of 2Gbit/s. Return to zero (RZ) signal format 

with 50% duty cycle is assumed for the input optical pulses while the 

shape of the signal at the decision circuit is taken to correspond to 

a full raised-cosine element spectrum to ensure zero intersymbol 

interference. Unless otherwise stated, the following parameters have 

been used to obtain the numerical results: Ig=2nA, gm=40 mS, r=1.78, 

Ct=1 pF, RL=22 kQ, rp=1, e=300K, and po=p1=0.5 (equal apriori binary 

element probabilities). We note also that in these calculations the 

gain bandwidth product of the detector is assumed to be very high. 

7.3.1 Ideal SAPD (k=0) 

Here illustrative results are presented for a single carrier 

multiplication-SAPD (i. e. k=0). Figs. 7.4a and 7.4b show the BER 

characteristics for N=5 and N=10 respectively as a function of the 

average number of detected photons per bit. These calculations are 

performed for p=0.5 and assuming zero dark current. The broken line 

corresponds to an accurate performance evaulation based on use of the 

modified Chernoff bound (MCB) making use of the full avalanche gain 

MGF characterisation while the solid line refers to a Gaussian 

approximation (GA). It is clear from these figures that the GA is in 

good agreement with the more precise and soundly 'based MCB 
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formulation. The small discrepancy between the two approaches is 

slightly greater for the N=10 case. This can be explained as follows. 

Both ideal devices will behave as low noise APDs. The sensitivity of 

a N=5 receiver is less than that for the N=10 case due to the lower 

gain associated with the 5-stage device. This corresponds to higher 

optical power. incident on the detector and hence the density of 

detected events is larger. In this case the Poisson shot noise 

process tends to approach more closely a Gaussian process. 

To carry this calculation further, we plot in Fig. 7.5 the 

receiver sensitivity as a function of electron ionisation probability 

p, assuming an ideal SAPD with 5 stages. The results are displayed 

for BER=10"9 and assuming two values of dark current: zero dark 

current (Fig. 7.5a) and 100nA dark current, taken to be generated 

uniformly among the various stages (Fig. 7.5b). The optimum threshold 

levels used in these calculations, obtained from eqn. 7.9 are also 

shown in the figures. For comparison purposes both MCB and GA 

techniques are used to estimate the receiver performance. Note that 

the detectable optical power required to achieve BER=10"9 decreases 

(i. e. the sensitivity improves) as p increases, with optimum 

sensitivity being obtained at p=1. This occurs because as p increases 

the average gain of the detector increases dramatically (<g> = (1 +p)N) 

while the device still behaves as a low noise detector. It is worth 

noting here that the GA can estimate quite accurately the receiver 

sensitivity for all values of p. Similar conclusions may be drawn for 

the threshold level for p<0.7, as shown in Fig. 7.5b. 

To proceed further, we now repeat the same calculations for the 
10-stage device, as shown in Fig. 7.6. Again sensitivity calculations 
estimated by the MCB and by a GA are found to be in good agreement. 
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However, the GA fails to predict accurately the threshold level at 

higher values of p when dark current is negligible (Fig. 7.6a). Note 

that a 10-stage device can offer improved sensitivity compared with a 

5-stage detector, assuming negligible dark current. However the 

existence of just 100nA dark current degrades significantly the 

performance of the former receiver. This is attributable mainly to 

the higher gain associated with N=10. On the other hand, the average 

number of detected photons per bit required to achieve BER=10-9 for 

N=10, p= l is 16 (based on a GA) which is greater than the 10.5 photons 

per bit representing the quantum limit. This difference is 

attributable mainly to the equalisation stage used in the receiver to 

ensure zero intersymbol interference and in part also to circuit and 

multiplication noise. 

Comparing the threshold curves plotted in Fig. 7.5 and 7.6 we may 

note the following: When p =0 (where <g N> =1) so that both devices 

behave as a PIN detector) the threshold is set at 0.5 since the noise 

associated with a detected binary "0" is for practical purposes equal 

to that associated with a binary "1". This corresponds to an additive 

Gaussian noise-limited receiver. As p increases, lower values of 

threshold are expected due to higher noise associated with a binary 

"1" in view of the multiplication process. The presence of dark 

current tends to restore the balance in the noise associated with both 

symbols, hence the optimum threshold increases towards 0.5 again. 

7.3.2 Nonideal SAPD (k > 0) 

Single carrier multiplication is an obvious goal in designing 

high performance SAPDs. Unfortunately, practical results and 
theoretical simulations indicate that residual hole ionisation is 
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still a problem in these devices. Here we present some results 

related to these nonideal detectors (that is k>0). We start with a 

single stage device, N =1. This case has attracted attention recently 

as a high speed photodetector with a low ratio of excess noise to 

gain. Fig. 7.7a shows the number of detected photons per bit required 

to achieve BER =10"9, as a function of ionisation rate ratio, taking p 

as a parameter and with zero dark current being assumed. Fig. 7.7b is 

a plot of the optimum threshold level used in these calculations. It 

is clear that the results obtained by the GA approach are in excellent 

agreement with those predicted by the fundamentally more sound MCB, 

both for receiver sensitivity and threshold evaluation. This may be 

attributed mainly to the low noise operation - even with the existence 

of residual hole ionisation - of a single stage device. Inspection of 

Fig. 7.7a shows that substantial improvement in receiver sensitivity 

occurs when p=1 and k tends to 1. This is illustrated further in 

Table 7.1 which shows the required number of photons per bit for four 

different values of k, assuming p=1. Here the GA slightly 

underestimates the required number of detected photons. 

TABLE 7.1 

Performance of an optical receiver incorporating a single stage SAPD 

BER=10-9. 

k number of detected photons per bit 

GA Mrn 

0.01 

0.1 
0.8 

0.9977 

895.2 

816.5 

209 

31.7 

HCB 

900.2 

821.5 

213 

27.6 
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Typical BER characteristics for an optical receiver using a 

nonideal 5-stage SAPD are shown in Fig. 7.8, together with the 

corresponding optimum threshold. Results are presented for zero dark 

current and assuming p=0.8, k=0.01 (Fig. 7.8a) and p=0.4, k=0.1 

(Fig. 7.8b). Solid lines and closed circles refer to the GA and MCB 

respectively. The steps indicated in the MCB threshold derive from 

numerical imprecision and do not have specific practical significance. 

Although the GA overestimates slightly the receiver sensitivity, it is 

still in close agreement with the MCB. Similar remarks may be made in 

relation to Fig. 7.9, where a 10-stage detector is considered. A 

brief summary of the characteristics of both receivers for BER=10"9 is 

presented in Table 7.2. Note that the GA can predict the receiver 

TABLE 7.2 

Summary of results for 5-stage and 10-stage SAPD-receivers. BER=10-9. 

N p gain photons/bit sensitivity (dBmj threshold 

k <ga> GA MCB GA MCB GA MCB 

0.8 26.39 88 93.60 -46.3 -46.05 . 383 . 396 
0.01 

5 
0.4 

9.44 220.6 236.8 -42.33 -42.02 . 426 . 437 
0.1 

0.4 
44.74 67.56 71 -47.47 -47.25 . 294 . 308 

0.01 

10 

0.2 
11.137 197.4 210.6 -42.8 -42. S3 . 404 . 417 

0.1 
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sensitivity within 0.3 dB compared with the MCB. We note also that it 

slightly underestimates the optimum threshold. 

To investigate the optimum SAPD gain required to achieve minimum 

detectable optical power we plot in Figs. 7.10 and 7.11 the variation 

of BER as a function of SAPD gain under constant optical power 

for N=5 and N=10, respectively. Figs. 10ä and Il a correspond to an 

average incident optical power level of 100 photons/bit and k=0.01, 

while Figs. 10b and llb correspond to 200 photons/bit and k=0.1. In 

addition, the optimum threshold levels used in these calculations are 

also shown in these figures. Note that there is a well-defined optimum 

gain at which BER is minimum, although the GA overestimates the 

optimum gain, as ilustrated in Table 7.3. While the difference between 

the minimum values of BER estimated by the MCB and the GA may seem to 

be relatively high it should be noted that this corresponds to only a 

TABLE 7.3 

Optimum electron ionisation probability pupt and optimum gain <gN> 
pt 

required to achieve minimum detectable optical power 

no. of ionisation optimum probability optimum gain 
stages rate ratio P > apt oPt N opt 

N k GA MCB GA HCB 

0.01 1.0 0.97 75.1 61.82 
5 

0.1 0.493 0.477 29.38 22.38 

0.01 0.4485 0.43 87.23 76.295 
10 

0.1 " 0.236 0.23 28.9 23.06 
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small change in receiver sensitivity since BER varies rapidly with 

signal power in this region. We also emphasise that for most cases the 

predection of optimum threshold based on a GA is in good agreement 

with that obtained using the MCB. 

7.4 Summary 

A gain moment generating function formulation for SAPDs has been 

developed and evaluated numerically taking into account the effect of 

residual hole ionisation. This has been used as a basis for a 

rigorous analysis of optical receivers utilising these advanced 

detectors. We have described a statistical model for the detection 

process using the modified Chernoff bound (MCB) and the moment 

generating function (MGF) of the signal at the input to the decision 

circuit. This model has enabled us to assess accurately receiver 

performance in the presence of hole ionisation and dark current 

generated in the various stages of the detector. The Gaussian 

approximation (GA) was also investigated and compared with more 

precise and formally based calculations using the complete statistics 

of the detection process. The results indicate that for SAPD 

receivers the GA can predict quite accurately receiver sensitivity 

whilst overestimating slightly the optimum gain. The optimum threshold 

predicted by the GA has also been found to be in good agreement with 

that predicted using the MCB for most cases considered here. 

The development presented here has provided precise performance 

evaluation tools. These are based soundly on a moment generating 
function formulation encapsulating the entire statistics of the 

underlying stochastic processes associated with the signal and noise 

components. This has enabled a detailed analytic investigation of the 
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performance of advanced SAPD optical receivers to be undertaken and a 

comparison effected with performance predictions based on the widely 

adopted Gaussian approximation which uses only first and second order 

statistics. The results of the study clearly validate the simple GA 

approach enabling it to be adopted henceforth with complete confidence 

for practical system studies and comparison. The simplicity and ease 

of calculation of the GA justifies this approach as an efficient tool 

for system design engineers to use as the basis for rapid prediction 

of the performance of optical receivers. 

In this and previous chapters, the performance of optical 

receivers has been estimated under the assumption that the gain 

bandwidth product of the APD is extremely large so as not to impose 

any limitation, on system performance. In practice, this parameter 

could prove to be a limiting factor for the performance of gigabit per 

second systems. Accordingly, the next chapter, we discuss the speed of 

response of ' SAPDs, and the effect on performance of high bit rate 

lightwave receivers. 
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CHAPTER 8 

FREQUENCY RESPONSE CHARACTERISATION OF SAPDS 

In this chapter we will discuss the speed of response of 

superlattice avalanche photodiodes (SAPDs) and the effect on the 

performance of multigigabit-per-second lightwave receivers. An 

expression for the frequency response of single carrier multiplication 

SAPDs is presented, providing an estimate for the maximum gain 

bandwidth (GB) product which can be achieved with ideal devices. The 

existence of residual hole ionisation degrades GB product mainly due 

to avalanche build-up time, arising from the regenerative nature of 

the avalanche process. In this case the GB product is found to be 

inversely proportion al to the width of the multiplication region W and 

directly proportional to the number of stages N, especially when N is 

large. Sensitivity calculations for equalised GB-limited SAPD 

receivers are presented which take into account the effects of both 

residual hole ionisation and the width of the avalanche region. The 

analyses- should provide useful guidelines for the design of high bit 

rate optical receivers employing SAPDs. 

8.1 General Remarks 

The speed of response of APDs can be an important factor in 

determining the performance of high bit rate optical receivers. In 

general, heterojunction conventional APDs (CAPDs) and superlattice 
APDs (SAPDs) have response speeds which are limited by various 

physical processes [Forrest, 1984; Kasper and Campbell, 1987; Mattera 

et al., 1986]. The most common sources of speed degradation are: RC 
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time constant resulting from the finite capacitance of the diode C 

together with load resistance R, charge accumulation at the 

heterointerfaces, the transit time of carriers through the depletion 

region, and the gain bandwidth (GB) product due to avalanche build-up 

time arising from the regenerative nature of the avalanche process. 

Proper device design enables the effect of the RC time constant to be 

reduced by choosing small values for R and C (a well-designed APD can 

have a time constant of the order of 1Ops). Response speed 

limitations due to charge trapping at the interfaces can be lessened 

by grading the interface [Capasso et al., 1983; Campbell et al., 1988; 

1989b] or by using higher electric fields there [Osaka and Mikawa, 

1986; Brennan and Wang, 1988]. The latter solution may lead to higher 

tunnelling dark current but this has little influence on the 

sensitivity of optical receivers operating at high bit rates [Smith 

and Forrest, 1982]. Thus the speed of these detectors is 

intrinsically limited by the total time for both the primary and 

secondary carriers to be swept out of the depletion region. 

It should be noted that while the results developed in the 

following sections are based on considerations of staircase APDs, they 

are also applicable to other SAPDs in which carrier transport is 

perpendicular to the superlattice planes. 

8.2 Frequency Response of Ideal SAPDs 

The target in designing SAPDs is that only one species of carrier 
(electrons or holes) should impact ionise, thereby eliminating the 
feedback noise associated with two-carrier CAPDs. Such ideal devices 

can provide low noise and high speed detection for the optical signal. 
In this section we shall discuss the time response and frequency 
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response of such ideal SAPDs. 

Matsuo et al. [1985] have analysed the time response of a 

staircase APP due to a single photon absorbed in the p+ region. In 

their treatment they assumed the width of the p+ region to be 

negligible. The current pulse i(t) arising from a single photon 

absorbed at t=0 is the superposition of contributions from the initial 

electron and from the secondary electrons and holes created at the 

steps. It is given by 

1(t) = a0(t) + PL 1 +p)k-I 
[ak(t) 

, +, bk(t)] 
J (8.1) 

where p is the probability for the electron to impact ionise at the 

step and N is the total number of stages. Further, a0(t), ak(t) and 

bk(t) are respectively the current pulses arising from the primary 

electron, secondary electron and secondary hole created at the k`h 

step, given by* 

X_q_ 
[ 

ak(t) _ 
[U(t-kr) 

- U(t-Nr 1 0:!; k: 5 N (8.2) 

bk(t) = zh 
[ut-kr )- U(t-k(t+rh)) ]1Sk5N 

(8.3) 

where q is the electronic charge, U(. ) denotes a unit step function 

and r0(rb) is the time it takes the electron (hole) to drift across a 

single stage. Note that eqns. 8.1-8.3 employ a deterministic 

* Note that for the structure considered here (see Fig. 2.2), the 
total transit time for the electron to dirft across the entire device 
is equal to NT in contrast to (N+1)re adopted by Matsuo et al. 
[1985]. 
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Tc = W/(Nv, ) (8.4a) 

zh = W/(Nvh) (8.4b) 

where W is the width of the depletion region and ve(vb) is the average 

speed of electrons (holes) in the device. We note here that while the 

above expressions for i(t) are derived assuming short circuit 

operation, the effect of a finite RC time constant is readily included 

simply by considering each current pulse arising from a hole or 

electron to charge the capacitance C through load resistance R. 

The frequency response of an ideal staircase APD can be obtained 

by taking the Fourier transform of the impulse response given in eqn. 
8.1. Thus 

I(j (v) =Iq[q T 1- ex p(-j wNlQ) 
1+ 

pp (1 +p) k"1 
j coNT 

[exp-wkt0) 

oJ ý1 o 

-ex p (- j c, N ö )1 + fe 
xp(-jcok r) -exp[ -j cok (T +t 

a) 
l] (8.5) jcoNr- 

where co is the angular frequency. Eqn. 8.5 can be simplified further 

by recognising the summation as a geometric series, giving: 

(1+p) N exp(-jcoNze)-1 'D a I(jco) _ jwNT 1-exp( jtvNTe), +p 
-exp ao z e 

_ 
(1 + N-1 

exp(jcoNt + 
+p) N exp(jcoNte)-1 [p] 

ja L) T14 p -exp cWT 
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(l+p) N exp[-jco N(z, +zh)] 
(8.6) - +p -exp co To+ Th )1 

1 

Note that I(0) =q(1 +p)N, where (1 +p)N is the dc gain of the diode. The 

real and imaginary parts of the transfer function can be expressed as 

Re[I(jco)] = Alsin(coNre) + Az (1+ ö/th) sin(cor)[(I+p)N cos(coNzo)-1] 

- A2(1 +ze/Th) 
[(1 

+p)N sin(coNTa) 
[(1 +p)-cos(ct r ), 

+ A3sin(coNr) - A4sin(co(ra+rh)) [(1 
+p)N cos(CON(re+rh))-11 

+ A4(1 +p)N sin(coN(r 
e+ 

rh)) 
[(1 

+p)-cos(aw(re+th))] (8.7) 

Im[I(jco)] _ -A1 
[l-cos(coNr,, )] - A2(1 +r /rh) [(1 +p)N cos(cwNro)-11 

. 
r(1 

+p)-cos(cor )] - A2(1 + e/Th)(1 +p)N sin(coNze)sin(core) 

+ A3cos(coNr0) + A4 [(1 +p)N cos(cON(ze+Th))-11 [(1+ 
p)-cos(co(r +th))] 

+ A4sin((o(ze+Th))(1 +p)N sin(coN(T +Th)) (8.8) 

where 

Al = q/(coNte) (8.9a) 
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A2 = (8.9b) 
coNr, [(1 +p)-cos(wi, )]2 + sin2(uwte) 

[ (1 '+ N1] (8.9c) A3 -wt 
0 

A4 = (8.9d) 
coNT, [(1 +p)-cos(co(i ö zh))]2 + sin2(co(ze+Th)) 

It is appropriate to note that the above equations can be used to 

describe the frequency response of ideal CAPDs by letting the number 

of stages N tend to infinity with the width of each stage approaching 

zero. With such a procedure we recover eqn. 13 of ref. [Teich et al., 

1986c]. 

In Fig. 8.1 we present the impulse response and the frequency 

response (both magnitude and phase) for a device with N=5, p=0.5. The 

results are calculated from eqns. 8.1,8.7 and 8.8 assuming t= rh. 

Similar results relating to N=10 are shown in Fig. 8.2 for comparison. 

In Figs. 8.1a and 8.2a the ordinate represents current (in units of 

q/t. ) whereas the abscissa represents normalised time (in units of 

t/r 
0 
). In Figs. 8. lb and 8.2b the lower abscissa represents 

normalised frequency (in units of tef) and the upper abscissa denotes 

illustrative actual frequency values (in GHz) assuming vvh=10ý cm/s 

and 0.2pm for the stage width. Note that the total area underneath 

the impulse response function corresponds to the average dc gain of 

the device, (1+p)N. Randomness of the carrier transit time [Matsuo et 

al., 1985] and the finite RC time constant will have the effect of 

smoothing and extending the impulse response. The duration of the 
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current pulse is equal to N(ze+ rh) leading to higher bandwidth for the 

5-stage device compared with N=10, assuming 'r is the same. The 

bandwidth is approximately 28.53 GHz and 16.74 GHz for N=5 and N=10 

respectively. This is less than that predicted by Matsuo et at. 

[1985] using the approximate formula 1/[N(ra+ rb)]. 

Fig. 8.3 shows the effect of the electron ionisation probability 

at the step, p, on both the GB product and the bandwidth of these 

devices. The dotted line corresponds to a 5-stage device of width 1p1m 

(i. e. W/N=0.2pm); the solid and dashed lines correspond to N=10 

assuming W =2,4m and lpm respectively. Once again these calculations 

assume vO=ve=l07cm/s. For all three cases the GB product increases as 

p increases, with higher values achieved with N=10 and W =1pm. Note 

that the 5-stage device has a higher GB product at lower values of p. 

Summarising qualitatively, at lower values of p the 10-stage device 

offers slightly higher gain than does the 5-stage device but the 

bandwidth of the latter is much wider, as seen from Fig. 8.3b. 

The variation of the bandwidth with p is plotted in Fig. 8.3b for 

the three cases discussed above. Note that there is a certain value 

of p for which the bandwidth is minimum. With stage width of 0.2µm, 

the N=5 device offers higher bandwidth than does the N=10 device since 

the impulse current response is of shorter duration. If the total 

width of the two devices is the same (lpm) the higher bandwidth will 

be achieved with N=10, particularly for p>0.2. Note that the 

bandwidth and GB product is the same for both devices when p=0, and 

W=1pm, as one would expect since then no impact ionisation occurs and 

both cases yield the same impulse time response function. 

The main conclusion to be drawn from the foregoing discussion is 

that very high GB products may be achieved in ideal SAPDs, with GB an 
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increasing function of N assuming p and W are the same. In 

particular the analysis predicts GB products of 103 GHz and 5x104 GHz 

for the 5-stage and 10-stage devices respectively, assuming W =1/tm and 

vý=vh=107 cm/s. 

8.3 Effect of Avalanche Build-up Time 

The high bandwidths calculated in the previous section cannot be 

achieved in practical devices due to the influence of residual hole 

ionisation. Owing to the regenerative nature of the avalanche 

process, the higher the gain the longer it takes the avalanche process 

to build up. This gives rise to a constant GB product which is the 

most restrictive limitation to the speed of response of these 

detectors. The avalanche build-up time and hence the GB product are 

strong functions of the hole to electron ionisation ratio. For very 

low ionisation ratio the avalanche build-up time is relatively small 

and hence, the bandwidth is limited by other effects. The existence of 

higher residual hole ionisation rates leads to increased avalanche 

build-up time which degrades the speed of operation of the detectors. 

Most SAPDs, fabricated using various techniques, have ionisation rate 

ratios of more than 0.1 [Mohammed et al., 1985; Juang et al., 1985; Yu 

et al., 1987] and hence their bandwidth is expected to be strongly 

affected by avalanche build-up time. We shall now examine this 

problem in some detail. 

The theory of avalanche build-up time in CAPDs has been 

extensively studied and reported [Lee et al., 1967; KuOas and Lee, 

1970a and 1970b]. In order to be able to apply these results to SAPDs 

we shall show how the latter may be modelled as CAPDs. This modelling 

approach will also enable us to predict other gain characteristics of 
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SAPDs based on information previously published for CAPDs. 

8.3.1 A New SAPD Model 

Consider a SAPD having a depletion region of width W distributed 

equally among the N stages as shown in Fig. 8.4. Such a structure is 

usually analysed using a discrete ionisation model, each carrier 

having a given probability to impact a single ionisation per stage. 

Hence the gain and noise characteristics of these devices are 

different from CAPDs where a continuous ionisation process is assumed. 

Here we shall examine SAPDs in an alternative manner. We shall treat 

these advanced devices as if they were CAPDs in which the electron and 

hole ionisation rates a and ß are not constant throughout the 

depletion region extending from x=0 to x=W. In order to model the 

discrete ionisation process a(x) is represented as a series of N 

impulses, one impulse per stage. A similar presentation may also be 

employed for holes, even though for some devices - such as a staircase 

APD - continuous ionisation is more realistic. In the latter case the 

low ionisation rate and small width of the individual graded regions 

make a discrete approximation appropriate. Hence we have 

N 

a(x) = as 6(x-x iW/N) 

N 

AX) = jo LJ(x-x i -iW/N) 

05 xi s W/N (8.10) 

0sxi sW/N (8.11) 

where a(. ) denotes the dirac delta function and xi(xi) corresponds to 
the position where the initiated electron (hole) impact ionises at the 
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i`h stage. The weights ao and 80 of the impulses are related to p and 

u, the probabilities for the electron and hole respectively to cause a 

single ionisation per stage according to, 

1W/N 
1 +p f exp(ax). dx = exp(ao) (8.12) 

(1-1)W/N 

LW/N 

1 +u f exp(ßx). dx = exp(ßo) (8.13) 
(t-1)W/x 

or 

ao = ln(1+p) (8.14) 

fto = ln(1+u) (8.15) 

While the above equations are written for the special case of the 

ionisation probabilities p and u being the same for the various 

stages, they can be readily extended to the general case by allowing 

ao and 80 to vary from one stage to another according to the values of 

the individual parameters p and u. 

The average gain for pure electron injection <Me> can be 

calculated for a CAPD using the following expression [Lee et al., 

1967] 

w 
exp 

r J(a-ß). dx 1 

<M >=L°J 
eww 

1-f .. exp 
[f (a-ß). dx'I dx 

0x 

(8.16) 
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where a and ß are functions of x. If eqns. 8.10 and 8.11 are used to 

replace a and ft respectively, then we can simply show that 

<gN> _ <M 
e> 

= 
QN (8.17) 

1-ln(1+u)I Qß-1 1 

which is independent of xi and xi and 

Q= (1 +p)/(1 +u) (8.18) 

Comparing eqn. 8.17 with the exact formula given in the literature for 

the gain of a SAPD [Teich et al., 1986a] 

QN 
gN> <Me> _ 

QN-1 
(8.19) 

1-u r 
-Q --i- 

shows that the new model is able to predict accurately the gain of 

these advanced detectors when the residual hole ionisation is small 

since ln(1 +u) =u for u« 1. In fact we find that the model gives a good 

estimate for the gain when u <0.1 as shown in Fig. 8.5. Here eqns. 
8.17 and 8.19 are compared graphically for two values of N, 5 and 10, 

taking k=u/p as a parameter. It is clear that there is a good 

agreement between the two expressions for all values of k for N=10 and 

for k less than 0.1 for N=5. We can reasonably assert that the new 

model can be used to estimate the gain characteristics of SAPDs for 

all values of k when N -: r. 10 since the maximum value of u required to 

avoid avalanche breakdown is limited to 1/N when k=1. For simplicity 
in the following analysis we shall take xi=W/N and x{ =0 for 1 sis N. 
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This assumption may affect slightly the calculation of the speed of 

response, but the effect is very small when N is large. 

The average gain Mi = <g> associated with a hole-electron pair 

initiated at the entry of the (i+ 1)`h stage can be estimated according 

to the new model as follows. The average gain for a CAPD as a 

function of position x can be expressed as 

x 

M(x) = M(O). exp[ -f(a-ß). dx'] 

0 

(8.20) 

where M(0) _ <M, >. Using eqns. 8.10 and 8.11 with eqn. 8.20 yields 

Ml _ M0Q-i (8.21) 

where Mo m< Me > for pure electron injection. Eqn. 8.21 is in accord 

with previously reported results for SAPDs (eqn. 3.1). 

8.3.2 Determination of Avalanche Build-up Time 

For a CAPD the frequency variation of the multiplication can be 

represented by an equation of the form [Naqavi, 1973]. 

M(X, w) = 
M(x) 

(8.22) 1xtx 

where <Ma> >a/ß is assumed. Here M(x)li3M(x, 0) is the dc gain given in 

eqn. 8.21 and z(x) is the effective transit time which is dependent on 

the ionisation rate ratio k=ß/cx and the mean transit time of the 

carriers across the avalanche region 
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x 

z(x) = t(0). exp[ f (a-ß). dx', (8.23) 

0 

where z(0) is the effective transit time for pure electron injection 

kwa 
Z(0) _Ve+ Vh 

f exp 
[- f (a-ß). dx'] dx (8.24) 

0 
L0 J 

Here k is a correction factor introduced by Kuväs et al. [1970a] to 
O 

include the effects of carrier induced displacement current which 

depends on the ionisation rate ratio, the velocity of charge carriers 

and the diode structure. Eqn. 8.22 indicates the existence of a gain 

bandwidth product (GB): 

GB = 1/[2ni(0)] (8.25) 

assuming that avalanche is electron initiated with avalanche build-up 

time given by T(O)M(O). 

We shall now apply the above results to SAPDs using our model. 

The effective transit time for pure electron injection r can be 

obtained from eqn. 8.25 with the aid of eqns. 8.10 and 8.11. 

kN iW/N x 

Vh 1f 
exp 

[-J(c-ß) 
. dx'] dx to =Vc0 

(i-t)W/N 0J 

kw N0v+vE 
exp 

[-a(i-1) +ß il (8.26) 
oh i-! J 
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where xi = W/N and xi =0 are assumed. Eqn. 8.26 can be simplified 

further using eqns. 8.14 and 8.16. 

k W(1 +u) 1_Q-x 
_0 To - v 

o+ 
Vh[ 1_Q-1 

The interesting feature of eqn. 

time for SAPDs is directly proportional to the width of the 

multiplication region. Moreover, as the number of stages increases, 

t will increase or decrease according to the net effect of [I_Q7N]/N. 
a 

Generally, when N is large and Q >I then Q7N-, 0 leaving the GB product 

directly proportional to N. For very high noise APDs (i. e. kEu/p=1) 

eqn. 8.27 reads 

=o =2 öW/(v, +vh) (8.28) 

8.27 is that the effective transit 

(8.27) 

which for given W is independent of the number of stages. In this 

case the GB product degrades severely. 

The correction factor ko may be calculated approximately using an 

expression reported in the literature for uniform CAPDs [Was, 1970a] 

and assuming effective ionisation rates aff=N. ln(l+p)/W and 

flirr =N. ln(1 +u)/W, 

(v +v )2 

keb 
o výv k 

a` a+ l1 In(a)-2 1 

(a 1)2 LJ 
(8.29) 

where 

a= ln(1 +p)/ln(1 +u) 
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This approximation is used here in the interest of simplicity, the 

expression for the correction factor ko for nonuniform CAPDs being 

quite complicated. 

Before we proceed further let us check the validity of eqns. 8.27 

and 8.29. To apply these equations to a uniform PIN avalanche diode 

we let N44)o, and p=a. Ax, u=ß. 4x where Ax is the width of a single 

stage. When 11x40, eqns. 8.27 and 8.29 reduce to the following 

expressions. 

k 
Ta = ve 

0[ 1-exp[-(ac-ß )W] (8.31) 

(v +v) k (8.32) ko =V vh Z( 
lI 

-k ln(1/k)-2 1 

eh (1-k) LJ 

where kimß/a is the ionisation rate ratio for a CAPD and we make use of 

the following relation [van Vliet et al., 1979b]. 

Lim QN = exp[cx-ß)W] (8.33) 
N-400 

Equations 8.31 and 8.32 are identical to those given in the literature 

for uniform PIN avalanche diodes. 

The effective transit time r associated with a hole-electron 

pair initiated at the entry of the (i+ 1)`hl stage can be determined 

with the aid of eqn. 8.23 

i 
Ti = TOQ (8.34) 

Thus rIMi=r0M0 independent of the position of injection. Here Mo and 
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Mi represent the dc gain defined in eqns. 8.17 and 8.21 respectively. 

Figs. 8.6a and 8.6b present the GB product and the bandwidth of a 

SAPD due to, avalanche build-up time as a function of the electron 

ionisation probability p for two values of N, 5 and 10. In these 

examples the ionisation rate ratio km u/p is taken up as a parameter, 

the width of, the stage is assumed to be 0.2pm for both devices and the 

speed of both carrier species to be 10'cm/s. Note that existence of 

residual hole ionisation will limit the range of p over which the 

device can be operated without avalanche breakdown occurring. 

Comparing the various curves we make the following observations: 

(i) As p increases a high GB product can be achieved in both 

devices. This is true for all values of k except when k= 1. In this 

case the figure suggests that GB product decreases as p increases and 

according to eqn. 8.29 the correction factor ko still depends on p 

even for k=1. This apparent contrast with uniform PIN avalanche 

diodes - for which ko is independent of a and ß when the ionisation 

rate ratio is equal one [Kuhas, 1970a] - is in fact due to the 

approximation used in the calculation of k0. An exact expression for 

ko for superlattice devices is expected to be independent of p for 

k=1. This is not a serious limitation since SAPDs are usually 

realised with k different from one. 

(ii) The bandwidth for both devices degrades as p increases, 

tending to a very low value in the vicinity of avalanche breakdown 

since the gain becomes extremely large. 

(iii) As k increases lower values for GB product and bandwidth 

are to be expected for both devices. 

(iv) The 5-stage device offers wider bandwidth and higher GB 

product at a given value of p compared with the 10-stage device. For 
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large values of p the GB products of both devices tend to the same 

value since W/N, the dominant parameter in determining r,, is the same 

for both devices. 

In Fig. 8.7 similar results are presented but with the width of 

the depletion region of the 10-stage device reduced to 1pm to be the 

same as that of the 5-stage device. Similar conclusions may be drawn 

here except that the GB product for N=10 is higher than that for the 

5-stage device. Note that for N=10 the GB product of Fig. 8.7a is 

twice that of Fig. 8.6a, since for Fig. 8.7a W is reduced to one half 

of its former value. 

From the above discussions it is clear that for given p, k and W 

higher GB products and lower bandwidths are expected as the number of 

stages increases. In addition, the avalanche build-up time imposes 

limitations on the speed of these devices when k>0.1. For example for 

N=10 the GB product is limited to 100 GHz assuming W=24tm and k=0.1. 

This is much less than the value of 104 GHz which can in principle be 

obtained for an ideal device (see Fig. 8.3a). 

8.4 Sensitivity Degradation due to Avalanche Build-up Time 

For gigabit-per-second systems, the APD GB product is a very 
important factor, which affects receiver sensitivity since it limits 

the APD gain to less than the optimum value in order to maintain the 

required signal bandwidth. In this section the performance 
degradation of optical receivers due to limited GB product arising 
from avalanche build-up time is assessed. This analysis can readily 
be extended to include the effect of other factors limiting the speed 

of these superlattice devices. 

In order to reduce the effect of limited GB product of APDs at 
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very high bit rate, the receiver may be operated either at 

sufficiently low avalanche gain that the bandwidth ensures that no 

intersymbol interference (ISI) is produce [Forrest, 1984; Shikada et 

al., 1987], or at a larger APD gain with equalization of the APD 

response to remove the ISI introduced by limited bandwidth. The 

latter involves a penalty due to increased high frequency receiver 

noise [Ando and Kanbe, 1985; Kasper and Campbell, 1987], but leads to 

higher sensitivity. Accordingly, this approach is adopted here. In 

calculating the sensitivity we follow Personick (1973) in adopting a 

Gaussian approximation. We note also that the equalised APD noise 

spectrum may be taken as uniform since the equalised APD response is 

flat. 

To illustrate our analysis we will assume an APD/FET receiver 

operating at wavelength . 1=1.5pm. The equivalent noise current of the 

amplifier can be estimated from eqn. 3.26 by replacing Personick 

integrals I2 and I3 by new weighting fu nctions IZ and I3, respectively 

[Kasper and Campbell, 1987]: 

I' =I+ nn 

<M >2B2 

(GB)2 
Io+l for n=2,3 (8.35) 

Where IA (n=1, ..., 4) are Personick integrals [Personick, 1973] with 

values related to the input and output pulse shapes. Further, <M 
0> 

is 

the dc avalanche gain, assuming electrons initiate the avalanche, and 
B is the bit rate. In the calculation which follows, we assume 5052 

load resistance, 0.5pF input capacitance and va=vh= l07cm/s. Other 

receiver parameters are given in Table 3.1. We note that while the 

25ps RC time constant will affect the response speed of the diode, our 

analysis will be directed towards estimating the influence of finite 
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GB product arising from avalanche build-up time. 

Eqn. 8.35 implies that the excess amplifier noise power arising 

from equalisation of the APD response is proportional to the square of 

the ratio of bit rate to unequalised APD bandwidth. Thus the 

amplifier noise is now a function of the APD gain < Me > because the 

corner frequency of the equaliser must be adjusted to match the 

bandwidth of the diode, which depends in turn on <Mo> . This 

dependence has been previously predicted by Kasper et al. [1987] and 

it is illustrated in Fig. 8.8, which shows the bit rate dependency of 

the amplifier input noise current spectral density [<i2> /B]' for 

different values of GB product and assuming <M 
0 

>=10. The solid line, 

which corresponds to infinite GB product, shows only a slow increase 

with B since Johnson noise associated with the 5091 load resistance 

dominates other amplifier noise sources. 

Figures 8.9a and 8.9b present, for N=10 and N=5 respectively, the 

variation with ionisation rate ratio k of the sensitivity rIP of a 

IOGbit/s receiver. The width of the avalanche region W, which leads 

to a finite GB product, is taken as a parameter. In these 

calculations the APD gain <Me> (and hence p) is adjusted for each set 

of parameters to obtain the minimum detectable optical power required 

to achieve BER=10-9. Results corresponding to k> 0.1 when N=5 are also 

plotted in Fig. 8.9b - even though our model predicts less accurately 

the GB product in this region - for comparison with N=10. Figure 8.9 

indicates clearly that sensitivity penalty due to finite GB product 

increases with k for a given W. This arises from the degradation of 

GB product when k increases as explained in the previous section. It 

is worth mentioning here that for the 5-stage device there is a 

certain value of k for which nP is minimum due to the net effects of 
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both < Me > and F. which are strong functions of k. This is 

particularly marked when W is small. 

Figures 8.10a and 8.10b show the variation of receiver 

sensitivity with bit rate for a 10-stage device assuming k=0.01 and 

0.1 respectively. We note from these curves that for B< 10 Gbit/s and 

k<0.1 the penalty incurred due to avalanche build-up time is predicted 

as less than 1dB when the device is fabricated with W =1ptm or less. In 

contrast, a higher penalty is incurred when W> 3pm even at bit rates as 

low as 2 Gbit/s, as may be seen from Fig. 8.10b. 
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The primary conclusion to be drawn here is that SAPDs should be 

fabricated with a short avalanche region (1 <um) and low residual hole 

ionisation (k<0.1) to ensure high speed, high sensitivity optical 

receivers for future multigigabit-per-second lightwave transmission 

systems. 

Recently Moseley and co-workers [1988] have succeeded in 

fabricating a high speed quantum well APD using the GaInAs/InP 

material system. They were able to achieve GB=25 GHz, with N=50 and 

W=0.7#m, which is the highest GB product to date for a SAPD made from 

this material system. No information was reported concerning the 

ionisation rate ratio, but we believe that a value of k> 0.1 was 

primarily responsible for the lower value of GB product reported by 

them, consistent with the theory presented h ere. 

8.5 Summary 

High gain bandwidth products may be achieved with ideal SAPDs. 

The existence of residual hole ionisation impairs the speed of 

response of these devices, primarily due to avalanche build-up time. 

To estimate the GB product in this case we have shown that the SAPD 

may be modelled as a CAPD in which hole and electron ionisation rates 

ß and a exhibit position dependency corresponding to a series of 

impulses - one per stage. This has enabled us to apply the theory of 

CAPDs directly to predict the gain characteristics of SAPDs. The 

results show that the GB product of SAPDs is inversely proportional to 

the width of the avalanche region W and directly proportional to the 

number of stages N, for N» 1. Analysis of the sensitivity of optical 

receivers incorporating GB-limited SAPDs indicates clearly that these 

advanced detectors should be fabricated with W< 1Nm and low residual 
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hole ionisation (k <0.1) to ensure negligible penalty for gigabit-per- 

second operation. 

In the next chapter we compare the performance of SAPD receivers, 

with that for CAPDs and then introduce a new receiver signal 

processing scheme which leads to signal element waveforms satisfying 

Nyquist's first and second criteri a with respect to the depressed 

optimum decision threshold encountered with high performance APD 

receivers These new signal design targets offer improved tolerance to 

alignment jitter when used in conventional fully retimed optical 

receivers. 
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CHAPTER 9 

OVERALL RECEIVER CONSIDERATIONS 

In previous chapters, the performance of optical receivers 

incorporating superlattice avalanche photodiodes (SAPDs) has been 

evaluated allowing for the influence of both residual hole ionisation 

and dark current. In this chapter we compare these results with those 

for conventional APDs to indicate the number of stages required for 

superlattice devices to provide improved sensitivity. Later we 

describe new signal designs for optical communications based on APD 

receivers. This new receiver signal processing strategy leads to 

signal element waveforms satisfying Nyquist's first and second 

criteria with respect to the depressed optimum decision threshold 

enountered with high performance APD receivers. This results in an 

eye pattern for binary optical communications which is well disposed 

around the depressed threshold. The new signal design targets are 

thus well suited to untimed transmission whilst also offering improved 

tolerance to alignment jitter when used in conventional fully retimed 

optical receivers. The practical realisation is considered to consist 

of signal shaping networks with responses closely approximating these 

new designs. 

9.1 Performance of CAPD and SAPD Receivers 

In this section the sensitivity degradation S of optical receivers 
due to residual hole ionisation and dark current is presented for both 

SAPD and CAPD detectors. Illustrative results will be presented for 

two. values of N, namely 5' and 10, since the behaviour of the SAPD 

receiver perförmance differs according to N in some cases. We note 
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also that in these calculations the gain-bandwidth product of the APD 

is assumed high enough to be considered as not a limiting factor for 

the performance of the receiver at high bit rate. 

We consider as an example a2 Gbit/s receiver operating at 

) =1.5pm. The sensitivity is estimated for BER=10'9 assuming 22kQ load 

resistance. Other parameters used in the calculation are given in 

Table 3.1. Fig. 9.1 shows the receiver sensitivity j 7P as a function of 

APD gain for different values of ionisation rate ratio k, assuming 

zero dark current. The solid lines correspond to a SAPD and the 

broken lines to a CAPD. Note that for relatively high values of k 

there is a well-defined optimum gain at which the detected optical 

power is minimum (the sensitivity is optimum) for a SAPD receiver, a 

behaviour similar to that of a CAPD. For lower values of k the SAPD 

receiver continues to give improved sensitivity as p (electron 

ionisation probability per stage) increases with optimum performance 

occuring at p=1 since no avalanche breakdown occurs in the detector 

under these circumstances. The optimum sensitivity of the 10-stage 

SAPD is higher than that of the CAPD at lower values of k. It is also 

evident from Figs. 9.1a and 9.1b that the receivers have the same 

performance for k>0.1. The optimum gain has been calculated as a 

function of ionisation rate ratio for these detectors and the results 

are displayed in Fig. 9.2. The optimum gain is almost the same for 

both the 10-stage SAPD and the CAPD, at fixed values of k. However 

the 5-stage SAPD exhibits a lower optimum gain at lower values of k. 

Figs. 9.3a and 9.3b show the variation of the optimum sensitivity 

as a function of k for N=5 and N=10 respectively. Results for a CAPD 

are also shown for comparison. Two types of dark current component 

are considered: Ida generated uniformly in the avalanche region and 
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Fig. 9.2 Optimum gain as a function of ionisation rate ratio k. 
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1dd due to minority carriers diffusing from the p+ region. Fig. 9.3a 

illustrates that at zero dark current the CAPD offers better 

sensitivity than the 5-stage SAPD at lower value s of k. Also there is 

an optimum value of k at which the sensitivity of the SAPD receiver is 

maximised, in contrast to the CAPD receiver for which the sensitivity 

degrades as k increases. ' The existence of 100 nA dark current 

degrades the performance of both receivers, but the . 
influence is 

greater for CAPD, especially due to the diffusion dark current 

component. Note that for Idd=100 nA the SAPD receiver gives improved 

sensitivity compared with a CAPD receiver over the entire range of k. 
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Fig. 9.3b indicates clearly that sensitivity improvement can be 

attained by a 10-stage SAPD compared with a CAPD receiver when k is 

small, but it is more severely affected by dark current. Since long 

wavelength CAPDs have k between 0.1 and 1, Figs. 9.3a and 9.3b indicate 

that a SAPD can offer about 5dB sensitivity improvement if k is kept 

less than 0.01. However, the sensitivity improvement will be larger at 

higher bit rate when the effect of finit gain-bandwidth product is 

taken into account [MacBean, 1990a]. Note that for k>0.1 the optimum 

sensitivity is almost the same for N=5 and N=10. In this case N=5 is 

preferred for high speed operation. Our previous results in Section 

3.5 show that a single stage SAPD can provide better performance if k 

is close to 1. Figs. 9.4a and 9.4b summarise the sensitivity penalty 

due to Idd =100nA and Idd =100nA respectively for the three types of 

receiver. As expected, the penalty due to Idd is higher than that due 

to Ida for all receivers. 

9.2 Signal Design for APD Receivers 

9.2.1 Introduction 

Receivers for digital direct detection optical communications 

generally employ a signal element waveform providing a close 

approximation to a full raised-cosine Fourier spectrum. For 

conventional digital electrical communications this signal satisfies 

Nyquist's first and second criteria for distortionless transmission 

[Nyquist, 1928; Bennett and Davey, 1965]; it provides both zero 

intersymbol interference (ISI) and zero telegraph distortion (TD) so 

the system eye pattern is wide-open both vertically and horizontally. 

For optical communications based on direct detection receivers 

employing APDs, the optimum decision threshold may be depressed 
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significantly below the mid-range of the vertical eye opening. This 

is true for both CAPD receivers [Personick, 1973] and SAPD receivers 

[Fyath and O'Reilly, 1989b; 1989d], as illustrated previously in 

Chapter 7. In these circumstances, a full raised-cosine signal does 

not actually provide zero TD, since signal transmissions, while 

crossing the half-amplitude level mid-way between sampling instants, 

give rise to threshold crossings which are displaced from these times. 

There are two important consequences for practical application: 

(a) For untimed or 2R repeaters, providing signal reshaping and 

regeneration but not retiming, a non-optimum midway decision threshold 

must be adopted if severe telegraph distortion is not to occur 

[O'Reilly and Cochrane, 1980]. 

(b) For retimed or 3R repeaters (reshaping, regeneration and 

retiming) the eye closes assymmetrically for "ones" and "zeros" in the 

presence of sampling time offset or sampling alignment jitter. 

In the rest of this chapter we address the problem of identifying 

and evaluating signal processing strategies which provide signal 

element waveforms offering both zero ISI and TD for APD-based optical 

receivers with depressed threshold. In the absence of timing errors, 

the sensitivity of receivers based on these new signal designs is 

found to be marginally better than that obtained for full raised- 

cosine receivers. Most significantly, though, the sensitivity penalty 

due to sampling alignment jitter is much reduced. 

9.2.2 New Signal Design 

Let ho(t) be the equalised pulse shape at the input to the 
decision circuit, so that 
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11; t= 0 ze ro 
h (t )-0; t=KT , K*0 is i (9.1) 

° 0; t= (K+2) T, K#0, -1 1 zero 
TD 

d; t=±T 12 

where T is the signalling interval and d is the normalised decision 

threshold (0 < d:! 5 0.5). These constraints on h (t) can be expressed 

concisely as 

00 
ho(t) I a(t-KT/2) = 8(t) + d. &(t±T/2) (9.2) 

K=-co 

where 8(. ) is the Dirac delta function. This implies constraints in 

the frequency domain on H 
, 
(f), the Fourier transform of ho(t), as 

follows 

00 
Ho(f) *? E 8(f-2K/T) =1 +2d cos(nfT) (9.3) 

T K=-co 

or 

2 Co 

TE 
Ho(f-2K/T) =l +2d cos(nfT) (9.4) 

T K=-c» 

where * denotes convolution. For eqn. 9.4 to be satisfied 

Ho(f) a ha(t) must occupy a bandwidth of at least 1/T, and for this 

minimum bandwidth case H, (f) can be expressed, amplitude normalised to 

T/2, as 

1+ 2dcos(irfT) ;fl<1 /T 
Hod _ (9.5) 

0 else where 
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The corresponding time-domain signal element waveform is given by 

h (t) sin (2nt/T) 1-4(t/T)2(1-2d) (9.6) 
° 27r IT 1-4(t/T)2 

for d=0.5 the full raised-cosine response is obtained. This latter 

case is appropriate for optical receivers using PIN photodiode in 

which the signal dependent noise is negligible so that a threshold 

value corresponding to one half of the vertical eye aperture is 

appropriate. For APD receivers the optimum value of d is generally 

less than 0.5, often significantly so. Figs. 9.5a and 9.5b illustrate 

in the time and frequency domains, respectively, the required response 

for d=0.3 

We note that although the responses specified by eqns. 9.5 and 

9.6 are ideal minimum bandwidth solutions for the problem posed, there 

are significant practical difficulties which render them inappropriate' 

as target functions for signal element waveform design. Specifically, 

for d<0.5 the spectrum falls abruptly to zero at f =1 /T, necessitating 

a very sharp cut-off filter which is difficult to realise, while the 

not unrelated oscillatory nature of ho(t) requires precisely 

synchronised sampling. Slight deviations in pulse rate, decision 

sampling time or filter cut-off frequency can lead to significant 

impairment. 

It is appropriate therefore to modify the initial target 

frequency response to provide a gradual roll-off whilst retaining the 

property indicated in eqn. 9.4, and thereby ensuring that the 

conditions specified in eqn. 9.1 remain satisfied. We begin by noting 

that the response Ho(f) can be considered as the sum of two 
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components: a full raised-cosine function H1(f) and a rectangular 

function H2(f) 

Ho(f) =H I(f) 
+ H2(f) (9.7) 

where 

H_ 
f 2d[1 +cos(nf)] Ifi < 1/T (9.8) 

1fl0 elsewhere 

H2ý _f 
1-2d ; Ifl < 1/T 

l0 
elsewhere 

(9.9) 

The corresponding time domain responses for the individual components 

of eqns. 9.8 and 9.9 satisfy the following conditions 

2d; t= 0 
h! (t) =d; t= ±T/2 (9.10) 

0; t=KT/2, K* 0, ±1 

h2(t) = 
1-2d; t=0 1 
0; t= KT/2, K*0 

(9.11) 

Note that h2(t) = zero when hl(t) is equal to either zero or d. Hence 

H2(f) can be modified in accordance with Nyquist's first criterion by 

adding a transmission function which has skew symmetry about the 

cut-off frequency of 1/T [Nyquist, 1928], and the resultant time 

response will satisfy the conditions summarised by the right hand side 

of eqn. 9.11. The modified characteristic 112(f) can conveniently be 

chosen to have a sinusoidal roll-off. It then has the form 
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1-2d 

II 
2(f =I 

122d 

0 

1-sin 
lfir( Ct J 

for 0<III< (1- a)B 
for (1 - a)B <f( (1 +a)B 

for (fý> (1 +a)B 
(9.12) 

where B= 1/T is the signalling rate, and ac is the roll-off factor 

(0 sas 1). Hence the overall modified frequency response 11o(f) is 

given by 

H (f) = H1(f) + a2(f) 

with time domain response 

(9.13) 

R (t) = sin (2nt/T) 2d + (1-2d)cos(27rat/T) (9.14) 
0 irtTTý 1-4(t/T)2 1-(4at/T) 2 

Eqn. 9.14 represents a family of signals satisfying the conditions of 

eqn. 9.1, which reduces to the response for a full raised-cosine for 

d=0.5 and' a=0. Figs. 9.6a and 9.6b illustrate the corresponding time 

and frequency domain responses for the case d=0.3 and a=0.25. Note 

that no(t) exhibits only slight oscillations, and consequently is not 

unduly sensitive to sample time errors or variations in the signalling 

rate. 

The modified signals are strictly bandlimited to (1 +a) times the 

signalling rate. Investigation has shown that values of a between 0 

and 0.3 provide a suitably smooth roll-off for values of d in the 

range 0.5 to 0.2. 
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9.3 Practical Filter Realisation 

The procedure outlined in Section 9.2.2 has identified desired 

signal pulse waveforms and spectra at the output of the receiver. The 

actual characteristic required for the filter H, (f), will depend, of 

course, on the signal element waveform hi(t), and hence spectrum 

Hi(f), at the input to the filter: 

o(f)1H1(f) 
(9.15) Hf(f) = 

For most practical applications the input will be essentially an 

approximately rectangular pulse of width either T, corresponding to 

non-return to zero (NRZ) signalling, or T/2, corresponding to return 

to zero (RZ) signalling. The signal designs we are concerned with 

here are applicable to RZ and we shall adopt this format when 

presenting illustrative examples. We find that H, (f) can be 

reasonably approximated by a fourth order lowpass ladder filter, as 

shown in Fig. 9.7, with pole locations chosen to minimise a frequency 

domain mean squared error function given by 

n 
E_ Hf(fi) - HQ(fi)12 (9.16) 

where Hp(f) is the transfer function of the practical filter and n is 

the number of evaluation points selected in the frequency range 

0<f <2B. In our studies n=80 was employed. For a particular case of 
d=0.3, a=0.25 the normalised (B=1Hz) pole locations obtained were 

-1.63±j5.02 and -2.1±jl. 53 rad/s. The computed equalised pulse shape 

and corresponding filter frequency responses are compared in Fig. 9.8 
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Fig. 9.7 Fourth order ladder filter network providing the basis for 

approximate realisation of the signal designs of eqns. 9.13 

and 9.14. 

with the idealised target functions. The practical filter is seen to 

provide a good approximation to the ideal response, both in the time 

and frequency domains. The summed square ISI and TD have been 

calculated as 6.02x10-4 and 2.76x10-3, respectively. 

The performance of the design may be further illustrated with 

reference to the system eye-diagram. Computed results for both the 

ideal target and practical filter are shown in Fig. 9.9 while 

Fig. 9.10 illustrates the impulse response, pulse response and eye 

pattern obtained in the laboratory with an experimental system. 

Whilst it is possible to design a specific filter for a given 

threshold value, there are clear operational advantages in being able 

to tune a given design to cover a range of values; This can be 

achieved by varying the filter element values, the influence of each 

on the near-zero-TD threshold is illustrated in Fig. 9.11. Our 
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Fig. 9.9 Computed eye-diagrams at the input to the decision circuit for 

d=0.3, a=0.25. 

(a) ideal signal of eqn. 9.14 (b) practical filter 
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studies indicate that it is practicable to tune a single design over 

the entire threshold range shown, 0.2<d<0.4, using just a single 

variable element and yet maintain a system eye pattern with low ISI 

and TD. We have found it most appropriate to adopt just L3 or C4 as 

the variable element for this purpose; the relative error in 

eqn. 9.16, produced by tuning the filter, is shown in Fig. 9.12. 

Illustrative eye patterns with different threshold values obtained in 

this way are shown in Fig. 9.13. 

9.4 Performance of Optical Receivers using the New Signal Designs 

In this section we will discuss the influence of the new signal 

designs on the performance of fully-retimed receivers. The new shape 

of the equalised signal pulse affects the value of the noise 

equivalent bandwidth integrals (denoted as Il, 12 and 13 by Personick 

[1973]), and this in turn influences receiver sensitivity. For the 

purposes of illustration we consider a CAPD-FET receiver operating at 
2Gbit/s. However, our conclusions are also valid for optical 

receivers employing superlattice avalanche photodiodes. The APD 

parameters used in the calculations are: quantum efficiency tl=0.7, 
ionisation rate ratio k=0.35, and diffusion dark current Id=IOnA. The 

front-end amplifier is characterised by the parameter values 

summarised in Table 3.1. If zero extinction ratio and equiprobable RZ 

signalling is assumed, then the usual Gaussian approximation 

[Personick; 1973] indicates an optimum decision threshold level of 
0.3. The sensitivity of the receiver for a bit error rate (BER) of 
10-9 is shown as a function of APD gain <g> in Fig. 9.14 for two 

equalised signal shapes: the conventional full raised-cosine and the 

new modified design for d=0.3, a=0.25. An appropriate threshold is 

218 



r-. 
Co 

. ei C 

E 
CD 

1-4 m 

CC 

L 0 -- 0.2 0.25 0.3 0.35 0.4 
threshold level 

Fig. 9.11 Tuning characteristic of the filter of Fig. 9.7 with respect 

to each relative element for a nominal d=0.3, a=0.25. 

00o L1 ***CZ ---- L3 C4 

2. S 

2 
0 
C- 
C- 1.5 

Z; 
cD 

0.5 

1_ 

0ý- 
0.2 0.25 0.3 0.35 0.4 

threshold level 

Fig. 9.12 Relative variation in the mean square approximation error of 
eqn. 9.16 resulting from tuning the filter of Fig. 9.7 by 

varying L3 (--- -) or C4 C -- ) to achieve different 
threshold levels. 

1.5 

1 

0.5 

219 



C=O. L 

Fig. 9.13 Experimental eye patterns obtained by varying L3 to tune the 

filter of Fig. 9.7 for different decision threshold values. 
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selected for each gain value without adjusting the filter 

characteristic. It is to be observed that the modification of the 

signal design to improve the symmetry of the eye pattern with respect 

to the depressed threshold has not resulted in a degradation in 

sensitivity compared with aconventional design. The maximum 

sensitivity of the modified receiver (-40.65dBm) is a marginal 

improvement on that for the raised-cosine receiver (-40.5dBm) albeit 

with a slightly higher value of APD gain (18.48 compared with 15.38). 
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Fig. 9.14 Comparison of sensitivity of full raised cosine (solid) and 
modified receivers (broken) assuming zero timing error. 

\. 

\ 

221 



The implications of decision time alignment errors on system 

performance may be appreciated with reference to Fig. 9.15. The 

normalised root mean square (rms) ISI is plotted as a function of time 

offset T for full ra ised-cosine receiver and for a modified response 

with d=0.3, a=0.25. In both cases the rms ISI increases with r, but 

markedly less so for the signal design. We may determine the mean 

error probability by averaging, for a given data block size, the 

sequence conditioned error probabilities. This enables graphs of the 

receiver sensitivity penalty as a function of time offset to be 
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Fig. 9.15 Normalised rms ISI as a function of time offset T/T. 
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obtained as shown in Fig. 9.16. It is clear that the full raised- 

cosine receiver incurs the greater penalty owing to alignment jitter 

and that this penalty increases rapidly with T. In contrast, the 

modified receiver is remarkably tolerant to timing errors with the 

penalty being less than 2dB even for alignment errors as large as 25% 

of a signal element time slot. 

To illustrate further the performance of the modified signal, we 

consider decision times displaced to 0.15T. For a full raised-cosine 
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Fig. 9.16 Receiver sensitivity penalty versus time offset t/T for 
raised cosine and modified (d=0.3, a=0.2S) receiver designs. 
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receiver the nominal signal value is then reduced to 0.943 and the rms 

ISI is 0.04237 while the corresponding values for the modified signal 

design are 0.907 and 0.00962, respectively. The influence on BER is 

shown in Fig. 9.17 where curves for the two receivers are presented 

for T=0 and r=0.15T. The new signal design is seen to offer a clear 

performance advantage. The sensitivity of the two receivers for this 

time offset as a function of APD gain is shown in Fig. 9.18. The 

conventional raised-cosine receiver has an optimum sensitivity of 
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-38.9dBm at an APD gain <g>= 12.8 while the modified receiver has an 

optimum sensitivity of -40dBm at <g>= 17.85. Fig. 9.19 shows the 

sensitivity penalty for -r=0.15T for both cases as a function of APD 

gain. 

Here we note that the penalty increases with gain but much less 

so for the new design. The lowest value of the penalty for both cases 

occurs at <g> =1, indicating that, as noted elsewhere [O'Reilly et al. 

1985], PIN receivers are generally more tolerant to time offset than 

are receivers making use of APDs. 

9.5 Summary 

We have presented a comparison in the performance of optical 

receivers incorporating SAPDs with those for CAPD receivers. This is 

necessary to indicate upper bounds on superlattice device 

non-idealities, which are strongly dependent on the number of stages, 

below which these advanced APDs can offer improved performance 

compared with existing long wavelength CAPDs. The results indicate 

that SAPDs should be designed with a large number of stages to ensure 

better sensitivity when residual hole ionisation vanishes. However, 

for high values of ka smaller number of stages is required to achieve 

better performance. For k=1 a single-stage is the optimum case. 

New signal designs have been presented which are appropriate for 

direct detection optical receivers employing APDs. These signals 

achieve simultaneously both zero ISI and zero TD with respect to a 

depressed optimum threshold and can thus be used for both 2R and 3R 

repeaters. A fourth order low pass ladder network filter has been 

shown to 
, 

provide a suitable basis for a practicable realisation 

approximation. This network can be tuned over a wide range of 
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threshold values using just a single element. 

The effect of timing jitter on the performance of fully retimed 

(3R) receivers has been considered and the new designs have been shown 

to offer reduced power penalties. We have noted, in agreement with 

previous studies, that PIN receivers are more tolerant to alignment 

jitter than are receivers based on APDs. However, if the new signal 

element waveforms identified in this chapter are employed then 

practical APD receivers can be designed which are remarkably tolerant 

to decision time errors. 
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CHAPTER 10 

CONCLUSIONS 

The performance of superlattice avalanche photodiodes (SAPDs) has 

been investigated in this thesis as a means of realising 

high-sensitivity; high-speed direct-detection receivers. The various 

potential impairments which may constrain the design and dimensioning 

of such systems have been detailed and quantified. The aim throughout 

has been to provide appropriate analytical models together with 

quantitative results encompassing a wide range of parameter values, 

thereby ensuring a sound, comprehensive platform for the design and 

realisation of practical receivers matched to specific application 

requirements. 

The analysis presented here is based upon the "discrete 

ionisation model" which has its origins in the work of van Vliet et 

al. [1979a, 1979b], Capasso et al. [1983] and Teich et al. [1986a, 

1986b]. Van Vliet et at. have developed a comprehensive analysis for 

the gain and excess noise in short avalanche region devices, assuming 

a discrete statistical process whereby a limited number of ionisations 

can occur per carrier transit in the avalanche region. Capasso et at. 

have shown that the noise characteristics of staircase APDs cannot be 

calculated using the conventional McIntyre analysis [1966] which 

assumes carrier ionisation to be a continuous process, as is 

appropriate for conventional avalanche photodiodes (CAPDs). Later 

Teich et al. found that the theory of discrete ionisation processes 

developed by van Vliet et al. is applicable to staircase APDs and 

other SAPD structures, assuming a single ionisation per initiating 
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carrier per stage. The work presented here is a continuation of this 

line of research covering the following principal aspects. 

(i) Extension of the discrete ionisation model to investigate 

the noise performance of advanced SAPDs where the injected carrier can 

impact more thin one ionisation per stage. 

(ii) Performance evaluation of optical receivers incorporating 

SAPDs; emphasis being placed on the effect of residual hole 

ionisation, dark current generated within the multiplication region, 

and the frequency response of the detector. 

(iii) Development of acomprehensive moment generating function 

characterisation of SAPD gain and its application as a basis for 

accurate receiver performance evaluation. 

(iv) Application of certain SAPD results to CAPDs, as a limiting 

case where the number of stages tends to oo. 

In Chapter 3 we extended the discrete ionisation model to include 

the position of the injected carrier in the multiplication region. 

This allows us to derive expressions for the gain and excess noise 

factor associated with dark current components generated in various 

stages, assuming a single ionisation per initiated carrier per stage. 

The performance of optical receivers incorporating SAPDs was then 

examined using a Gaussian approximation and taking into account the 

influence of the number of stages N, various dark current components 

and residual hole ionisation. The results show that as the ionisation 

rate ratio k increases the best receiver performance can be achieved 
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with a small number of stages. The expressions derived here can be 

used as guidelines for designing high performance SAPD receivers. The 

analyses were also extended to CAPDs to examine the influence of dark 

current generated within the avalanche region. The results indicate 

clearly that this component of dark current has less effect on 

receiver performance than does the diffusion current, especially when 

hole and electron ionisation rates are very different. 

Chapter 4 concerns the performance of staircase APDs. These SAPDs 

are usually analysed assuming the electrons ionise at the steps only 

while the holes ionise within the graded-gap region [Capasso et al. 

1983]. We carry the analysis further in order to consider the effect 

of carrier (electron and hole) impact ionisation both in the graded 

regions and at these steps. The modelling procedure adopted 

represents an expedient simplification, selected to render tractable a 

complex subject, and tailoring this to potential physical device model 

leads to consideration of three extreme cases. The expressions 

derived for the gain and excess noise factor allow us to predict the 

performance of optical receivers employing these detectors. The 

results indicate clearly that electron ionisation in the graded region 

can lead to improved sensitivity when residual hole ionisation in both 

regions is kept to a minimum. 

One of the cases examined in Chapter 4 shows that staircase APD 

can be modelled under certain conditions as a SAPD where the injected 

carrier can impact upto two ionisations per stage. Further, recently 

interest has 'also been expressed in SAPDs in which multiple 

ionisations per initiating carrier per stage can occur, similar to 

secondary emission in photomultiplier tubes, thereby greatly enhancing 

the gain of the device [Capasso, 1984; 1985; Brennan et al. 1987a]. The 
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performance of these devices was examined in Chapter 5 and Chapter 6. 

In Chapter 5 we extended the existing analysis of SAPDs to allow for 

the production of upto two impact ionisations per initiating carrier 

per stage. Extension for more than two ionisations was considered in 

Chapter 6 where a new discrete ionisation model for a solid-state 

photomultiplier (SSPM) was presented and used to derive expressions 

for gain and excess noise factors associated with both photocurrent 

and dark current generated in various stages. These expressions are 

quite general and can be applied to photomultiplier tubes, single 

ionisation or two-ionisation SAPDs, and CAPDs. We established that 

the noise characteristic of a SSPM can be expressed using four 

parameters: the means and the variances of both the hole and electron 

ionisation rate per stage, and these may in principle be determined 

experimentally from measurement of the average and the variance of the 

gain for both pure hole and pure electron injection currents. The 

performance of optical receivers employing SSPM was examined and the 

results indicate that when hole ionisation exists the gain per stage 

must be limited to a low value to prevent avalanche breakdown and to 

attain optimum sensitivity. 

In Chapter 7 the gain moment generating function formulation for 

SAPDs was developed using a discrete ionisation model and allowing for 

nonnegligible residual hole ionisation. This was used with the 

modified Chernoff bound (MCB) as a basis for a rigorous analysis of 

optical receivers utilising these advanced detectors, allowing for 

residual hole ionisation, detector dark current generated in the 

various stages, and circuit noise. The development presented has 

provided precise performance evaluation tools encapsulating the entire 

statistics of the underlying stochastic processes associated with the 

231 



signal and noise components. This has enabled a comparison to be 

effecfted with performance predictions based on the widely adopted 

Gaussian Approximation (GA) which uses only first and second order 

statistics. The results indicate that for a SAPD receiver the GA can 

predict quite accurately receiver sensitivity while overestimating 

slightly the optimum gain. The optimum threshold predicted by the GA 

has also been found to be in good agreement with that predicted using 

MCB for most cases considered. The optimum decision threshold may be 

depressed significantly below the mid-range of the vertical eye 

opening. 

Attention was directed in Chapter 8 to the speed of response of 

SAPDs and the effect on the performance of multigigabit-per-second 

lightwave receivers. An expression for the frequency response of 

single carrier multiplication SAPDs (no residual hole ionisation) was 

presented, providing an estimate for the maximum gain bandwidth (GB) 

product which can be achieved with ideal devices. The existence of 

residual hole ionisation degrades GB product mainly due to avalanche 

build-up time, arising from the regenerative nature of the avalanche 

process. To estimate the GB product in this case we established that 

the SAPD can be modelled as a CAPD in which hole and electron 

ionisation rates exhibit position dependency corresponding to one 

impulse per stage. This enabled us to apply the theory of CAPDs 

directly to predict the gain characteristics of SAPDs. The GB product 

was found to be inversely proportional to the width of the 

multiplication region W, and directly proportional to the number of 

stages N, especially when N is large. Sensitivity calculations for 

equalised GB-limited SAPD receivers indicated clearly that these 

advanced detectors should be fabricated with W< 1pm and low residual 
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hole ionisation - (k < 0.1) to ensure negligible penalty for gigabit-per- 

second operation. 

Chapter 9 was devoted to overall receiver considerations. A 

comparison was presented of the performance of optical receivers 

employing SAPDs with those for CAPD receivers. This was necessary to 

indicate upper bounds on superlattice device non-idealities, which are 

strongly dependent on the number of stages, below which these advanced 

APDs can offer improved performance compared with existing long 

wavelength CAPDs. The results indicate that SAPDs should be designed 

with a large number of stages to ensure better sensitivity when 

residual hole ionisation vanishes. However for high values of ka 

smaller number of stages is equired to achieve better performance. 

For k= 1a single stage is the optimum case. We then described new 

signal designs for optical communications based on APD receivers. 

This new receiver signal processing strategy leads to signal element 

waveforms satisfying Nyquist's first and second criteria with respect 

to a depressed optimum decision threshold, as encountered with high 

performance APD receivers. These signals achieve simultaneously both 

zero intersymbol interference and zero telegraph distortion with 

respect to a depressed optimum threshold and can thus be used for both 

2R and 3R repeaters. A fourth order low pass ladder network filter 

was shown to provide a suitable basis for a practical realisation 

approximation. The effect of timing jitter on the performance of 

fully retimed (3R) receivers was considered and the new designs were 

shown to offer reduced power penalties. 

The research summarised above indicates several possible 

directions for future investigation. Among these, the following 

deserve specific mention. 
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(i) The discrete ionisation model provides a powerful means of 

analysing the noise of SAPDs. There is however a need to relate the 

parameters of this model with more practical aspects such as material 

properties, physical device structure and measured data. Some work in 

this direction has been already started in the School [Burns et al. 

1990a, 1990b] where the performance of a specific SAPD structure, 

reported by Capasso et al. [1982] has been investigated. 

(ii) A more detailed theoretical analysis of the design 

considerations and operating characteristics of various SAPD 

structures is required. This would allow us to calculate the impact 

ionisation rate, different dark current components, carrier 

thermalisation distance and for examine the effect of different 

geometries, doping concentrations and electric field on the device 

gain and excess noise factor. The validity of this analysis should be 

checked against practical results or Monte Carlo simulation. 

(iii) The gain moment generating function (MGF) of a nonideal 
SAPD has been evaluated here numerically. This requires a relatively 
long computation time especially when the MGF associated with dark 

current is considered. A more efficient technique is to obtain 

analytic (even approximate) expressions for the gain MGF as a function 

of the number of stages and carrier ionisation probabilities. In 

addition, other performance evaluation techniques based on the MGF 

such as Gram-Charlier series, maximum entropy methods and Edgeworth 

series expansion can be used to assess the performance of these 

advanced receivers. 

(iv) Recently there is interest in superlattice phototransistors 
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with controlled avalanche gain [Chin and Bhattacharya, 1989]. In 

these devices a large current output over significant bias region is 

achieved by incorporating a staircase multiplication region at the 

base-collector junction to enhance the ionisation rate ratio and 

enabling the avalanche gain to be controlled easily. The n oise 

performance of these high gain phototransistors could be investigated 

using a discrete ionisation model. This would allow us to predict the 

performance of optical receivers employing these new devices. 

(v) The performance of PIN and CAPD receivers have been examined 

extensively in the literature under various system impairments such as 

chirp, jitter and intersymbol interference. Extending this work to 

SAPD receivers is essential to assess the robustness of these advanced 

receivers and to compare the result with the performance of other 

types of receiver. The lower values of ionisation rate ratio 

associated with SAPDs can play an important role in determining the 

response of these advanced receivers to different system impairments. 
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APPENDIX A 

> Expression for the Gain < gj 

The derivation of eqn. 3.1 is based on equations given by 

van Vliet et al. [1 979b] . 

Let 4 (z) be the probability generating function of the gain g.. 

From eqn. 46 'in [van Vliet et al., 1979b], and assuming u and p are 

identical for each stage, we have 

0i(1) = 00(1) [(1+p)/(1+u)]' (Al) 

where 0i (1) is the derivative with respect to z of 4 (z) evaulated at 

z=1. For simplicity, 0i (1) will be denoted by 0. For j =N, eqn. Al 

becomes 

, 0N = ßä[(l+p)1(1+u)]N (A2) 

From eqn. Al and A2 we have 

o=0, ((l +p)/(l +u)] j -rr (A3) 

Since o'=<g, > [Cattermole, 1984] then 

<gý> _ <gN>[(1+P)/(l+u)]j-rr (A4) 

or 

< gj >_< gN > Qi-N (AS) 

where Q= (1 +p)/(1 +u) 
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APPENDIX B 

Expression for the Excess Noise Factor F. 
i 

Consider eqn. 65a in [van Vliet et al., 1979b]. 

ýO + 
2(1-up) <g 2 

0+ U)Z Q ZN 
_1 (ý-1) rB1) 

(1 ýC 

where stands for the second derivative with respect to z of ý. (z) 

evaluated at z=1, and Q= (l+p)/(l+u). For j=N, eqn. B1 reduces to 

2(1-up) <g >2 
+ZQ 

N+ 1 
(QN-1) (B2) ýN QNýO 

+ u) (l 

Let B1 = QN-Q' (B3) 

then eqn. B1 reduces to 

2(1 -up) <g >2 
Q, o0 + 

(l +u) 22 xN j +1 
(Qx-B1-1) (B4) 

From eqns. B2 and B4 

2 

� __ N 
2B1 (1-up) <gN> 

j 
0� 

N 
+u)2Q2 N- j+ 1 

(B5) 
(1 

The variance of gi is related to and 01 11 by [Cattermole, 1984]. 
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Var(g2+ýý (B6) 

Substituting eqns. A5 and B5 into eqn. B6 yields 

ON + <g > +(B -1) <g >2 2B (1-up) <g >2 
Var(gj) =NN2N1N (B7) 

QN -j (1 +u)2Q2N - j+ 1 

where B2 = 1-Q' N 

For j=N 

(B8) 

Var(gN) = 0N +< gN >-< gN >2 (B9) 

From eqns. B7 and B9 we have 

]-1 
(1 -2N_ up) 

< 
<g N>2 (B 10) Var(ga) = Q'-N [Var(g) +B<g>Z 

2B 
N2N (1 +u)Q 

The excess noise factor F. can be expressed as [Teich et al., 1986a; 

van der Ziel, 1986]. 

Var(gj) 
Fý=1+ 

<g, 2 (B11) 

Substituting eqns. A5 and B10 into eqn. B11 yields 

QN -jV ar(gN) Nj-2B1(1-up) Fi =1+ 
<gN, 2+ 

BZQ 
(1 +u)2QJ +1 

(B12) 
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but 

Var(gN) 
F=1+ N 2 

gN 

then 

Fi=1 +QN-j AFN 1) + B2QN-i + 
2B 

1 
(1-up) 

(1 +u)2Q j +1 

and since B2 = 1-QJ-N, then 

F= QN-I F 
2B 

I 
(1-up) 

(i +u)hQ, t. 

or 

F. = Q'-j FN _2 
(-up) 

RCN-j (, +U) 2Q 

where eqn. B3 has been used. 
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APPENDIX C 

Average Gain for Two-Ionisation SAPD 

Let 4 (z) be the probability generating function of the gain g.. 

Then [van Vliet et al., 1979b]: 

0. (z) =zn [1-p+pi4j_i(z) + P20J_1(z)] 
1 -1 

N-j 

. 
ft [1-U+UOj+j(z)1 

i a1 

Applying eqn. Cl for j =0 we have 

N 
00(z) =z 17 [1-u+u ¢i(z)] (C2) 

i-i 

Eqn. Cl can be put in the form of recurrence relation 

O (z) [1-P`E P14 (z)+p24 (z)] = 4kj+i(z) [1-u+u4j+! (z)] (C3) 

Differentiating eqn. C3 with respect to z yields 

4(z) (1-P+PIej(z)+P2ýj(z)] + plej(z). ý j (z) + 2pZýj(z). 0'(z) 

I 
+l(z) 

[1-u+u911+l(z)] +u oj+1(z). o j 
+1(z) 

(C4) 

where 0i (z) is the first derivative with respect to z of 0, (z). 

Evaluating eqn. C4 at z=1 (and denoting (1) by 4 for simplicity) 

yields 
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10i V. (1+p1+2p2) = 0i 
+1-0 

+U) (C5) 

where 4 (1) = 1. Starting with j=0, we find 

0i = Q4ö (C6) 

0N = QNgö (C7) 

where Q= [(1 +p1 +2p2) /(1 +u)]. Differentiating eqn. C2 with respect to 

z and evaluating the result at z=1 yields: 

eö = l+u Z 0.0 (CS) 
°1 

Substituting eqn. C6 into eqn. C8 gives 

N 

ýiö =r 1-u 4kj J1 L il 

pl +2p2-u 
_ (C9) 

(pl +2p2) (1 -u)-u(1 +pi +p2)QN 

Substituting eqn. C9 into eqn. C7 and noting that 45N is equal to the 

average gain < gN > gives 

(P 
1 

+2p2-u)Q N 
<> = (C10) 

(p1+2p2)(1+ u) - u(1 +p1+2p2)QN 

Hence from eqns. C6, C7 and CIO we find 

< gj >_4 j' =< gg > QJ-N (C 11) 
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APPENDIX D 

Excess Noise Factor for Two-Ionization SAPD 

Differentiating eqn. C4 with respect to z yields 

ej (z)[1-p+pl4. (z)+p2ýj(z)] +4j (z)[2p10j(z) + 6P20 
j(z)"ý 

j (z)] 

+pl4. (z). 4" (z) + 2p24j(z). 4' (z) =0j +1(z)[1-u+uOj+l(z)]+2u0 
j +1(z) 

+ uOý+l(z). 4ý 
+1(z) 

where 0"(z) represents the second derivative of 0j(z) with respect to 

z and p=p1 +p2. Evaluating eqn. D1 at z=1 gives 

0ý+1= QO; + 2SQ2 '0 

where S=(p1+3p2 uQ)/(1 +u). Again 4 denotes Starting with 

j =0, eqn. D2 can be put in the following form 

25<gN>2 Qj "1 (Qi-1) 

10 (Q"1)Q2H 

(Dl) 

(D2) 

(D3) 

For j =N 

ON = QN4p "+ N0 

2S <gN> (QN-1) 
(D4) 

(Q-1)QN+1 

Differentiating eqn. C4 with respect to z and evaluating the result at 

z=1, we have [van Vliet et al., 1979b]. 
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= 2u E 4' +u 4" + u2 lo 

N 
ýj 

2 
N 

- U2 42 (D5) 
o j-t j -l 

Substituting for from eqns. D3 and from eqn. C6 we have 

<gNý 2u(QN-1) <gN> 
ýn0 

QN (Q - 1)QN- I 

+ 
ZUS 

-U2Q 

(Q2N-1) <gN>2 

Q-1 (Q2-1)Q2N-1 

2uS(QN-1) <gN>2 

(Q_ 1 )2Q2M 

Substituting eqn. D6 into eqn. D4 yields 

u2(QN-1)<gN>2 

+2 
2N -2 (Q-1) Q 

2u(QN-1) <g N> N=< 
N> (Q' 1 )QN -1 

-i- 

+ 2uS 
_ u2Q 

2uS(QN-1)<gN>2 

(D6) 

u2 (QN-1)<gN>2 

(Q-1 )2Q2N-2 

(Q2 N 
-1 ) <gN> 2 

(Q2-1) Q2N-i 

2S(QN - 1) <g 

(Q-1 ) QN+1 

The variance of gN can be expressed as [Cattermole, 1984]. 

Var(gN) = 0N - o"2 + 0N (D8) N 

The excess noise factor is defined as [van der Ziel et al., 1986]: 
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<g2> Var(g ) 
F=N=1+N (D9) 

N<gN>2 <gN> 2 

Substituting eqn. D8 into eqn. D9 yields 

FN = q5 I<gN>2 + 1/GgN> (D1O) 

Hence the expression of FN given by eqn. 5.4 can be obtained by 

substituting egns. C10 and D7 into eqn. D10. 

In similar manner Fi can be expressed as 

F. _ 
gi 

_i+1 (D11) 
ýg >2 e2 

iýJ 

Using eqns. Cll and D3 in eqn. D11 yields 

Fj = Qx-i FN - -Q( 
Q-1) r Qx j_1 (D12) 
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APPENDIX E 

Expressions for 0N and F. for a SSPM 

The second derivative of eqn. 6.5 with respect to z can be 

expressed as 

0"(z). 0 
e(0j(Z)) 

+ 0j2(Z) 

o, z(Z) d00 (0j(Z» 
11d, 0 jZ 

dpa (4j (z)) 

r d0 (0 (Z)) d20(dý. (Z)) 
+ ýý (z) 

z) 
(z) +Z 2(z) 

j d0j(z) 

0p+i(Z) 0 n(`ý j+i(z)) + '3 2+ 
i(z) 

hj+i 
z 

0, i (z) 
d0h(0j+i(z)) 

j+1 j+t Z 

+ (Zý 
d4 

h 
(4i+i(z) ) 

1 j+i Z+i j+l 

d2Oh(4j+l(Z)) 
0,2 +( Zý 

d02 
j+1(Z) 

j 

where 

4j (Z) 
j 
(z) 

däZZ) 
and qi"(z) sdz jd z2 

At z=1 eqn. El reads: 
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(1 +O')oj + (200 +4)0; 2 
- (20h +4N)0 s2 

= 
j+I (E2) ýj N 

+i 1+0, 
h 

Recalling that 0i = Q3oö 

01 = Qo + 2SQ2'. ý02 (E3) 

where S is defined in eqn. 6.21. Starting with j =O, eqn. E3 can be 

written as 

2S<M >2 
+ 

(Q _1ýQ 
ZN 

Qi-1(Q3_1) (E4) 

For j=N we have 

2S<M >Z 
oft = QNON + (QN-1) (E5) 

N0 (Q - 1) Q N+i 

From eqn. 6.3, the second derivative of cß0 with respect to z can be 

expressed as. follows: 

N d4 (4 (Z)ý N 
4 (z) =2 

mE 14' 

(z) 

m 
z) i'9 1 

ýh(0i(Zýý 

i$m 

+zý ýýtz) 
do 

d, 0 (h 
(NZ(Z)) 

ill ob(0i(z)) 
m-1 m i#m 

i Oh ('om (Z» N 
e12, 

d 

d0 (z) 1m1 
II' igEm 
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doh (4m(z)) 
+z (z) 

"N0i 
(Z) 

d0 
b 

(0i ZZ)) 

I17I, h 
(0q(Z)) (E6) 

i\(a, 1iq =1 
i*m q* i 

. III 

For z=1 eqn. E6 gives 

O'v = 20h Z om + oh Z0m+o; 

º 

Z 0'm 

uýýl mil mil 

NN 
+hm4i (E7) 

m=1 i1 
fpm 

Making use of eqns. 6.7,6.8 and E4, the above equation can be 

simplified to 

2 <M > 20 '(QN-1) ot2(QN-1W 
ý" _° 

h' <M >+h <M >2 0QN (Q-1)QN-1 0 (Q-1)2Q2N-2 e 

<M >2 +-+ Q[Oh _40 l2] (Q2N'1ZN-1 

0 
TQ- 1) 

(Q 2 
'1)Q 

- 
2SO 

h 
(QN-1) < Me >2 

(E8) 
2z x (Q-1) Q 

Substituting eqn. E8 into eqn. E5 yields 

cßN _ <M > 

2_h _QN 

_ <M >+o 62_QN -_ 
2 

Ne LQ1Q1 ° (Q_l) 2Q2N-2 
<Me> 
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> +2 
ýh 

+ Q[Vh-4'2] (Q2N-1) 
<M>2 

(Q-1) h (Q 2 
-1)Q 

2S, O i(QN-1) 2S(QN- 1) 
eM >2 + <M> (E9) 

(Q-1)2Q2N o (Q-1)QN+1 0 

At this stage the expression for Fj given in eqn. 6.23 can be obtained 

by recalling that 

V ar (g. ) " 
Fj= 1+ j+1 

<gý>2 <gj >2 <g 

Where < g. > and are defined in eqns. 6.13 and E4, respectively 

F. = 
i 

QZN"ioö +2S(Q j- 1) (Q-1)-IQ (t+j) < MO >2 

<M >2 G <M 0 

(E 10) 

(E11) 

From eqns. E5 and E11 we obtain 

u 
QN-i N 2S 

[QN j-1] + -j 
<MC >2 <M > e 

(E12) 

From which eqn. 6.23 follows. 
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APPENDIX F 

Proposed Experimental Determination of 0' and 0" 
eehh 

for a SSPM 

We outline here briefly how the quantities e 
0' 

eh and 0" 
h may 

in principle be determined as a function of the electric field for any 

SSPM structure by measuring the average gain and noise power 

associated with both pure hole injection and pure electron injection. 

This may be achieved experimentally by irradiating light of a specific 

wavelength on the n+ region or p+ region for pure hole or pure 

electron injection respectively. The wavelength must be chosen such 

that all the photons are absorbed in the n+ (or p+) region. 

From gain measurements, and 0h can be calculated as follows: 

<M > 1/N 

(<M°>- 1 )°ý -1 
h 

<W> 
<Me> <Mh> 

oh <Whý> 

<Mh> 1/N 

(<Mh>-1) ýT ý -1 

<M6> - <Me> 

<Mh> 1/N 

> 
e 

(F1) 

. (1 +'0 ') -I (F2) 

From the noise measurements, Var(M and Var(Mh), the parameters 

and 4Ae can be evaluated as follows: 
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Var (M) = 0" - <M>2 + <M> 
eNee 

where 0N is given in eqn. E9. Thus, Var(M can be expressed as 

Var (M0) = a1+blO" + clOh (F3) 

where 

al = all + 2b1(0 f-Q201) (F4a) 

[(QN_l)2 (Q2N-1) 
h2 

<Me>3 

all 
(Q-1)Z (Q2-1) Q2N -2 

2¢' (QN -1) 
+h-1 <M >2 + <M > (F4b) 

(Q-1)QN-1 ae 

b= 
[Q(Q2N1) 

(QN-1) 

I[0' <M>3 

! (Q+1) (1+0 b) (Q'1)2Q2N 

(QN-1) <M >3 
+ (F4c) 

(Q' 1)QN +1 (1 +0, ) 

cl = cll-Q 2 b1 (F4d) 

(Q2N-1) <M 
e>3 C11 ' (Q2_, )Q2 N- 2 (F4e) 

In a similar way 

Var (Mh) = 001 - <Mh>2 + <Mb > (FS) 

where 00 is defined via eqn. E7. Here 

Var Mh = a2 + b2rßen + c2cýn h (F6) 
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where 

a2 = a22 + 2b2(ßß' -Q24 ä) (F7a) 

(QN-1 2- (QZN-1 20. 
<3 a=QM> 22 ýQ-1)2 (Q2-1) hh 

120b (QN-1)Q 
-1 <Mh>2 + <Mh> (F7b) 

<M >3 

b= 
[Q(Q2N1) 

- (QN-1) hh (F7c) 
2+ (1+0 b)(Q-1)2 

c2 = c22 - Q2b2 (F7d) 

(Q2N-I)Q2<M >3 

C=h= Q-NC (F7e) 
) 11 22 (n2-1 

Solving eqns. F3 and F6 simultaneously yields 

c2Var(MQ) - clVar(Mh) + cia2 - c2al 
(F8) 

ic2 - cl 
2 

and 

clVar(Mh) - c2Var(Me) + c2a, - cla2 
(F9) h 

2c1 - c2 
1 

The variance of the number of ionisations per initiating carrier per 

stage can also be calculated using the relation Var(we) = 

cý -ý ý2 +4'. A similar relation applies for the holes. 
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