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" SUMMARY
]

This thesis results from the following work:

(1) We have carried out a comprehensive study of Islamic
| geometrlcai ;atterns. Mofe theh 300 patterns have been studled. We
have given a critique of the work of previous authors on this
subject and have discussed our own ideas on the evolution of

Islamic geometrical designs.

(2) We have performed symmetry analysis on the patterns
and classifled them according to thelir symmetry groups.
(3) We have extracted numerical data for efflcient

generation of the patterns based on the analysis in (2). The data

for more than 300 patterns 1s provided on the disk.

(4) We have developed a mathematical formalism based on
group theory and constructed algorithms sultable for the

generation of the patterns using computer graphlics.

(5) the algorithms have been proved by writing an
interactive computer graphic program called Islamic Geometrical

Patterns 'IGP'. A library of geometric Islamic patterns has been

constructed.

(6) At the end of this thesls, in an Appendix, we have

provldedrsuggestlons for further extension of thils work.
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1.1 INTRODUCTION

The work in this thesis sets out to achieve the following:

(1) To carry out a comprehensive study of Islamic
geometrical patterns.
(2) To perform symmetry analysis on the patterns and to

classify them according to their symmetry group.

(3) To extract numerical data for efficient generation of
the patterns based on the analysis in (2).

(4) To develop a mathematical formalism for the
construction of algorithms suitable for the generation of
the patterns using computer graphics.

(5) To prove the algorithms developed in (4) by writing

an interactive computer graphic program and by

constructing a library of geometric Islamic patterns.

After the introduction in this opening section we discuss the

importance of symmetry in general and then give examples of



symmetry 1In Islamic art. This 1is 1intended to explain the
motivation for this work.

The purpose of chapter 2 is to present our own views on how
the Islamic patterns originated and developed and to compare our
thoughts with the views put forward by previous authors who have
published in this subject.

The maln alm of chapter 3 1s to apply group theoretic methods
of analysls and generation to Islamic geometrical patterns.
Following our review of the subject, we develop a set of
algorithms suited to Iinteractlive generations of frieze and
crystallographic patterns. These algorithms are used in the

computer program which is described in chapter 5.
The first part of the work for this thesis involved an
extensive study of more than 300 Islamic patterns. The majority of

the patterns studied appear in the books by Bourgoin [9],

Critchlow [13], El1-Said & Parman [63] and Wade [73]. Also, about
ten patterns which do not occur 1in these references where

collected by the author on a study tour of Islamlc architecture to

be found in Spaln.

‘The patterns were studlied using the CAD package AutoCAD and
data was extracted to make it possible to recreate these patterns
using the insights provide by symmetry analysis. Chapter 4 reports
the first part of our work.

Finally in chapter 5, we describe the interactive program
Islamic Geometrical Pattern (IGP), which was written to utlilize
our data and our algorithms. Although the program was written
speciflcally to recreate the Islamic geometrical patterns studied

by us, it 1is 1in fact a general purpose program capable of




generating the full set of plane crystallographic patterns from
template motif data given in a file or created interactively. The
program allows for Iinteractive modification and coloring of

related patterns obtalned from library data. Example of output

produced by the program are given at the end of the Chapter.

The program listing and the numerical data are attached in a
floppy disk.

In the next section we discuss the importance of the subject
of symmetry which will be followed by examples of symmetry in

Islamic art.

2.1 IMPORTANCE OF SYMMETRY

Symmetry is a vast subject. The term ’symmetry’ is meaningful
in ordinary every day occurrences, iIn the arts, 1n literature and
also 1In exact sciences. In the arts and in ordinary language the

term is used rather vaguely In two different ways; to express
exact correspondence of size, shape, color etc between opposite
sldes of an object; to express harmony of proportion, balance and
regularity between parts. Mathematicians, on the other hand,
define it precisely in terms of lnvariance of a set under a group
of automorphic transformations, see for example Coxeter[12a,b].

It is not our intention in this thesis to discuss the range
of the subject of symmetry 1ln great detail. This has been done
elsewhere and the reader 1s .referred to the classical monograph by
Weyl[74] and the more recent collection of papers gliven in

references (see authors, El-Said & Parman [63], Jones ([37]) as




sources for appreclating the range of application of symmetry. Our
intention in thls openling chapter 1ls simply to indicate with the

ald of figures the wldespread occurrence of symmetric forms. This
1s done to Jjustify the applicatlon of computer graphics to studies

of symmetry which iIs the nature of the work carried out for this

thesis.

We find symmetrical structures right at the micro-scale of
living organisms and non living matter. Fig(la) shows the chemical
structures of certaln compounds known as metallacarboranes.
Fig(1b) shows the well known structure of the DNA molecule which
is the basis of all 1living matter. Fig(lc) shows the five-fold
symmetrical structure of a type of sea Urchin. This kind of
symmetry 1is quite common in biological forms, particularly

flowers.

Of course the most common assoclation of symmetry 1is with

beauty and 1n thelr search for beauty human artists and designers
have always explored symmetry. Fig(2a) shows the Chinese character

which means double happiness. One cannot Imagine a great bullding
which did not have symmetry. Flg(2b) shows a typical structure
associated with the classical Greek architecture and fig(2c) shows
the design of a modern sports stadium by Pler Luigi Nervi.

The study of geometry has always produced and contlnues to
produce many beautiful symmetric forms. Flg(3a) represents seven
cardiolds generated by the formula r=za(i-cos(a¢)), a cardioid of
order 1 is the basic shape, increasing a increases the lobes in
the patterns as shown 1iIn the figure. The avallability of the

computer has made it possible to explore many complex symmetric

structures which could not be explored before. One growth area has




been in the field of Fractals invented by the French mathematiclan

Benoit Mandelbort[46]. Fig(3b) shows an artistic rendering of the

famous Mandelbrot set.
The above set of examples illustrate the range of symmetrical
structures and We now move to our main interest in symmetry in

this thesis which 1s the context of Islamic art.
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1.3 SYMMETRY IN ISLAMIC ART
It 1s useful to know first, what we mean by islamic art. The
most useful definition of ’Islamic’ is suggested by Grabar([27]:

" Islamic refers to a culture or civilization in which the
ma jority of - the population, or at least the ruling element,

profess the faith of Islam, the art produced by such a culture
could then be called Islamic art ". We will accept this as our
definition.

Islamic art, unlike the arts of other nations, has almost
exclusively concentrated on symmetry, so that symmetry 1is the
major unifying characterlstics. With few exceptions, e.g. Persian
miniatures, there are no human and animal images to be found in
Islamlc designs, which is the common practice in other cultures.
The author suggest that there are three reasons for this.

One of the reasons has to do with religion. The Islanmic

artist 1s prohiblited from representing human or animal forms
according to the Hadith ( the tradition concerning the actions and

sayings of prophet Mohammed, collected by hils followers). This

does contain the admonition that the punishment of the people who
paint any living thing will be very hard on the day of judgment.
Another reason 1is that the Quran ( the holy book of Islam,
contains the words of Allah in the chosen language of Arablc ).
Arabic, thus came to have a sanctified position 1in Islamic

soclety, especially when it was used by artists in

calligraphically to quote verses from the Quran. The final reasons
comes from the value placed on education in Islamic culture. Since

geometry was regarded with great respect in education, the artist

naturally thought that this was the correct way to express thelr




work.
Calligraphy 1s an integral part of design in Islamic culture
which 1s its unique feature. Islamic artists have produced many

calligraphlic scripts and symmetrical calligraphic designs from the

earliest times and continue to do so today.

Fig(4a) shows an example of a simple calligraphic design in
the interlor of Ulu Cami, Bursa, Turkey, from the Othoman period
(1359-1420). Fig(4b) shows an example of a more complex design
from a recent work Dby the Iraql <calligrapher Hashen
Al-Khattat[39]). The calligraphic panel 1s structured in Jali
Thuluth script. The text is a verse from the Surat Al-Omran in

Quran enjoining Muslims to put their trust in God.
Of course, Islamlic art is best known for the use of infinite
repeat patterns in tiling. The Great Mosque in Baghdad, the palace

of Alhambra in Spain and the Taj Mahal in India are well known

examples of bullding which have been admired universally. In this
area 1ts achievements are greater than that of any previous

culture and examples of all the seventeen Crystallographic groups
are to be found ( see Montesinos[50]) in Islamic tiling
decoration. Bourgoin [9] was the first one to collect and' publish
a large collection of these designs. Since then many authors have

written on this subject, and the recent work by Grunbaum and
Shephard [28h] contains many examples from the work of Islamic

artists.

Several photographic plates taken by the author, during a
study tour of Spaln are included here. Plate(1l) shows a view of

the court of the lions in the Alhambra palace at Granada (1354).

This was one of the latest additions to the palace which served

10



the local rulers of that part of Spain.
Plate(2) shows an example of an infinite uni-directional
repeat pattern from the Great Mosque at Cordova, The mosque was

started in eighth century but has frequently been added to.
Plate(3) shows another infinite wuni-directional repeat

pattern. The combined use of geometry and calligraphy 1is very
common in Islamic deslgns.

Another concern of Islamic art has been centered on the
effective use of colour. It 1s surprising to discover that it was
to record and display the colors of Islamic architecture that
color lithography was first developed in Britain. Owen Jone’s
treatise on Alhambra in Spain, produced during (1836-1845), was
the first color book to:be produced in Britain.

Plate(4) shows a repeat pattern in two dimensions. Islamic
artists used colors systematically to reflect different ideas and
to create the Islamic feeling. This topic requires research to
clarify the exact principles used, however, we can see that green,

black and blue are very common colors used to produce a large set
of designs. In calligraphy the verses from the Quran are written
with white and blue in the background . White 1s assoclated with
good and blue is intended to suggest the feeling of the sky.
Plates(5) and (6) show two typlical examples of repeat pattern
decorations and surrounding borders. Plates(4), (5) and (6) where
photographed by the author in Algiralda, Seville, Spain, which was
built in 1248,

Apart from its aesthetlic value, the importance of Islamic

design in mathematics and other sciences, comes from the use of

repeat patterns. The study of these can provide a pleasurable lead

11



into group theory which is the basis of advanced pure mathematics
and also basis of modern thinking in physics.

Many highly creative teachers of mathematics in the West have

in recent 'years dlscovered Islamic art to be an ideal medium for
the teaching of mathematical concepts (see authors Jones([37],

Makovicky[43], Niman & Norman[54]}, Norman & Stahl[55]). This has
sadly not been apprecliated to any extent in Islamic culture where
the study of these patterns could be used to teach something of
historical Iimportance and which could also lead to modern
thinking.

To conclude, 1in this chapter we have giveﬁ a -brief and
general Iintroduction to the subject of symmetry, Islamic art and
the importance of repeat patterns. Thié was Intended to show that
an exXxtensive study of symmetric Islamic repeat patterns using
modern mathematics and computer graphics is a worthwhile task to

attempt. We shall now proceed to carry out this task.

12
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The reader who is unfamiliar with the subject will not know
that the original artists who designed Islamic patterns were

secretive and did not disclose their methods. Although some

limited documents exist in a few libraries and museums (see
authors, Christie [10,a,bl], Chorbachi [11]), no comprehensive

treatise on the subject has come down from the past. The methods

proposed are therefore speculative in nature.
Several authors ( see, :Bourgoin [9], Critchlow [13], El-Said

& Parman [63], Wade [73]) have published large collectlions of
algorithms for Islamic patterns but the methods proposed are
speculative in nature. In our view they rely unnecessarlly on
compass/ ruler and net based constructions.

From our extensive study of Islamic geometrical patterns, We
have formulated our own view as to how the Islamic patterns

originated. The purpose of this chapter is to present this view.

We shall propose the concept of a ’'tile’ as beling much simpler to
explain the origin of the Islamic geometrical patterns. Both from

the point of view of historical as well as mathematical

17



development,” this seems to be a much more reallistic and wuseful
explanation.
The first major collection of Islamlc patterns was publlshed

in 1856 in a book containing patterns from many cultures by Owen
Jones [38]. Soon after, from 1869 through 1877, the French art

historian Prisse D’Avennes [16] published L’art arabe, a sumptuous
set of plates ( of wood engravings, hello-gravures and color
lithographs) illustrating a wide range of art treasures located in
and around the city of Cairo (along with a few comparison pleces
from European collections). Neither the book by Owen Jones nor the
book by Prisse D’ Aennes included any algorithms.

The pioneering work which contained a large collectlon of

Islamic patterns together with suggested methods of construction
was by Bourgoin [9], published in 1879. Whereas this work provides

a rich source of patterns, it suffers from the fact that it 1is not

always possible to work out the method of construction being
proposed. For example, fig(l1) below appears on page 152 of

Bourgoin’s book, the dotted construction lines are barely visible,.

18




fig(1)

Christie’'s book [10b] which appeared In 1929 1is another
multi-cultural book and not excluslively concerned wilth Islamlc
patterns, but nevertheless it contalns many islamic patterns. It

does not glve detalled algorithms but does glve some general

methods.

Three books on Islamlc patterns appeared In 1976. They are by

Critchlow [13), El1-Sald & Parman [63], and Wade [73]). All these books

have something individual and Interesting to offer.

El-Sald & parman’'s book glves very clear geometrical
constructions and also contalns sectlons on callligraphy and

architecture. There are many photographs of actual bullding

19




together with the patterns discussed. Critchlow’'s book is highly
phllosophical In character and relates Islamic patterns to

symbolical meanings. Wade's book contains many highly attractive
black and white fllled compositions.

In our view the books by Critchlow and El1-Sald & Parman rely
too heavlly on compass / ruler constructions. Wade’'s work although

attractive In Indlvidual composition suffers from an overall lack

of unity. other fault In El-Sald & Parman work i1s that they do not
always glve the minimum repeat pattern needed to construct a
design. For example, for the pattern shown below, El-said and
Parman glve the area marked (a) as the requlired repeat pattern,

whereas a minimum repeat pattern is shown marked (b).

fig(2)
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2.1 THE ORIGINS OF ISLAMIC PATTERNS
If one asks the question as to how the Islamic patterns
originated, then it would seem most logical to start with the

practical experience of tiling with simple shapes e.g. triangles,
rectangles, squares, and hexagons. These shapes would have been

decorated with simple colors and patterns.

From this beginning it would be natural to experiment with
multiple shaped tiles, new shapes produced by overlapping tiles
and to invent better colorings and patterns. Fig(3) shows an
inside view of Sircali Madrassa, Konya in Turkey, and displays

typlcally how various shaped tiles were used to experiment with

patterns. Plates(1), (2) show examples of the use of simple shaped

colored tiles. In these the mosalc work uses four different

colors. These designs come from the palace of Alhambra in Granda,

Spain.
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The experience with simple colored tlles would then lead to
abstraction iIn the design of patterns and give rise to the use of
simple and complex nets. This development 1s summarlzed in the

chart below and we shall evolve our description on this structure.

simple single-shape tiles
with simple colors and decorations

multiple-shape| |overlapping| |complex patterned| [more & better
tiles tiles tiles colors

abstraction leading to use of
simple grids

use of more complex grids

2.2 SOME ISLAMIC PATTERNS ARISING FROM SIMPLE SINGLE-SHAPED -TILES:

Many Islamic patterns can be made quite easily from simple

single shaped tiles. The hexagonal tile is the most familiar tile

used in Islamic patterns and in fig(4a,b), we show two patterns

which arise from the use of a single tile of this shape. We simply

arrange the hexagons touching each other in rows. Of course, this

24



produces triangular holes which could be filled with another
simple tile or we could think of the geometrical pattern by itself

without any reference to tlles. If we were to remove every third
hexagonal tile from such a row then star-shape holes are produced.
This could be thought of as a tiling with a star-shape tlle and a
hexagonal-shape tlle or as a pattern, as shown In fig(4b).

To make clear the point we made earlier regarding excesslive
use of compass/ruler by El1-Sald & Parman [63], the reader may like
to compare the method suggested by us here with that glven by

El-Said & Parman which is shown In fig(5).

fig(4)
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fig(5)

FEl-sald & parman start with circle and proceed
as show In this figure to obtaln a decreased
hexagonal tile from which they suggest makling
the pattern 1in flg(dc).‘ Our method leads to

the pattern directly.

Of course the decoration of tlles can 1lead to many
Interesting effects and varlations. For example, two varlatlions
obtained by decorating the tile used In flg(4) as shown |in

fig(6a,b).
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2.3 EXAMPLES OF PATTERNS PRODUCED FROM USING MULTIPLE-SHAPED TILES:

Some other well known patterns of Islamic art can be derived

equally easlly 1If we use multiple-shaped tiles. For example, if we

Introduce rectangular tiles with hexagonal tlles, which are very

common, then we obtain the pattern shown In flig(7).
Fig(8) shows another example of a pattern produced by making

use of square tiles and hexagonal tlles. Again the trliangular holes
that appear can be filled by using simple tiles in a tiling or we

can lgnore the difference between a tile and hole, and see it as a

pattern.
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Fig(8)
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2.4 PATTERNS BASED ON OVERLAPPING TILES

simple tlles would

that the avallabllity of

One would expect

2.9



naturally lead to some experimentation with overlapping tiles.

Many Interesting tlle shapes and patterns would be discovered
in this way. Fig(9) shows different patterns obtalned by using

different amounts of overlapping In the sides of hexagonal tliles.
In fig(9a) the overlap is by a third of the side. In fig(9b) it is
by half the side. In fig(9c) it is by two thirds the side and in

fig(9d) the overlap is by the whole side and a quarter.
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fi1g(9)
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One very common enhancement used in Islamic patterns 1s the
interlacing of llnes. FiglO(a,b,c) below show the Interlacling

patterns obtalned by replacing the lines in figd(a,b) and fig(9c)

with Iinterlaced 1lilnes.




The most common tile shape In Islamic world 1is the one

obtalned by superimposing two square tiles to obtaln an octagonal
star shape, shown 1In fig(1la). Related to it 1is the simple

octagonal tille shown In fig(11lb). Many patterns arise from the use
of these tliles. The most famlillar pattern In Islamic would 1is
obtained by using 8-pointed star shapes, placing them so that they

touch each other as shown In flg(12). Fig(13) shows patterns

obtalned by placing octagonal tlles touchlng each other in two

different ways.

fig(12)
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Fig(14) shows two examples of patterns produced by

overlapping octagonal tiles iIn two different ways.
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Exactly as done with the square tile, we can obtain a

dodecagon tlle from two hexagonal tiles by superimposing as shown
in fig(15). Again, by different placing of this tile many of the
Islamic patterns are generated. Some of these are shown |In
fig(16).

Note that the pattern produced In fig(16c) 1s identical to

the one produced In fig(8d), where a different procedure was

suggested. Thls emphasizes, the obvious point that there 1s no

unique way to make any glilven pattern.

O

fig(15)
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Patterns obtalned by placing dodecagons

2.5 USE OF GRIDS

The above dlscussion was Intended to show how simple

practical experience with tlles can glve rise to a large class of
patterns. This experlence will undoubtedly lead to abstraction and

the next stage would Involve geometrical construction without
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thelr belng necessarily any connection with tlles. Having shown
how many of the patterns of Islamic art can be explalned very
simply In terms of tiles, we will now look at example of patterns

which can be derlived making use of simple grids. First We show

examples based on two of the most common grlids.

2.5.1 SQUARE GRID

The simplest grid 1s the square grid. It has a hlgh degree of
symmetry and 1s also very useful from the practical point of view
because deslgns based on It can be translated easlily Into brick
work,

Calligraphy 1is a very Important feature of Islamic art and
the square grid has been used extenslively to design callligraphic

patterns. Flg(17) shows typlcal calllgraphic pattern based on the

square grid. The pattern is made from the word "All’' which refers

to the name of prophet Mhammad's son-in-law.

fig(17)
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Fig(18) shows an example of a design which 1is often

found in brick work. Its method of construction is shown in the

right of the figure.
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One class of patterns that has conslderably attracted Islamic
artists involves Interlocking shape which are usually colored In
two contrasting colors. Two example of such patterns which make

use of the square grid are shown in fig(19).
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fig(19)

An example of a very pleasing Interlaced pattern based on the
square grid Isshownin fig(20b) and its method of construction, are
shown In the fig(20a). The pattern Is obtain by replacing the line

in fi1g(20a) by thick interlaced lines.



fig(20)

2.5.2 ISOMETRIC TRIANGULAR GRID
This 1s anther very popular grid and also has a hlgh degree
of symmetry. This glve arise to a massive number of star patterns

which occur very commonly in Islamic art.
Fig(21) shows an example baséd on this grid. This pattern has

been used to great effect In the stone work In the famous Jomah

Mas Jed (Friday mosque) of Isfahan.
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fig(21)

Figs(22) and (23) show examples of Iinterlocking patterns
based on the triangular grid. The pattern in fig(23) 1is very
popular all over the Islamic world and is executed iIn the wlidest

range of materials.




fig(23)

2.5.3 EXAMPLES OF PATTERNS PRODUCED FROM USING MULTIPLE GRIDS

After experience with tiles and simple grids, the next stage

of development would naturally lead to some experimentation with

multiple grids. One very Interesting example of the use of

multiple grids 1s star and cross grids which is derived easily
from the best known tiling used In the Islamic world. Fig(24)
shows the construction of this grid. We start with the star and

cross tlling and then draw the blue Ilines. From this multiple

grid, Islamic artists have created a large number of borders which
were noted by Owen Jones [38]), although he did not glve any clear
explanation as to how this grid has arisen. Flgs(25) and (26) show

examples of Interlaced borders constructed on this grid.
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2.5.4 COMPLEX GRIDS
We now come to describe the most complex patterns of Islamic
art. These have been produced by distributing polygons and circles

on grids and dividing them symmetrically. In some cases the grid
used is itself obtained by such distributions. Imaginative jolning

of the divisions has lead to truly remarkable patterns.
To demonstrate the typical approach, we will give an
algorithm ( see fig(27)) for the pattern which emerges in the final

stage shown in fig(28).

1- Start with an isometric grid, this gives rise to a set
of points which are to be used as centers of circles.
2= Draw circles centered at grid points and with radius

equal to one quarter of the grid interval.

3= Divide the circumference of each circle into ten equal

parts, the first point making an angle of 18 degree with
the horizontal. This produces a new set of grid points
which will be used in the construction.

4- Obtain a further set of points by Jjoining the points
labelled 10,1 and 9,10 on adjacent circles as shown in
fig (27) and apply the same procedure symmetrically
to all corresponding points.

9= Draw lines Jjoining the points obtained in step3 and 4

as shown in the figure.

By filling and by replacing single lines with interlaced

lines, many variations can now be produced.
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Fig(29) to (33) show more examples of patterns produced by
following similar procedures to the one we have | Jjust

described.

Finally, We will descrlbe a procedure to produce the pattern

in fig(34). This procedure was devised by the author to demonstrate

the method which obtains auxillary grid points by making use of

initial distribution of polygons. This 1s Iintended to give an

example which does not start with circles, the shape whlch occurs

most frequently.

1. First distribute dodecagons and equilateral triangles
constructed on their sides as shown iIn the first stage of

the figure, (the squares appear automatically).
2. Select points in the middle of each sides of the

dodecagons and the triangles as shown in the second stage
of the figure. This gives a grid with one set of

auxiliary points.

3. Draw L1 and L2 as shown to find the point A at their

intersection. Similarly, find sets of points in region
Q1, Q2 and Q3. Add these points to the auxiliary grid.
4. Draw lines join the grid points as shown in the fourth

stage of the figure. This produces the simple line

version of the pattern.

Again, fillings and interlacings lead to a variety of

enhancement.

In this chapter we have given our explanation as to how

14



starting with tiles and using only simple geometry the patterns of
Islamic art have arlsen. In chapter three we shall approach the

method from group theoretic point of view and of modern computer

graphics.

45



g‘ﬁ‘ﬁ‘ﬁ‘.ﬁ‘ﬁ‘
‘.vﬁ.rﬁ.p e xA \

6
1’41’4%’%1’4 ‘
SV T T e e
S S el AN

N Y NS~ Fs\T R/ ‘
Nl il XA AN



fffffff



—_— - — —

f1g(29)

48



T 0T R 00 00 0 O A
| g A
+ [ RN s S el A L

[ ECErrrerrer e e e e e eeerer erep e er e e
00 A

f1g(30)












<



i i L)

iy b el eal enl il el el el
-“-‘-“‘*‘ e -l

ol A Al “‘-‘-‘-‘

\/\/\/ .%‘\\'
S 3- MATHEMATICAL AND COMPUTER SSSSSSS
= < ALGORITHMS FOR THE FRIEZE S <

NS
— AND CRYSTALLOGRAPHIC >
———— =
> PATTERNS S

—

i, el el
- "‘* -
==

e

A

We know turn to the task of developing -a mathematical

formalism from which we shall derive efficient algorithms for

computer graphic -generation of Islamic repeat pattern. - This
formalism will be based on group theoretic methods for- analysis of

plane crystallographic patterns. In this chapter we shall first
collect together the basic mathematical notions that are relevant
and summarise. the well known results on symmetries of the frieze
and crystallographic patterns. In our view the work by previous
authors containsrmany misconceptions which will be commented on.
Also, the subject has previously been - discussed from a
mathematical point of view rather . than an algorithmic one.
McGregor and Watt in their books [48a,b] have usedacomputer to
produce frieze and crystallographlc patterns but they have
developed no formélism and thelr treatmen£ is not sulted to
generalization to other types of symmetry such as color symmetry.
Following our rev;ew, we shall first develop a set qf simple

algorithms which are suited to interactive generations of these

S4



patterns and will produce illustrative examples. Finally, we shall
develop a general purpose algorithms and again will glve examples

produced to illustrate. These algorlthms are the ones that we have

used to develop our computer program which will be dlscussed in

next chapter.

3.1 BASIC MATHEMATICAL CONCEPTS IN SYMMETRY

3.1.1 NET

Given a vector h € R, a one-dimensional net is the set of
points N(h)={ ah | « € Z }. We say that h generates the net.
Given two non-parallel vectors hl.h2 € Rz, a two~-dimensional

net is the set of points N(hl.h2)={ ahl+ﬁh2 | «,.8 € Z }. In this

case hl and h2 generate the net. We will refer to any polnt of N

as a node.

h

(0) o one-dimensional net

A
ht

(b) o two-dimensional nel

fig(1)
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3.1.2 TRANSFORMATION

A transformation T on a set.o ls an action which changes the

initial state of ¢ to an image state 0. We shall be interested in
sets o whose elements are geometrical entities, e.g. points,
lines, polygons etc. and a state of ¢ will be defined by

specifying the positions and orientations. In general other
attributes could also be 1included, e.g. colors, styles, :fill
patterns etc. of the elements. The other types of sets that will
be of interest are those whose elements are transformatlions.

We shall denote the action of the transformation T on ¢ by
writing To = o. If U is another transformation then by UTo we
shall mean U(Te). The composite transformation UT will be referred

to as the product of T and U.

3.1.3 ISOMETRY

An isometry A 1Is a transformation which preserves distances,
f.e. If P,» P, are any two polints, then the distance between P,»
P, s equal to the distance between their images Apland Apz. This

implies that the corresponding angles between any two lines are
also preserved, although the 1image of the angle may be in the

opposite sense,  In which case the 1isometry 1ls called indirect

otherwise it is call direct.

The identity Iisometry denoted by I is an isometry which

transforms every point onto itself.

An invariant point of an isometry 1is one which remalns

unchanged after the lsometry is performed.

It may be shown by Martin[47] and Coxeter([12a] that any

jsometry is one of four kinds:
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3.1.3.1 TRANSLATION

A translation Tr’ is an lsometry in which each point is moved

by the vector r, see fig(2a). This isometry is direct and has no

invariant points.

3.1.3.2 ROTATION

A rotation R c* 1s an 1sometry which rotates a polnts P, by

¢ degrees in an anti-clockwise sense around the point ¢, which is
called the center of rotation. The 1isometry Rq) c s direct as

shown in fig(2b). The rotation R¢ o always has the point c as the

only invariant point.

£

When the angle of the rotation is 360°/n the rotation is

called an N-fold rotation. When the angle ¢ is 180 degrees, the

rotation is called a half-turn.

3.1.3.3 MIRROR REFLECTION

A mirror reflection F,,of a point p in the line L sends p to

Ll

its mirror image F If p lies on L then it is left fixed, see

(P
fig(2c). We shall also use Fp,q to represent a reflection in the

line passing through the points p and q.

3.1.3.4 GLIDE REFLECTION

A glide reflection Gr , 18 the combination of a translation

by the vector r and a mirror reflection in a line parallel to r

and passing through the point q, see fig(2d). We shall also use,

Gp q to represent a glide reflection which involve a translation
by distance pq followed by reflection in the line joining the

points p and q. The isometry has no invariant points.

S7



(:
. q

(d) glide relleclion

(c) mirror reflection Gl‘. qu

fig(2) four types of isometry

3.1.4 SYMMETRY

A symmetry is an Isometry transformation which produces an

image state which is indistinguishable from the tnitlal state. If
A 1s a symmetry of o then Ao=c0. For example, any rotation about
the center of a circular disk 1s. a symmeiry of the disk, and so
also 1s a reflection in any line through the center of the disk.
In the case of a square, the reflections in the lines L‘. Lz'

Laand L‘ are symmetrles, see fig(3), as are rotations through

angles n/2, n and 3n/2 1In a counterclockwise direction about its

center ¢, which 1s a center of 4-fold rotatlional symmetry.
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L3 L2

N
/N

fig(3)
Reflections In the four lines Ll. Lz' L3 and L‘
are symmetries of the square. The other
symmetries of the square are the {identity
isometry, and counterclockwlse rotations

through angles n/2, ‘m and 3n/2 about the

center c.

3.1.4.1 SYMMETRY_GROUP

The symmetry group Ea of a set ¢ iIs the set that consists of

all the symmetries of o. The elements of Eo- form a group, 1.e.

they satisfy the followlng:

(1) Given any two elements A,B in £+ thelr product AB {s {n

E .
)

(11) Give any three elements A, B, C 1in Ew' A(BC)=(AB)C.

(111) There 1s a speclal element I In Ea. called the identity

”.

element, such that f[A=A for every element A in 2 .

(1v) Glven any element A in Ew there exists an element A-l in
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1

1. A7 la.

E_, called the inverse of A, such that AA

We say that two elements A, B commute 1f AB = BA. Eo is a

commutative or abelian group if all the elements of Ea commute.
The order of the symmetry group E , denoted by lEo“ is the

number of elements in Ea'

2 has symmetry, or is symmetric , if |Ew‘22. It 1is

asymmetric if |E |=1, 1.e 1f the symmetry group contains only the

—

identity element 1. 50 has a greater degree of symmetry than E

1

if |501|2|302|.
E@ is said to be finite order if 1t has a finite number of

element otherwise E(r has infinite order.

3.2 SYMMETRIES OF FRIEZE AND CRYSTALLOGRAPHIC PATTERNS

3.2.1 FRIEZE PATTERNS
Consider a set ¢ in R® with an arbltrary reference point r,.
IF ¢ Is copied by repeated translations onto a one-dimensional net

to make r, coincide with the nodes then we obtailn a f{rieze

pattern, also called a band or a strip pattern.

3.2.2 FRIEZE GROUPS
A frieze group is the symmetry group of a frieze pattern.

Theorem: There are seven different types of frieze groups.

(See for example, Martin([47])
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3.2.3 CRYSTALLOGRAPHIC PATTERNS
Consider a set ¢ in R° with an arbitrary reference point r,.
IF ¢ is copled by repeated translations onto a two-dimensional net

to make r, colncide with the nodes then  we obtain a

crystallographic, also called a wallpaper pattern.

3.2.4 CRYSTALLOGRAPHIC GRGOUPS
A crystallographic group. is the symmetry group of a
crystallographic pattern.
Theorem: There are seventeen different types of crystallographic
groups. (See for example, Martin [47]).

7

3.2.1 INTERNATIONAL CRYSTALLOGRAPHIC NOfATIONS

Several notations have been used to classlify frieze and
crystallogrphic patterns, see for example Doris
Schattschneider [65] and Crowe & Washburn [15]). In this work, we
shall use the notation adopted by Henry & Consdale [31]. The
notation is made up of four symbols which will be explained below.

While reading the next two sections the reader will find it

helpful to refer to fig(4) and fig(S).
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plol pma2

fig(4) The seven distinct types of frieze patterns.

3.2.1.1 NOTATION FOR FRIEZE PATTERNS

1. The first symbol is always denoted by 'p’', for primitive.
(The meaning of this term will be explained later when we

come to the notation for crystallogrphic patterns).

2. The second symbol is an 'm’', for mirror reflection, 1f the
pattern has vertical reflection lilnes. A '1" 1iIn this
position Indicates that there are no reflectlion llines.

3. The third symbol is an 'm’', If the central axls along the
length of the pattern is a mirror reflection line, and an
'a' If a glide reflection takes place without mirror

reflection being present. Agaln, a '"1' Indicates that the

pattern has no such symmetrles.
4- The fourth symbol is a '2', 1f the pattern had two-fold

rotations as symmetries, otherwise the symbol is a "1°.

Crowe [14a) and Zuslow [76] glve wuseful flowcharts for
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classlfylng frileze patterns.

vvVvwvevw

N VIVIVIPIN
VVvVVvVVvUvYvY

A A A A
VYVVY

AMNDNA LN
VvVvVvyYyv

AMNMNANAOMA
VvvVwv

AMAANDNAON

A 4 4 4 4

rrrrr

o
oA
.
e
- A

p2mm
T

-
T

-r
-

e I o
-

-
wd S,

-V

-
> Lt
~N
n 1.

d 4 1 4 1

d 4 411
U N N N ¢

d 4 4 4 1
N N N N §

d 41 41414

n2ll

VW IWIWIWIN

|V I WIWIWIN
o AN
A\ A\ A\ A\ AN
A\ A

p2mg

plgl

plml

QLI
7 1N 1 N 1

ST\

iy

L’

N
"
o | Nl | Sl

o | %

v v v

AN I\ I\
v Y

A A
v U Y

A I ]\
V7 V7

i\ I\
7V W Y7

7L N § W § N

pAmm

pAgm

clmli

c2nim

pleg

A
X7 TR
KINAN XTI
A gAY,
P Z7INRNZ7T
NN/

K71\

e

5\
- i
.

-t

-
\ N
- -
A\ | a“ o
d N L
i

pIml

pilm

pOGmm

~
—
——

fig(5) The seventeen distinct types of crystallographlic pattern
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3.2.1.2 NOTATION FOR CRYSTALLOGRAPHIC PATTERNS

1- In this case, the first symbol is either a 'p’ or ¢’ (for

- centered).

Note: In classifying two-dimenslional patterns, we need to ldentify
a unit cell which can generate the whole pattern by repeating. If

the unit cell that is used iIs the baslc cell generated by the net,
which 1s a parallelogram, then the cell is called a primitive
cell. In two cases it is more convenient to use a rectangular cell
rather than é.‘parélleISQ;a;i This cidic;% méﬁgs the axis of
reflection perpendicular to the cell boundaries. In these cases
the cell 1s called a centered cell.

2= The second symbol denotes the highest order of rotation

symmetry, which is the order of the n-fold rotation at the
vertex of the repeat. The symbol 1is a '1’ if no such

symmetry is present.

3- The third symbol is an 'm’ for mirror reflection, if there
are reflection 1lines perpendicular to the horizontal x
axls, and a ’g’ if there is a glide reflection without
mirror reflection belng present. A ’1’ 1is used when there
are no such symmetries.

4- The fourth position has an 'm’ for mirror reflection, 1if
there are reflection llnes at an angle ¢ to the horizontal
x-axis, and a g’ if there 1s glide reglection in similar

lines without a mirror reflection. Otherwise the symbol is

*4’. The third and fourth symbols are ignored if there are

no mirror reflections or glide reflectlons.
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3.2.2 SYMMETRY GROUPS OF NETS

The symmetry groups of frleze and crystallographlic patterns
are constralned by the symmetrlies of the nets on which the

patterns are constructed. We shall describe the symmetry groups of
the varlous nets that are of Interest. We write down below the
notation that will be used In dlagrams to deplicte various types of

symmetries.

Line of mirror reflection

Line of glide reflection

Center of 2-fold rolotion
Center of 3-fold rototion

Center of 4-fold rotaotion
Center of 6~fold rototion

3.2.2.1 SYMMETRY GROUP_OF A ONE-DIMENSIONAL NET

Let NF be a one dimensional net. The symmetry group of this

net 1is:
N, { Ton'Pigo,ans2e FLt Cppl €1}

i.e it contalns the \identity, the translations ah, 180 degree

rotations about the polints ah/2, mirror reflections in 1line L,

where L 1s of the form y=ax|h|/2, « €¢ Z , or the x-axis,
and glide reflections. The gllide vector r is of the form ah and

passes through the axis of the frleze, see fig(6).
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3.2.2.2 SYMMETRY GROUPS OF FRIEZE PATTERNS

o — ——

plil

The symmetry group of a pl111 pattern ls

Splll | « ¢ 7 )

oh

i.e 1t admits only translatlions.

pli2

The symmetry group of a pi112 pattern lis

| « € 7 )

e __
e

p2 T plii

i.e apart from translations 1t contains half turns about the nodes

U { Rigo ah/2

and about mid points between the' nodes.

pmil

The symmetry group of a pmll pattern lis

—

“pmi1  Tpii

{.e apart from translations it admits mirror reflectlons iIn the

1U{FL}

1ines. whichare of the form y=alh|/2, a € 1.
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piml

The symmetry group of a pilml pattern is

Eoimt = Sprpg Y U FL

i.e apart from translations it contains mirror reflections 1in

the line L which i1s the x-axis.
pmm2

- The symmetry group of a pmm2 pattern is

—

anz B ':pmll U upiml U R180.ah/2

it contains translations, half turns about nodes and about mid

| « € Z }

points between the nodes, and mirror reflections in the line L,

which 1s of the form y=a|h|/2, a« € Z, or the x-axis.

plal

The symmetry group of a pldl pattern is

L

“p131 = “p111 Y { Gr.p '
i.e apart of translations, it contains glide refections. The glide

vector r 1s of the form ah and passes through the axis of the

frieze.

pmgd2

The symmetry group of pmd2 pattern is

—
[ ] —
[ S
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