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                                                    Abstract 

This thesis experimentally investigates the use of the optically injected solid state-laser 

system as a new approach to generate optical pulses with a continuous range of pulse 

repetition frequency. The construction of the system, the basic requirements and 

various performance characteristics of different dynamical states resulted from the 

optical injection are introduced and discussed.  

One of the objectives of this research is to investigate control over the pulse repetition 

frequency (PRF) of the nonlinear dynamics of solid state laser, by varying the 

frequency detuning between the free running injection and the main lasers. For this 

purpose, the response of the pulse repetition frequency to the changes in the detuning 

is evaluated for the main dynamical regimes that operate in this system. The results 

showed a high level of response of PRF to the changes in detuning for the period-

doubling regime and for the limit cycle regime with a correlation coefficient between 

the PRF and the detuning of around 0.99. A very low correlation coefficient for the 

same variables, of 0.2 and less are determined in the spiky regime, showing low 

response to the detuning change. While different correlation coefficients of PRF and 

detuning were obtained in the quasi-periodic regime. The results revealed a bistable 

behaviour of periodic and quasi-periodic waveforms  in  the spiky regime. 

Pulses with a continuously variable pulse repetition frequency and intensity, are 

obtained by adjusting the frequency detuning between the frequencies of the injection 

laser and main laser. The accessible range of pulse repetition frequency in this system 

is from approximately 200 kHz up to 7.5 MHz. The experimental curves reveal that the 

relationship between PRF, intensity and detuning is a piecewise function which means 

that different parts have different properties.  

The thesis includes also, an evaluation of the frequency instability of the optically 

pumped solid state laser that leads to stabilise the optically injected solid state-laser 

system. In this regards, normalised root Allan variance is used as a measure of the 

instability. The lowest frequency instability of the free running Nd:YVO4 laser was 

measured to be 10-11 for evaluating time less than 1ms. The frequency instability of the 

optically pumped Nd:GdVO4 is also evaluated, showing approximately a similar level 

of instability as Nd:YVO4. The two lasers show a normal level of frequency instability 

compared to other kinds of optically pumped solid-state lasers. The investigation  



vi 

 

reveals the existence of many kinds of systematic noise mostly related to the 

temperature controlling system. 

This work paves the way to employ the nonlinear dynamics of an optically injected 

Nd:YVO4 laser as a source of optical pulses.  
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Chapter 1 

Introduction 

1.1. General introduction 

The research described in this thesis represents  a new approach for generating laser 

light pulses having a controllable repetition frequency. The approach  exploits the 

relaxation oscillation resonance which is the exchange of energy between the electric 

field and the population inversion density. The relaxation oscillation resonance is 

damped for free running laser, exciting this resonance by an external field, such as 

optical injection or external optical feedback causes undamped oscillations [1].  

In this approach, an external injection beam modifies the dynamical behaviour of the 

solid-state laser. As a result, continuous wave operation is changed to pulsed output, 

with a pulse repetition frequency variable in a continuous range from a few hundred 

kHz to a few MHz and with pulse durations of a few tens of nanoseconds.  

 

Many applications that require  optical pulses need a waveform of a specific pulse 

duration, a specific pulse repetition rate, or even a specific pulse shape. It is usually 

difficult to design a laser with these specific performances. A laser with variable 

characteristics can play a role in producing these exact requirements. Few kinds of 

lasers have this feature, and most of them either have poor beam quality and high jitter 

or need to change a design parameter, which is not preferable in general [2,3]. 

The work of this thesis is concerned with an optically injected solid-state laser and 

stands in contrast to other kinds of laser pulse generators, such as Q-switched and 

gain-switched lasers, that also can provide the continuous ranges of pulse repetition 

frequency in MHz range. However, it is premature to compare these two techniques 

that have received interest for many decades with optically injected solid-state laser, 

which has  not yet reached its state of maturity. 

Using optically injected lasers to generate laser pulses offers many features including 

generating different waveforms of laser pulses, as well as, controlling the pulse 
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repetition frequency, pulse power, and possibly pulse duration continuously by a 

single parameter. 

From a dynamical point of view,  lasers can be classified depending on the decay rate 

of  three relevant variables, the electric field, the population inversion and the material 

polarization, in the laser resonator. According to this classification, there are three 

classes, named as class A, class B and class C lasers. Lasers like solid state lasers are 

class B lasers in which the polarization decays faster than the two other variables. 

Therefore the dynamical behaviour of single-mode class B lasers can be described by 

two equations, one for the electric field and the other for the population inversion 

(explained in chapter 3, section 3.2). Generating regular oscillation is possible with 

class B lasers with additional external perturbation like injection field [1]. 

The process of optical injection is illustrated in figure 1.1. In this system, two single-

frequency lasers operate in a master-slave configuration, in which one of the two 

 

 

 

 

 

 

 

 

 

lasers (the master) is used to inject the second laser (the slave). The optical injection 

has a variety of effects on the slave laser’s output characteristics. The main effects are 

locking the frequency and the phase of the slave laser to the frequency and the phase 

of the master laser (injection locking), producing various dynamical instabilities, such 

as periodic, quasi-periodic, and chaotic behaviour. The system output characteristics 

depend on two operational parameters: the normalised injection strength (K), which 

represents the rate of the injected field that enters the slave laser cavity to the slave 

laser field normalized to the relaxation oscillation frequency of the slave laser. The 

second operational parameter is the normalised frequency detuning (Δω), which is  

     ML 

 PD     SL 

FI 

FI 

  Figure 1.1. Schematic of optically injected laser: ML, master laser; SL, slave laser; FI,

Faraday isolator; PD, photo detector. 
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the frequency offset between the free running master and slave lasers normalised to 

the relaxation oscillation frequency of the slave laser. Changing these parameters 

caused dynamical changes in the system output.  

 

The solutions of the rate equations with injection, can describe the dynamical changes 

in the laser output. These changes can be a quantitative or a qualitative changes, the 

qualitative changes in the dynamical behaviour called bifurcations. A bifurcation 

diagram which is, a visual summary of the possible solutions of the rate equations, is 

used to demonstrate different kinds of bifurcations as a function of the operational 

parameters of the injected system [4]. 

Optical injection is widely used in injection locking [5,6]. In many high power lasers, it 

is difficult to achieve a low-noise performance or a single frequency operation due to 

the high noise of the pumping source and the unavoidable thermal influences. Using 

the injection locking technique, the high power laser will be forced to operate on the 

injected frequency exactly, with relatively low intensity and phase noise. Using the 

same concept optical injection is used to synchronize one (or several) free running 

lasers to a stabilize master laser [7]. Optically injected lasers are also used to generate 

chaos. The chaotic behaviour used in many applications like secure communications 

[8].  

The two applications introduced above, used the extreme states of the nonlinear 

dynamics which are a stable dynamics and a highly unstable dynamics. In between 

these two states optically injected laser could be used to produce controllable pulses. 

This thesis paves the way to employ the unstable dynamics as a source of optical 

pulses, using optically injected Nd:YVO4 laser. 

  

1.2. Thesis outline            

Chapter 2 gives an overview of the early studies of unlocked dynamics generated by 

optical injection. A detailed review of the experimental and analytical studies of the 

nonlinear dynamics of a single mode Nd:YVO4 solid-state laser is introduced. The 

chapter demonstrates the dynamical maps of the optically injected Nd:YVO4 solid-state 

laser. These dynamical maps are used as a guide in the present work. The chapter also 

presents two kinds of instability related to this system (not to be confused with the 

dynamical instability), the first is the detuning fluctuations due to the unstable 
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frequencies  of the two solid state laser and the second is the variation of the time 

interval between pulses.  

Chapter 3 provides the necessary concepts that support operating and designing 

optically injected solid-state lasers. The rate equation model, the parameters that could 

be used to generate the pulses and  the basic bifurcations in the bifurcation diagram 

are included. The chapter describes a diode end-pumped Nd:YVO4 laser, the 

configuration used in pumping the lasers, and the properties of diode end-pumped 

Nd:YVO4 lasers. The main requirements for the use of an optically pumped solid state 

laser in  an optically injected-solid state laser system as a pulse generator are also 

discussed. 

 

Chapter 4 explains the the optically injected Nd:YVO4 system. The experimental setup 

is given. Controlling the frequency offset between the master and the slave lasers and 

controlling the injected beam using an  acousto-optic modulator are explained in detail. 

The chapter includes practical information about operating the system and generating 

the pulses, and it explains two methods used to calculate the injection strength. 

Furthermore, the chapter includes procedures to facilitate optically injected-solid state 

laser system. 

Chapter 5 provides a  study of the characteristics of different dynamical regions. An 

experimental demonstration of the dynamics belonging to the dynamical states is 

introduced. To identify the regions of the dynamical map that are appropriate for 

generating a variable pulse repetition frequency, the response of the pulse repetition 

frequency to the frequency detuning changes is studied. For this purpose, a specific 

points on the (detuning, injection strength)-plane are chosen to represent different 

regions of the dynamical map. The chapter also investigates the existence of an 

unexplained large pulse-timing jitter spread throughout a wide region in the 

(detuning, injection strength)- plane. 

 

Chapter 6 includes operating  the system to produce a continuous variable pulse 

repetition frequency by varying the frequency detuning between the free-running 

master and slave lasers. This chapter investigates two ranges of injection strength 

specified in Chapter 5 and shows the accessible ranges  of pulse repetition frequency 

this system can attain.  
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Chapter 7 presents a study of the optical frequency instability of the optically pumped 

solid-state lasers that are used in an optically injected solid-state laser system. The 

chapter introduces Nd:GdVO4 crystal as a competent alternative to Nd:YVO4 with 

additional good performance. The frequency noise in free running optically pumped 

Nd:YVO4 and Nd:GdVO4 lasers is evaluated. 

Chapter 8 provides an overview of the main results of the previous chapters and 

makes suggestions for developing the optically injected solid-state laser system. 
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                                      Chapter 2 

                                    Background 

2.1.   Historical review  

In 1984, Tredice et al. studied theortically, the dynamics of an optically injected class 

B laser, discussing the stability of the steady-state and the time-dependent state [1]. 

This work showed if the injected field does not satisfy an injection locking condition, 

the system will destabilize. The numerical results showed under specific conditions 

the laser pulses with a damping oscillation became undamped. In this work the process 

of producing undamped oscillation instigated by an external field, called self-Q-

switching. The pulse repition frequency of the pulses is related to the amplitude of the 

external field. 

In 1993, Simpson and Liu [2] introduced a theoretical analysis in terms of the phase 

and amplitude modulations caused by mixing of the optical fields in the injected laser. 

They used a model of an unlocked injected laser, which takes into account the effect of 

the Fabry-Perot resonant cavity. The model is applicable to most class B lasers .  

Yeung and Strogatz [3] studied the rate equation model of a solid-state laser with 

injection. The paper reports three unlocking mechanisms (or three routes to locking)  

in this kind of laser. They report a route to locking in an intermediate regime between 

locking via a saddle-node bifurcation and locking via a Hopf bifurcation. This route to 

locking involves cascades of periodic orbits and was identified later as a period-adding 

sequence.   

Such work gave motivation for more studies in the field of nonlinear behaviour in 

lasers. In 2002, Krauskopf and Wieczorek performed an important Investigation [4, 5]. 

This research studied the route to locking in class B lasers subjected to optically 

injected light and introduced a deeper understanding of the optical injection 

phenomena. Although the study intended to explain the dynamical complexity of a 

semiconductor laser, it was used to explain the behaviour of other kind of injected laser 

systems.  

The study considered the linewidth enhancement factor (α) (the amplitude-phase 

coupling), as the most important parameter that specifies the dynamical behaviour of 
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the lasers. The work is concerned with the bifurcation diagram in the injection strength 

and detuning (K, Δω)-plane for different fixed values of a linewidth enhancement 

factor, while the other material parameters remain fixed. Some of the important results 

are shown in figure 2.1. The figure shows the bifurcation curves associated with the 

accumulation of large regions of periodic orbits. The bifurcation curves are: saddle-

node bifurcation (SN) (a transition mechanism between synchronization (phase 

locking) and modulation (beating oscillations)), Hopf bifurcation (H) (a bifurcation to 

a limit cycle (periodic behaviour)) and torus bifurcation (T) (a bifurcation to quasi-

periodic oscillation).  

The periodic orbits are: saddle-node of limit cycle orbits (SLj) (limit cycle oscillation) 

and period-doubling orbits (P j)( orbits include bifurcation which occurs when a 

new limit cycle emerges from an existing limit cycle, and the period of the new limit 

cycle is twice that of the old one), where  ( j = 1, 2, . .. ). 

According to Krauskopf and Wieczorek’s results, and considering the linewidth 

enhancement factor (α) for solid-state lasers = 0, the behaviour of the optically injected 

solid-state laser is represented by the figures 2.1 A(a) and 2.1 B(a) . 
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  (A) 

(B)   

                                
 

Figure 2.1. Transition of the accumulating regions in the (K, Δω)-plane with increasing 

α; from (a) to (d) α takes the values  0.04, 0.2, 0.5, and 2.0. The bifurcation curves are: 

Saddle-node bifurcation (SN), Hopf bifurcation (H) and torus bifurcation (T). The 

winding Periodic orbits are: saddle-node of limit cycle orbits (SLj) and Period-doubling 

orbits (P j) for j = 1, 2, . . . ., Points G1 and G2 represent SN-Hopf bifurcation points. (A) for 

positive detuning, (B) for negative detuning. After [5]. 
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2.2.   An optically injected Nd:YVO4 solid state laser studies 

 

Optically injected solid state laser (OISSL) has been investigated by S. Valling et al. 

[6,7,8,15] and by Toomey and Kane. [9,10,11]. 

 

In [6], the dynamics of an optically injected solid state laser has been investigated both 

experimentally and numerically using intensity time series analysis. The experimental 

time series have been generated by keeping the frequency detuning (Δω) constant and 

controlling the injection strength (K). Intensity time series are also obtained 

numerically with a rate equation model for comparison with the experimental results. 

In this study different dynamical pulses have been generated and compared to the 

simulated results. The simulated results showed good agreement with the 

experimental results if the linewidth enhancement factor (α) is chosen to be between 

0.2 and 0.35. 

These results established that the linewidth enhancement factor in solid state laser is 

non-zero. According to this result the expected dynamical map of solid state laser in 

figure 2.1,  should be closed to panel (b) or (c) with small α value rather than (a) with 

α equal zero. 

In [7,15] maps of the dynamics of an optically injected Nd:YVO4 laser are generated 

numerically and experimentally (a complete set of data) for all dynamical regions. The 

experimental map (figure 2.2 a), is generated from the measured intensity time series 

by plotting the maximum of intensity. For this purpose, a long time series of the laser 

intensity with increasing K and several fixed values of Δω were measured. The results, 

normalized to the steady state value are plotted in the K-ω plane as a colour coding of 

the maximum intensity. The red colour on the map corresponds to a large amplitude 

whereas the blue colour corresponds to a small amplitude. The value one (dark blue) 

means that the laser has the same output as in the free running case. The highest peaks 

are about 12 times higher than the free running laser intensity. 

The numerical map (figure 2.2 b) which represents the maximum of the intensity time 

series is plotted in the same way. Each value of intensity is found by direct integration 

of the model equations at numerous points in the K-ω plane. Experimental and 

numerical maps are shown to be in a good agreement with each other. Full details of 

the rate equation model used to generate the the numerical map shown above can be 
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found in reference [7]. The model describes the dynamics of a single mode solid state 

laser subject to external optical injection: 

��
�� 	=�	�� 	�1 − ��
	�� 	����		� 	�� − 1
 − �

�	 ��		��� − 1
 	+ ��Δω
Ω� 	� 	� + �Ω�                       (2.1)       

	����  =	� �1 − �
 + � !	�1 − ��
 +  �" �� (1- N) +	�# 	��		$��  ����� − 1
                               (2.2)        

Here, E is the electric field envelope, N is the population inversion density, both E and 

N are normalized to their steady state values (no injection),  J = (Jo -Jth) / Jth is the pump 

power Jo normalized to its threshold value Jth , �%	is the decay rate of the cavity,	� 	is the 

decay rate of upper state level, �"	is the relaxation rate of the differential gain, ��	is the 

relaxation rate of the nonlinear gain, α is the linewidth enhancement factor, &R is the 

angular relaxation oscillation frequency of the slave laser, Δω = 2π ('ML-'SL)/ &R is the 

normalized frequency detuning between the master and the slave laser where 'ML is 

the master laser frequency and 'SL is the slave laser frequency, K is the normalized 

injection strength (K=( (/ &R) (|�*|/	|�,|
, where ( is the coupling rate, Ei and EO are 

the injected and the free running oscillating field amplitudes). The dimensionless 

parameters Δω, K are used in equation 2.1, 2.2 to characterise the dynamic 

performance. The numerical model used to generate intensity stability maps shown in 

chapter 4 (section 4.4) is taken from reference [7]. The maps were generated using the 

rate equation model outlined above. 

Equation 2.1, 2.2 includes nine parameters, two of them, which can be changed 

experimentally, are the detuning and the injected strength. The five parameters		�,
�%	, 	� 	, �"		and	��	are called the material parameters and are fixed for a certain laser. 

The normalized pump power J and the relaxation oscillation frequency &R can be 

optimized for a given experiment. The solutions of equations 2.1 and 2.2  display a 

number of diverse dynamics. 
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Figure 2.2: (a) Experimental map, where the color coding reveals the intensity time series 

maxima for certain (K, Δω). (b) Numerical map of intensity time series maxima with α=0.35. 

After [15]. 

 

To identify different types of dynamical behaviour, the bifurcation diagram (figure 2.3) 

is determined by solving equation 2.1, 2.2 [7]. The diagram represents the basic 

bifurcations of the optically injected solid state laser in the K-Δω plane consisting of 

saddle-node bifurcations (SN), Hopf bifurcations (H), period-doubling bifurcations 

(PD), and torus bifurcations (T). The bifurcation curves in the (K,ω)-plane are the 

boundaries at which the laser’s behaviours changes qualitatively. In figure 2.3 there 
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are two bifurcation curves confining a locking region (the cone-like region in the 

middle) in which the laser locks to the injection laser showing relatively constant 

power and oscillating with the master laser frequency. The two curves are the saddle-

node bifurcation and the Hopf bifurcation.  

In the positive detuning region and along the Hopf bifurcation H, a limit cycle is created. 

By changing the experimental parameters, the limit cycle changes stability through the 

period doubling regime. In the negative detuning region, crossing the saddle-node 

bifurcation results in a sudden change in the amplitude and the frequency of the 

oscillation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.3. Theoretical bifurcation diagram of the rate equation model showing the basic 

bifurcations. Saddle-node (SN) bifurcations in blue, Hopf (H) bifurcations in red, period-doubling 

(PD) bifurcations in Green, and torus (T) bifurcations in black. After [7]. 

 

Two crescent-shaped regions above and below the locking region represent period-

doubling regimes. The limit-cycle regime dominates in the area above the Hopf 

bifurcation curve for positive detuning and below the torus bifurcation curve for 

negative detuning. Far outside these areas, for higher frequency detuning range, a 

noisy free-running regime dominates with an oscillation frequency equal to the 

relaxation oscillation frequency of the injected laser.  

An experimental bifurcation diagram of optically injected solid state laser was 

determined in [8]. A new method to construct the experimental bifurcation diagram of 
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an optically injected Nd:YVO4 solid state laser in the (K-Δω) plane was presented. The 

approach is to characterize the different bifurcations in terms of indicators determined 

from the experimental map. Different dynamics and bifurcation curves were deduced 

from the different properties of long time series maxima. 

In [9] the correlation dimension (a statistical index of complexity of a nonlinear 

system) which provides a tool to quantify self-similarity contained in nonlinear 

behaviour was used to study the degree of the complexity of the output of OISSL 

system. In this research, a map of the correlation dimension as a function of the 

injection strength and frequency detuning are  extracted from the time-series data of 

the laser output power that was been used in [7,8]. The map is in agreement with prior 

investigations of this laser system (figure 2.4). It also gives further insight into the 

 

 

 

 

 

 

 

 

 

 
 
 
Figure 2.4.  Correlation dimension (CD) map in the (K, Δω) plane of experimental data. The 

different dynamical region is identified as I: Locked (no data), II: Periodic (CD = 1), III: Spiky 
output (CD < 1), IV: Chaotic (CD > 2), V: Noisy (CD = ∞). After [9]. 

 

level of complexity of the different nonlinear dynamics. Details such as the small chaos 

regions (the red regions in figure 2.4) that are predicted in [5] are manifested clearly 

in the correlation dimensional map. The correlation dimension map was constructed 
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also from a simulated time series generated from the rate equation model. Both the 

experimental and simulated laser maps showed similar structure. 

 

The using of the optically injected solid state Nd:YVO4 laser as a pulse generator was 

demonstrated for the first time in [10] This work showed that the OISSL system can be 

operated as a source of laser pulses with a pulse repetition frequency (PRF) that can 

be continuously varied by a single control, ranging from 200 kHz up to 4 MHz and pulse 

durations between 10 and 100 ns. The map of the dominant frequency, identified as 

the inverse of the average pulse period of the peaks, was generated for all injection 

strengths and frequency detuning. The dominant frequency are represented by a 

colour bar (figure 2.5). The same experimental intensity time series used in [7] was 

employed in this work. The same map with a rescaled coloured bar, to show details in 

the range 0 to 4 MHz is shown in figure 2.6.  

The results obtained also included maps of the dominant frequency from simulated 

time series in the (K, Δω) plane for full pulse repetition frequency scale and a map 

scaled to highlight PRF between 0 and 4 MHz. The simulated map was generated from 

a single mode, rate equation model as described in [9,10]. The range of pulse repetition 

frequency attainable from this system as a function of the injection strength for fixed 

detuning is shown and discussed in detail in chapter 6. 

 

 

 

 

 

 

 

 

Figure 2.5. Dominant frequency from experimental intensity time series in the (K, Δω) 

plane. After [10]. 
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Figure 2.6. The same map of the (K, Δω) plane as in figure 2.4 with a rescaled 

colour bar to highlight features in the 0 to 4 MHz scale. After [10].  

 

 

2.3. Instability of optically injected solid-state laser system  

2.3.1.  Detuning Instability of solid-state laser system 

The optical frequencies of the two solid state lasers are not stable. The fluctuation in 

the optical frequencies can limit the performance of the system because the pulse 

repetition frequency of an optically injected laser system depends directly on the 

detuning between the optical frequencies of the main laser and the injected field.  

The instability of the detuning has been discussed by T. Fordell [14]. The low 

characteristic frequency of these lasers (in MHz range) implies that the frequency 

stability of these lasers caused a problem in the experiments to generate the dynamical 

map of OISSL (figuure2.2) [7, and 8]. In this work, the map of dynamics of OISSL is 

generated by recording the intensity time series as a function of the injection power 

while keeping the detuning constant. By repeating this process for many detuning 

values it was possible to generate the map of intensity in a K-∆ω plane. The sweep time 

should be long enough to register a suitable amount of time series data. Because it is 
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difficult to keep the beat frequency (detuning) between the lasers constant during the 

sweep of the injection power (with fluctuation approximately 200 kHz in10 ms in that 

system), a fast sweeping is used to provide a change in the normalized injection 

strength of 4 in 10 ms. Long term stability in this system is difficult to achieve, because 

no active stabilization methods can be allowed for the slave laser in the optically 

injected system This issue is investigated in chapter 7. 

2.3.2. Instability of the time periods in different regions on the 

dynamical map 

To study the constancy of the dynamics in OISSL, the standard deviation of the time 

period between pulses (given as a percentage ratio) is mapped in [11]. The map 

showed regions with very little variation in the inter pulse period like the two crescent 

shaped regions which correspond to the regions bounded by period doubling 

bifurcations [7,8]. The region just above the period doubling bifurcation boundary for 

negative detunings showed high standard deviation values. The reason of this high 

standard deviation of the time period, which occupy a wide area on the map, is not 

clear and needs more investigation. Figure 2.7 shows the standard deviation of the 

pulse period in the different regions of the map.  

 
 
 
 

 

 

 

 

 

 

Figure 2.7: Showing the standard deviation in pulse period for all time series in the (K, Δω) plane.  

Red regions correspond to unstable pulses [11]. 
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2.4.  Conclusion 

 

This chapter introduced the main previous studies on unlocking dynamics of optically 

injected lasers. In the second section, the nonlinear dynamics of an optically injected 

Nd:YVO4 solid state laser studies are explained in details. The chapter introduced also 

the background of two important issues in an optically injected solid state laser system 

that can determine the performance of the system: the detuning Instability of solid 

state laser systems and the high instability of the time periods in a specific  region on 

the dynamical map of the system.  
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Chapter 3 

 

Basic concepts 

 
3.1.  Introduction 

 
The aim of this chapter is to provide the necessary concepts that support operating 

and designing optically injected solid-state lasers (OISSL). The section discusses the 

characteristics of the highly efficient diode-pumped solid-state laser of Nd:YVO4, 

including the basic laser operation process, the configuration used in the end pumping, 

and some of the most important optical and thermal properties of the diode end-

pumping Nd:YVO4 laser. The section also discusses the basic requirements of optically 

injected solid-state lasers. 

 

3.2.   Diode end-pumped Nd:YVO4 laser        

The improvements of diode lasers have led to the development of optically-pumped 

solid state lasers. The developments in material science and optics fields also enhanced 

the development of optically-pumped solid state lasers. A varies kinds of diode lasers  

and novel crystals led to test hundreds of laser transitions and to select the most 

efficient kinds [1,2]. 

Nd:YVO4 (Neodymium-yttrium vanadate) has been selected as a laser gain element due 

to many characteristics, such as its large stimulated emission cross section,  low 

fluorescence lifetime and strong broadband absorption at 809 nm. The large 

stimulated emission cross section and the low fluorescence lifetime are useful for 

efficient, high repetition rate pulsed operation [1,2]. Growing big Nd:YVO4 crystals is 

rather difficult, with the emergence of diode pumping, Nd:YVO4 has become an 

important solid-state laser material because small crystals are required with this 

pump source [2,3]. 

Diode-pumped solid state lasers of Nd:YVO4 are considered the most efficient diode-

pumped lasers for both side and longitudinal pumping modes, because of  their high 

absorption efficiency (the peak absorption cross section is about five times larger than 
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of Nd:YAQ at 808 nm) which explains why Nd:YVO4 laser is used  as a microchip laser. 

The broad absorption spectrum makes Nd:YVO4 more suitable for diode-laser 

pumping than other materials as a low-threshold laser material at emitting wavelength 

1064 nm [2,4].  

A solid state laser system is a combination of a doped ion and a hosting crystal. The 

type of doped ion determines the emission peak of the laser wavelength. At the same 

time, the emission peak is affected by the field of the host crystal, which causes a 

spectral shift of the peak due to the stark effect. As a one of the solid state lasers, 

Nd:YVO4 consists of a host of YVO4 with a small amount of Nd ions (Nd+3) [5,7]. Figure 

3.1 shows the operation of this kind of laser. The pump light raises electrons from the 

ground state, E (0), to the pump band metastable level (level with a relatively long 

lifetime) E (3).  

 

 

 

 

 

 

 

 

 

 

                                               Figure 3.1. Energy levels diagram for four level lasers 

 

 

The pumping band is a wide absorption band made up of a number of bands, so that 

optical pumping can be accomplished over a broad spectral range. The excited 

electrons are transferred into the sharp level E(2) by fast nonradiative transitions. The 

laser transition, however, proceeds to a fourth level E(1) by the emission of the 

photons. Therefore the laser transition takes place between the excited laser level E(2) 

and level E(1). Finally, the electron returns to the ground level E(0) by a rapid 

nonradiative transition. In this system, the existence of the metastable level E(3) is 

very important because this level with the relatively long lifetime provides a 
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mechanism by which an inverted population can be achieved. In the Nd:YVO4 solid 

state laser, the transition from manifold 4F 3/2 to manifold 4I 11/2 of the Nd+3 ions is 

responsible for emitting the laser line at 1064 nm [3,5]. 

 

3.2.1 Basic configuration of a diode end-pumped Nd:YVO4  laser 

The basic configuration of a diode end-pumped Nd:YVO4 laser (figure 3.2) consists of a 

diode-pumping source, coupling optics that direct the diode light into laser crystal, a 

monolithic laser crystal (crystal with coated mirrors on the crystal surfaces), and a 

collimating lens.  

 

 

 

 

 

 

  

 

 

 

 

 

 

                     Figure 3.2. The basic configuration of a diode end-pumped Nd:YVO4 

 

 

The diode laser which emits a wavelength at about 809 nm (at 27◦C) is used as a 

pumping source in this configuration because this wavelength has a large absorption 

cross section by the Nd+3 ions in YVO4. The two end mirrors, the output coupler and 

the back mirror represent a plane-parallel optical  resonator. 

In this configuration a laser diode beam is focused to a small spot on the end of a laser 

crystal, and is directed along the laser axis. The high density of the pump beam 
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produces a low laser threshold and a high slope efficiency operation because both the 

threshold pump power and the pumping efficiency of the laser are related to the 

diameter of the pump beam [6]. This geometry produces a natural aperture (figure 3.3) 

operating on the fundamental transverse mode (TEM00) in which the intensity 

distribution is approximated by a Gaussian profile. 

 

 

 

 

 

 

 

 

 

 

  Figure 3.3. An end-pumped solid-state laser, the focused pumping beam causes confine      

oscillation in small volume and produce a natural aperture operating on 

the fundamental transverse mode (TEM00). 

 

                                     

This configuration allows the maximum use of the energy of the laser diode, first 

because high power density produces a high threshold and a high slope efficiency, as 

disscused. Second, the pump light can be deposited entirely within the crystal volume 

if a right crystal length is chosen. As an example using crystal length of 1mm, the 

fraction of the light (A) in which the crystal can absorb, can be determined using Beer’s 

law [2,3]. 

A = 1- 123ℓ                                                                                                                                     (3.1) 

 

where (ℓ) is the pathlength in the crystal, and (α) is the absorption coefficient. 

The absorption coefficient for π direction (discussed in the next section) at wavelength 

809 nm with a doping level of 1 % at. Nd, is approximately 34 cm-1 [2]. With a 

pathlength of 1 mm, the crystal can absorb approximately 96% of the pumping light.  
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3.2.2. Properties of diode end-pumping Nd:YVO4 laser 

3.2.2.1. Optical properties 

Nd:YVO4 is a uniaxial crystal, which means it has one optical axis in which the 

refraction does not depend on the polarization of light. For the other two axes, 

birefringence occurs; in this case, the refractive index depends on the polarization 

direction of the electric field causing the existence of two polarization states. The best 

absorption of light by this crystal is satisfied when a polarized light (like the diode 

laser) propagates in any of the polarized dependent axis. In addition, the maximum 

absorption is satisfied when an electric field of the incident light is parallel to the 

optical axis of the crystal (π polarization), rather than when the electric field of the 

incident light is perpendicular to the optical axis of the crystal (σ polarization). 

3.2.2.2. Thermal properties 

Figure 3.2 shows the existence of two nonradioactive transitions. The first is from the 

pumped band to the upper laser level and the second is from lower laser level to the 

ground state. These two transitions emit heat and are within the frequency range of 

the vibration spectrum of the host crystal lattice which in turn absorb this heat. 

Therefore, these two transitions represent the major source of heating in the optical 

pumping of Nd:YVO4 laser. The thermal properties of the laser crystals are dominated 

by the nature of the host laser material through the thermal conductivity coefficient 

and thermal expansion coefficient. 

In an optically injected solid state laser system, it is important to use  an efficient heat 

removal to keep  the crystal temperature  stable with time. Any  oscillation in the 

crystal temperature causes oscillation in the crystal optical path  and translates to 

phase and frequency noise [7, 8]. 

 In contrast to other kinds of pumping, the end-pumped laser produces heat in a small 

volume, along the pumping focused beam. For pump power close to the threshold, the 

thermo-optic effect (the change of the refractive index due to the change in the 

temperature) is less important [9]. However, this effect could increase the transverse 
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modes in the laser output due to the thermal lensing. These effects show the essential 

need for an effective technique to control and eliminate the generated heat through the 

lasing process.   

 

3.3. Main requirements of OISSL as an optical pulse generator  

There are three basic requirements of optically injected solid-state laser as an optical 

pulse generator, that should be available in the optically pumped solid-state lasers:  

3.3.1. High laser power                                           

In optically injected solid-state laser system, the high slave laser power is important 

for two reasons [10]. First, it is known that the experimental parameters K and Δω 

drive the laser close to the relaxation oscillation frequency (&r) or its multiples (2&r, 

3&r,--, etc.) This is because the appearance of different oscillation states means some 

resonance oscillation states get excited in the laser. Therefore a large relaxation 

oscillation frequency provides a wider modulation range.  

The relaxation oscillation frequency in solid-state laser  depends on the average power, 

where:   

 

 78 			9			 :
							;<												=					82�

>�>;		                                                                                       (3.2) 

 

Where τc is the cavity lifetime, τ2 is the upper laser level lifetime, and r is the pumping 

rate, which is the ratio of the pumping power to the threshold pump power. If the laser 

operates far from the threshold power, it will oscillate with a higher relaxation 

oscillation frequency. 

Second, the power of the OISSL system which is approximately the slave laser power,  

is required for different applications. 
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3.3.2. Single longitudinal mode operation 

In many laser systems, there is a need to employ a single longitudinal mode laser with  

high power. Offering these two characteristics at the same time (without using 

additional techniques) is very difficult, because the length of the resonator required to 

produce a high power usually allows for many longitudinal modes to oscillate. The 

solution in such a case is to delay achieving higher power to a next stage, in which an 

optical amplifier can be used. However, this does not mean power should be ignored 

when operating the laser; it means priority should be given to maintain single mode 

operation and optimizing the power as possible.  

Optically injected solid-state lasers operate ideally with a single-longitudinal mode. If 

the system operates with more than one mode, and the oscillation frequencies of these 

modes  are not interacting with each other and not close to each other, it is possible to 

select one of the modes to interact with the injected beam. The extra modes, operate 

far from the selected mode will not affect the interaction between the injected mode 

and the selected mode of the slave laser. The drawback is the extra modes generate a 

heat (in the same way explained in subsection 3.2.2.2) in the laser crystal in addition 

to the heat generated from the selected mode. The additional heat can change the 

spectral properties of the selected mode and the system output.  

Single-mode oscillation could be obtained using a variety of techniques, most of them 

involve the insertion of additional components into the laser resonator. Adding 

additional components in the laser cavity needs long laser cavity, which produces more 

noise. Single-mode oscillation can also be achieved by using diode end-pumping 

microchip (cavity length of less than 1 mm) lasers [1,2]. The microchip lasers are used 

in the recent work.  

 

3.3.3. Low noise lasers 

When using the OISSL as a pulse generator with destabilized region, any small change 

in the injection parameters due to noise, will translate directly to a change in the output 

characteristics. The high sensitivity to noise in OISSL as a pulse generator means 

design considerations for the noise effects (in particular, crystal length) must be 

considered, in addition to the need of the high power slave laser. 
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3.4. Conclusion 

 

The chapter discussed the operating principle and the system requirements of the 

optically injected solid-state laser as a pulse generator. The second section explained 

the operation of the diode end-pumped Nd:YVO4  laser, the basic configuration of this 

kind of laser, the properties of diode end-pumping Nd:YVO4  laser including Optical and 

thermal properties.  

The third section discusses the basic requirements of an optically injected solid-state 

laser system as an optical pulse generator that should be available in the optically 

pumped solid-state lasers. The requirements include, high laser power, single 

longitudinal mode operation and low noise lasers.         
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Chapter 4 

Optically injected solid-state laser system 

 

4.1. Introduction 

In this chapter, a full description of the optically injected Nd:YVO4 solid-state laser 

system is provided. The practical requirements to control the optical frequency offset 

between the crystals and to control the injection strength are discussed. The method 

used to quantify the normalized injection strength values is also explained. Finally, 

solutions to facilitate the system operation are presented. 

4.2.  Experimental setup and measurements 

This system is established to study the characteristic of the OISSL system as an optical 

pulse-generator. The main purpose of this system is to produce pulses  with 

changeable pulse repetition frequency (PRF) using fewer parameters. The 

experimental parameters that can be used to change the pulse repetition frequency of 

the pulses generated by the system are: the normalized frequency detuning between 

master and slave laser (Δω) and the normalised injection strength (K). In an optically 

injected solid-state Nd:YVO4 laser, the optical frequencies can be controlled by 

changing the temperature of the crystals, and the injection strength can be controlled 

using any intensity attenuator. The basic requirements of the OISSL system are: two 

single mode lasers with two close optical frequencies of which at least one can be 

controlled.  

4.2.1. The  setup  

The experimental setup is shown in figure 4.1. Two monolithic Nd:YVO4 solid-state 

lasers are operated in a master-slave configuration (explained in chapter 1, section 1.1) 

in which the laser beam from one of the two lasers (the master) is directed to the  

second laser (the slave). The two solid state lasers are pumped using a single mode 

809 nm SDL- 5421 diode laser (DL) using end pumping configuration explained in 

chapter 3. 
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The maximum output power of the diode laser is 150 mW. The diode laser collimated 

output beam is splited into two beams using a beam splitter (BS) to pump each of the 

solid-state lasers. Both Nd:YVO4 crystals are 1 mm thick and 3x3 mm2 area. The 

Nd:YVO4 crystals are 1% Nd3+ doping and 5% output coupling at the end facet. To 

protect the DL from optical feedback, a Faraday isolator (FI) is placed between the 

pump laser and the beam splitter. The two pumping beams are focused into the 

crystals using a 25 mm objective lens (L). Two copper mounts with XYZ stages are used 

to fix and align the crystals with the pumping beam. A linearly π-polarised beam is used 

to pump each of the crystals along their pumping axis (chapter 3, section 3.3.2.1). To 

remove the pump light from the 1064-nm laser, two interference filters are used (F). 

The master laser output was directed to the slave laser through an acousto-optic 

modulator (AOM) with an operating frequency of 80 MHz. Two other Faraday Isolators 

are used in the setup to ensure the unidirectional injection operation and to prevent 

unwanted feedback reflected from the different optical apparatus. 

An Optical spectrum analyser (ANRITSU MS9001B1) was used to enable  coarse 

frequency tuning (few GHz range). To enable fine frequency tuning (few MHz range) 

Figure 4.1. Experimental setup used to study the charicteristics  of  OISSL, showing the 

basic apparatus: DL, Diode laser; BS, beam splitter; F, filter; FI, Faraday isolator; L, 

lense; M, mirror; AOM, acousto-optic modulator; OSC, oscilloscope; OSA, Optical 

spectrum analyzer; A, B fiber heads; C1, C2, C3 are oscilloscope chanels, PD1, PD2, PD3 

photo detectors. 
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and to measure the beat frequency, 400-MHz photodeetector (PD3) connected to a 

Wave MASTER 8600A oscilloscope was used. The beat frequency was measured by 

finding the fast Fourier transformation (FFT) for the beat time series. A New Focus 

1554-B-12 GHz photodetector (PD2) connected to the same oscilloscope was used to 

register the intensity time series of the injected laser. A detector PD1 was used to 

monitor the injected beam. This detector was connected to a LeCroy LC564A 

oscilloscope. To ensure the single mode operation of both lasers, a Fabry-Perot 

interferometer (Burleigh TL-15) was used. Finally, a power meter (THORLABS PM30) 

was used to measure the power. 

4.2.2. Single mode operation 

 The spectral output of the laser is determined by the gain-bandwidth of the active 

material and the properties of the resonator. By considering the monolithic resonator 

as a Fabry–Perot system, the separation of the longitudinal modes	�∆νm
 is given by 

 ∆νM = 	c/�2nd	cos	θ	
 ,                                                                   (4.1) 

where θ is the incident beam angle, c is the speed of light, d is the length of the cavity 

and n is the refractive index of the cavity medium [1]. The longitudinal mode 

 

 

 

 

       Figure 4.2.   Fabry–Perot resonator where P is the incident  beam angle, 

      � is the cavity length and n is the refractive  index of the cavity medium. 

 

separation of a 1mm monolithic Nd:YVO4, where n = 2.16 [2], considering a normal 

incidence of light, is 69 GHz. The number of oscillating modes (m) is given by  

 m = 	 ∆νQ/∆νM                                                                                                         (4.2)                                                                                            

where ∆νQ is the gain bandwidth. The gain bandwidth for 1% at. Nd doping is 200 GHz, 

Using this relation the number of the oscillating modes is 2.8, which means that two 

d n

θ 



31 

 

longitudinal modes will oscillate in this laser. Equation 4.1 illustrated in figure 4.2, 

shows the possibility of using the incidence angle to obtain single mode operation. This 

method is used successively in controlling the modes in this study. 

4.2.3.  Effect of the pumping beam alignment on the OISSL system 

The pumping beam alignment plays an important role in the OISSL system 

performance because both the threshold pump power and the pumping efficiency of 

the laser are related to the diameter of the incident beam [3], The relaxation oscillation 

frequency (&r) is affected also by the location of the focusing point of the pumping 

beam on the crystal. Equation 3.2 in chapter 3  shows the effect of the pumping 

parameters on the &r value. The relaxation oscillation frequency in the OISSL system 

as a pulse generator is very important because generating the pulse depends on the 

interaction between the injected electric field and the relaxation oscillation process. A 

high relaxation oscillation frequency offers a wide range of pulse repetition  frequency. 

4.2.4.  Controlling the optical frequency offset between the crystals  

The frequency offset (detuning) between the master and slave lasers in an optically 

injected solid-state laser can be controlled by changing the crystal temperature. To 

control the temperature of either crystal, Peltier elements are fixed inside the mounts 

and connected to temperature controllers. By changing the temperature, the frequency 

of each solid-state laser can be tuned. The temperature of the injected laser (the slave 

laser) is kept near room temperature, while the injection laser (master laser) operates 

at ~12OC. The master laser is chosen for adjustment in order not to disturb the slave 

laser for as long as possible. Figure 4.3 shows the response of the master laser central 

frequency to the change in temperature. For a better control, the temperature 

controller can be connected to a DC source, to produce small changes in the 

temperature. To clarify this point, the temperature coefficient of oscillation frequency 

(d'/dT) for Nd:YVO4 is -1.6 GHz oK -1 [4]. To produce a change in the detuning of 1 MHz, 

The crystal temperature should be changed by 0.62 m oK, this range of change is 
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possible by varying the connected DC voltage in a range of milivolt.  

4.2.5.  Solid-state laser pumping    

The frequency detuning between the two lasers is a main parameter that could be used 

to control the OISSL. One of the most important types of noise in the detuning due to 

the unstable frequencies of the two lasers, is the low-frequency random walk noise [5]. 

This noise is shown in Figure 4.4, a, b. Figure 4.4 a, shows another kind of noise as a 

regular change (ripple) in the offset between the laser frequencies due to relative 

change of one of the frequencies to the other. Using a single optical pumping beam to  

 

 

 

 

  

 

Figure 4.4. The change in the frequency detuning of the two lasers ( free- running 

lasers) with the time , using (a) two pumping sources and (b) one pumping source. 
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Figure 4.3. The detuning response to the change in the temperature of the 
master laser crystal.  
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pump the two solid-state lasers rather than two, removes this ripple and proved to be 

a good refinement in the performance of the OISSL system. Extra refinements are 

needed to stabilise this system. (Explained in chapter 7 and 8).  

4.2.6. Controlling the injected beam using an acousto-optic 

modulator  

The master laser output is directed to the slave laser through an acousto-optic 

modulator (AOM) with an operating frequency of 80 MHz is used for many purposes: 

• To deflect the master laser output using the diffraction action of the acosto-

optic modulator, so the first order (with frequency shift of 80 MHz ) can be used 

for injection purpose. With no AOM action, the direct beam from the master 

laser along with the beam from the slave laser are coupled to generate a beat. 

The beat is used to determine the frequency detuning between the solid-state 

lasers. The master laser frequency is decreased by 80 MHz, so the beat detector 

will show the beat frequency around 80MHz. At the same time, when the AOM 

switsh on, the  frequency of the first order beam will increase by 80 MHz  and 

detuning between the injected field and the slave laser field will be  around zero. 

The shift in the detuning helps distinguish the positive detuning from the 

negative detuning (explained in section 4.5.1). 

• The AOM is used also to control the injection power. By employing a function 

generator connected to the AOM driver, the AOM can be operated with different 

types of periodic waves. The AOM output used to inject the slave laser can be 

controlled with different on-off signal modes. The type of modulation depends 

on the experiment requirement (explained in 4.3.3, 4.4).  

4.3.    Operating the system 

4.3.1.  Using time series analysis 

In an optically injected solid state laser system, analysing the time series is a suitable 

way to obtain the measurement of the detuning and the pulse repetition frequency 

because the time scale of the generated pulse is in microseconds. With this range there 

is no need to use a very advanced oscilloscope. While a spectrum analyzer is used in 

many kinds of lasers where the time scale is in nanoseconds in which a very advanced 

oscilloscope is required. 
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4.3.2.  The injection parameters 

Dimensionless injection parameters, normalized frequency detuning (Δω= ('ML-

'SL)/&r) and normalized injection strength (K = injection strength (к/&r)) (chapter 3, 

section 3.2) are commonly used for ease of comparison of the results of different 

studies. The optimized values of the relaxation oscillation frequencies in most 

experiments are 4.15 MHz for the slave laser and 3.5MHz for the master laser; the 

output power of the slave laser is approximately 10 mW (except mentioned 

otherwise). 

4.3.3. Pulse generation, determining the injection parameters and 

measuring the pulse repetition frequency  

The established set up satisfies three basic requirements, which are: 

• Generating optical pulses. 

• Measuring the injection parameters (K, Δω). 

• Measuring the pulse reptition frequency of the generated pulses. 

 

Measuring the injection parameters is important for two reasons: to study the 

characteristics of the pulses in different regions in the K-Δω map and to use these 

parameters as independent parameters to change the PRF of generated pulses. Once 

the characteristics of a specific OISSL system are known and fixed, it is possible to use 

the injected power directly instead of the injection strength to control the system.  

To generate the pulses, the frequency detuning is chosen to be close to the relaxation 

oscillation frequency. Within this range and by coupling the master laser beam to the 

slave laser, different kinds of nonlinear dynamical pulses can be observed, depending 

on the values of the injection strength and frequency detuning. A square voltage signal 

with a frequency of 5 kHz and a voltage of approximately 3.8v (Vpp) (within the AOM 

operating voltage range) is applied to the AOM driver to provide an on-off AOM 

operation state, causing an on-off  injection operation.  

In the on state, the AOM will operate and generate the diffracted beams with different 

orders. The first order-diffracted beam is used to inject the slave laser. When the AOM 

is operated in the off state no diffracted beam will be generated, and, as a result, no 

beam will be injected into the slave laser. At the same time, an undiffracted master 
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laser beam is directed to detecting point PD3 in figure 4.1 to be coupled with the 

master laser beam. With each on state, the laser beam injects into the slave laser 

crystal. The intensity time series of the slave laser can then be registered and analysed, 

and the pulse repetition frequency of the slave laser can be determined.  

In the off state, no injection occurs and the frequency detuning between the two free 

running solid state lasers can be measured. With each trigger, three time series are 

recorded by the oscilloscope (figures 4.5, 4.6): the square wave voltage is recorded in 

C1, the slave laser intensity time series (to measure the PRF) is recorded in C2 and the 

intensity time series of the beat frequency (to find the detuning ) is recorded in C3. 

With an operating frequency of 5 kHz, the oscilloscope will be able to record 50 square 

waves in 10 ms at every single trigger. The square wave voltage in (C1) is used to find 

the starting on-off point for each time trace. For each average injection power value, 

the injection strength is measured. The oscilloscope is triggered by the AOM square 

wave voltage. 
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Figure  4.5. Saved data from the three oscilloscope channels: the square wave voltage (C1), 

the slave laser output (C2) the output from PD3 (the beat) (C3). Each Square contains

intensity time series 
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4.4. Specifying normalized injection strength values 

Measuring the absolute injection power is not possible in this setup because of the 

unknown coupling rate for the injected field (chapter 3, section 3.2). This is a common 

difficulty in optically injected systems. The relative injection strength (RIS), which is 

related to the square root of the relative injection power (the injected power/output 

power) can be normalized to K by matching the experimental locking range boundary 

with the corresponding boundary in a simulated K-Δω map generated for this purpose. 

Fig. 4.7 shows the locking range boundary in the K-Δω plane. Using simulated K-Δω 

map, two different methods are used to quantify K 

 

 

 

 

 

 

 

Figure 4.6. The three oscilloscope channels: the square wave voltage (C1) (yellow); the slave 

laser output in which each square contains the  intensity time series (C2) (red); the output 

of the beat contains the intensity time series (C3) (blue). The yellow bottom trace is used to 

observe the FFT of the time trace of C3 (the detuning). 

 

Figure  4.7. Locking range boundary in K- Δω plane 
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4.4.1. Using saw wave modulation 

To find corresponding K values for injection power values, a saw wave modulation 

with modulation frequency 500 Hz, is used to produce gradual increasing in the 

injection power, this method is applied as the following: 

1. For a fixed frequency detuning, a modulated AOM with a saw wave (figure 4.8, 

C1) is used to produce a saw wave injected power. The saw modulated voltage 

is registered in the oscilloscope in channel 1 (C1). Increasing the power injected 

into the slave laser by increasing the saw wave voltage  with the time produces 

a different dynamics (figure. 4.8, C2). The figures are plotted as a function of the 

number of samples in order to facilitate finding injunction locking start point in 

which the injection locking is obtained.  

2. The slave laser output data are registered in channel 2 (C2) to find the locking 

start sample point, the corresponding voltage value at the same sample point 

can be found from figure 4.8, (C1).  

3. The corresponding injected power for this voltage value can be found from a 

calibrating curve between the voltage and the  injected power that is produced 

separately. 

4. The corresponding time trace of the beating between the master and the slave 

laser are saved in channel 3 (C3) to find the value of the detuning for the 

corresponding injection power; the detuning value is found by determining the 

FFT from the time series just before the injection power starts to increase 

(figure 4.8, C3). 

5. These steps are repeated for many values of frequency detuning, and the 

relationship between the normalized detuning and the square root of relative 

injection power (RIP) is plotted to represent a locking boundary in a square 

root of RIP-Δω plane (the locking boundary is either the saddle-node or Hopf 

bifurcation line illustrated in chapter 3, section 3.2.) 

6. A simulated map with a material parameter of solid state lasers and 

experimental parameters of the current experiment  is plotted. The simulated 

map was produced by T. Fordell and used in [6,7,8]. 

7. The intersection of the locking line with the K-axis for an exact value of 

frequency detuning is found for both the experimental graph and numerical 

map (figure 4.7). 
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8. Finally, by comparing these two values, a convert factor can be found to convert 

the injected power to the normalized injection strength value. 
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Figure 4.8. The saw wave voltage C1;  the slave laser intensity time series  C2 ; the 

intensity time series of the beat frequency C3. 
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4.4.2. Locking line method 

The second way to determine the value of the normalized injection strength for exact 

injection power is by using the locking boundary (locking line) of the simulated map 

as a reference to determine K. By changing the frequency detuning for a fixed injection 

power, a different kind of dynamics are generated, at some detuning the locking state 

attained. The data needed to be saved at this point in order to find the frequency 

detuning for the specific injection power. Finally, the corresponding K-value can be 

read for the same frequency detuning on the locking line of the simulated map. Figure 

4.10 shows two of the locking data. The square waves are used here is to find a more 

accurate value for the detuning by analysing the closest data to the locking state only. 

This method is more practical than the first method in which many steps and 

calibrations are needed. In the experiments in the next chapters, most of the 

normalized injection strength values are found in this way, and a locking data is saved 

for each group of points that correspond to the same injection strength. 

 

 

Figure 4.9. The three oscilloscope channels, the saw wave voltage (C1) (yellow top); the slave 

laser intensity time series (C2) (red); the intensity time series of the beat frequency (C3) (blue). 

The spectrum at the bottom used to observe the approximate frequency detuning. 
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Figure 4.10.  A two  examples of a locking data where the intensity is suddenly drops to 

the locking value. The data is for (K ,Δω): (1.3,-1.3) in (a) and (0.72, -0.72) in (b). 

Figure 4.11. The simulated map generated for OISSL current system, using the code 

developed by T. Fordell [6,7,8] . The map shows a locking point (the white point) on 

the locking line in which K is found to be =0.72  correspond to Δω= - 0.72,  
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4.5.     Procedures to facilitate OISSL operation 

To facilitate the OISSL operation, it was necessary to adopt a number of procedures to 

resolve practical problems.Three main procedures are discussed here. 

4.5.1. Specifying positive and negative detuning  

The beat detector PD3 in figure 4.1 shows the beat frequency at around 80MHz 

depending on which of the two frequencies is higher. If the normalised frequency 

detuning  (( νML - νSL ) /&r) read is above 80MHz, that means the master laser frequency 

is higher than the slave laser frequency; practically it is difficult to know which of the 

two frequencies is higher than the other. The positive and the negative detuning can 

be specified based on the direction of the change in the detuning with the change in 

temperature. By increasing  the temperature of the master laser, the frequency of the 

master laser decreases. The detuning indicator moves from high to low values until it 

reaches 80MHz, which actually represents the zero point at which the frequency of the 

master and the slave laser are equal. With a further increase in the master laser 

temperature, the slave laser output becomes higher, and the detuning indicator moves 

towards the 70s; therefore, the values of the detuning less than 80 MHz (the 70s) 

represent the negative detuning, and the values higher than 80 MHz (the 80s) 

represent the positive detuning. This scenario is used in all experiments in the thesis. 

It is worth mentioning that negative and the positive frequency detuning can be 

distinguished also depending on the theoretical maps [6]: the negative detuning range 

includes dynamics that extend over a wide K range, while the positive detuning 

includes dynamics that extend within small K range. This difference can be 

distinguished practically easily in OISSL. 

4.5.2. Injection laser beam alignment 

The system output is very sensitive to the alignment of the injection beam. The beams 

in the common paths should coincide, but this is not enough to ensure the best injection 

direction. For best alignment, the output of the slave laser has to be examined to give 

the maximum output intensity at some reference point for a specified injection power. 

This reference point could be chosen at any frequency detuning far away from the 

dynamical pulses. Optimizing the intensity can be done by any of the reflecting 

apparatus that used to direct the injection beam to the slave laser.  
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4.5.3. Single mode operation 

To ensure single mode operation of the master and slave laser during the experiment, 

a Fabry-Perot interferometer was occasionally used in points A and B (figure 4.1). This 

meant removing some of the apparatus and aligning the interferometer every time; 

this process was replaced by checking the spectrum of the time series (the FFT)  of 

each of the lasers by detector PD3. The growing of an additional longitudinal mode is 

accompanied by the appearance of a second relaxation oscillation frequency peak. This 

feature can be employed to observe and eliminate any additional longitudinal mode  

that could appear, to ensure the single mode operation.  

4.6.  Conclusion 

This chapter explained the optically injected solid state laser system. The system is 

used to study the characteristics of the optically injected solid state laser (chapter 5) 

and to generate optical pulses with controllable pulse repetition frequency (chapter 

6). This chapter discussed many experimental issues related to the experimental setup 

like obtaining single mode operation, the effect of the pumping beam alignment on the 

OISSL system, controlling the optical frequency offset between the crystals. Controlling 

the injected beam using an acousto-optic modulator is discussed also. Operating the 

system using a single optical pumping beam to pump the two solid-state lasers and 

determining the injection parameters is explained. Procedures to facilitate OISSL 

operation are presented also. 
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                                                  Chapter 5 

The response of pulse repetition frequency to change in 

detuning 

 

5.1.  Introduction 

An important feature of optically injected solid state laser (OISSL) is the ability of the 

system to generate a continuous range of pulse repetition frequencies (PRFs), either 

by controlling the injected field strength (K), or controlling the frequency detuning 

between the slave laser and the master lasers (Δω) or both. 

This chapter provides an experimental demonstration of the dynamics of different 

regions of  the dynamical map of this system (chapter 4, section 4.4, figure 4.11). In this 

regards, the relative intensity level of the pulses, the waveform, the values of the pulse 

repetition frequency and the stability of the dynamics are important factors. 

The chapter is also devoted to study the response of the pulse repetition frequency 

(PRF) to the changes in the frequency detuning between the master and the slave 

lasers for a fixed value of normalised injection strength (K). This study is important in 

identifying the regions of the dynamical map that are appropriate for generating a 

variable pulse repetition frequency. The existence of an unexplained large pulse timing 

jitter from the mean period in a specific region on the map is studied also, by measuring 

the standard deviation of PRF in this region (explained in chapter 2, subsection 2.3.2, 

figure 2.7) [1,2].  

To accomplish this, specific points on the (K,∆ω)-plane of OISSL are chosen to 

represent different regions on the map of  the dynamics. At each specific point, the 

frequency detuning was forced to change at approximately the same rate by altering 

the temperature of the master laser. The details are explained in the next section. 
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  5.2. Experimental arrangement 

The experimental setup explained in chapter 4, subsection 4.2.1 is used. The setup is 

shown in Figure 5.1. The injection beam from the master laser was directed to the 

cavity of the slave laser through the acousto-optic modulator (AOM).  

 

 

 

 

 

 

 

 

The AOM was modulated via a square wave with a frequency of 5 kHz. The voltage 

signal was offset from the zero level by V/2 volts to ensure oscillations with a positive 

voltage (figure 5.2). The zero level represented the off state, in which no injection 

occurred. In this state, the two lasers operated as a free-running laser, and the detuning 

could be measured. The AOM produced many orders of diffraction beams. The zero 

order (point A) was coupled with the slave laser beam (point B) by a fiber coupler to 

measure the detuning. The first-order-diffracted beam was used to inject the slave 

laser,  representing  the on state,  while the other higher orders of diffraction beams 

were blocked.   

 

Figure 5.1. Schematic diagram of the pulse generation system showing the basic 

apparatus: DL, Diode laser; BS, beam splitter; F, filtter; FI, Faraday isolator; L, lense; M, 

mirror; AOM, acousto-optic modulator; OSC, oscilloscope; OSA, Optical spectrum 

analyzer; A, B fiber heads; C1, C2, C3 are oscilloscope chanels, PD1, PD2, PD3 photo 

detectors. 
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The temperature controller controlled the master laser temperature through a DC 

supply to increase the resolution. By changing the voltage by 3 x 10-4 volts each time, 

the rate of change of the frequency detuning was approximately 2.5 MHz/s. To study 

the behaviour of the dynamical pulses following the change in the detuning  and to 

study the level of correlation between the PRF and the detuning, the data were 

collected for 10 msec.  

 

 

 

 

 

 

 

 

The output of the system had the same square modulation as the injected beam.  To 

record these pulses in the oscilloscope, a sample rate of 250 MSample/s was used. In 

10 ms, 25,000 sample points were recorded for each square pulse (100 μs). With an 

oscilloscope time base 1 ms/div and using single-trigger mode, the screen showed a 

50 on-off square period to record at the same time(chapter 4, figure 4.6). 

As explained in Chapter 4 section 4.2.1, the output of the system is detected by PD2. 

The detected intensity time series (fifty squares of intensity time series  are recorded 

in channels 2 (C2) (figure 5.1), while the detuning is changed. The recorded  data in C2  

are analysed for each square to measure the PRF (based on finding the fast Fourier 

transformation (FTT)  of the time series).  All the squares are analysed to obtain the 

change of the PRF within a given time period (10 ms). At the same time, fifty intensity 

time series of the  beating of the intensities of the master and slave lasers, is detected 

by PD3 and recorded in channels 3 (C3) (It is important to mention that the photo 

detectors used in the experiment shows the intensity inversely). The data registered 

in C3 are analysed to measure the change in the normalised detuning within the same 

time period by finding the FFT also. For every  point chosen on the (K, ω)-plane of the 

      Figure 5.2. The square wave used to modulate the AOM 
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dynamical map, data is registered by varying the frequency detuning with a fixed 

injection strength.  Figure 5.3 shows the location of these points on the map of the 

dynamics generated for the system with normalised pump power (J) = 1.68 and 

linewidth enhanisment factor (α) = 0.12. 

 

 

 

 

The basic dynamics of the optically injected laser can be summarized by three regions 

of operation: the stable locking region (dark blue on the map), the nonlocking region 

(light blue on the map) and the destabilized locking region (sky blue (very light), 

yellow, orange colour). The colour bar is explained in chapter 4, section4.4. This study 

is concerned with the destabilized locking region only because the aim of this system  

is to generate variable PRF pulses with good performance. 

 

 

Figure  5.3.  The map genrated for this system  showing the 

studied data points on the  K-Δω map.  
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5.3.  Intensities and PRF characteristics in various map regions 

To study the main characteristics of the various dynamical regions and the response of 

the pulse repetition frequency to the changes in the frequency detuning,  points from 

various dynamical regions of the map (figure 5.3) are chosen. The regions was 

specified according to [1-3]. For each point on the dynamical map the results will be 

organized in four rows. The change in the intensity of the pulses with time will be 

shown  in row (a). Row (b), is an enlargement of the intensity time series to show the 

waveform at the specified point. The change in the normalised detuning with the 

number of the square wave (and, consequently, with time) will be  shown in row (c). 

The change in PRF with the number of the square wave will be shown in row (d). The 

graphs of rows (c) and (d) will be used to find the correlation coefficient between the 

frequency detuning and the PRF at each point on the map. 

5.3.1  Period-doubling regime pulses 

This group of dynamical points  includes the data in the (K,Δω)-plane with positive and 

negative detunings as shown in figure 5.4  

 

 

 

 

 

 

 

 

 

5.3.1.1. Positive detuning region  

The intensity oscillations in the positive detuning region above the Hopf bifurcation 

curve (chapter 2, figure 2.3), are almost periodic waveform (limit cycle), which 

Figure  5.4.  The location of the points in period-doubling regime pulses where K, Δω ; (0.043, 

0.83), (0.25, 1.1), (0.47, 1.87), ( 0.6, 1.7), (0.6, 1.4), (0.72, 1.6), from positive detuning region. 

And; ( 0.2, -1.2), ( 0.39 , - 0.6), ( 0.47 , - 1.39),  ( 0.6, - 1.27) , (  0.6, - 1.68), ( 0.72 , - 1.44) , 

(0.72 , - 1.73), (0.72 , - 1.92)  from the negative detuning region.  
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represents period 1 (P1), created by Hopf bifurcation [1,2]. The shape of the pulse is 

(roughly) Gaussian [3]. Another periodic oscillation is the oscillation generated by 

period-doubling bifurcation. This  periodic oscillation represented by period 2 (P2) 

and period 3 (P3). Figures 5.5 and 5.6 are  examples  from each kind of the two regimes. 

Figure 5.5 (a) shows the fifty squares of the intensity time series, contain pulses 

operating with a limit cycle regime that appears with injection parameters (K, Δω) = 

(0.25, 1.1). The second row (b) is the enlargement of a part of one of the fifty intensity 

time series, showing the waveform of this regime. Row (a) shows lower intensity levels 

as compared with the level of intensity in figure 5.6 (a), where the system operates in 

period-doubling regime. In figure 5.5 (c), the value of the detuning is determined for 

every square of the intensity time series as mentioned in the previous section. The row 

represents the change of detuning with the number of the square wave. Row (d) 

represents the change in the PRF with the number of the square wave that results from 

the change in the detuning. The change in the number of the square wave represents 

the change in the time, since the fifty squares of the intensity time series are recorded 

in 10 ms. 

In figure 5.6,  where the injection parameters (K, Δω) = (0.6,1.7), the pulses operate  

with period doubling regime [1,2]. Row (b) demonstrates a Gaussian waveform. The  

pulse train is with two intensity peaks. Rows (c) and (d) represent the same 

parameters as in figure 5.5 (c) and (d). 

To determine the response of the PRF to the detuning change, the correlation 

coefficient has been found between the PRF (row d) and the detuning (row c) for both 

figure 5.5, and 5.6.  High correlation coefficients between the PRF and the detuning  

have been found (0.99) for these points.  

In general, the intensity level and the PRF in  5.5 and 5.6 are stable (no fluctuations in 

the intensity and PRF with the time). The stable performance in these points is 

attributed to the nature of the limit cycles to oscillate with an exact period, waveform 

and amplitude such that if the system is perturbed slightly for any reason, it always 

returns to the standard cycle. This feature encourages the use of limit cycle regime 

(regardless of the low intensity level of this regime) and period doubling regime as a 

source of pulses.  
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The same behaviour is found for the rest studied points where (K, Δω) = (0.04, 0.84), 

(0.47, 1.87), (0.72, 1.6). High correlation coefficients between the PRF and the detuning  

have been found (0.99) for all points in this region, which indicates the possibility of 

using this region to control the PRF by varying the frequency detuning  . All the results 

are shown in table 5.1.) (Figures A1, A2 are in appendix A).          

      

 

   

 

 

 

 

 

Table  5.1. The  PRF and correlation coefficient  for the pulses operate with limit cycle 

and period doubling regime in the positive detuning region. (*); figure 5.7 belong to a 

point where three dynamical regimes existed and changed sequently (explained later in 

the section). 

 

      Figure     K     Δω            PRF 
          (MHz) 

Correlation                   
Coefficient 

         A1     0.04     0.84            4.3        0.99 
         5.5    0.25     1.1            4.8        0.99 

         A2    0.47     1.87            3.9        0.98 

         5.6    0.6     1.7            3.6        0.99 

         5.7*    0.72      1.6            2.5            0.69 

              3.44          0.82 

              7.1        0.98 
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Figure 5.5.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 
change in frequency detuning in 10ms; (d) the change in PRF in 10ms. The relations for 

the injection parameters, (K, Δω )= (0.25, 1.1).                
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Figure 5.6.    (a) The intensity level for 50 squares of pulses; (b) pulse waveforme; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. The relations for 

the injection parameters (K, Δω )= (0.6, 1.7).           
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Figure 5.7.    (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the change 

in frequency detuning in 10ms; (d) the change in PRF in 10ms. The relations for the injection 

parameters (K, Δω )= (0.72 , 1.6).  
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 Figure 5.7 in which (K, Δω) = (0.72,1.6), is drawn to attention. At this point three 

dynamical regimes existed and changed sequently. The oscillating waveforms which 

shown in figure 5.8 a, b and c  are from the time series of squares 4, 15 and 38  in figure 

5.7 (a). These figures represent the evolution of P3 dynamic, which is expected in this 

region.  

 

 

 
 

 

 

 

 

 

 

 

 

 

 

The spectrums of the time series belong to these squares are shown in figure 5.9 a, b 

and c. Figures 5.8 (b) and 5.9 (b) show that the frequency (2.6 MHz) is shifted to a new 

frequency (3.6 MHz) which is, in turn, converted by a period-halving mechanism (or 

period doubling depending on the change direction) to another waveform with 

frequency =7.1 MHz (figure 5.8, 5.9 (c)). Such mechanism hasn't shown in the 

bifurcation analysis in [1,2] 

 

 

 

 

                                                                                              
            

   

                   (a)                                                    (b)                                                    (c) 

Figure  5.9.  The spectrum of  the time series  belong to  pulses squares 4, 15 and 38  in 

Figure 5.7,  (K, Δω)=(0.72,1. 6)                        
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Figure 5.8. Three kinds of dynamics exist in time series of Figure 5.7  
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5.3.1.2. Negative detuning region of period-doubling regime pulses 

A periodic orbits related to the period-doubling regime (P2, P3) are coexisted between 

the torus curve and the saddle-node curve (chapter 2, figure 2.3). The same way of 

analysis explained in the positive region is applied in this region (and the other regions 

in the rest of the chapter). Table 5.2 shows the values of the correlation coefficients for 

all the tested points in the negative detuning region of period-doubling regime for (K, 

Δω) = (0.2, -1.2), (0.39, - 0.6), (0.47, - 1.39), (0.6, - 1.27), (0.6, - 1.68), (0.72, - 1.44), 

(0.72, - 1.73), (0.72, - 1.92) (points A3, A4, A5, A6, A7, A8 are in appendix A).   

 

 

 

 

 

 

 

 

 

 

 

 

Table 5.2. The  PRF and correlation coefficient  for period-doubling regime pulses for the 

negative detuning.(*) These points represent transitions between two regimes or pulses with 

more than one frequency. (points A3, A4, A5, A6, A7, A8 are in appendix A). 

 

 Figure 5.10, in which (K, Δω) = (0.72 , -1.44), shows the characteristics of the periodic 

oscillations in this region. Figure 5.10 (a) shows a typical example of the relative 

intensity level in this region.   

 

    Figure       K        Δω           PRF 
        (MHz) 

Correlation 
Coefficient 

        A3*     0.2      -1.2             4.4          0.17 
        A4     0.39      -0.6             3.7               0.94 

        A5     0.47      -1.39             5.7                0.99 

        A6     0.6      -1.27             2.7                0.97 

        A7     0.6      -1.68             3.6                0.97 

        5.10     0.72      -1.44             3       0.98 

        A8*     0.72      -1.73             7.3       0.99 
               3.69       0.86 
        5.11*     0.72      -1.92             8.1       0.98 

               3.6       0.3 

               0.9       0.3 
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Figure 5.10    (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for the 

injection parameters (K ,Δω)=(0.72, - 1.44) 
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The waveform is shown in (b). The PRF (row c) is inversely proportional to the change 

in detuning (row d) which is opposite to the behaviour in the positive detuning region.  

All the points show a high degree of correlation between the PRF and the detuning 

except the points on the boundaries which are closed to the torus curve (table 5.2).  

As an example, figure 5.11, which represents the point (K, Δω) = (0. 7 , -1.92), is on the 

boundary where the transition between two regime occures. Figure 5.11 a, b provides 

a closer look at the behavior of the system when a periodic oscillation evolves to a 

quasi-periodic oscillation in which three frequencies oscillate. Table 5.2 shows that  the 

two main frequencies have low correlation coefficients which means that the 

boundaries are not suitable for use to generate pulses.  Figure 5.11 shows also, that the 

boundary between the two dynamics is not sharp, because the existence of the two 

dynamics, continues to alternate, even when the detuning is continuously increasing. 

This behavior can be attributed to the influence of different kinds of noise.  

The high correlation coefficients between the PRF and the detuning  for most of the 

points in this region indicates the possibility of using this region to control the PRF by 

varying the frequency detuning. 
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Figure. 5.11.    (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the change 

in frequency detuning in 10ms; (d) the change in PRF in 10ms. The relations for the ( injection 

parameters (K ,Δω)=(0.7,-1.92). 
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5.3.2.  Spiky regime pulses 

 

This region lies between the saddle-node curve and the torus curve, beyond the period-

doubling region (chapter 2, figure 2.1B, c and chapter 2, figure 2.3). The studied points 

are: (K, Δω) = (0.91- 1.56), (0.96,-1.7), (1,- 1.87), (1.08,-2.0), (1.17,-2.1), (1.3 ,- 1.91),  

(1.3 ,- 2.39),  (1.6 ,- 2.34), (1.6 ,- 2.99), (2.1, - 2.98), (2.1, - 3.38). 

 

 

 

 

 

 

 

 

 

 

 

The location of the points is demonstrated in figure 5.12. The oscillations represent a 

range of oscillations of two types of waveforms combining with each other and having 

two close frequencies. The first waveform pattern is spiky periodic contains long 

phases with unchanged amplitude, separated by short phases of sudden change and 

the second pattern is a quasi-periodic waveform. Figure 5.13 is a typical example of the 

relative intensity level (row a), the waveform (row b) and the change in the PRF (row 

c) due to the change in the detuning (row d).  

The first row in figure 5.13 shows the fifty intervals of intensity time series collected 

near this point. The figure demonstrates the high intensity level compared to the level 

of the intensity time series of all other regimes.  

Figure 5.12.  The studied points in the spiky regime, where (K, Δω) = (0.91- 1.56), (0.96,-

1.7), (1,- 1.87), (1.08,-2.0), (1.17,-2.1), (1.3 ,- 1.91),  (1.3 ,- 2.39),  (1.6 ,- 2.34), (1.6 ,- 2.99), 

(2.1 ,- 2.98), (2.1 ,- 3.38). 
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Figure 5.13. (a) The intensity level for 50 squares of pulses; (b) pulses wavform; (c) the change in 
frequency detuning in 10 ms; and (d) the change in PRF in 10 ms The relations for the injection 

parameters are K= 1.08, Δω= -2 (Point e).  
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All the points in this region showed very low correlation coefficient values  as shown 

in table 5.3. (Figures A9-A17 are in appendix A).  

The weak responses to the change in the PRF with the change in the detuning do not 

allow to use the region as a source for changeable PRF pulses.  

 

 

 

 

 

 

 

                                                                                                                                                    

 

 

 

 

Table 5.3. The  PRF and correlation coefficient  for spiky regime pulses for 

negative detuning. (Figures A9-A17 are in appendix A).  

 

The correlation coefficients between the detuning and PRF  for the two frequencies of 

the quasi-periodic waveform are tested also. Figure 5.14 is an example of the behivour 

of the two frequencies with detuning change. The correlation coefficient of the low 

frequency (a) was 0.1 while the correlation coefficient of the high frequency (b) was 

0.9. 

 

 

 

 

       Figure     K    Δω          PRF 
        (MHz) 

Correlation 
coefficient 

         A9   0.91    -1.56          2.07         0.06 
         A10   0.96    -1.7          2.03         0.12 
         A11   1    -1.87          2         0.04 

         5.13   1.08    -2.0          2.26         0.04 
         A12   1.17    -2.1          2.2         0.2 
         A13   1.3    -1.91          1.6         0.2 
         5.19   1.3    -2.39          2.43         0.09 
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Figure 5.14.  The change in the PRF while changing the detuning through 10 ms shows 
(a) a weak correlation for the first frequency (b) high correlation for the second 
frequency of the waveform.  
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5.3.2.1.  Instability of the time periods in spiky region 

As discussed in chapter 2, section 2.3.2, the region just above the period doubling 

bifurcation boundary for negative detunings (spiky region)  showed high standard 

deviation values of the time period between pulses. This kind of instability is shown in 

figure 2.6 in chapter 2. This section investigates the  fluctuation of the time period in 

this region as illustrated in [4]. 

The short intensity time series in figure 5.13 (b) (and all the specified K, ∆ω points in 

this region in appendix A) reveal the existence of sequences of a two waveforms and 

two main frequencies, mentioned above in the previous section.  

The enlargement of the intensity time series of one of the square waves of 

figure 5.13 (a) is shown in figure 5.15. The figure demonstrates a quasi-

periodic waveform with two frequencies. The first frequency (PRF) is equal 

to 2.88 MHz and the second frequency equal 8.5 MHz, in addition to the 

periodic spiky waveform oscillate with frequency 2.4 MHz. 
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Figure 5.15. The enlargement of the intensity time series from the square waves 

no. 5  in figure 5.13, demonstrates a waveform of the a quasi-periodic with two 

frequencies and a spiky waveform.  

 



63 

 

 

The spectrum of the intensity time series of the same square waves of figure 5.15 is 

shown in figure 5.16 as an example of the spectrum in this region in which two main 

frequencies dominate: 2.2 and 2.88 MHz. (the peak with 8.5 MHz is not shown in the 

figure). 

 

 

 

 

 

 

 

 

 

 

 

The quasi-periodic pulse can be described as an  envelope superimposed on a carrier 

wave. Figure 5.17 shows this kind of pulses. 

 

 

 

 

 

 

 

 

 Figure 5.17.  A typical quasi-periodic pulses, where the PRF is the  envelope frequency,ΔR, is the 

offset phase between the successive pulses producing after one round trip. 
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Figure 5.16. The spectral density of the square waves no. 5 of figure 5.13a with injection 

parameters (K,Δω =1.08, -2), showing the presence of two main frequencies with wide 

distribution. A third higher frequency is not shown here. 
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For more investigation, the standard deviation of the PRF from the mean is 

studied for some of the examined points, in figure 5.18. The difference in the 

values of the standard deviation is shown in Figure 5.19. In this figure, the 

standard deviation values for points e, f, g and h  which are closer to the 

torus curve, are higher than the standard deviation for points a, b, c and d 

which are farther away from the torus curve. 

 

 

 

 

 

 

 

 

 

Figure 5.18. The location of the studied points on K, Δω-plane: Point a (0.96,-1.7); Point b (1.3,-

1.9); Point c (1.6, -2.34 ); Point d (2.1,-2.98); Point e (1.08, -2.0); Point f (1.3, -2.39); Point g (1.6,-

2.99); Point h (2.1,-3.38). 
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The difference in the values of the standard deviation between the points 

which are close to the torus curve and the points which are far from the 

torus curve indicates that the torus curve play a role in the appearance of the 

two waveforms. 

Furthermore, following the changes in the pulse repetition frequency in most 

figures in this region (where K is constant), is showing that even if there is 

no change in the detuning (which means that all the dynamical parameters 

are constant), the PRF continue to fluctuate between the two waveforms 

with the time. As an example, figure 5.20 c includes a fixed detuning interval 

from square point number 18 to square point no 24, while the PRF fluctuates 

continuously between the two main frequencies. 
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Figure  5.20   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 
the injection parameters K=1.3 ,∆ω=- 2.39).       
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To explain the coexistence of the two waveforms, the periodic (spiky) and the quasi-

periodic in the slave laser output in this region, the bifurcation diagram showed in 

chapter 2, figure 2.1c [6] is adopted. Although this study is concerned with the optical 

injection of semiconductor lasers and used semiconductor material parameters, it can 

be used to explain the  dynamical characteristics of an optically injected solid state 

laser to a large extent. 

The studies of the dependence of the dynamical characteristics of an optically injected 

laser on the material parameters [7] is presented that  the effect of the nonlinear gain 

relaxation rate (	��	
 is opposite to the effect of the differential gain relaxation rate 

(	�"	). In the sense that decreasing the first, causes to enlarge the instability regions, 

while decreasing the second, causes to shrink the instability regions. In solid state laser 

both of these parameters are less than its values for semiconductor laser in 

approximately the same order [2,6]. Because the decay rate of upper state level 

(� 	
	has a little effect and the cavity decay rate	�	�%	
 has approximately a close value, 

it is possible to consider the linewidth enhancement factor (α) the most important 

factor to determine the dynamical characteristics of the injected system. 

The study in [6] states that the complicated interplay between the saddle-node of limit-

cycle bifurcation and the torus bifurcation gives rise to bistability in this region.  In 

other words,  when the torus bifurcation curve T crosses the saddle-node of limit-

cycles orbits, a bistability occurs, causing the switching  between the two oscillating 

dynamics. This can explain the coexistence of the two waveforms, the periodic (spiky) 

and the quasi-periodic waveform in the slave laser output in this regime.  

 

5.3.2.2. The difference between the values of frequency of quasi-periodic and   

spiky waveforms  

The difference between the frequency values of quasi-periodic and spiky waveforms 

(f2-f1) can be used as an indicator to specify the value of the injection strength where 

the fluctuation between the two waveforms is eliminated, in which the rest region 

could be used to generate pulses.  Using (f2-f1) as an indicator is possible due to the 

direct relation between the standard deviation of the PRF and the frequency difference 

between the two waveforms as shown in figure 5.21. 
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Figure 5.21. The relation between the standard deviation of the PRF and the frequency 

difference between the two waveforms. 

Figure 5.22  shows that the frequency difference between the two waveforms drops 

rapidly to a low value at an injection strength of approximately  = 2.8 and 

 

 

 

 

 

 

 

 

 

 

drops slowly after this value. This means the possibility of using this region with the 

high injection strength value to generate regular pulses.  
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Figure 5.22.  The dependence of the frequency difference 

between the two     waveforms     on the injection strength. 



69 

 

 

5.3.3  Quasi-periodic regime close to saddle-node curve 

The three points, in which (K,Δω) = (1.08,-1.08), (1.6,-1.6) and  (2.1,-2.1),  in figure 5. 

23 are the location of the specified points which belong to quasi-periodic regime in the 

boundary just before the injection locking regime, in the (K, Δω)-plane. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.24 is a typical example of the characteristics of the dynamics in this region.  

Row (a) shows an unstable intensity level. A sharp quasi-periodic waveform with two 

frequencies, the  envelope frequency and the carrier frequency, is shown in row (b). 

The interval between the pulses represents the locking regime since the points are 

very close to the locking regime. 

The envelope frequency was taken to be the PRF of the pulses. The change of the PRF 

in the row (d) due to the change of detuning in row (c) shows a moderate dependence 

on the detuning.  

 

Figure 5.23.  The location of the points (K-Δω)= (1.08,-1.08), (1.6,-1.6) and  (2.1,-2.1) 

of quasi-periodic regime on the K-Δω map 
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Figure  5.24    (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) 

the change in frequency detuning in 10ms; (d) the change in PRF in 10ms. The relations 

for the injection parameters (K ,Δω) =(1. 6, - 1.6).       
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The correlation coefficients of PRF with Δω (table 5. 4), show moderate values with the 

coefficient  decreasing as K, Δω increases. 

 

 

 

 

 
 

Table  5.4. The  PRF and correlation  coefficient for pulses just before the  injection   

locking regime.Figures A18 and  A19 are in the appendix A. 

 

Figure 5.25 shows the different behaviours of envelope and carrier frequencies with 

changing the detaining for injection parameters (K, Δω) = (1.6, -1.6).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

    Figure         K     Δω          PRF 
        (MHz) 

Correlation 
coefficient 

        A18       1.08    -1.08         0.9      0.95 
        5.21       1.6    -1.6         0.35      0.63 
           7.8      0.33 
        A19       2.1    -2.1         0.34      0.45 
           9.7      0.15 
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Figure 5.25.  the different behaviours of envelope and carrier frequencies with 

the change in the detuning for the data point  K  = 1.6  and  Δω  = -1.6 
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5.3.4    Quasi-periodic regime close to torus curve 

  

 

 

 

 

 

 

 

 

 

Figure 5.26 represents the locations of three points close to the torus curve, in which 

the waveform is quasi-periodic. The points are (K, Δω) = (1.08,-2.53), (1.6,-3), and 

(2.11,-3.63).  

Figure 5.27 is an example of the points in this region. The figure shows the behaviour 

in point (1.6,-3). Rows (a) and (b) represent an example of the relative intensity level 

and the waveform in this region. Row (c) represents, the change in the detuning within 

a time period of 10 ms. finally, row (d) shows the change in the PRF (the envelope 

frequency) due to the change in the detuning in which low correlation level is found. 

 

 

 

 

 

 

 

 

 Figure 5.26.  Location of points (1.08,-2.53),  (1.6,-3) and  

(2.11,- 3.63) in ( K,Δω)- plane 
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Figure 5.27. (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the change 

in frequency detuning in 10ms; (d) the change in PRF in 10ms. The relations for the injection 

parameters (K, Δω) =1.6 ,- 3).                                                       
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Table 5.5 shows the values of the correlation coefficient that related to these points 

which show different behaviours. 

  

 

                  

 

 

 

 

 

Table  5.5. The  PRF and correlation  coefficient for pulses closed to  torus bifurcation 

curve. Figures A20 and  A21are in appendix A. 

 

 

The results showed a high level of correlation coefficient of both frequencies in the 

regions close to the torus curve for low injection strength. For high injection strength, 

the correlation coefficient of both frequencies  drops very fast compared with the 

values of the correlation coefficient close to CN curve.  

 

5.4.  Conclusion 

In this chapter, the characteristics of various dynamical regimes of an optically injected 

solid state laser are investigated. An experimental demonstration of the dynamics at 

specific points on the dynamical map, belonging to various dynamical states has been 

introduced. The response of the pulse repetition frequency to changes in the detuning 

at these points is evaluated. The results showed a high level of response of PRF to 

changes in detuning for the period-doubling regime (P2, P3) and for the limit cycle 

regime (P1) in both the positive and negative detuning regions. Although limit cycle 

regime shows a low intensity as compared with period-doubling regime, the regime 

operates without noise which  encourages the use of this regime as a source of regular 

pulses in addition to P2 and P3. The PRFs of the two regimes complement each other. 

         Figure        K    Δω          PRF 
       (MHz) 

Correlation 
coefficient 

            A20     1.08    -2.5         3.5     0.98 
           10.6     0.99 
            5.24     1.6    -3         3.2     0.04 
           12.3     0.99 
            A21      2.1    -3.65         2.45     0.11 
           15.5    -0.08 
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In the spiky region, we demonstrate a kind of bistability in which two dynamics can 

oscillate for the same injection parameters. The coexistence of the dynamic in this 

region was suggested theoretically in [6], and it is attributed to the intersection of the 

SL curves with the torus curve. However, this dynamics which has the highest intensity 

among the dynamics in this system, shows a very low correlation between the PRF and 

the detuning, and could not be used to generate pulses with variable PRF. Nevertheless, 

switching between outputs with different intensities and frequencies may reveal 

applications in other fields,  such as logic gates or optical communication. 

The difference between the values of frequency of quasi-periodic and spiky waveforms 

(f2-f1) is used as an indicator to specify the value of the injection strength where the 

fluctuation between the two waveforms is eliminated, in which the rest region could 

be used to generate pulses. The results show  that the frequency difference between 

the two waveforms drops rapidly to a low value at injection strength approximately = 

2.8 and drops slowly after this value. This means the possibility of using this region 

with the high injection strength value to generate regular pulses.  

  Different correlation coefficients  of PRF and detuning were obtained in the quasi-

periodic regime in the regions close to SN and T curves, showing the different 

responses of the PRF to changes in detuning. In general the carrier frequency shows 

high correlation, while the envelope frequency shows lower correlation. A high level 

of correlation has been seen in the regions close to the SN and T curves for low injection 

strength. For high injection strength, the correlation coefficient shows modurate 

values in the regions closed to the  SN curve while the correlation  coefficient of both 

frequencies  drops very fast with increasing K in the region close to the torus curve. 

 More investigation is needed to determine the full continuous range of the change in 

PRF by changing the frequency detuning that the OISSL can offer. This will be 

investigated in Chapter 6. The investigation will focus on the regions in the (K,Δω)- 

plane that showed positive response to the change in detuning. 
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                                               Chapter 6 

 
OISSL system as a laser pulse generator 

6.1. Introduction 

An optically injected solid-state laser system can be used to generate pulses with a 

continuously variable pulse repetition frequency. The most important feature of the 

OISSL is its ability to generate on-demand pulses with different pulse repetition 

frequency (PRF) values using a single variable parameter. By adjusting the injection 

strength, different ranges of PRF and different rates of change of PRF can be covered. 

This has been studied in [1,2]. Another approach involves varying the frequency 

detuning between the free-running optical frequencies of the master and slave lasers. 

In this chapter, the characteristics of laser pulse generation, by adjusting the injection 

strength of OISSL, are demonstrated and, the characteristics of laser pulse generation 

by adjusting the frequency detuning of OISSL, are investigated as an alternative 

approach with different properties. 

 

 6.2. Characteristics of continuously variable PRF pulsed systems 

Characteristics of continuously variable PRF pulsed laser systems are the same as the 

characteristics of single valued pulsed laser systems In addition to characteristics 

specific to the a continuously variable PRF pulsed laser. The characteristics of single 

valued pulsed laser systems include pulse power, pulse energy, pulse repetition 

frequency, pulse duration and timing jitter. For continuously variable PRF pulsed laser 

systems, the range and the rate of change of these characteristics should be considered. 

In an optically injected solid state laser system many pulse waveforms are obtainable 

in the output of the system. This feature is not available in other laser pulsed systems. 

Many applications require a particular kind of pulse. In this investigation attention is 

focused on: 

• The pulse repetition frequency range that can be attained continuously.  

• The rate of change of the pulse repetition frequency with the frequency 

detuning. The smaller rate of change, for example, means it is possible to obtain 

more accurate values of PRF. 



78 

 

• The change in the pulse intensity and pulse waveforms  that are associated with 

the change in the pulse repetition frequency. 

The average power of the used  Nd:YVO4 OISSL system is 10 mW (slave laser output). 

It is not expected that the average output power can greatly exceed this value in this 

setup, this is due to the difficulty in obtaining a single longitudinal mode high power 

diode laser, to pump the solid-state laser and also due to the single longitudinal mode 

operation considerations. Therefore, it is preferred to use optical power amplification 

methods to produce high power pulses for different applications. These methods can 

amplify the output power by a factor of 100 [3]. However, it is preferable for the base 

system to provide as high an output power as possible. A base system with clean, high 

power pulses is expected to be more efficient. 

The value of pulse duration (τd) in this system  is between 6 ns and 77 ns with no 

systematic variations related to changes in either of the injection parameters, K or Δω. 

The arbitrary fluctuations in the pulse duration indicate that the pulse duration is very 

sensitive to noise effects. For this reason this study is not concerned with the pulse 

duration.  

The complex configuration of the (K,Δω) map (chapter 5, figure 5.3) with different 

dynamical characteristics implies that different paths of pulse repetition frequency, 

either by varying injection strength or by varying detuning frequency between the 

master and slave laser, can have different characteristics. 

6.3.  Controlling PRF in OISSL by adjusting the injection strength  

Controlling the PRF by changing the normalized injection strength (K) for fixed 

frequency detuning values has been studied experimentally [1, 2]. Figure 6.1 showed 

the results for the negative detuning region. The results showed a good response to the 

change in the injection strength in many parts of the figure, but a weak response in 

other parts. Consequently,  to cover a wide range of PRF many frequency detuning 

values should be employed. In other words, to obtain a wide range of PRF, two injection 

parameters should be used instead of one. The accessible range of pulse repetition 

frequency is from approximately 200 kHz up to 4.2 MHz, using several piecewise 

regions. Discontinuous curves of PRF versus k are seen in figure 6.1. 
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Figure 6.1.    Dominant frequency as a function of injection strength for detuning Δω = -0.50, -

0.74, -1.01, -1.49, -2.02, -2.50 and -3.01 [1, 2] 

 For example, in the case of Δω = -0.74 the  PRF can be varied between 200 kHz and 

approximately 2.3 MHz by changing the injection strength from 0.55 to 0.2. For lower 

injection strength, the PRF varies  erratically, then for higher PRF values, the curve 

with Δω = - 1.01 MHz can used, for the PRF from 2.3 MHz to 2.7 MHz for injection 

strength between 0.45 and 0.3. 

In the following experimental work we will refer to a region in which continuous 

change in PRF can be obtained as a one path.  

6.4. Controlling PRF in OISSL by adjusting the frequency detuning  

6.4.1 Experimental arrangement 

To generate a continuous range of PRF by varying frequency detuning for fixed values 

of injection strength, and to study the properties of this system, a similar setup 

explained in Chapter 5 is utilised ( as shown in figure 6.2). In this experiment, an 

unmodulated injection beam from the master laser is injected into the slave laser to 

produce dynamical pulses. To obtain the curves between the PRF and the detuning for 

fixed values of injection strength, the frequency detuning is changed by controlling the 

temperature of the master laser.    
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Figure 6.2. The experimental set-up showing the OISSL system as a laser pulse generator: DL, 

Diode laser. BS, beam splitter. F, filter. FI, Faraday isolator. L, lens. M, mirror. OSC, oscilloscope. 

OSA, Optical spectrum analyzer, PD detectors. FC,  fibercoupler.    

    

The values of the frequency detuning between the free running optical frequencies of 

the master and slave lasers are measured by beating the outputs of the two lasers and  

monitored at C1 by a LeCroy LC564A oscilloscope (FFT spectrum). The temperature 

controller of the master laser is coupled to a DC voltage source for fine temperature 

controlling, and to obtain a suitable rate of change in the frequency detuning. An exact 

change in frequency detuning is produced over a specific time. A calibration curve 

between Δω and the time (figure 6.3 (a)) is first obtained without injection to 

determine how the frequency detuning changes with the time for a specific change in 

temperature. Recording of data is started from the first value of the specified detuning 

and stopped at the last detuning value. The time when each data is recorded is read 

from the properties window of the file used to record the data. 

 In the second stage, optical injection is applied. The same frequency detuning change 

is stimulated by the same change in temperature. Intensity time series of the slave laser 

output contain nonlinear dynamics, are recorded sequentially at C2 while the detuning 

is changed. In this way, a large amount of data is recorded (100 files) for each value of 

K. 
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Figure 6.3. The steps followed to obtain the relation between the PRF and the detuning for one of 

injection strength values.  

 

The relation between the PRF and the time (and between the intensity and the time) 

are determined from the recorded data (figure 6.3 (b)).  

The magnitude of the voltage change to control the temperature controller is chosen 

carefully to ensure that the rate of change of the detuning is suitable for recording the 

same number of  intensity time series (or FFT spectrums) each time. In the last stage, 

PRF-Time (and Intensity- Time) curves are calibrated using a Δω-Time fitting curve 

(figure 6.3 (c)).  

The values of the injection strength are determined by calibrating the frequency 

detuning at the injection locking to the values obtained from the simulated data 

generated for this system. This calibration is possible because all swept data include a 
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point where the injection locking starts. This method has been explained in details in 

Chapter 4, section 4.4. 

6.4.2  PRF-Detuning curves 

To study the characteristics of generating laser pulses by changing the frequency 

detuning, two different regions of the dynamical map of the current solid state laser 

system are highlighted. The relation of the PRF with the normalised frequency 

detuning (and maximum intensity with the same parameter), is found for many 

injection strength values. Injection strength in the range between 0.65 and 1.9, is 

avoided in this study due to the low response of the PRF to the injection parameters in 

this region, which was discussed in chapter 5, section 5.3.2.  The small chaos region 

specified in figure 2.4 in chapter 2, is avoided also. Regarding the range of injection 

strength from 0-0.65, the normalized frequency detuning changes from -5.5 to +5.5  to 

cover both the positive and the negative nonlinear dynamical regions (figure 5.4, 

section 5.3.1). For K greater than than 1.9, the normalized frequency detuning changes 

from -17.5 to approximately -1.5, since there are no dynamical pulses for the positive 

detuning side.  Figure 6.4 shows these two regions. The dependence of the pulse 

repetition frequency on the frequency detuning for a fixed value of injection strength 

in an optically injected solid state laser is shown in Figures 6.5 - 6.7. 
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Figure 6.4. Diagram shows the two tested regions where the dependence of pulse repetition 
frequency on the frequency detuning for a specific values of injection strength is tested 
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 6.4.2.1. The first range of injection strength values 

Figure 6.5 and 6.6  shows the values of pulse repetition frequency, as a function of the 

detuning (Δω) that were attained from this system for fixed levels of injection strength: 

0.21, 0.38, 0.52, and 0.65. The diagram for each specific injection strength value, is a 

piecewise curve, which represents an evolution of the dynamical states. The path, 

defined as all the parts of the piecewise curve for a  specific value of the injection 

strength, included approximately 8 distinguishable dynamical stages, including 

nonlinear dynamical pulses and the surrounding noisy regions. The stages for K = 0.21 

are denoted by numbers and are shown in Figure 6.5. These stages are: 

 

 

 

 

 

 

 

 

 

Figure 6.5. The dependence of PRF on the detuning for different values of injection strength (K). 

 

 

(1) For detuning values from -1.7 and less, the stage represents the noisy region. For 

large detuning values, the pulses approach free running laser pulses, in which the 

output of a continuously pumped laser consists of irregular oscillations. These 

oscillations are attributed to the relaxation oscillation of the slave laser (4MHz), 

excited by various noises. 
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(2)  For the detuning between -1.7 and -0.94, the detuning-PRF curve starts with quasi-

periodic pulses (explained in chapter 5, section 5.3.4) where a two frequencies 

exist (the envelope and the carrier frequency). The measured frequency is the 

envelope frequency since this frequency is the one which will improve to the next 

dynamical state. By moving more, at approximately -1.58, the quasi-periodic pulses 

quickly change to periodic pulses, and the system operates with periodic pulses of 

P1 state with (roughly) Gaussian shape. 

(3) For the detuning change from -0.94 to -0.20, the system continues to operate with 

periodic pulses; in the last stage, the pulses change gradually to sharp quasi-

periodic pulses. 

(4)  Frequency detuning from -0.2 to +0.2 represents the injection locking region, the 

slave laser is locked to the master laser and operate with the relaxation oscillation 

frequency of the master laser (3.6MHz).  

(5)  For frequency detuning from +0.2 to +0.96, the system operates with periodic 

pulses related to the limit cycle oscillation; periodic pulses of the limit cycle are 

sharp. 

(6)  For frequency detuning from +0.96 to 2.23, the system operates with periodic 

pulses (period-one region). 

(7)  For frequency detuning from +2.23 to +2.39, the system operates with periodic 

pulses (period-two  state region). 

(8) For frequency detuning from +2.39 and over, the system operates with periodic 

pulses (noisy limit cycle) which changed gradually to noisy pulses similar to stage 

1. 

Most of these oscillation types have been discussed in Chapter 5, section 5.3. In general, 

the stages are the same for the different values of K. Figure 6.5 shows that the ranges 

of PRF that can be attained with different values of K is approximately similar for each 

other.  Figure 6.6 is the enlargement of  the main two regions of  the varaies dynamics 

in figure 6.5, for injection strength less than approximately 0.65 for the negative 

detuning (a) and for the positive detuning (b). 
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Regardless of the differences in the type of oscillating , changing the detuning in this 

system offers a range of pulse repetition frequencies, from approximately 200 KHz to 

7.5 MHz. Figure 6.6 (a) shows that the path with an injection strength of 0.38 offers the 

longest range of PRF for the negative detuning (from 200 KHz to 4MHz). However, the 

path with K = 0.52 also offers a long range of PRF, with a continuous decrease rather 

than the irregular change in the PRF with K = 0.38. For positive detuning, Figure 6.6 

(b) shows that a continuous range of pulses clear from any noise from 4 MHz to 7.5 

MHz is possible, irrespective of the low intensity in some parts. This range can be 

attained by any of the PRF-detuning curves of different injection strengths, starting 

from the stage (6) and ending before stage (7), where the frequency is reduced by half 

when period one (P1) state bifurcates to period two (P2) state. For the detuning higher 

than P2 state , a noisy region starts. Therefore, its convenient to consider the end of the 

periodic region of stage 6, the end of the useful pulses. In genral, the rate of change of 

all stages is similar except for stage 3 in which the PRF drops down fast where the 

system at this stage operates in torus regime and offers sharp, quasi-periodic pulses in 

the kHz range. 

It is worth mentioning that the similar paths of all injection strength values indicate 

that the positive detuning regions have a spot shape rather than a crescent shape, as 
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Figure 6.6.  Enlargement of the regions in figure 6.4. (a) the change in PRF with the detuning for 

different values of injection strength for negative detuning, (b) for posative detuning. 
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shown in [2]. This can be concluded from the same continuous gradual change in PRF 

- detuning diagram for all values of K.     

 

 6.4.2.2.   The second range of injection strength values 

In the second range of K values, where K is 1.9, 3, 3.8, 4.2, 5.8, a continues range of 

pulse repetition frequency from 200 kHz to 4 MHz can be attained by changing the 

detuning. Figure 6.7 shows how the pulse repetition frequency varies with the 

detuning for every injection strength value. Each path for each specific injection  

 

 

 

 

 

 

 

 

 

 

 

strength includes 2 stages of nonlinear dynamical pulses in addition to the surrounding 

noisy region. These stages form different paths from that seen in the first range of K 

values. The stages for injection strength 5.8 are denoted by numbers and shown in 

figure 6.7, are: 

(1) For the negative detuning values -13.5 and less, the stage represents noisy region. 

The properties of this region are the same as stage (1) in figure 6.5. 
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(2) For detuning change in the range -13 to - 8.5, the system operates with quasi-

periodic pulses. 

(3) For detuning between approximately - 8.5 and - 5.8, the system operates with 

mixed pulses. These pulses have been discussed in chapter 5. Section 5.3.2. 

Operation includes sequences of spiky and quasi-periodic pulses having slightly 

different frequencies. In the last part before of the injection locking the pulses 

changed to sharp locked quasi-periodic pulses. 

(4)  At a frequency detuning of - 5.8, the slave laser is locked to the master laser and 

operates with the relaxation oscillation frequency of the master laser (3.6MHz).  

 

These stages which represent a route to locking for a fixed value of K are similar for all 

other PRF-detuning paths of other injection strength values.  

The second range of injection strength values lies between the saddle-node curve and 

the torus curve, beyond the period-doubling region (chapter 2, figure 2.1B, c and 

chapter 2, figure 2.3). The range of injection strength values has been selected 

according to the results of chapter 5, section 5.3.2. The result showed that for this 

region, for smaller values of injection strength, the PRF weakly responds to the change 

in detuning. Figure 6.7, K =1.9 shows that this effect is still there and stage 3 is weakly 

responded to the detuning change in the last part of this stage, therefore the path for 

K=1.9 should be excluded from the range.  

Figure 6.7 shows that the range of PRF is shifted slightly towards lower values PRF 

with increasing injection strength, until the injection strength reaches 4.2. After this 

value the range shifts to higher values of the PRF. The rate of change of PRF for both 

stages 2 and 3 is  generally higher for low injection strength. 

As the injection strength increases, the rate of change of PRF became low which allows 

for more accuracy in choosing PRF values.   However the path for K = 4.2 offers the 

longest continuous range of PRF (from 200 kHz to 4 MHz) and represents the most 

suitable path .  
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 6.4.3. The change of intensity associated with the PRF change 

To get additional insights into the performance of the OISSL system, the peak intensity 

amplitudes of the intensity time series, are found, for all registered data in figures 6.5 and 

6.7, as a function of detuning. Figure 6.8 shows the relation between Δω and PRF and 

the associated relation between Δω and Intensity for each value of the injection strength 

separately for the first range of K values (0.21-0.65). Figure 6.9 shows the same 

relations  for the second range of K values (1.9 - 5.8).   

An arbitrary unit is given to the intensity values and used for a comparison purpose 

since the photodiodes convert the optical power to an instantaneous voltage. 

Both figures 6.8 and 6.9 show that the pulse intensity in this system is not fixed and 

that there is a correlation between the PRF and the intensity of the dynamical pulses. 

If a fixed intensity is a basic requirement in an application, optical power amplification 

methods can be used to modify and amplify the power at the same time. On the other 

hand, the correlation between the PRF and the intensity of the pulses could be of major 

benefit and can be used to stabilize the PRF of the system by using the intensity as a 

sensor for the PRF fluctuations. In this case a suitable comparative circuit could be used 

to modify the temperature of the laser crystal.  

 In figure 6.8 a, for injection strength values less than 0.65, most of the Δω-Intensity 

graphs include 4 peaks except for K 0.38, where the intensity peak belongs to quasi-

periodic pulses is not clearly exist. In the positive detuning region where two peaks 

exist, the small peak represents the switch from P1 state to the P2 state where the PRF 

drops suddenly to the half, therefor the peak represents the end of the continuous 

range of the pulses. Therefore the path with K = 0.38 offer a convenient continuous 

range. The second range of injection strength values is important due to its high 

intensity. Comparing figures 6.8 (a) for the injection strength range between 0.21 and 

0.65 and figures 6.9 (a) of injection strength range between 1.9 and 5.8, it is shown that 

the intensity in the second range is higher than the intensity in the first range. This 

feature in the second range encourage to use this range, regardless of the shorter 

obtainable range of the PRF in this range compared with the first range.   
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                                                 (a)                                                          (b)                                          

  Figure 6.8. (a) The change in intensity by changing the detuning for different values of injection 

strength for the negative detuning. (b) The change in PRF by changing the detuning for different 

values of injection strength for the negative and positive detuning for the first range of K.  
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                                               (a)                                                                     (b)    

 Figure 6.9. (a) The change in intensity by changing the detuning for different values of injection 

strength for the negative detuning. (b) The change in PRF by changing the detuning for different 

values of injection strength for the negative detuning for the second range of K. 
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6.5. Conclusion 

An optically injected solid-state laser system has been used to generate pulses with a 

continuously variable pulse repetition frequency by adjusting the frequency detuning 

between the master and slave laser frequencies. The accessible range of pulse 

repetition frequency in this system is from approximately 200 kHz up to 7.5 MHz. The 

experimental curves (figure 6.5, 6.6, 6.7, 6.8, 6.9 ) reveal that the relation between PRF, 

intensity and the detuning is a piecewise function which means that different parts 

have different properties.  

Two ranges of injection strength specified in Chapter 5, have been investigated in this 

study. The two ranges represent the regions on the dynamical map where the system 

is highly responsive to a change in the frequency detuning. The first range of the 

injection strength is between 0 and 0.65, can supply a continuous range of 200 kHz up 

to 7.5 MHz, using 3 piecewise stages shown in figure 6.5, using positive and negative 

detuning. The waveforms of the pulses in this range are investigated in chapter 5 and 

are indicated in this chapter. 

For the second range of injection strength with injection strength values between 1.9 

and 5.8, the attainable continuous range of PRF is between 200 kHz and 4 MHz, using 

2 stages. This range possesses good features like the high intensity and the low rate of 

change. A suggestion to use the pulse intensity as a sensor for monitoring the PRF 

fluctuations is discussed briefly. More details on this suggestion are explained in 

chapter 8. 
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                                            Chapter 7 

 

Assessing frequency instability of optically pumped 

Nd:YVO4 and Nd:GdVO4 lasers   

 

7.1.  Introduction 

The accuracy of the laser optical frequency is very important in many applications, 

such as optical communications, frequency precision metrology and high resolution 

spectroscopy. In optically injected lasers the accuracy of the laser frequency is not 

merely important, but in fact critical: the concept of the operation of the system as a 

tuneable frequency pulse generator is based on the interaction between the injected 

and the injection laser. In other words, the optical frequency detuning between the two 

lasers in the system is an essential parameter to control the pulse repetition frequency 

of the system output. Methods of active frequency stabilization of the laser frequency 

are widely used. In optically injected system, these methods can be applied only to the 

injecting laser. It is not possible to use these techniques to the injected laser because 

stabilizing components could disturb or prevent the injection process. In addition to 

this reason, a compact system with few components is preferable in all applications, 

even when using stabilization techniques. These reasons provide motivation to study 

passive stabilization effects that are based mainly on maintaining the stability of the 

optical length of the laser resonator in order, to reduce the frequency instability of the 

laser. 

In this chapter, two aspects are studied. First, the general characteristics of the optical 

frequency instability of the optically pumped solid state lasers that are used in OISSL. 

Second, a comparison is made between the frequency instability of optically injected 

Nd:YVO4  and Nd:GdVO4 lasers. The second is a promising crystal due to its superior 

thermal properties. 
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7.2. Frequency instability 

 Frequency instability, is the result of the random fluctuations in the period of an 

oscillating signal [1- 4]. A noisy signal of the laser field can be represented 

mathematically by  

                �(�
 = S�	₀ + U��
V	W�X	S2Y'₀	� + R��
V																																		                           (7.1)                            

Where 	�₀ , is the peak amplitude, ϵ(t
  represents the amplitude fluctuations, φ(t
 

represents the phase fluctuation or the deviation from the nominal (average) 

phase 	2πν₀ . The instantaneous frequency 	'��
  of this signal is defined as the 

instantaneous variation of the phase: 

 

'(�
 	= 	 �
�[  

�
��  (Phase)  =   '₀ +   

�
�[	  

�
�� R��
                                                      (7.2) 

The second term in equation 7.2 represents the frequency noise of the field. The 

normalized frequency fluctuation (y (t)), can be described as the deviation  ('(�
 − '₀) 

of the instantaneous frequency 	'��
 from the nominal frequency, normalized to	'₀, 

that is, 

y(t)  =				�'��
−		'₀
		
'₀ 	                                                                                                    (7.3) 

 

	y�t
 		 = 		 �
�[]₀	

				�		^��
	
��                                                                                                   (7.4) 

   

Equations 7.3, 7.4 indicate that the fractional frequency fluctuation is directly related 

to phase fluctuations and they in fact describe the same phenomenon in different ways. 

Since we have random noise processes at play, we can study the characteristics of the 

fluctuations using various statistical tools such as spectral densities, correlation 

functions, standard deviations and variances. A normalized frequency, phase 

fluctuations are used instead of using it itself to compare the frequency, phase noise of 

any source with different mean frequencies. 
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7.3. Specifying the frequency instability of oscillating systems 

Instability of oscillating systems such as electrical generators, clocks and lasers can be 

specified and measured in either the frequency domain or the time domain [3,5-9]. 

7.3.1.  Frequency domain 

In the frequency domain, frequency and phase instability can be defined and measured 

as follows [6]: the normalized frequency instability ( _`(f))  is the power spectral 

density (PSD) of normalized frequency fluctuations given as:      

_`(f)  = 	�`abc	�d
		
;
ef                                                                                                        (7.5)    

Where ygMh(	f	
,	is the measured root-mean-square value of the normalized frequency 

fluctuations in a specific band of frequencies, BW, containing frequency f (0 < f < ∞
. 

BW is the bandwidth used in the measurement of ygMh in Hz. The unit of _`(f), is 1/Hz.  

In the same way, normalized phase stability is characterized by the power spectral 

density of the normalized phase fluctuations,  

_k(f
 	= 		 �k	abc�d
	
;
ef 																																	                                                                      (7.6)       

 The unit of  _φ(f
, in rad2/Hz or 1/ Hz, φrms (f) is the rms value of 	φ in a Fourier 

frequency band. The normalized spectral densities of the phase 	�_φ(f

  and the 

frequency (_`(f)) fluctuations are related by the relation:                       

 _`(f) = 							d²			]₀; 	_k�f
	                                                                                                 (7.7) 

 Practically the noise component of the laser radiation can be described by the power 

spectral density, using Wiener-Khinchin theorem which, state that the power spectral 

density (_`(f

 can be computed by taking the Fourier transform of auto-correlation 

functions of the frequency fluctuations.    

_`(f
 	 = 4n R`�τ	
cos	�2Ypτ
dq
r τ                                                                                         (7.8) 
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where 

R`(τ	
 = 	 〈t��
t�� + τ
〉                                                                                                            (7.9)      

is the auto-correlation function,  p is the Fourier frequency.   

 7.3.2. Time Domain 

Working in the time domain can give the stability over a time interval  τ  for a given 

application (τ can range from less than milliseconds to months and even years 

depending on the application). Frequency stability can be measured by calculating the 

variance of the frequency fluctuations over a time interval  τ. In many fields of 

measurements, instability can be estimated by taking the standard deviation of the 

data of these measurements.  The standard deviation approach is applicable where the 

results are time independent (stationary data), but if the oscillator data contains time 

dependent noise (non-stationary data) contributed by a frequency offset, the standard 

deviation and the mean will not converge to an exact value. This means that there is a 

change in the standard deviation  with each additional measurement, for that reason 

and in order to estimate the stability in time domain, nonclassical statistic is used. To 

measure the frequency instability in the time domain two sample deviation 	called 

Allan deviation	σv(τ
, which is the square root of Allan variance	σv�(τ
,	is	introduced. 

This deviation is assumed that there is no dead time between average frequency 

samples (continuous measurements). The deviation for the averaging time τ is: 

 σv		�τ	
 = S			�� 	〈S		tyz�{{{{{{			− 						ty 		{{{{{V²〉				V	�/�                                                                    (7.10)   

Where ty 		{{{{{	Is	the	value	of	y�t
, averaged	over	the	integration	time	τ	as	given	by	  

 	ty 		{{{{{ = 	 �� 	n 		t��
	��																																																								���:
��                                   (7.11) 

Where  �y=	�,  +  τk ,  (k = 1, 2, 3,...). �, ,  some time origin. In equation (7.10), the 

symbol 〈	〉 Indicates the average from  k =1 to k = ∞.  In practice, and because only a 

finite number of fractional frequency samples can be produced, the Allan deviation is 

approximated by  

  σv		�τ	
 ≅ 	 �		 �
���2�
 		∑ 			�tyz�{{{{{{ 			− 						ty 				{{{{{{
�	�2�y9� ��/�                                                     (7.12) 
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where M represents the number of frequency measurements. Equation (7.12) can be 

expressed in terms of time domain data, by changing the averaging time of the data(τ	
 

and computing the deviation each case. In this way, it is possible to study the strengths 

and the nature of the noise for any oscillator. Normalized Allan deviations are used 

instead of using the frequency deviations themselves to compare the frequency, phase 

noise of sources with different mean frequencies. In this way it is possible to compare, 

as an example, the normalized fluctuations for different emission wavelengths.  

7.4. Power law models  

7.4.1. The power law in the frequency domain  

Theoretical studies and experimental measurements showed that the spectral density 

of all  precision oscillators, due to the random noise, are the sum of five independent 

noise processes and may be modeled by the power law model such that 

_`(f) =∑ 		z�	3	9	2� hα f 
α                                                         (7.13) 

 for               0≤ f ≤	f h  

where h, is a constant, α is an integer and represents the power law exponent, fh is an 

upper cutoff frequency. The relation indicates that any oscillator may have several 

terms of noise sources but usually two or three.  

7.4.2.  The power law in time domain  

The Allan variance can be modeled by sum of four different power laws  

 σv� 	�τ
 = ∑ 			p�	�	�	9	2� τ�      ,      where μ = - α -1  

              = 		p2�τ2�+				p2�τ2�+				prτr+				pz�τz�                                    (7.14) 

Figure 7.1, shows the most common noise types. The figure shows the relation 

between log Allan variance and log τ, where	  σ`(τ
 	∝ 	τ	�/� .  

In general, five noise types can recognize in the time (or frequency) noise graphs of 

different oscillating systems, depending on the kind of the system: white phase noise, 

flicker phase noise, white frequency noise, flicker frequency noise, and random walk 

frequency noise. The types of noise can be identified from the slope of Allan deviation 
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line. Identifying the noise types can help to reduce the noise by determining and 

treating the factors that affect on each of these noises [8, 10, 11].                                           

 

  

 

 

 

  

 

 

 

Frequency noise can be studied also by measuring the linewidth of the laser, since the 

linewidth is the result of the phase fluctuations. The linewidth gives an idea of the total 

noise, but it will not provide full information about the relative magnitude of its phase 

instabilities because the linewidth depends on the measurement time and for full 

specification, more data is required [4]. However, measuring the linewidth is the 

efficient direct way to evaluate the high frequency noise. 

 

 

 

 

 

 

Figure 7.1. The relation between log Allan variance and log �,	 where  �v��
	~	�	µ/�,  � is 

measurement time interval ,showing a five common noise type. Note that Allan deviation 

does not distinguish between white phase noise and flicker phase noise. After [8] 
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7.5. Short-term, medium-term, and long-term instability 

 

In general, the frequency instability is affected by systematic changes and by random 

noise processes. Systematic variations include periodic and monotonic variations. To 

study the phase and frequency instability in different devices and systems, the 

instability is divided into three regimes: short-term, medium-term and long-term 

instability. Short-term frequency instability refers to the random, non-systematic 

fluctuations that refer to the region dominated by white phase noise, where the time 

between observed frequencies (sample time) is less than 0.1 m second (depending on 

the system). Medium-term frequency instability refers to the region where flicker 

noise (1/f  noise) dominates where the sample time is less than 1 second in general. 

These limits between terms are according to the experimental observations of the 

behaviour of the instability in each term. Although both short-term and medium-term 

frequency instability can be characterized either in the time domain or in the frequency 

domain, it is preferable to use frequency-domain measurements when the sample time 

of interest is less than a second. To characterize frequency instability for long sampling 

time, time-domain measurements are used. The third kind of frequency instability is 

long-term frequency instability (frequency drift) which includes random-walk 

frequency-noise processes and systematic changes in the frequency. The long term 

frequency instability is affected by external parameters such as temperature, humidity, 

pressure, magnetic field, in addition to the noise that refers to the change in the 

characteristics of the oscillator elements with the time. As an example, increasing the 

internal resistance of electric devices with the time, could cause changes in the output 

characteristics of the device [1, 8, 12]. Table 1 summarizes the information.  
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 Table 7.1. Phase and frequency instability classification in different devices and systems 

 

 

 

 

 

Instability 

term 

 

 

Short-term 
instability 

 

Medium-
term 
instability 

 

Long-term 
instability 

 

Kind of 

fluctuations 

 

Random, non-
systematic 
fluctuations 

 

Random and 
systematic 
fluctuations 

 

 

Random and 
systematic 
fluctuations 

 

Dominated by 

 

White phase 
noise 

 

Flicker noise  

 

Random-walk 
frequency-
noise 
processes and 
the 
systematic 
changes 

 

 

Sample time  

 

~Less than 
0.1ms 

 

~Less than a                 
second 

 

~More than a 
second 

 

Preferable 

measurements 

  

Frequency 
domain, 

linewidth 

 

Time domain 
, frequency 
domain 

 

Time domain  



101 

 

7.6. Frequency noise in lasers 

In general, there are two main kinds of noise in lasers: firstly, inherent noise that 

includes the quantum noise which is related to the spontaneous emissions of the 

photons, and the effects of the resonator’s factors. The second kind is the technical 

noise which depends on the ambient conditions, including different sources of noises, 

mechanical vibrations, pumping power fluctuations and temperature fluctuations. The 

first kind causes a high to moderate frequency noise (short-term to medium-term 

instability) while the second causes a low frequency noise (long term instability). In 

the absence of the technical noise sources (which are difficult to suppress) the 

quantum noise introduces an emission spectrum of Lorentzian shape. According to the 

modified Schawlow–Townes equation, for a single longitudinal mode [13-16]: 

 

∆'�� �8 	=	�[�]	�∆]�
;����                                                                    (7.15) 

where     ∆'% = 	 �2Y�%
2�					 
 

In this relation, the theoretical minimum laser linewidth (Δ'�� �8	) as a full width at half 

maximum (FWHM) is inversely proportional to the output power leaving the laser 

cavity	��,��) and proportional to the square of the empty resonator bandwidth (∆νc). 

The resonator bandwidth is the full width at half maximum of the resonator’s 

Lorentzian curve for the laseing frequency (v), where �% 	is the photon lifetime in the 

resonator.  

Random noise due to spontaneous radiation cannot be eliminated and can be 

considered as an inherent factor that limits the stability of laser frequency. As an 

example, the theoretical limits of the linewidth of a 5 mm, diode-pumped monolithic 

Nd: YAG laser at 1064 nm at an output power of 1mW is 1Hz. This linewidth is for 

empty resonator of  Δ'%	 =26 MHz. In practice, and due to the instability results from 

temperature fluctuations and mechanical vibrations, a typical linewidth of 10 kHz 

during 300 ms observation time, has been achieved [16].  
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In general, the frequency noise in lasers consists of three kinds of components. At low 

to moderate frequencies, random-walk (1/f2 noise), flicker (1/f noise) frequency 

components, while at high frequency, white frequency noise is dominated. Flicker 

noise depends  strongly on the quality factor of the laser (Q factor) and is inversely 

proportional to Q2. This proportionality is under ideal conditions. The dependence of 

flicker noise on the quality factor (Q) of the laser, under normal operation conditions, 

has been discussed in [28], in which the PSD of the frequency fluctuation is inversely 

proportional to Q4. 

It is worth mentioning that the contribution of each kind of noise is relatively different 

between different kinds of lasers. As an example, in solid state lasers, Experiments on 

Nd: YAG monolithic ring lasers showed the presence of 1/f, 1/f2 components in 

addition to the white noise [17]. While In semiconductor lasers we can consider the 

white noise is the dominant frequency noise, which results in Lorentizian line shape, 

while the presence of the 1/f, 1/f2 component does not perturb the spectral linewidth 

significantly. 

7.7. Frequency instability factors   

 

The laser oscillation frequency is influenced by two essential factors, the laser 

transition spectral frequency νA and the optical resonator resonance frequency νC. If 

the width of the atomic transition spectral line is ΔνA, and the width of the resonator 

spectral line is ΔνC, and considering that �'�  ≫ �'�	, then, according to the relation 

established by Bennett, the laser resonance frequency can be expressed as [18,19,20]:   

              

  '	 ≈ 	 '�	 + �	'� − '�	
		 ]¡ ]¢                                                                                       (7.16)      

 

This equation shows that the oscillation frequency of the laser depends on both the 

frequency of the atomic transition spectral lines and the resonance frequency of the 

resonator. Variations of these two factors induce instability of the laser frequency. The 

second term in equation (7.16) includes the effect of the spectral linewidth of the 

resonator and the atomic transition spectral line. The ratio  
 ]£
 ]¢

   is called the 
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frequency pulling factor which in general has a small value (typically, 		�'¤�'¥ 		≈
102§	S20V ).  Regardless of the small value of the pulling factor, the resonance frequency 

of the resonator is very sensitive to the influence of the environment which means that 

the instability of the laser frequency is mainly depend on the cavity resonance 

frequency. The laser frequency is determined mainly by the resonator’s resonant 

frequency, i.e,                                     

  '	 = 	'�			=  q		 ¨
2X©                                                                    (7.17) 

Where c is the light velocity, L is the cavity length, q is the ordinal number of the 

longitudinal modes and n is the refractive index of the cavity medium. The variation of 

the oscillation frequency is 

 �' = −ª¨ «  ¬
�"¬; +  "

�¬";­	= −' ®�©
© + �X

X ¯                             (7.18) 

or 

 ° ]
] °	= ° ¬

¬ °	+ ° "
" °                                                                   (7.19) 

The above equation shows that the problem of laser frequency instability can be 

considered as being how to keep the cavity length and the refractive index stable. Many 

factors lead to a variation of the optical cavity resonance frequency, in optically 

pumped solid state lasers the influence of temperature change is the most important. 

7.8.  Influence of temperature change on the frequency instability 

 

The change in temperature due to the heating of the laser material during operation 

and the fluctuation of ambient temperature, can impact the instability of the laser 

frequency. The first contribution is caused by the temperature dependence of the 

refractive index. This factor can be estimated from the value of the thermo-optic 

coefficient (dn/dT), which is the temperature gradient of refractive index of the laser 

crystal material. The second contribution is the effect of the temperature on the 

resonator length. The fluctuation of ambient temperature or the heating of the laser 
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cavity can make the cavity material stretch or shrink due to the change in temperature 

and can cause a frequency shift, that is  

   �� 	�±	 = 	  ¬	¬ ∝ 	  ]]                                                                         (7.20) 

Where α³, the linear expansion coefficient of the resonator material and ΔT is is the 

temperature variation. A resonator material with a small thermal expansion coefficient 

is thus clearly preferable to achieve a stable lasing frequency [18]. Equation 20 shows 

also that any change in the length will translate directly to a change in the frequency. 

7.9. Properties of  Nd:GdVO4lasers  

Recently, many publications have provided information on efficient, free-running, 

diode-pumped Nd:GdVO4 performance [21, 22, 23]. The GdVO4 crystal has several 

advantages over an YVO4 crystal. In addition to a high absorption coefficient around 

the 808-nm band which can be realized from the absorption cross section values in 

table 2, Nd:GdVO4  is a higher thermal conductivity, lower thermal expansion 

coefficient than Nd:YVO4. The low thermal expansion coefficient is of special interest 

in the applications which need low instability level like OISSL [21,24]. Table 7.2 shows 

some of the physical and optical properties of Nd: YAG, Nd:YVO4, and Nd:GdVO4 laser 

crystals for different crystallographic directions. 
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Physical Characteristics   Nd:YAG               Nd:YVO4                           Nd:GdVO4 

Nd3+ concentration          1 at. %                 1.1 at. %                       1.2 at. % 

 

σabs (10−19 cm2)                  0.7                        2.3                                  3.1–5.2( E//c) 

                                                at 808 nm           at 810 nm                    at 808.5 nm 

 

                                                                                            [010]:8.5     

dn/dT (10−6 K−1)                      7.3                     [100]:8.5                       5.4 [ ref.23] 

                                                                     [001]: 3                          ---- 

 

Thermal expansion           [100]: 8.2           [100]:4.43                    1.5 (along a) 

coefficient (10-6K-1)          [010]:7.7            [010]:4.43                    7.3 (along c) 

                                          [001]: 7.8           [001]:11.37                         

                                                                                                            

 

Thermal conductivity      13                         (E//c) = 5.23                 [110]: 11.7  

(W・m−1
・K−1)                  9.76                     (E ⊥c )= 5.10                  [001]: 12.3  

                                                                                                                         [ref. 25] 

 

 

Table 7.2. Physical and optical properties of Nd: YAG, Nd:YVO4, and Nd:GdVO4 laser 

crystals. (Data were taken from Ref. 24, except where indicated).  Note:   Nd: YAG has a 

cubic system where the lattice system consists of three different axes (a	≠ 	¶	 ≠ ¨ ). For 

Nd:YVO4 and Nd:GdVO4, the crystals have tetragonal symmetry (a = 	¶	 ≠ ¨  ). E//c is 

where the electric field E is parallel  to the optical axis c, E⊥c is for electric field E is 

perpendicular  to the optical axis c. [hkℓ], Miller indices,  where the lattice planes are 

determined by the three integers h, k, and ℓ. A typical crystal is oriented with pumping 

direction along an a-axis of the crystal  where E//c. 
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7.10.  Frequency instability using time domain measurements  

7.10.1. Introduction  

The experiments in chapters 5 showed that the OISSL does not have extremely strong 

requirements regarding the short-term frequency instability. As an example, a change 

in the normalised detuning around ± 0.01 in 1ms produced a pulse repetition 

frequency (PRF) change equal ±  0.025 MHz (chapter 5, figure 5.6), which is an 

acceptable level of change in many applications in the field of materials treatment. For 

this reason this thesis work will not seek to cover the short term frequency instability. 

The investigation focused on medium-term and long-term frequency instability of 

optically pumped Nd:YVO4 and Nd:GdVO4, working in the time domain as it can be used 

to study the frequency instability for both medium and long terms. In this study, Allan 

variance has been used to represent the frequency instability as a function of sampling 

time. 

7.10.2. Frequency noise measurements using two-oscillator 
    technique 

 
As electronic instruments cannot display the variation of the high optical frequency, it 

is difficult to measure the instability of the laser directly. Heterodyne detection (the 

beat frequency method), is used as a relative measurement. An efficient way to 

measure the frequency fluctuation of a laser is  by beating the laser output with a 

reference laser which is either a laser of low noise or,  a laser with the a same design 

and same operation conditions [4, 9]. In this thesis work, beating occurs between the 

laser and another laser of similar design, as it is difficult to offer a laser with low noise 

with the same wavelength. Both lasers used in the heterodyne process were operated 

under as similar conditions as possible. In this way, the measurement yields the output 

noise from both lasers.  With some approximation, it is possible to consider that the 

measured noise instability is twice that associated with one noisy laser [9]. 

 In this method two beams of light waves from each of the lasers are non-linearly       

combined in a mixer commonly a photo-diode. In the non-linear detector the output 

power is proportional to the square of the input amplitudes. Consider two optical 

fields, e1 (t)  and  e2 (t) incident on a photodiode, where 
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 e1 (t) = E1 cos (¸1 t +	R�
,	 and   e2 (t) = E2 cos (¸2 t +	R�),                                  (7.22) 

where E1, ω1, R� 	And	E�, ω2,	R�  are the amplitude, the frequency  and the phase  

of each of the two fields. The detected power 			 
	���
 =(E1 cos (ω1 t +φ1) + E2 cos (ω2 t +φ2))2                                                                                     (7.23) 

The photo current generated in the detector is: 

 »(�
 = ¼(E1 cos (ω1 t +φ1) + E2 cos (ω2 t +φ2)) 2                                                    (7.24)          

where R is constant for a certain detector      

  »(�
 = ¼	�constant	component + High	frequency		components                       (7.25) 

														+(E1E2(cos (ω2- ω1) t +φ3))) 

 

The high frequency components and the time independent component can be  filtered 

out, leaving the intermediate beat frequency component (E1E2cos( (ω2-ω1) t + φ3)) to 

form a frequency signal that can be easily responded to a suitable  frequency recording 

device or to a frequency spectral analyzer [4]. Since the beat component is sensitive to 

any change in the optical frequencies, it could be used as a monitor to observe the 

changes in these frequencies and to measure the frequency instability of the 

oscillators. The time domain measurements are used in this investigation to study the 

frequency instability characteristics for both Nd:YVO4 and Nd:GdVO4 lasers. 
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7.11.  Instability characterization of Nd:YVO4 and Nd:GdVO4 lasers 

7.11.1.  Experimental set-up  

 

 

 

 

 

 

 

 

 

 

Figure 7.2.   The experimental set-up showing the basic apparatus of Instability 

characterization experiment: DL, Diode laser. BS, beam splitter. F, filter. FI, Faraday 

isolator. L, lens. M, mirror. OSC, oscilloscope. OSA, Optical spectrum analyzer , PD detectors.FC, 

fibercoupler          

 

The experimental arrangement for measuring the instability characteristics of the 

laser is shown in figure 7.2. The two monolithic solid state lasers (with performances 

explained in 7.9) are pumped by the same diode laser to reduce the effects of the pump 

power fluctuations. The two single mode output beams of the two solid state lasers are 

mixed by means of a fibercoupler and connected first to  an optical spectrum analyzer 

(ANRITSU MS9001B1) to ensure that the beat frequency is within the frequency 

response range of the oscilloscope (6 GHz).  In the second step, the beat frequency is 

detected by the photodetector (New Focus 1554-B--12GHz) which is connected to the 

oscilloscope (LeCroy Wave MASTER 8600A) to record and analyze the data. Faraday 

insulators (FI) are used to protect all the laser sources from any feedback effects that 

could disturb any of the lasers. In this experiment two kinds of solid state lasers are 
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tested. First, two monolithic Nd:YVO4 single mode lasers, operated under as similar 

conditions as possible (same pumping and output power), are used as laser 1 and laser 

2 in the diagram.  In the second, two monolithic Nd:GdVO4 lasers were used. To isolate 

the lasers as much as possible from surrounding temperature fluctuations, the lasers 

are covered by a plastic case. A thin indium foil is used to increase the thermal contact 

between the laser crystals and the crystal’s mounts. 

The frequency instability of the laser depends on the time interval considered. In order 

to characterize the medium and the long term frequency instability of the two kinds of 

lasers for a wide range of time intervals, two procedures are used to record and collect 

the data for each type of crystal: 

1. In the first, and in order to study the long-term instability of the lasers,   the fast 

Fourier transform (FFT) spectrum of the beat frequency is saved each 0.22 second 

in the oscilloscope using a sample rate 200MS/s and maximum sample point 1 MS. 

In this way, 700 values of the beat frequency are saved each 0.22 s to show the 

frequency fluctuation within approximately 150 seconds. This interval time 

represents the minimum data saving time of the oscilloscope. The change in the 

beat frequency for each time interval 0.22 s, for both crystals, is shown in figure 7.3 

a, b. From these data it is possible to study the long-term instability of the lasers for 

sampling time from 0.22 s to 75 s. 

2. In the second method and in order to study the Medium-term instability of the 

lasers, one intensity time trace is saved for both kinds of crystals with sample rate 

200MS/s and maximum  sample point 10 MS. The data was saved for 0.05 seconds 

divided into150 parts (60KS for each) and analyzed to find the   FFT of the intensity  

time series for each 0.33 ms interval. Figure 7.5 a, b shows the results for time range 

less than 0.05 seconds for both crystals, giving the beat frequency each 0.33ms. In 

this part of the experiment, medium-term instability of the lasers is studied for 

sampling time from 0.33m s to 0.024 s. These measurements were used in order to 

assess the frequency instability, over a time intervals τ, that refers to the long and 

medium terms, to characterize instability for the two crystals, Nd:YVO4 and 

Nd:GdVO4. 
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7.11.2.  Instability characterization graphs 

In this thesis work, the frequency instability is studied, by computing Allan variance of 

the beat frequencies as a function of sampling time. As shown in figures 7.4 and 7.6 

Allan variance has been found from equation 12 using the data obtained 

experimentally, as a function of the time intervals (τ) by calculating 		ÀÁ		{{{{ , the average 

value of the peak frequency (section 7.3.2), over the time interval τ for all data shown 

in figure 7.3, 7.5. Time intervals from 0.22 s to 75 s and from 0.33 ms to 0.024 s are 

covered. Figure 7.4 represents the normalized root Allan variance (σ) versus τ using a 

logarithmic scale, for sampling time from 0.22 s to 75 s, (a) for optically pumped  

Nd:YVO4 laser and (b) for optically pumped Nd:GdVO4 laser. Figure 7.6 shows the 

normalized root Allan variance versus τ using a logarithmic scale for sampling time 

from 0.33 ms to 0.024 s  (a) for optically pumped  Nd:YVO4 laser and (b) for optically 

pumped Nd:GdVO4 laser. Although there is a small gap of the time interval τ between 

figures 7.4 and 7.6 that is not covered in this study, the graphs can give a good idea of 

the frequency instability specifications of the two kinds of lasers. The maximum 

interval time is half the recorded time because calculating Allan variance needs at least 

two samples of data. 

By comparing the results with figure 7.1. The two basic kinds of noise, the systematic 

frequency noise and the power-law noise can be distinguished clearly in figures 7.4 

and 7.6 which represent normalized root Allan variance versus sampling time in 

logarithmic scale (normalized σ – τ plot) for both Nd:YVO4 and Nd:GdVO4 lasers 

respectively.The systematic noise can be recognized  as a sharp drop or a trough in the 

instability diagrams. Figures 7.4 and 7.6  show many kinds of systematic noise with 

different response of  the two monolithic lasers. In the range of τ from 0.22 s to 75 s, 

figures 7.3 a, b and 7.4 a, b show  a systematic noise at sampling time equal 1 second. 

This noise could be related to the speed at which the temperature controller works, 

since the fastest response of this device is 1 second [27]. Another systematic noise 

appears in figure 7.4, a in normalized σ - τ plot of  Nd:YVO4 at sampling time 10s. The 

source of this noise is unknown. For the sampling time from 0.33 ms to 0.024 s in 

figures 7. 5 a, b and figure 7. 6 a, b, a systematic noise appears around 2 x10-2 s, the 

noise is due to electric noise of 50 Hz and the harmonics.  
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 Figure 7.4. Normalized root Allan variance versus sampling time from 0.22s to 75 s. 

The measured instability is the contribution of two lasers, the real value is; normalized

root Allan variance divided by 2.   

           (a)   For   Nd:YVO4   .                                              (b)  For Nd: GdVO4 . 

 

           Figure  7.3.   The change in beat frequency with time for 

                     (a)   Nd:YVO4  .                                 (b) Nd: GdVO4 . 
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                           Figure 7.5.  The change in beat frequency with time for 

                                     (a)   Nd:YVO4   .                                                (b) Nd: GdVO4 . 

 

 

 

                          

 

Figure 7.6. Normalized root Allan variance versus  sampling time from 0.33ms to 0.024s.  The 

measured instability is the contribution of two lasers ,the real value is; normalized root Allan 

variance divided by 2.   

                              (a)  For Nd:YVO4   .                                                  (b) For Nd: GdVO4 . 
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The power-law noise for both crystals shows two stages of the frequency instability 

that obey equation 7.14 to a large extent. This can be appreciated by comparing figures 
7.4 a, b and 7.6 a, b with figure 7.1. In figures 7.6, if we ignore the effect of the systematic 
noise appears at 2 x10-2 s, an instability caused by flicker noise (σ	∝	τo) dominates. In 
figures 7.4, flicker noise continues until the time interval 1 s. This kind of instability is 
due to inherent noise that related to the quality factor of the lasers and it is hard to 
eliminate [28]. It is worth mentioning that the instability due to flicker noise sets the 
lower limit of instability of any oscillator demonstrates S28, 29]. In general, the 

minimum measured normalized root Allan variance for the free running Nd:YVO4 laser 

in the medium term, is 0.5 x10-11, and for Nd:GdVO4  laser is 1.5x 10-11, which is 

approximately the same range of instability of free running optically pumped Nd:YAG 

ring laser showed in many references [30,31].  

 In the second stage, for τ more than 1 second, a random-walk frequency-noise 

dominates where normalized root Allan variance is proportional to τ1/2 (σ	∝ τ1/2). This 

noise is mostly due to the temperature fluctuations of the environment and due to 

insufficient temperature controlling. In this stage, the high thermal conductivity which 

means higher tendency to dispose the heat and the low Thermal expansion coefficient 

could play a role in reducing the instability of the laser. 

The behaviour of the two optically pumped Nd:YVO4 and Nd:GdVO4 are similar. 

However, it is expected that the two kinds of crystals have the same instability level in 

the flicker region due to the similar quality factor of the two kinds of lasers. In the range 

where random-walk frequency-noise prevails, the high thermal conductivity and the 

lower linear expansion coefficient of the resonator material of Nd:GdVO4  laser produce 

approximately the same level of normalized root Allan variance as for Nd:YVO4. The 

better thermal properties of Nd:GdVO4 laser show effects on the instability behaviour 

of the crystal that belongs to the systematic noise. A fluctuation at sampling time less 

than 1 ms shown in figure 7.5a as a trough in the instability curve, is removed in figure 

7.5b by using Nd:GdVO4. In similar way, the systematic noise in figure 7.3 a, 7.4 a at a 

time interval equal 1 s which reduced in figures 7.3b, 7.4b. The results reveal that the 

good thermal properties have the effect to reduce some of the systematic  frequency 

fluctuations.  
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The mechanical vibrations, are not considered in this study because optically pumped 

monolithic lasers are considered to be very stable mechanically, due to the monolithic 

oscillators and due to the conduction cooling that eliminate the mechanical vibrations 

[32]. 

7.12.  Conclusions 

An evaluation has been made of the frequency noise in free running optically pumped 

solid state lasers. The investigation included optically pumped Nd:YVO4 lasers and 

Nd:GdVO4 lasers. Despite the good thermal properties of these two lasers in general 

and the Nd:GdVO4 in particular, the two lasers showed a level of frequency instability 

comparable with other optically pumped solid state lasers. 

The study revealed the existence of many kinds of systematic noise, which appears as 

or troughs in the frequency instability curves which are mostly related to the 

temperature controlling system. The random-walk frequency-noise which cause high 

normalized root Allan variance in the related time intervals can be reduced with 

efficient temperature controlling for the system as a whole. The results presented in 

this chapter show that the stability requirements for optically injected solid state laser 

application can be set passively (without using frequency stabilization method), with 

some efforts to eliminate or reduce the sources of the noise which cause a high 

frequency instability level. The frequency instability can be reduced in different ways. 

In this regards, 

• Eliminate different sources of systematic noise with the suitable treatment of every 

kind. Using Nd:GdVO4 laser has proven to help in satisfying this purpose by 

reducing some of the systematic noise. 

•  Improve the temperature controlling system to reduce the fluctuation of ambient 

temperature and the heating of the laser cavity can reduce random-walk 

frequency-noise. 

•  Furthermore, optimizing quality factor can reduce the flicker noise for a large 

degree, since the instability is inversely proportional to Q2 in general. This is can be 

done by increasing the resonator length (L) but on the other hand, long resonator 

means high random walk noise. In this respect, a compromise can be made to 

design best laser with best frequency instability.    



115 

 

To summarize, the investigation shows that many aspects, particularly that which 

related to the thermal stabilization of the system still require improvement.  

Suggestions to refine the frequency instability with more details are explained in 

chapter 8. 
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                                                                 Chapter 8 

                              Summary and future work 

 8.1.  Summary 

This thesis describes an experimental demonstration of the possibility of using an 

optically injected solid state-laser to generate optical pulses with a continuous range 

of pulse repetition frequency. Changing the pulse repetition frequency (PRF) is one of 

the  effective ways of controlling the energy provision rate in various material 

processing applications. The thesis investigates the capabilities and challenges of  this 

approach in generating pulses. 

Chapter 2, presents the optically injected Nd:YVO4 solid state laser studies, while 

Chapter 3 includes an explanation of the rate equations for the optically injected solid-

state laser and the various parameters. The second part describes the diode end-pumped 

Nd:YVO4 laser and shows the basic requirements of an optically injected solid-state laser 

system as an optical pulse generator. 

The construction of an optically injected solid-state laser system using an  optically 

pumped Nd:YVO4 solid-state lasers is explained in Chapter 4. In addition, a practical 

method for controlling  the frequency detuning between the master and slave lasers, 

and the injection strength of the injection beam using an acousto-optic modulator 

(AOM) is explained in detail. Many issues relating  to the experimental setup are 

discussed, such as achieving single mode operation and the effect of pump beam 

alignment on the optically injected solid-state laser system. The thesis also includes 

details of the two methods used to quantify the injection strength.  

The characteristics of the dynamics of four regions on the dynamical map of the 

optically injected solid state laser are investigated in Chapter 5. The regions are: 

• Period-doubling regime pulses. 

• Spiky regime pulses.   

• Quasi-periodic regime close to the saddle-node (SN) curve. 

• Quasi-periodic regime close to the torus (T)curve. 
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An experimental demonstration of the behaviour of the dynamics at specific points 

relating to each of the regions mentioned  above is introduced using a direct analysis 

of real-time traces.  

In terms of response of the PRF to the detuning, the results show a high level of 

response to the changes in detuning for the period-doubling regime (P2, P3) and for 

the limit cycle regime (P1) in both the positive and the negative detuning regions. 

Although the limit cycle regime shows a low intensity compared to the period-doubling 

regime, operating the regime without noise encourages its use as a source of regular 

pulses in addition to P2 and P3. In this way the PRFs of the two regimes complement 

each other. 

In the spiky region, a kind of bistability is demonstrated between the quasi-periodic 

and the spiky waveforms which allows the two dynamics to oscillate for the same value 

of injection parameters. However, this dynamics which has the highest intensity of all 

the dynamics in this system, showed a very low correlation between the PRF and the 

detuning and therefore, cannot not be used to generate pulses with a variable PRF. The 

difference between the frequency values of quasi-periodic and spiky waveforms (f2-f1) 

is used as an indicator to specify the value of the injection strength where the 

fluctuation between the two waveforms is eliminated, and the rest region can be used 

to generate pulses. The results show that the frequency difference between the two 

waveforms drops rapidly to a low value at an injection strength of approximately 2.8 

and drops slowly after this value. This means the possibility of using this region with 

the highest injection strength value to generate regular pulses.    

 Different correlation coefficients for the PRF and detuning were obtained in the quasi-

periodic regime of the region close to the SN and T curves. In general the carrier 

frequency shows a high correlation, while the envelope frequency shows a lower 

correlation. In the case of low injection strength, a high level of correlation is seen in 

the regions close to the SN and T curves. For high injection strength, the correlation 

coefficient shows low values in the regions close to the SN curve while the correlation 

coefficient of both frequencies drops very fast with increasing K in the region close to 

the torus curve. The regions in the (K, Δω) - plane that showed a  positive response to 

the change in detuning are defined in this chapter. 
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By adjusting the frequency detuning between the free running frequencies of the 

master and slave laser, an optically injected Nd:YVO4 solid state laser is used to 

generate pulses with a continuously variable pulse repetition frequency. The 

accessible range of pulse repetition frequency in this system is from approximately 

200 kHz up to 7.5 MHz. The experimental curves reveal that the relationship between 

PRF, intensity and detuning is a piecewise function which means that different parts 

have different properties.  

Two ranges of injection strength which have been specified in Chapter 5, are 

investigated in this chapter. The two ranges represent the regions on the dynamical 

map where the system is highly response to the change of the frequency detuning. The 

first range of the injection strength is between 0 and 0.65, and can supply a continuous 

range of pulse repetition frequency of 200 kHz up to 7.5 MHz,  using positive and 

negative detuning. In the second range, with injection strength values between 1.9 and 

5.8, the attainable continuous range of PRF is between 200 kHz and 4 MHz, using 2 

stages. This range possesses good features like the high intensity and the low rate of 

change.  

Chapter  7  looks at the optical frequency instability as a function of measurement time, 

for Nd:YVO4  and for Nd: GdVO4 by computing the Allan variance of the beat  frequency. 

A normalised root Allan variance versus sampling time from 0.22 s to 75 s and from 

0.33 ms to 0.024 s was found for both  Nd:YVO4  and for Nd: GdVO4. These two sampling 

times represent medium-term and long-term frequency instability. The instability 

plots are usually a combination of two basic kinds of frequency noise: systematic noise 

and the power-law noise. The two lasers show a normal level of frequency instability 

compared to other kinds of optically pumped solid-state lasers despite the good 

thermal properties of these two lasers in general and the optically pumped Nd:GdVO4 

in particular. The study reveals the existence of many kinds of systematic noise mostly 

relating to the temperature controlling device. 
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8.2  Future work      

The development of this approach to generate optical pulses can be achieved in three 

aspects: 

• By extending the upper limit of pulse repetition frequency to higher frequencies. 

• By increasing the average power of the Nd:YVO4 OISSL system. 

• By stabilising the output characteristics of the system, including  intensity and 

pulse repetition frequency. 

In this regard, the priority should be to stabilise the system, since the offset between 

the optical frequency of the master and slave laser is a main parameter for  determining 

the output of the optically injected solid state laser system. The investigation in 

Chapter 7 addresses many types of a systematic and power-law noise that affect on the 

performance of the system. Investigating the source of each systematic noise and 

treating it in the suitable way can improve the medium-term and long-term instability. 

Long term power-law noise (random-walk frequency noise) which is related to the 

temperature fluctuations of the crystal, can be improved by using a high resolution 

temperature controller and by refining the thermal conditioning of the solid-state laser 

as a whole. Medium-term power-law noise (1/f noise)  depends  strongly on the 

quality-factor of the solid-state laser (∝ �
É;		 �Ê	 �

ÉË		
. This noise can be reduced to a large 

extent by increasing the cavity length of the laser. However, this is not possible with 

the system used due to the increase of the number of the oscillating longitudinal modes 

with increasing the cavity length. In addition to increase the random walk noise for the 

same reason. 

A significant improvements in frequency stability and laser efficiency can be achieved 

by means of the following suggestions: 

• Using direct pumping at 880 nm instead of 809 nm can reduce the energy difference 

between a pump photon and a laser photon. Exciting the ion from the ground state 

directly to the upper lasing level without relaxation process can reduce this 

difference. Pumping sources like Ti+3: sapphire or diode  laser can be used for this 

purpose. This method can reduce heat generation by 40% compared with 
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traditional pumping at 808 nm [1,2]. Laser efficiency can also be improved to 70% 

by increasing the doping concentration of the laser material. 

•  Most laser diodes have an output beam with an elliptical cross section. Reducing 

the ellipticity of the pumping beam has great benefits in terms of  increasing laser 

efficiency and reducing the laser threshold [3]. Increasing laser efficiency and 

reducing the laser threshold mean increasing the relaxation oscillation frequency 

and consequently, extending the upper limit of pulse repetition frequency. Many 

methods can be used to convert the diode elliptical output to a circular beam. 

Figure 8.1 illustrates the laser diode spot of the diode laser used in the experiments 

explained in this thesis, before and after using an anamorphic prism pair. The figure 

shows also a reducing in the number of the transverse modes (the red spots) which 

is an additional benefit. The power loss caused by such an optical system is about 

40% therefore the prism pair is not used in the experiments in this work. 

 

 

 

 

 

                                                       (a)                                                        (b)                            

 Figure 8.1. Shows the photo of the laser diode spot before (a) and after (b) using 

anamorphic prism pair. 

A new technique using a micro-cylindrical lens can be applied to circularise the laser 

beam with a power loss, of approximately 20%, using this technique can  offer great 

benefits [4]. 

• The correlation between the PRF and the intensity of the system output can be used 

to stabilize the PRF of the system by using the intensity as a sensor for the PRF 

fluctuations. In this case a suitable comparative circuit could be used to modify the 

temperature of the laser crystal. 
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Figure A1.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.043, Δω=- 0.85).                      
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Figure A2.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.47, Δω=- 1.89).                      
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Figure A3.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.2, Δω=- 1.19).                       
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Figure A4. (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.39, Δω=- 0.62).                       
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Figure A5.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.47, Δω= - 1.38).                       
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Figure A6.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.6, Δω=- 1.27).                       
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Figure A7.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.6, Δω=- 1.69). 
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Figure A8.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.72, Δω=- 1.73).                       
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Figure A9.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.91, Δω=- 1.55).                        
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Figure A10.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=0.96, Δω=- 1.96).                       
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Figure A11.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=1, Δω=- 1.88).                       
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Figure A12.   (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=1. 1, Δω=- 2.1).                        
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Figure A13.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=1.32, Δω= -1.9).                       
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Figure A14.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=1.6, Δω=- 2.3).                       

 

0.203048 0.203050

-1.0

-0.5

0.0

0.202 0.204 0.206 0.208 0.210 0.212 0.214

-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4

0 10 20 30 40 50
-2.38

-2.37

-2.36

-2.35

-2.34

-2.33

0 10 20 30 40 50

1.8
2.0
2.2
2.4
2.6
2.8
3.0

In
te

n
s
it
y
 (

a
.u

.)

Time (s)

In
te

n
s
it
y
 (

a
.u

.)

Time (s)

N
o
rm

a
li
.d

e
tu

.

No. of sq. wave

K=1.6

P
R

F
 (

M
H

z)

No. of sq. wave



139 

 

 

Figure A15.  (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=1.6, Δω=- 3.05).                       
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Figure A16: (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=2, Δω=- 2.98).                       
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Figure A17 (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=2. 1, Δω=- 3.38).                       
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Figure  A18 (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=1.08 ,Δω=- 1.08 ).                     

 

0 10 20 30 40 50

-1.100

-1.095

-1.090
-1.085

-1.080

-1.075

0 10 20 30 40 50
0.80

0.85

0.90

0.95

0.205 0.210

-1.0

-0.5

0.0

0.207072 0.207078

-1.2

-0.6

0.0

(c)

N
o
rm

a
li.

 d
e
tu

.

No. of sq. wave

K=1.08

(d)

P
R

F
 (

M
H

z)

No. of sq. wave

(a)

In
te

n
s
it
y
 (

a
.u

.)

Time (s)

(b)

In
te

n
s
it
y
 (

a
.u

.)

Time (s)



143 

 

Figure  A19 (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the change 

in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for the injection 

parameters K=2.1 ,Δω=- 2.1).                    
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Figure  A20 (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the change 
in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for the injection 

parameters K=1.08 ,Δω=- 2.53).                                                 
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 Figure  A21 (a) The intensity level for 50 squares of pulses; (b) pulses waveform; (c) the 

change in frequency detuning in 10ms; (d) the change in PRF in 10ms. (The relations for 

the injection parameters K=2.1 ,Δω=- 3.65).                      
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