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Abstract 

The thesis discusses research on analysis of cylindrical metal clad nano-lasers. 

Numerical modelling of cylindrical semiconductor nano-lasers has been undertaken 

accommodating local gain variations in the active region of the device. Analysis is 

performed using the cylindrical transfer matrix method (cTMM) and the Finite 

Element Method (FEM). Calculations have thereby been performed of the modal gain 

and the lasing condition for the device supporting TE guided mode and TM Surface 

Plasmon Polariton (SPP) modes. For representative structures it is shown that TE and 

TM mode lasing can be supported in devices having cavity lengths on the order of 

1µm and 60µm respectively. The methodology adopted offers means to analyse 

candidate semiconductor lasers. 

 

Attention is also given on structures having GaN as the material platform and utilising 

silver for the metal cladding. The lasing characteristics of such structures are 

explored for wide range of operating wavelengths and metal – cladding thicknesses. 

It is found that for lower order TE and TM mode lasing can be supported in devices 

having cavity lengths of the order of 2µm and 18µm respectively. 

The response of metal clad nano-lasers to direct current modulation has also been 

analysed in both the small signal and large signal regimes. Calculations have been 

performed using rate equations which include the Purcell cavity enhanced 

spontaneous emission factor, F, and the spontaneous emission coupling factor β. It is 

observed that in general increased F and β reduce the 3dB direct current modulation 

bandwidth. Conditions are identified where the peak modulation response occurs at 

frequencies 40GHz and 30 GHz can be achieved. For both small and large signal 

regimes modulation bandwidth of approximately 60GHz can be achieved.
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Chapter 1 

Introduction 

LASER (Light Amplification by the Stimulated Emission of Radiation) was first 

experimentally demonstrated by Theodore Maiman in 1960 [1]. Coherent light 

emission from semiconductor lasers using a GaAs p-n junction was demonstrated in 

1962 [2-4]. Semiconductor lasers have high efficiency, small size, low cost as 

compared to solid state and gas lasers.  

1.1 Semiconductor Lasers 

The most important semiconductors for laser application are the so called III-V 

semiconductors, e.g. GaAs, GaN, InP, etc.  A laser consists of a gain medium placed 

between two mirrors. The device will operate as a laser if the net round trip gain 

including material and mirror losses is unity. A semiconductor laser diode essentially 

consists of a forward biased p-n junction made from direct band-gap semiconductor 

materials. The n doped side has an excess of electrons and the p-doped side has an 

excess of holes.  

When no voltage is applied across the junction, a potential barrier exists between the 

p doped and n doped side of the junction that prevents recombination of electrons 

and holes.  Under forward bias the barrier is lowered allowing the electrons and 

holes to be injected into the active region of the p-n junction. A population inversion 

necessary for lasing action is formed in the active region. The electrons and holes 

recombine, emitting photons which experience gain by stimulated emission 

producing more photons. The mirrors at each end of the device reflect some of the 

photons back into the laser for further stimulated emission to occur.  

Semiconductor lasers are widely used commercially in laser scanners, printers, 

optical sensors, medical equipment and for fibre-optic communication etc. The recent 

drive in miniaturization of semiconductor laser in the sub-wavelength (diameter of 

laser less than wavelength of light) regime for applications such as on chip 

integration of photonic and electronic components etc. requires identification of 

structures that can enable effective light confinement and thereby enable lasing. One 
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of the most promising schemes in the sub-wavelength regime seems to be the use of 

metal cladding for effective light confinement, hence the development of metal clad 

nano-lasers.  

1.2 Metal Clad Nano-Lasers  

Metal-clad semiconductor lasers offer significant for realizing the potential of light 

confinement in nano-scale lasers since light penetrates little into the metal (due to its 

high reflectivity) layer and can, therefore, be confined in a much tighter space. 

However, metal has great loss that can be compensated by the gain medium in the 

semiconductor. A variety of nano-lasers, as shown in Figure 1.1 have been explored in 

recent years, including: nano-pillar [5], nanowires [6, 7], spaser-based [8], nano-

patch [9] and nano-rod lasers [10].   

 

Figure 1.1 Structures of Nano-laser explored in recent years. 

A specific class of such devices which has attracted interest is cylindrical metal-clad 

nano-lasers for which attention has been given due to the low loss transmission and 

their operation based on the excitation and support of Surface Plasmon Polariton 

(SPP) modes [11-14]. Surface Plasmon Polaritons (SPPs), are electromagnetic (EM) 
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waves, which propagate along a metal-dielectric or metal-air interface. The propagation of the EM wave in the metal is known as ǲSurface Plasmonǳ and in the air 
or dielectric is known as ǲSurface Polaritonǳ.  It has been identified that the plasmons 

in metals are due to the electromagnetic wave propagating and depends on the 

plasma frequency of individual metals. Equation 1.1 shows the plasma frequency in 

metals. 

   √                                                                                                                                                

Where,   is the number of electrons in metal,   is the electron charge,   is the mass 

of electron and    is the permittivity of free space. Among the metallic elements, 

silver has higher plasma frequency approximately 9.2eV and is the best-performing 

choice at optical frequencies. Whereas Gold, which has a lower plasma frequency of 

the order 8.9eV, is often the metal of choice at lower Near Infrared frequencies. 

Moreover gold has high losses in the visible spectrum for wavelengths below or about 

500 nm [15] and therefore is not considered as material platform in later chapters. 

Cylindrical semiconductor metal-clad nano-lasers offer an improvement to the 

confinement and modal gain. Some improvements can be made through the 

optimization of the geometry and materials and by reducing structural imperfections. 

However the lower limit for optical losses is imposed by the physical properties of 

the metal and can only be balanced by introducing optical gain into the structure. 

Analysis for metal-clad nano-lasers has been developed where Maslov et al. 

investigated the optical gain of the guided modes of a GaN nanowire structure in air 

[16] and also studied the effect of GaAs nanowire surrounded by infinitely thick silver 

(Ag) cladding as a means to effect size reduction of cylindrical nanowire structures 

[12].  

Vivek et al. investigated the effect of finite metal cladding on the mode confinement 

and loss characteristics of structure having an InGaAs core surrounded by gold (Au) 

metal cladding [13]. A recent numerical study by Ikeda et al. gives insight into the 

gain properties of the nano-laser structure [14], where it is assumed that the active 

core region could be modelled as a uniform core of prescribed optical properties and 

specifically of defined optical gain. 
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1.3 Bound and SPP Modes in Nano-Laser 

Metal-clad nano-lasers may support several kinds of waveguide modes and notably 

bound modes which are largely confined to the active core and surface Plasmon 

Polariton (SPP) modes which derive from the dielectric-metal interface.  The TM01 

and TE01 are the low order modes supported by the nano-laser structure [14]. TE 

modes are transverse electric modes, where the magnetic field is in the direction of 

propagation. The TM modes are transverse magnetic modes, where the electric field 

is in the direction of propagation. The TE01 mode is known as the bound mode which 

is mostly confined in the core because of the metal cladding. The TM01 mode is known 

as the Surface Plasmon Polariton (SPP) modes [11] which are less confined to the 

core. There are two kinds of TM01 SPP modes: core–metal surface guided modes and 

air–metal surface guided modes [13-14].  

The modes guided at the air-metal interface (considered in this thesis) are of much 

practical interest. On the other hand the core-metal surface guided modes experience 

high losses and may have reduced applications potential and is therefore not 

considered in this thesis.  In comparison to the TE01 mode, the TM01 mode is a lossy 

mode as it is guided mostly in the air-metal interface rather in the core active region, 

whereas the TE01 mode resides mostly in the core. In this thesis attention has been 

given to both kinds of modes and notably low order TE and TM-SPP modes. The 

lower order TE and TM modes are evaluated at the mode cut-of radius, where cut-off 

radius is defined as the minimum radius at which the mode will be supported by the 

structure. It has been identified that the TM SPP modes show lasing at the cut off and 

are therefore of importance. In this thesis a comparison has therefore been drawn on 

the TE and TM SPP mode at their respective cut-off radius. 

An intriguing feature of some metal-clad sub-wavelength laser structures is the 

enhanced modal confinement (due to the high reflective metal cladding, the electric 

field does not penetrate inside the metal increasing the confinement of the mode), 

and hence higher modal gain than the bulk material gain [17]. This property is of 

particular benefit in overcoming metallic losses in order to sustain lasing action in 

candidate structures. 
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1.4 Dynamical Performance of Nano-Lasers 

Driven by potential applications in photonic integrated circuits, optical information 

processing and system-on-a-chip technologies considerable efforts has been directed 

at developing sub-wavelength nano-scale semiconductor lasers. In that context, a 

number of recent investigations of the dynamical performance of nano-lasers have 

been made and it is found that direct current modulation of nano-lasers offers a cost-

effective option (since an external modulator would not be required for modulation) 

as an efficient light source for on chip interconnection [18]. The message signal (a 

signal that contains the information to be transmitted in the form of current) can be 

impressed on the light output of semiconductor lasers via direct modulation of the 

bias current without requiring external modulators to enhance signal strength for 

optical communication systems. Such nano-lasers are anticipated to exhibit enhanced 

dynamical performance which may arise from a combination of physical factors 

including mode quality factor, Purcell spontaneous emission enhancement factor F, 

and spontaneous emission coupling factor, β.   

The quality factor Q is a quantity that measures the capability of the optical cavity to 

store optical field inside the laser cavity. A higher Q factor means that the mode is 

confined well inside the cavity and has more chance to lase. β is the spontaneous 

emission coupling rate into the lasing mode divided by the total spontaneous 

emission rate. The enhancement of the spontaneous emission rate of a lasing mode 

due to the confinement of the photon energy density inside a laser cavity is known as 

the Purcell effect. The spontaneous emission enhancement rate of the lasing mode is 

known as the Purcell factor, or the spontaneous emission enhancement factor, F [19]. 

In recent work, the impact of Purcell enhanced spontaneous emission on the 

modulation performance of nano-LEDS and nano-lasers [20] have been examined and 

it was found that for high device quality factor the Purcell enhancement is saturated 

limiting the modulation bandwidth to a few tens of GHz. The behaviour of optically 

pumped nano-lasers has been studied including the role of the spontaneous emission 

coupling factor, β, in achieving single mode operation of GaN nano-laser [21].  

Ding et al. explored the dynamics of electrically pumped nano-lasers where the 

effects of the Purcell Factor, F, and the spontaneous emission coupling factor, β, on 

laser performance were studied [22]. It was found that the total spontaneous 
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emission factor is two to three orders larger than in conventional lasers. Also in 

recent work the dynamical characteristics of semiconductor nano-lasers have been 

analysed taking into account the influence of mode quality factor in small and large 

signal modulation analysis of nano-lasers [23]. It was found that high quality factor is 

required for high speed operation of micro-cavity lasers.   

It has been studied that small cavity sized lasers are capable of fast modulation 

speeds. Enhancement of nano-laser dynamics have been studied based on the Purcell 

effect leading to a proposal of modulation bandwidths in excess of 100GHz [24]. 

However, in complementary work [25] on the dynamical performance of metal-clad 

nano-lasers it was shown by means of a simple analysis that the direct-current 

modulation bandwidth of such lasers may suffer deleterious effects due to increased 

Purcell spontaneous emission enhancement factor F, and spontaneous emission 

coupling factor, β. 

 

1.5 Thesis Aim and Outline 

The aim of the thesis is to explore the opportunities and challenges which arise in the 

design of metal-clad semiconductor lasers. The approach adopted is to take into 

account spatial profiling of the optical gain as a means both for optimizing lasing 

operation and as a step towards a fully self-consistent theoretical model of such 

structures.  

 

Using a numerical model that emulates a cylindrical metal-clad nano-laser using 

cTMM (cylindrical transfer matrix method) has been used in this thesis, which is 

discussed in detail in later chapters and appendix [26-27]. A model utilizing material 

gain variation in the core, of prescribed optical properties and of specifically defined 

optical gain is also considered. The advantage of this approach is that it is a simple 

and straightforward way to analyse waveguide structures. Significant attention has 

been given to determining the modal gain and optical confinement factor to effect 

reduction in size of such lasers.  

 

The present thesis consists of seven chapters. In chapter 2 a dual core nano-laser 

structure is analysed to provide insight into the effect of gain variation in the active 
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region. Use is made of cTMM to solve the modal properties of TE01 and TM01 mode in 

the structure. Calculations on the modal gain and device length of the structure have 

also been carried out. 

 

In chapter 3 the effect of using multiple layered geometry of cylindrical nano-laser is 

studied. Variation of material gain in the active region is analysed and the effects to 

the modal gain is observed. Effects on multilayer core with respect to the dual core 

structure are compared with respect to the overall modal gain and the device length 

of the structure.  

 

In chapter 4, the annular core (multilayer geometry) of cylindrical nano-laser 

discussed in chapter 3 is studied in detail for a nano-laser structure utilizing a more 

realistic, Gaussian gain profile. The effects on the variation of gain along the radius of 

the core are studied using cTMM and Finite Element Method (FEM). The results are 

evaluated for the overall modal gain and device length.  

In chapter 5, the lasing performance of semiconductor nanowire lasers have been 

explored. Moreover the wave guiding and lasing characteristics of such structures are 

examined over a wide wavelength range: 330nm to 830nm. The modal gain and 

corresponding laser cavity length for the TE01 and TM01 modes is calculated for thin 

silver cladding thicknesses from 5nm to 20nm. Results obtained are compared with 

FEM analysis and a 3D FEM model is evaluated for the results obtained using the 2D 

cTMM. 

 

In chapter 6, a study of the dynamical performance of nano-laser has also been 

carried out, where the focus is to determine the influence of Purcell spontaneous 

emission enhancement factor F, and the spontaneous emission coupling factor, β for 

direct current modulation in both the small signal and large signal regimes. Rate 

equation model of semiconductor nano-laser is used to study small and large signal 

modulation. Modulation bandwidths are evaluated using direct current modulation 

for range of values of β, F and bias current.  

 

In chapter 7, conclusions are drawn based on the results obtained and 

recommendations for future work are made. 
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Chapter 2 

Analysis of Lasing in Dual Core Cylindrical Metal Clad Nano-

Lasers 

2.1 Introduction 

The analysis of Metal-clad nano lasers have been explored in recent years [1-2]. 

Specific attention has been given to cylindrical metal clad nano-lasers to their 

operation based on the excitation and support of Surface Plasmon Polariton (SPP) 

waveguide modes [3-7]. The work carried out by Ikeda et al. gives insight to the gain 

properties of the structure [8], where it is assumed that the active core region could 

be modelled as a single layer (uniform core) of prescribed optical properties and, 

specifically, of defined optical gain. 

In that context, the aim of this chapter is to analyse cylindrical metal-clad 

semiconductor lasers giving specific attention to the role of SPP modes. The approach 

adopted is to take into account spatial profiling of the optical gain using a dual core 

structure. The cylindrical transfer matrix method [9, 10], is used as a means for 

optimising lasing operation of such structures1. 

2.2 Dual Core Cylindrical Nano-Laser Structure 

The structure under consideration is a cylindrical metal-clad nano-laser. In previous 

work such a structure has been studied assuming a uniform (single) core [7, 8]. In 

order to take into account spatial variations in gain in the active region of such a 

structure, a two-layer (dual) core model is utilized. The cross-section of such a 

structure is illustrated in Figure 2.1. The key elements of the structure are the core 

semiconductor region and the metal cladding. The analysis methodology adopted 

here is of general application but for the work presented in this chapter, it is assumed 

that the metal-clad structure is surrounded by air. In addition, for all results 

discussed, the operating wavelength of the laser is taken to be 1µm. It is 

straightforward to examine alternative configurations and notably the use of 

                                                           

1 This chapter is based on the paper: 

 Z. A. Sattar and K. A. Shore, ǲSpatial profiling of optical gain for optimizing lasing in plasmonic nano-lasers.ǳ J.   
Euro. Opt. Soc. Rapid.  Publications. vol. 8, pp. 13045-1–13045-6, July 2013. 
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alternative surrounding media. Following earlier work the core semiconductor 

material is assumed to be In0.2Ga0.8As with a refractive index of 3.6 at the chosen 

operating wavelength   = 1µm [11-12]. The metal cladding is taken to be gold with a 

complex refractive index of n3 = 0.22 – j6.71 [13] and the thickness of metal clad is 

assumed to be 20nm [14]. These parameters are considered in order to analyse the 

uniform core structure [8] with the dual core structure as shown in Figure 2.1 

surrounded by air with refractive index n4. The use of 20nm metal thickness has been 

considered as reasonable finite thickness in metal clad nano-lasers in previous work 

[7]. Moreover, it has been reported that for metal thickness above 50nm, the losses in 

the structure become independent of the metal thickness and is therefore termed 

infinite thickness.  

 

Figure 2.1 Cross-section of cylindrical semiconductor metal-clad nano-laser 

The model which has been developed for this work allows for the definition of an 

arbitrary number of layers in the active core semiconductor region as well as in the 

cladding region.  This utility has been developed in order to explore combinations of 

gain profiles and/or surrounding media. 

However, for the specific calculations performed in this chapter, the core 

semiconductor is considered to be comprised of just two regions with differing 

material gains. In this case, the overall core radius r2 is defined as the sum of the radius of the Ǯinner coreǯ, r1, and the thickness of the Ǯouter coreǯ, t. r3 is the overall 

radius of the structure including the metal cladding.  
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For the cases explored here the gain in the inner core, g1 is taken to be greater than 

that of the outer core g2. It is underlined that the relative values of such gains are 

dependent upon the precise electrical excitation scheme utilised in such lasers. The 

methodology allows exploration of such alternatives.  For the sake of definiteness, the 

results obtained here have sought to make a comparison of the lasing conditions 

when allowance is made for a variation in the outer core material gain g2 whilst the 

inner core material gain g1 is held at a fixed value of 1800 cm-1. 

The material gain, g1 in the inner core is introduced through the imaginary part of the 

refractive index of the active region, which is related to the gain coefficient 

by                     . Where        is real part of the refractive index of and       

is the imaginary part of the refractive index of the inner and outer core n1 and n2. The 

real part of the inner core region is kept constant to 3.6 whereas the gain is 

introduced by varying the imaginary part from 0 to 0.015 as in [8]. This in turns 

provide a maximum material gain in the inner core which approximates to 1800cm-1 

at the wavelength,   = 1µm. In effect, when the outer core layer is introduced in the 

core region, the material gain g1 is kept constant to 1800cm-1 and g2 is varied from 0 

to 1760cm-1 which is equivalent to a refractive index of the outer core 3.6 + j0.014.  

Lasers constructed with such geometries may support several kinds of waveguide 

modes and notably bound modes which are largely confined to the active core and 

surface Plasmon Polariton (SPP) modes which derive from the dielectric-metal 

interface. In this chapter attention has been given to both kinds of modes and notably 

confined TE modes and low order TM SPP modes. 

2.3 Transfer Matrix Method & Analysis Technique 

Analysis of the structure has been performed using the well-known Transfer Matrix 

Method [9, 10] which, in principle, enables direct evaluation of structures where 

consideration is given to an arbitrary number of multilayers. The outline of the 

analysis technique presented here is specifically for the case under consideration i.e. 

with a two-layer (dual) active core; a metal cladding and the surrounding medium 

being air. It is noted that some algebraic manipulation needs to be undertaken when 

the number of layers utilised is changed. 
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In this chapter along with chapters 3, 4, and 5the nano-laser structure is analysed 

using the cylindrical Transfer Matrix Method, which is described in detail here.  The 

model which has been developed here allows for the definition of arbitrary number 

of layers in the active layer core semiconductor region as well as in the cladding 

region.  This utility has been developed in order to explore combinations of gain 

profiles and/or surrounding media. However, for the specific calculations performed 

here, the core semiconductor is considered to be comprised of an inner core and N 

annular outer core regions of radius r, with the index profile n in (2.1), 

     
{   
                                                                                                                                                                                                                                                                                                                                   

                                                               

 

Where,         and       is the refractive index of metal and air respectively and    is 

the thickness of metal cladding. The refractive index profile of active core annuli 

includes a material gain profile such that,                                                                                                          

 

The method of pumping in lasers determines the gain in the core active region. In the 

analysis it is assumed that a certain value for the material gain is attained by some 

means, therefore for an active core with gain included (       ) the index profile for   

annuli becomes, 

                                                                                                              
                                                                                          

Where,   is the propagation constant in free space, 
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Where,    is the wavelength of propagation.  The Transfer Matrix Method solves the 

Eigen modes for the structure. The direction of propagation is considered in the z axis and therefore, all field components within the cylindrical structure can be 
represented in the form,                                                                                                                                   

 

Where   represents the field components in the structure, i.e.,                       

being the angular frequency and   is the mode propagation constant. The field 

propagates within the structure of radius r radially with angle   along the direction of 

propagation z at time t. 

       ቆ                       ቇ                                                                                            

       (                      )                                                                                            

       ቆ                     ቇ                                                                                             

       (                     )                                                                                             

 

Where         and         satisfy the wave equation, 

[                     ] {    }                                                                                                       

And,     are the permeability and permittivity of the medium and   is propagation 

constant in the medium as in equation       , 

  √                                                                                                                                      
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Where, n is the refractive index defined by   √  ,    is the propagation constant in 

free space.         ,       is the effective refractive index of the mode. In the 

analysis     is considered therefore      .  For the analysis of the structure, the 

transverse field component for the TM and TE mode is expressed in terms of    and     respectively as, 

      [                      ]                                                                                                     

     [                      ]                                                                                                   

 

Where    and    are the zero order Bessel functions of the first and second kind 

respectively.              are field amplitudes, the indices i = ͷ, ͸, ͹…..N, N+1, N+2 

represents the appropriate region of the structure as in chapter 2, 3, 4 and 5 and     is 

represented in the form of material and modal gain as in equation (  14) 

     √(             )  (              )                                                               

Where,         is the real part of refractive index of each layer,    is the modal gain/loss, which is evaluated using the cTMM,    is the material gain for the semiconductor core and loss for the metal.            is the real part of the effective refractive index of the mode.   

 

Figure 2.2:  Layer interface for the annulus core structure. Where   defines the semiconductor 

core annuli, the metal layer and the outer most cladding i.e., air. 
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The boundary conditions at each interface are that          and    are continuous. 

In the analysis the boundary conditions are satisfied by using a matrix    and    in 

equation        and       , which links the field amplitudes with adjacent layers 

i.e.,              to                      as shown in Figure    . 

 

For TM mode, the field amplitudes at the boundary interface is given by equation        

  (        )    (    )                                                                                                                             

 

For TE mode, the field amplitudes at the boundary interface is given by equation        

 (        )    (    )                                                                                                                            

 

The matrices M and P for the TM and TE modes that links the field parameters from 

the first layer i.e., inner core to the outer most cladding i.e., air, can be represented as, 

 

(        )   (                      )                                                                                                               

 

(        )   (                      )                                                                                                             

Where   and   are formed by the matrix multiplication of the matrices    &    for 

layers i = ͷ, ͸, ͹…..N, N+ͷ, N+͸ such that, 

                                                                                                                                    

                                                                                                                                     

 

Where the boundary interface              in (  19) and               in (  20) 

are calculated by 
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     and     in        and        are in the form, 

 

            [                                                      ]                                                                                 

 

           [                                                           ]                                                                             

 

The matrices of TE and TM mode in equations        and        are formed on the 

basis of the field components           and    being continuous at their boundary 

interface.  

For TM Mode 

For TM mode matrix in equation         the field    using equation        the 

continuity of    at the boundary interface of the adjacent layers is given by equation        

                            (          )                        (      )                                              

For the TM mode the field      , and therefore for the field    using 

equation        and       the continuity of    is given in equation        

 

(                                                ) (          )
 (                                    ) (      )                                                       
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Where the primed quantities in equation        are the derivatives with respect to 

their own argument. Rearranging equations        and        is of the form, 

 

ቌ                                                                                    ቍ (          )     
 ቌ                                                                ቍ (      )                                                             

 

Therefore for TM mode, equation        can be written as, 

            (          )           (      )                                                                                 

 

For TE mode 

For TE mode matrix in equation         the field    using equation        the 

continuity of    at the boundary interface of the adjacent layers is given by 

equation       , 

                            (          )                          (      )                                        

 

For the TE mode the field      , and therefore for the field    using 

equation        and       the continuity of    is given in equation        

(                                        ) (          )
 (                             ) (      )                                                        

 

Rearranging equations (  29) and (  30), is of the form, 
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(                                                                 ) (          )  
                                                                       (                                                       ) (      )                                

Therefore for the TE mode, equation        can be written as, 

           (          )           (      )                                                                                  

Boundary Conditions for cTMM 

In order to obtain a finite field at the centre of the inner core and a decaying field in 

the outer most dielectric, as shown in Figure 2.3, it is assumed that,  

                                                                                                    

 

Figure 2.3  Representation for the boundary condition between the inner core and the outer most 

cladding.  

 

Hence, after applying boundary conditions using (  33) in (  17) and (  18), For TM 

mode  (         )  (               ) ቀ            ቁ                                                                                             

 

For TE mode 

 (         )  (               ) ቀ            ቁ                                                                                              
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Re-arranging (  34) and (  35),  

For TM mode 

                                              }                                                                                                           

 

For TE mode 

                                              }                                                                                                           

 

Writing        and        in matrix form,  

 (           ) (               )                                                                                                               

 (           ) (               )                                                                                                               

The eigen-equations are obtained by taking the determinant of the matrix in        

and        equal to zero as in equation        and        

 |           |                                                                                                                                        

|           |                                                                                                                                          

Therefore the Eigen equation for the TM and TE mode becomes; 

For TM mode;                                                                                                                                              

For TE mode;                                                                                                                                               

The eigenvalue equations in (  42) and ( .43) were then used to evaluate the optical 

gain of the TE and TM modes and hence the lasing condition for the structure is 

determined. Simulations were performed using MATLAB. These eigen equations were 
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used to evaluate the effective refractive index (    ) of the TE01 and TM01 modes. In 

this way the modal gain, G, is found using equation (2.44). 

                                                                                                                                             

Where,           is the imaginary part of the effective refractive index of the mode. 

For conventional laser diodes with an optical cavity of length L, mirrors with identical 

reflectivities R and, based on the weak wave-guiding and internal losses  , at target 

wavelengths, the threshold condition for the gain coefficient g is given as         ቀ  ቁ. It has been identified and discussed in chapter 4, that due to the 

strong wave-guiding and optical confinement because of the metal cladding, the 

length of the device is independent of the internal losses and hence internal losses 

may be neglected. Therefore in this thesis lasing condition is defined by the length of 

the device   as in equation (2.45) 

      (  )                                                                                                                                       

Where   is the reflectivity calculated using equation (2.46). 

  (              )                                                                                                                               

For a conventional laser diode, the reflectivity from its facets is given by the Fresnel 
formula as in equation (2.46). This formula is not strictly applicable for nano-lasers 

as the diameter of the core is smaller than the lasing wavelength and due to diffraction at the edges calculation of the modal reflectivity is quite challenging [ͳͷ]. 
Exact calculation of the facet reflectivities of such structures requires careful account 

to be taken of the precise structure and notably the presence or otherwise of 

surrounding metallic layers. In the present case, it is simply assumed that the facet 

reflectivity is determined by the change in dielectric constant between the 

semiconductor material and the surrounding medium assumed to be air. For the 

analysis carried out, the reflectivity R is assumed 0.32. 
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2.4 Modal Gain & Device Length Calculation 

The principal aim of this chapter is to evaluate the optical gain and lasing condition 

for the TE and TM mode which has the potential to lase in the chosen structure. Initial 

analysis is carried out in order to evaluate the effect of metal cladding in the 

structure.  

 

Figure 2.4  TE01 and TM01 mode profiles for structures with and without metal cladding. 

 

Figure 2.4 shows the TE01 and TM01 mode profiles for structures with and without 

metal cladding, i.e. at t = 20 nm and t = 0nm respectively. Two important features are 

observed when metal cladding is used. 1) The mode is better confined in the core and 

the field intensity is greater as compared to that of the case when no metal cladding is 

considered, showing that confinement of the mode offers better performance when 

metal cladding is utilised. 2) For TE mode structure with 20nm metal cladding the cut 

off core radius is increased to 150nm while without metal it is 112nm. For the TM 

mode structure with metal of 20nm, the cut off radius is reduced to 100 nm, while for 

structure without metal cladding the core radius is 120 nm. Further analysis on 

modal gain and device length is carried out in later sections. 
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2.4.1 TE mode analysis 

In the analysis the dimensions of the device were fixed in the following way. The 

overall core radius (r2) was held constant at 200nm whilst the inner core radius (r1) 

and outer core thickness (t) were varied. The analysis is performed for different inner 

core radius and outer core thickness and a comparison is drawn with respect to the 

modal gain. 

 

Figure 2.5 TE01 Modal Gain vs Material Gain for different inner core radii for fixed overall core 

radius 

Calculations are therefore done for the structure without outer core, i.e. r1 = r2 = 

200nm, and with outer core, as summarized in Table 2.1. Outcomes of representative 

calculations where the inner core and outer core material gain is varied are shown in 

Figure 2.5.  It is observed that the modal gain linearly increases as the material gain is 

increased. However for the dual core structure, due to the spatial gain distribution 

the transverse profile of the gain is better guided inside the active region allowing 

more modal gain to develop. This is known as gain guiding. Therefore higher modal 

gain is observed in Figure 2.5 when spatial profiling of the optical gain is considered.  

For the dual core structure with the inner core material gain of 1800cm-1 and 

variation in the outer core material gain a shift in the modal gain towards the positive 

at zero material gain for the dual core structure is observed. Furthermore, an 

increase in the inner core radius the modal gain shifts towards the more positive end. 

The shift in modal gain also depends on the thickness of the outer core. 
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Table 2.1 Specifications for the TE01 Mode Analysis                           

                             

          

          

            

200 - 0-1800 - 9-80 

150 50 1800 0-1760 9-18 

160 40 1800 0-1760 9-15 

180 20 1800 0-1760 9-10 

Having obtained the appropriate modal gain it is possible to utilise the lasing 

condition as in equation (2.45) to determine the length of device required to achieve 

lasing. Outcomes of such calculations are given in Figure 2.6. It is noted that devices 

supporting TE01 modes having cavity lengths of order 10 µm appear to have the 

potential to support lasing action. 

 

Figure 2.6 Device Length vs Material Gain for TE01 Mode 

2.4.2 TM SPP Mode Analysis 

Attention is now turned to the modal gain and lasing conditions for the TM01 SPP 

modes of the defined structure. In this respect the capability of the present model to 

examine profiled optical gain will be exploited to identify conditions under which 

lasing action may be achieved. There are two kinds of SPP modes: core–metal surface 

guided modes and air–metal surface guided modes [5]. 

As discussed in chapter 1, the modes guided at the air-metal interface are of much 

practical interest in cylindrical devices that incorporate small core radius. On the 

other hand, core-metal surface guided modes experience high losses and may have 

reduced applications potential [7]. 



26 

 

 

Figure 2.7 Optical Field of the TM01 Air-Metal and Core-Metal surface guided modes  

Figure 2.7 shows the optical field of these two types of SPP modes in the device 

having an overall core radius of 100nm and a metal cladding thickness of 20nm. The 

TM01 air metal surface guided mode is transformed to core guided mode when the 

overall core radius increases from 100nm to         .  It has been observed that 

at cut off the TM01 air-metal surface guided mode, has gain and can support lasing. 

However the mode profile in Figure 2.7 shows that the field is guided outside the core 

and has no field maximum at the centre, therefore coupling of such modes to 

dielectric waveguides and on chip optical fibres is an issue. 

 

Figure 2.8 Optical Field of the TM01 Core-Guided mode and TE01 mode at Core radius 220nm.  
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Figure 2.8 shows the optical field of the TE and TM (core guided) modes formed in 

metal-clad cylindrical structures of radii 220nm. Representations of the intensity 

profiles of the optical modes are shown in Figure 2.9(a-c) for the TM01 air-metal, 

core-metal surface guided and core guided modes and 2.9(d) TE01 mode, which 

corresponds to Figure 2.7 and 2.8.  In the figures the locations of the metal cladding is 

denoted by a double white circles. 

 

Figure 2.9 Intensity profile of the (a) TM01 Air-Metal surface guided mode (b) TM01 Core-Metal 

surface guided mode (c) TM01 Core guided mode (d) TE01 mode  

As already indicated the focus of these investigations is on the opportunities offered 

by local gain profiling to obtain lasing action and thence to make a comparison with 

that obtained in the case of the TE mode analysed in the previous sub-section. As 

exemplars of this approach the inner core gain is held constant at 1800cm-1 and 

variations allowed in the outer core material gain. Attention is also given to 

variations in the radius of the inner core and thickness of outer core as summarized 

in Table 2.2. 

Table 2.2 Specifications for the TM01 Mode                            

                             

          

          

            

100 - 0-1800 - 100-1100 

50 50 1800 0-1760 100-250 

60 40 1800 0-1760 90-150 

80 20 1800 0-1760 90-100 
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Figure 2.10(a) shows that for a device with an inner core radius of 80nm the 

opportunity exists to achieve a positive modal gain over a quite wide range of outer-

core material gain. Figure 2.10(b) through to 2.10(d) show that when the inner-core 

radius is increased the accessible modal gain drops quite significantly such that when 

the inner core radius is 100nm the metal losses are high, such that positive modal 

gain cannot be obtained even for large values of outer-core material gain. 

 

 

Figure 2.10 (a-d) TM01 Modal Gain vs Material Gain for different active region radii 

It is pointed out that for the case of an inner core radius of 220nm shown in Figure 

2.10(d) the mode is transformed into a core guided mode. Nevertheless due to the 

dominance of the metal losses the modal loss becomes exceedingly large. Having 

established the propensity of small radius structures to deliver positive modal gain, 

attention is given to the influence of varying the gain profile via changes in the inner 

and outer core radii. In the calculations illustrated in Figure 2.11, the overall active 

core radius is set at 100nm whilst the values of the inner and outer core dimensions 

are changed. 

Determination of the modal gain is again effected for a fixed inner core gain of 

1800cm-1 and variations in the outer core material gain allowed in comparison to a 

structure without outer core. As may be anticipated, when the mode is enabled to 

access an increased active volume of higher gain the modal gain is increased. It is 
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noted that in all cases it is possible to achieve positive modal gain. 

 

Figure 2.11 TM01 Modal Gain vs Material Gain for different inner core radius where the overall 

core radius is kept constant. 

Guided by the results displayed in Figure 2.11, attention is now given to the 

determination of the cavity lengths required to sustain lasing. Outcomes of such 

calculations are shown in Figure 2.12. It is seen that for the TM mode significantly 

greater cavity lengths – here of order 100 µm - are required relative to those obtained 

in the TE case as shown in Figure 2.6. 

 

Figure 2.12 Device Length vs Material Gain for TM01 mode. 
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2.5 Conclusion 

An analysis has been performed of the wave-guiding at lasing conditions in a 

cylindrical nano-laser structure. The model which has been utilized for this purpose 

allows for variations in the material gain of the active core to be taken into account. 

The model has been applied to the specific case of a two-layer (dual) active core and a 

comparison has been made of the requirements for achieving lasing via the excitation 

of either TE01 or TM01 modes. In the former case it is found that structures of length of 

order 10 µm have the potential to lase whereas in the latter case device lengths of 

order 100 µm are needed to achieve lasing. The model developed here provides the 

basis for more detailed nano-laser design and specifically is capable of extension to 

provide a self-consistent analysis of the wave-guiding and lasing properties of such 

metal-clad cylindrical nano-lasers. 
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Chapter 3 

Annular Core Geometry Analysis of Lasing in Cylindrical 

Metal-Clad Nano-Lasers 

3.1 Introduction 

Advances in semiconductor laser technology have been pursued with a view to the 

implementation of integrated photonic components. In this context a specific 

challenge is to design and fabricate ultra-compact semiconductor lasers amenable to 

high-density photonic integration. Crucial issues in this regard are the identification 

of structures which enable effective light confinement and thereby enable lasing in 

nano-scale cavities [1-8]. 

In the previous chapter a dual active core model of a cylindrical metal clad nano-laser 

has been analysed, where the inner core material gain is kept constant and variation 

in the outer core material gain is considered. A shift in the modal gain towards the 

positive is observed. In this chapter a more detailed analysis is presented in which an 

arbitrary number of annular layers may be utilised in order to model the optical 

properties of the laser active core. Using this approach the modal gain and lasing 

condition are determined for cylindrical metal clad nano-lasers. 

3.2 Annular Core Cylindrical Nano-Laser Structure 

The structure under consideration is a cylindrical annular core metal-clad nano-laser. 

In previous work such a structure has been studied assuming either a uniform core 

[9, 10] or a dual core [11]. In order to take into account spatial gain variations in the 

active region of such a structure an annular core structure is utilized. The cross-

section of such a structure is illustrated in Figure 3.1.  
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Figure 3.1 Cross-section & Schematic of the cylindrical semiconductor annular core metal-clad nano-laser. 

The key elements of the structure are similar to that discussed in chapter 2 i.e. the 

refractive index of In0.2Ga0.8As core semiconductor and 20nm thick gold metal 

cladding are 3.6 and 0.22 – j6.71 respectively surrounded by air with refractive index 

nair at the operating wavelength     1µm.  

For the specific calculations performed here, the core semiconductor is considered to 

be comprised of an inner core and N annular outer core regions, with the index 

profile n in equation (3.1),  

     
{   
                                                                                                                                                                                                                                                                                                           

                                                                       

Where, r is the radius of the structure,             to               is the refractive index 

of the core,          and       is the refractive index of gold and air respectively and    is the thickness of metal. The index profile of active core annuli is varied with a 

difference in the material gain such that,                                                                                                         
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It is noted that the method of pumping determines the gain in the core active region. 

Experimental studies of nano-lasers have been performed using both optical 

pumping and electrical pumping [5-8]. It is challenging to achieve highly doped p-n 

junctions in nanowires that can offer electrical excitation [12]. The work carried out 

here does not rely on any particular pumping method. For the analysis carried out no 

particular assumptions are made about the laser pumping method which is required 

to provide the gain profile defined in equation (3.2). Therefore, for an In0.2Ga0.8As 

core the index profile for   annuli can be defined as in equation (3.3), 

                                                                                                             
                                                                                                 

Where,   is the propagation constant in free space,                                  and                                 are the refractive index and material gain of the active 

core region. 

3.3 Modal Gain & Device Length Calculation 

Following the cylindrical Transfer Matrix Method, discussed in appendix A, the 

annular core structure in Figure 3.1 is analysed and the optical gain and lasing 

condition is evaluated. In order to bench mark the laser performance the operating 

conditions for the TE01 and TM01 mode which has the potential to lase are examined.  

For the analysis carried out, the dimensions of the device were held fixed such that 

the overall core radius      was kept constant by keeping the inner core radius    at a 

constant value with variation in the thickness of the outer core layers. The thickness 

of each outer core annulus is therefore,                                                                    
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The inner core material gain for the structure is kept at 1885cm-1 which is equivalent 

to a refractive index 3.6 + j0.015, whilst the respective material gains in the outer 

core(s) are varied and analysed to evaluate the device length for the structure. 

3.3.1 TE and TM Mode Analysis 

For the TE01 mode analysis the dimensions of the device were fixed such that            with inner core radius         . The analysis is performed for 

different outer core thickness and comparison is drawn with respect to the modal 

gain. Calculations are therefore done for the structure without outer core, 

i.e.              , and with outer core layers 1, 2 and 5. Table 3.1 summarizes 

the distribution of the structure layers along with the respective material gain, i.e. g1 

for the inner core, g2 for outer core 1, so on and so forth. 

Table 3.1 Specifications for the TE mode analysis. 

 

 

 

 

 

 

 

As shown in Table 3.1 the material gain within the outer cores are distributed in 

descending order in accordance to the number of layers. Figure 3.2 shows that for an 

overall radius of 200nm the TE01 mode suffer losses when no material gain is 

considered, and an effective increase in the modal gain is observed at material gain of 

1885cm-1. When the number of outer core layers N is increased, an effective shift 

towards the positive in the modal gain is observed when the number of layers is   .  

 

  
        

        

        

        

        

        

Without Outer Core 200 - - - - - 

1 100 100 - - - - 

2 100 50 50 - - - 

5 100 20 20 20 20 20 

  
          

          

          

          

          

          

Without Outer Core 0-1885 - - - - - 

1 1885 0-1760 - - - - 

2 1885 1760 0-1635 - - - 

5 1885 1760 1635 1510 1385 0-1260 
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Figure 3.2 Modal Gain vs Material Gain for the TE01 mode at different number of outer core annuli 

and without outer core. 

The shift in modal gain also depends on the thickness of the outer core layers. 

Outcomes of representative calculations are shown in Figure 3.2. Having obtained the 

appropriate modal gain it is possible to utilize the lasing condition to determine the 

length of device required to achieve lasing. Outcomes of such calculations are given in 

Figure 3.3. It is noted that devices supporting TE01 modes having cavity lengths of 

order 10 µm appear to have the potential to support lasing action. Figure 3.3 also 

depicts that the length of the device becomes constant when the number of outer core 

layers are 5, which shows that any further increase in the number of outer core layers 

would not further reduce the effective length of the device.  

 

Figure 3.3 Length vs Material Gain for the TE01 mode at different number of outer core annuli and 

without outer core. 
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The TM modes are Surface Plasmon Polariton (SPP) modes as discussed in chapter 2 

in section 2.4.2. TM modal gain and lasing conditions for the annular core structure is 

evaluated. It has been noted that at the cut-off radius of a metal coated nano-laser it 

is possible to achieve lasing in the TM01 mode [13]. Therefore for TM01 mode, analysis 

is performed for an overall core radius             which is the cut off radius for 

the considered structure. Calculations are done for the structure without outer core, 

i.e.              , and with outer core layers 1, 2 and 4.  

 

Table 3.2 Specifications for the TM mode analysis. 

 

Table 3.2 summarizes the distribution of the structure layers along with the 

respective material gain. For an overall radius of 100nm the TM01 mode suffer losses 

when no material gain is considered, and an effective increase in the modal gain is 

observed at material gain of 1885cm-1. In comparison to the TE01 mode, a similar 

trend towards the effect of increased number of layers to the TM01 modal gain is 

observed, whilst the overall modal gain of the TM01 mode is predominantly lower 

than that of the TE01 mode.  

Figure 3.4 shows the effect of layers to the modal gain of the TM01 mode. 

Determination of the modal gain is again effected for a fixed inner core gain of 

1885cm-1 and variations in the outer core material gain allowed. As may be 

anticipated, when the mode is enabled to access an increased active volume of higher 

gain the modal gain is increased. It is noted that in all cases it is possible to achieve 

positive modal gain.   

                   

        

        

        

Without Outer Core 100 - - - - 

1 60 40 - - - 

2 60 20 20 - - 

4 60 10 10 10 10 

 

 

             

          

          

          

          

Without Outer Core 0-1885 - - - - 

1 1885 0-1760 - - - 

2 1885 1760 0-1635 - - 

4 1885 1760 1635 1510 0-1385 

 



38 

 

 
Figure 3.4 Modal Gain vs Material Gain for the TM01 mode at different number of outer core annuli 

and without outer core. 

 

Guided by the results displayed in Figure 3.4, attention is now given to the 

determination of the cavity lengths required to sustain lasing. Outcomes of such 

calculations are shown in Figure 3.5. It is seen that for the TM mode significantly 

greater cavity lengths – here of order 100µm - are required relative to those obtained 

in the TE case as shown in Figure 3.3. 

 

Figure 3.5 Length vs Material Gain for the TM01 mode at different number of outer core annuli and 

without outer core. 
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3.4 Conclusion 

Analysis on the lasing characteristics of cylindrical metal-clad nano-laser is 

investigated along with the effect of increased number of outer core annuli to the 

modal gain and the device length for the TE01 and TM01 mode of propagation. The 

model which has been utilized for this purpose allows for variations in the material 

gain of the active core to be taken into account. The results highlight that increased 

number of outer core layers tends to shift the modal gain to the positive while after a 

specific range the overall modal gain becomes constant. It is found that structures of 

length of order 10 µm have the potential to lase for the TE01 mode whereas device 

lengths of order 100 µm are needed to achieve lasing for the TM01 mode. 
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Chapter 4 

Spatial Profiling of Optical Gain for Optimizing Lasing in 

Cylindrical Metal Clad Nano-Lasers 

4.1 Introduction 

The design process for advanced laser structures is reliant on accurate modeling of 

the physical processes underpinning the operational characteristics of candidate 

semiconductor nano-laser designs [1-4]. Moreover the drive towards miniaturization 

relies on the utilization of novel structural features. In general the modeling of such 

aspects requires the adoption of numerical techniques in order to provide accurate 

predictions of the behaviour of proposed nano-lasers. 

Cylindrical semiconductor metal-clad nano-lasers offer an improvement to the 

confinement and modal gain. Some improvements can be made through the 

optimization of the geometry and materials and by reducing structural imperfections. 

In chapter 2 and 3 the lasing condition for a dual and multilayer active core model of 

In0.2Ga0.8As metal clad nano-laser respectively is determined. In this chapter a more 

realistic model is considered with material gain variation in the core2. 

In comparison to chapter 2 and 3, in this chapter In0.53Ga0.47As  is utilised, as the core 

active region due to its high achieveable material gain than In0.2Ga0.8As [5].  The 

analysis to determine the modal gain and device length is carried out using the 

cylindrical transfer matrix method (cTMM) discussed in Appendix A and the Finite 

Element Method (FEM). 

4.2 Nano-Laser Structure 

The structure under consideration is a cylindrical annular core metal-clad nano-laser. 

In chapter 3, such a multilayer structure has been studied assuming gain variation 

only in the outer core region, where the material gain in the inner core is kept 

                                                           

2 This chapter is based on the paper: 

 

Z. A. Sattar, Z. Wang and K. A. Shore, ǲWave-Guiding Analysis of Annular Core Geometry Metal-Clad 

Semiconductor   Nano-Lasersǳ IEEE J. Quantum Electron., vol. 50, no. 1,pp. 15-22, Jan. 2014. 
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constant. 

 

Figure 4.1 Cross-section of the cylindrical semiconductor annular core metal-clad nano-laser  

In this chapter more realistic material gain variations in the active region is utilised. 

The core semiconductor material is assumed to be In0.53Ga0.47As at the operating 

wavelength     = 1.55µm [6]. The metal cladding is taken to be gold with a refractive 

index of nmetal = 0.52 – j10.74 [7] and the thickness of metal-clad is assumed to be tm =  

20nm [8]. The cross-section of such a structure is illustrated in Figure 4.1. For 

In0.53Ga0.47As core with refractive index 3.53 and material gain included (       ), the 

index profile for inner core and   outer core annuli is defined as in equation (3.3) in 

chapter 3. The overall structure is surrounded by air with refractive index nair. 

4.3 Gain Profile 

In order to take into account a more realistic gain profile in the active core region, the 

material gain profile in the core is represented using equation (4.1). It is assumed 

that a gain profile arises due to the diffusion of the carriers [9]. 

           (      ⁄ )                                                                                                                         
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Where,    is the peak material gain, and       varies along the radius of the core Ͳζ  ζ      and   is the carrier diffusion length. 

 

Figure 4.2 Schematic of the Material Gain Profile for N Layers in the Core  

As shown in Figure 4.2, the material gain varies along the radius of the core. For 

spatial profiling of the material gain, the core is divided into inner core and N outer 

core layers. The gain in each layer is evaluated as an average of the values of the 

material gain at their respective boundaries, such that using equation (4.1) the gain in 

each layer is, 

               ቆ  (      )    (      )ቇ
                 ቆ  (      )    (      )ቇ                    ቆ  (      )    (        )ቇ

                                                                                       

The overall modal gain G and length L is calculated using equation (2.44) and (2.45) 

in chapter 2 respectively. The optical confinement factor was also calculated to 

observe confinement in TE and TM mode. For conventional lasers, the confinement 

factor of the laser is determined by the mode overlap. It is a ratio of the optical mode 
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profile within the core to the overall mode of the structure. The confinement of such 

lasers were approximately <=1. Which can also be related to the ratio of the modal 

gain to the material gain of the laser, given by, 

                                            

It should be borne in mind that due to the strong wave-guiding and confinement the 

modal gain of nano-lasers is dependent on the cavity design and therefore 

confinement factor for such nano-laser is defined by [3], as in equation (4.2), 

                                                                                                                                              

Where,            is the calculated modal gain of the structure including material gain,           is the calculated modal gain of the structure without material gain and           is the material gain in the structure.  

The analysis undertaken in this chapter is considered to be applicable to the pumping 

method which results, due to carrier diffusion, in the material gain having  a Gaussian 

profile as discussed. 

 

4.4 TE and TM mode Analysis 

To evaluate the effect of spatial profiling of the material gain in the core to the overall 

modal gain of the structure, cTMM is used. It has been noted that for the TM01 mode 

the maximum gain is achieved at cut off radius [4]. On the other hand for the TE 

modes the gain will increase with device radius [10]. As such a comparison is made 

between the lower order TE and TM modes at their respective cut-off radii. For the 

analysis carried out here the overall radius      of the core for the TE01 and TM01 

mode is therefore assumed to be 250nm and 180nm respectively.  

For the gain profile in equation (4.1) a peak material gain    = 2000cm-1, a diffusion 

length   = 400nm [11] is used. The effect of increasing the number of outer core 

layers (N) on the modal gain is examined for the gain profile as shown in Figure 4.2. 

The overall modal gain is evaluated using equation (2.7) in chapter 2.  
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Figure 4.3 shows the effect of the increasing number of layers on the evaluation of 

modal gain using cTMM. For a uniform core, the material gain in the core will be the 

average of the peak value    to the minimum value of the material gain at      for the 

gain profile defined in equation (4.1). The evaluated modal gain for a uniform core is 

50cm-1 for the TE01 mode and 8cm-1 for the TM01 mode as shown in Figure 4.3. The 

lower value of the modal gain for TM01 mode reflecting its lossy nature as discussed 

in chapter 1 and 2. 

 

 

Figure 4.3 Effect of increased number of layers in the core to the Modal Gain 

 

When additional layers are introduced to obtain a better approximation of the gain 

profile the overall modal gain increases because values of the local gain intermediate 

between the maximum and minimum are taken into account. As can be seen that due 

to gain guiding effects, as more layers are introduced, the modal gain is increased 

until it saturates after N = 20. For N η ʹͲ the gain remains constant as shown in 
Figure 4.3. 

For further analysis the results obtained here are therefore carried out using N = 20. 

Attention is now turned to the effect of variation of diffusion length   on the modal 
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gain. The diffusion length of the considered semiconductor material is therefore 

varied from 400nm–2000nm as in [11-13] and the modal gain is evaluated for a peak 

material gain   = 2000cm-1. For the material gain distribution considered here, an 

increase in the diffusion length reduces the gain variation in the core. 

For diffusion lengths of order 1µm, an essentially uniform material gain is obtained 

across the active core. As shown in Figure 4.4, the greater variation in the gain profile 

for smaller diffusion lengths naturally results in a reduced modal gain, for both the 

TE01 and the TM01 mode. For the considered structure, values of diffusion length   ) 

less than 1µm, material gain (carrier density) variation is taken into account. The 

modal gain variation becomes insignificant for   greater than 1µm. Figure 4.4 also 

shows that there is an increase in the modal gain for the TE01 mode compared to that 

of  the TM01 mode, as TM01 is less confined to  the core.  

 

 

 Figure 4.4 Modal Gain dependence on increased diffusion length ( ) 
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Table 4.1: Device Specifications for the TE01 Mode for              and TM01 Mode for               at N = 20 

 

Table 4.1 summarizes the modal gain and lasing lengths for the device parameters in 

the cases of diffusion lengths of 400nm, 600nm and 1000nm and for a  peak material 

gain of 2000cm-1. Using both cTMM and the Finite Element Method (FEM) 

calculations have been performed of the modal gain of the TE01 and TM01 modes. In 

comparison to the cTMM method, Finite Element Method creates a mesh (many 

boundaries) within a structure that needs to be analysed. The analysis is carried out 

by evaluating the fields at individual boundaries. The overall field is then calculated 

as the sum of the fields contributed by individual boundaries. For structures 

including complex geometries, Finite Element Method is limited due to number of 

meshes required for proper convergence to occur which requires a lot of simulation 

time and storage.  

Here use has been made of  peak material gains in the range  2000cm-1 to 6000cm-1 as 

in[5, 6] and a  diffusion length of 400nm. Figure 4.5 shows that for an overall device 

radius of 250nm the TE01 mode has a lower modal gain at peak material gain of 

2000cm-1 and for the values of the peak material gain    η ͵ͲͲͲcm-1 higher modal 

gain than that of the peak material gain is observed. It is seen from Figure 4.5 that 

similar predictions are obtained using both the cTMM approach alter the Finite 

Element Method. 

 

 

Overall Modal Gain ( cm-1 ) Device Length ( µm ) 

  

400nm 600nm 1000nm 400nm 600nm 1000nm 

TE 

mode 

TM 

mode 

TE 
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mode 

TE 

mode 

TM 

mode 

TE 

mode 

TM 

mode 

TE 

mode 

TM 

mode 

TE 

mode 

TM 

mode 

2000 144 10 408 11 550 12 81 1126 29 1015 21 965 

3000 3108 53 3504 54 3716 55 4 222 3 215 3 212 

4000 6068 94 6595 97 6877 98 2 123 2 121 2 119 

5000 9017 136 9671 139 10021 140 1 86 1 84 1 83 

6000 11946 177 12724 180 13139 182 1 66 1 65 1 64 

  (cm
-1

)    
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Figure 4.5:  Modal Gain vs Peak Material Gain for TE01 and TM01 mode evaluated using the Finite 

Element Method (FEM) and Cylindrical Transfer Matrix Method (cTMM). 

The mode confinement factor has been evaluated using equation (4.2). It is observed 

that increasing the number of layers in the core has little effect on the calculated 

confinement factor which is  in the range 3.1 to 3.15 for the TE01 mode and 0.041 to 

0.042 for TM01 mode as shown in Figure 4.6.  

 

Figure 4.6:  Confinement Factor vs Number of Layers for peak material gain 6000cm-1 
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High confinement factor which can exceed unity has been reported resulting in high 

modal gain [14-15]. It is pointed out that the TM01 mode resides mostly in air rather 

in the core [16] as shown by the optical field of TM01 and TE01 mode in Figure 4.7. 

 

Figure 4.7:  Optical field for the TE01 and TM01 modes 

 

4.5 Lasing Cavity Length Calculations 

Guided by the results shown in Figure 4.5, attention is now given to the 

determination of the cavity lengths required to sustain lasing. The lasing condition 

depends on the modal gain, loss and the reflectivity of the laser facet. For the case 

examined here the facet reflectivity is R       .  

 

The effect of additional losses ȋȽȌ on predicted device lengths for TE01 and TM01 

modes for the case of a peak material gain of 6000cm-1 is estimated as shown in 

Figure 4.8. As would be anticipated, due to the smaller gain achieved by the TM01 

mode, the relevant cavity lengths are very sensitive to losses. In contrast the 

predicted cavity lengths for the TE01 mode are not greatly changed even when 

significantly higher waveguide losses are taken into account. In the absence of 

accurate estimates of the loss, use is made of a simplified form of the lasing condition 

to determine the device length L, as in equation (2.45) there by obtaining a best-case 

estimate of the device length.   
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Figure  4.8:  Effect of  additional losses ȋȽȌ on predicted device lengths for TE01 and TM01 modes – 

for the case of a peak material gain of 6000cm-1   

Figure 4.9 shows the device length for structures operating at TE01 mode and TM01 

mode. It is observed that as the peak material gain increases the length of the device 

decreases. Furthermore as the mode becomes more confined inside the core the 

modal gain is enhanced thus reducing the device length required to achieve lasing. 

Recent experimental results show that in InGaAs-based nano-lasers TE mode lasing 

can be achieved for a device length of 0.9µm [17]. Figure 4.9 shows that devices 

supporting TE01 and TM01 modes having cavity lengths of order 1µm and 60µm 

respectively appear to have the potential to support lasing action as summarised in 

Table 4.1. 

 

Figure 4.9:  Device Length Vs Peak Material Gain for TE01 and TM01 mode 
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4.6 Conclusion 

In this chapter a description has been given  of  an investigation of the lasing 

characteristics of cylindrical metal-clad nano-lasers using numerical technique. The 

model which has been utilized for this purpose allows for variations of the material 

gain in the active core to be taken into account. Analysis is performed for TE and TM 

modes at their respective cut-off radii. It is found that due to high modal gain for the 

TE01 mode devices of lengths of order 1 µm have the potential to lase whereas for the 

TM01 mode device lengths of order 60 µm are needed to achieve lasing.  
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Chapter 5 

Device Length Calculation of Visible Emitting Nano-Lasers 

5.1 Introduction 

An ever-present motif of semiconductor laser design has been the miniaturization of 

laser structures [1-6]. In the previous chapters analysis is carried out using a 2D 

model of cylindrical nano-lasers where InGaAs core has been used surrounded by 

metal clad thickness of 20nm at 1µm wavelength [7-8]. In this chapter an exploration 

has been undertaken of the lasing properties for device length calculation of visible 

emitting nano-lasers in which GaN and silver are used as the core active region and 

metal cladding respectively. The modal gain for the TE01 and TM01 modes is calculated 

for thin silver cladding thicknesses from 5nm to 20nm, over a rather wide 

wavelength range: 330nm to 830nm for optimizing device length of the nano-laser. 

Calculations have been performed for 2D model using the Cylindrical Transfer Matrix 

Method (cTMM) in appendix A and Finite Element Method (FEM). 3D model has been 

developed using FEM and analysis using insulating layer between core and the metal 

cladding has also been performed3. 

 

5.2 Device Length Optimisation 

A 2D cylindrical metal-clad nano-laser structure in Figure 5.1 is used to analyse the 

optimum device length. The key elements of the structure are the core semiconductor 

(GaN) region and the metal cladding (Ag). The analysis methodology adopted here is 

of general application but for the work presented here it is assumed that the metal-

clad structure is surrounded by air. In addition, for all results discussed in this 

chapter the operating wavelength of the laser is taken in a range from 330nm to 

                                                           

3 This chapter is based on conference and journal paper: 

 

Z. A. Sattar, and K. A. Shore, ǲDesign Analysis of Ultra-Short Cavity Silver-Clad Semiconductor Nano-Lasers,ǳ 
published in the 10th Int. Conf. CLEO-PR&OECC/PS, Kyoto, Japan, Jul, 2013. 

 Z. A. Sattar, Z. Wang and K. A. Shore, ǲDesign Optimization of Metallic Sub-Wavelength Nanowire Lasers,ǳ )ET 
Optoelectronics, vol. 8, no. 2, pp. 129 – 136, April 2014. 
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830nm. The core semiconductor material is assumed to be of radius       surrounded 

by silver of thickness  .  

 

(a)                           (b) 

Figure 5.1: Cylindrical semiconductor metal-clad GaN nano-laser (a) Cross-sectional view (b) 

Schematic diagram  

The structure is evaluated at different operating wavelengths taking into account the 

wavelength dependence of the complex refractive index of the semiconductor               and the metal                 ȋwhere Ǯ+ǯ represents gain and Ǯ–ǯ 
represents loss). The thickness of the metal cladding used, ranges from 5 nm to 20 

nm as in [9-10]. The overall radius of the structure    comprise of the core radius       

and thickness   of the metal.  

Recent experimental investigation on GaN nano-laser under optical pumping shows 

that for a 4.7µm long GaN nano-lasers a material gain of 5.8 x103 cm-1 is required to 

achieve lasing [11]. Other research by Zhang et al established that material gains of 

order 4x103cm-1 can be maintained for GaN nano-lasers [12]. Moreover, experimental 

results confirm  that modal gain about 4.8x103cm-1 can be achieved for a material 

gain in the range of 5x103cm-1 to 10x103cm-1 [13].  

On this basis, for the specific calculations performed in this chapter the core 

semiconductor is considered to provide a material gain of 5x103cm-1 over all 

wavelengths of interest. In order to access the wavelength range considered here use 

may be made of InGaN quantum wells in nano-laser [14]. While the structure would 
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change, the technique applied would largely remain the same. Other material 

platforms may also be considered to access the wide spectral range considered here. 

5.2.1 Analysis Technique 

Analysis of the generic 2D structure has been performed using cTMM as discussed in 

previous chapters. The outline of the analysis technique presented here is specifically 

for the case under consideration i.e. with a dielectric (semiconductor) core; a metal 

(Silver) cladding and the surrounding medium being air. All calculations are done 

over a range of wavelength 330-830nm for TE and TM modes. 

In the simulations, it is assumed that a certain value for the material gain is attained 

by some means as discussed in chapter 2 section 2.2 and chapter 3 section 3.2. For 

the specific calculations, here it is taken that for the active region (GaN) a gain of 

5x103 cm-1 is achieved.  In order to evaluate the gain properties for the cylindrical 

metal clad nano-laser structure in Figure 5.1, the relevant optical modes needs to be 

obtained.  

The eigenvalue equations in appendix A were used to evaluate the complex effective 

refractive index (             of the relevant modes. In this way the optical gain   

and device length   is found using equation (2.44) and (2.45) in chapter 2 

respectively for the TE and TM modes. The modal gain and length is calculated over a 

wide range of wavelengths λ for TE and TM modes at their cut off radius using metal 
cladding thickness in the range 5nm to 20nm. For wavelength 330nm – 830nm the 

cases examined here the facet reflectivity is calculated using equation (2.46) in 

chapter 2, which is in the range Ͳ.ͳͷ ζ R ζ Ͳ.ʹ. 
5.2.2 GaN and Silver Index Profile 

The lasing properties of a cylindrical GaN nano-laser structure with silver cladding 

layer of different thicknesses is analysed. The intention is to identify an optimum 

thickness of silver for GaN nano-laser structure to achieve lasing over a range of 

wavelengths. The calculations utilize the refractive index data of bulk GaN [15] and 

Ag [16] for wavelengths between 330nm and 830nm as shown in Figure 5.2 (a) and 

5.2 (b). The index profile of GaN shows that it suffers higher losses at the wavelengths 

from 330nm to 370nm. 
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Figure 5.2: (a) GaN Index Profile [15] (b) Index profile of Silver [16]. The dotted line shows the 

extinction coefficient that determines loss and the solid line shows the real part of the complex 

refractive index.  

The addition of a metal layer to the structures will generally result in an increase in 

the losses. However it should be borne in mind that the loss experienced by the 

relevant optical mode depends upon the penetration of the optical mode into the 

metal [17-18]. 

5.3 TE and TM Mode Analysis for Device Length Optimisation 

5.3.1 Cut-Off Radius vs Wavelength 

It has been noted that at the cut-off  radius of  a metal-coated nano-laser it is possible 

to achieve lasing in the TM01 mode [5]. For radius of the core greater than the cut off 

radius, the modal gain of TM01 mode in such nano-lasers reduces, whilst the modal 

gain of TE01 mode increases [18]. In order to draw a comparison between the lower 

order TE and TM modes analysis is therefore performed at their respective cut-off 

radii for the range of wavelengths. Figure 5.3 shows the cut off radius for λ= 330nm 

to 830nm of the TE01 and TM01 modes with silver thicknesses Ǯtǯ ȋͷnm, ͳͲnm, ͳͷnm 
and 20nm) and t = 0nm represents structure without silver layer. 
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Figure 5.3: Cut-Off Radius at λ = 330nm to 830nm (a) TM01 Mode (b) TE01 Mode 

 

5.3.2 Modal Gain at Wavelength 330nm – 370nm 

With a material gain of 5x103 cm-1 for the GaN nano-laser, it was found that lasing 

does not occur for the wavelengths 330nm to 370nm at their cut off radii however a 

small gain is observed when the wavelength for the structure is greater than 370nm.   

Figure 5.4 shows the loss profile for the TE01 and TM01 modes for a GaN nano-laser 

structure without a silver layer. 

 

Figure 5.4: Modal Gain for TE01 and TM01 Mode at Cut-Off Radius at λ = ͹͹0nm – 370nm  
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It is noted that the structure exhibits loss even when the material gain of 5x103 cm-1 is 

included and that including a metal layer will increase the overall loss. It is concluded 

that the achievement of lasing in the wavelength range 330nm to 370nm will be 

extremely challenging and hence this range is not considered further in this chapter. 

5.3.3 Modal Gain at Wavelength 370nm – 830nm 

i) Wavelength 370nm – 430nm 

The calculation of the modal gain for the TE01 and TM01 mode is carried out over a 

range of wavelengths from 370nm to 830nm with and without silver cladding. As the 

thickness of silver is increased it is observed that for the range of wavelengths from 

370nm to 430nm, the modal gain is decreased and the loss is increased at the 

respective cut off radius. Results shown in Figure 5.5 illustrate this point. Figure 

5.5(a) shows the modal gain for TE01 mode and Figure 5.5(b) shows the modal gain 

for TM01 mode for wavelengths from 370nm to 430nm.  

370nm to 430nm Wavelength Range 

 

Figure 5.5: Modal Gain Vs Silver Thickness at λ (a =370.625nm, b=380nm, c =392.5nm, d =405nm,  

e =417.5nm, f = 430nm). (a) TE01 Mode (b) TM01 Mode 
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ii) Wavelength 480nm – 830nm 

In comparison to the modal gain observed in Figure 5.5 for the TE and TM  modes of 

GaN nano-laser, introducing the silver layer leads to an increase in the modal gain 

over the wavelength of 480nm to 830nm at their cut off radius as shown in Figure 

5.6. At 830nm an InGaN quantum well is required rather than GaN and will therefore 

require index data of InGaN to be used; however at the wavelength of 830nm 

In0.7Ga0.3N has the same refractive index as that of GaN as in [19-20]. Therefore the 

refractive index of GaN at 830nm can be used to model a laser of a different material 

e.g. In0.7Ga0.3N. Figure 5.6 (a) and 5.6 (b) shows the modal gain for the TE01 and TM01 

mode respectively. The modal gain rapidly increases as the wavelength increase since 

the mode becomes more confined inside the core for structures that have a silver 

layer of thickness 10nm, 15nm and 20nm as shown in Figure 5.6.  

    480nm to 830nm Wavelength Range 

 

Figure 5.6: Modal Gain Vs Silver Thickness at λ (a =830nm, b=780nm, c =730nm, d =680nm, e 

=630nm, f = 580nm, g = 530nm,    h = 480nm) using cTMM (a) TE01 Mode (b) TM01 Mode 

The lower modal gain at wavelengths 480nm to 580nm is due in part to the increased 

silver losses at these operating wavelengths. It has been reported that strong wave-

guiding in nano-lasers leads to very large values of the modal gain that can exceed the 

bulk gain [14]. It is observed from the Figure 5.6 (a) that the gain increases as the 

wavelength and silver thickness increase and at 830nm wavelength for a 20nm silver 

thickness the modal gain is 8x103 cm-1 for TE01 mode. The TM01 mode is a Surface 
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Plasmon Polariton (SPP) mode which is a lossy mode [21-23] and therefore the 

modal gain of 1.15x103cm-1 for the TM01 mode is lower than the TE01 mode as shown 

in Figure 5.6 (b).  

5.3.4 FEM Analysis at Wavelength 480nm – 830nm 

Results for the TE01 and TM01 mode at their cut off radius were also analysed using 

the Finite Element Method (FEM). Figure 5.7 shows these results for the modal gain 

over the wavelength range of 480nm to 830nm. Similar patterns to the effect of silver 

thickness on the modal gain in the nano-laser as compared to the results obtained 

through cTMM in Figure 5.6 were observed. The FEM results have small difference 

from the calculated results obtained from cTMM which is due to the computational 

space boundary provided by FEM [18]. 

              480nm to 830nm Wavelength Range 

 

Figure 5.7: Modal Gain Vs Silver Thickness at λ (a = 830nm, b = 780nm, c = 730nm, d = 680nm, e = 

630nm, f = 580nm, g = 530nm, h = 480nm) using FEM  (a) TE01 Mode (b) TM01 Mode 

 

5.3.5 Effect of Insulating Layer on Modal Gain at Wavelength 480nm 

– 830nm 

For the cases explored above no account had been taken into consideration that an 

insulating layer between the metal and the core semiconductor may be required to 

prevent charge transfer from active region to metal layer. In order to deposit the 
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metal layer on the insulating layer, annealing of metal is required, which softens the 

material so that it can be cut and shaped accordingly. 

In order to explore the impact of such a requirement, the analysis on the effect of a 

20nm thick Si3N4 insulating layer as in [21] on the modal gain over a range of 

wavelengths, 480-830nm for structures having a 20nm thick silver cladding at their 

mode cut off radii is carried out. The refractive index of the insulating layer is 

generally lower than that of the core material and will thus enhance the wave-guiding 

properties and push the optical field away from the metal cladding and towards the 

device core. In this way confinement to the core and the overall modal gain will both 

increase [9].  The enhancement of the modal gain is shown in Figure 5.8 where a 

comparison is made between structures having an insulating layer and those without 

an insulating layer. However in the wavelength range 780nm -830nm there is a 

smaller difference between the refractive index of the core and the insulating layer. 

This tends to reduce the optical field confinement and hence the modal gain. This 

effect is captured in Figure 5.8. 

 

 

Figure 5.8: Effect of a 20nm insulating (Si3N4) layer on the modal gain for TE01 mode at cut off 

radii at λ = ͹͹0nm – 370nm 

 

5.3.6 Confinement Factor at Wavelength 480nm – 830nm 

From the modal gain, the mode confinement factor is evaluated using equation (4.2) 

in chapter 4. The confinement factor for the TE01 and TM01 mode with and without 
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silver layer is shown in Figure 5.9. Figure 5.9 (a) shows that at the cut-off radius for 

the TE01 mode high confinement for a 20nm silver thickness is achieved. High 

confinement greater than unity has been reported in [4, 14].  The strong wave-

guiding due to the high refractive index contrast and highly reflective metal cladding, 

the optical mode is better confined inside the cavity. This confinement of the mode is 

greater than unity and can therefore increase the modal gain. The modes become 

better confined as the thickness of the metal increases. Figure 5.9 (b) shows the 

confinement factor of the TM01 modes for the structure. The lower confinement factor 

of TM01 mode as compared to TE01 mode is due to the fact that the TM01 mode is an 

SPP mode which resides mostly in air rather in the core at cut off radius [7]. 

480nm to 830nm Wavelength Range 

 

Figure 5.9: Confinement Factor vs Silver Thickness at λ (a = 830nm, b =780nm, c =730nm, d 

=680nm, e = 630nm,    f = 580nm, g = 530nm, h = 480nm)  (a) TE01 Mode (b) TM01 Mode 

5.3.7 Device Length Estimation at Wavelength 480nm – 830nm 

Now, estimation of the device length is undertaken using equation (2.45) in chapter 

2. Figure 5.10 shows the device length for a GaN silver clad nano-laser structure. As 

shown in Figure 5.10 (a), as the thickness of the silver is increased the device length 

is decreased since the mode becomes more confined inside the core, as the loss is 

compensated by more modal gain which in turn reduces the length of the structure. 

Due to the higher modal gain of the TE01 mode it is possible to have device lengths for 

GaN nano-laser structures around 2µm, at the cut-off radius for λ = ͺ͵Ͳnm. The 

device length for the TM01 mode reduces as the modal gain increase and at the 
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wavelength of 830nm for silver thickness of 20nm the minimum device length 

around 18µm as shown in Figure 5.10 (b) can be achieved. 

    480nm to 830nm Wavelength Range 

 

Figure 5.10: Device Length for the structure at λ (a = 480nm, b = 530nm, c = 580nm, d = 630nm, e 

= 680nm, f = 730nm, g = 780nm, h = 830nm) (a) TE01 Mode (b) TM01 Mode 

5.3.8 3D FEM Simulation of 2µm Device 

The analysis in this chapter has been performed on the 2D nano-laser model over the 

wavelength range 330-830nm. 3D FEM analysis has also been performed for the 

evaluated short device length of 2µm in Figure 5.10 for TE mode, with: 213nm-radius 

GaN core, 20nm-thick Si3N4 insulating layer, together with a silver metal cladding 

layer of 20nm thickness surrounded by air at wavelength 830nm.  

                                                                      

Figure 5.11: 3D and 2D view of TE01 mode for the Device Length of 2µm of core radius 213nm, with 

20nm thick Si3N4, and a metal cladding of 20nm surrounded by air. 
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Figure 5.11 shows the calculated TE lasing mode inside the GaN nano-laser cavity at     nm wavelength. The colour patterns define the intensity of the mode in each region of the laser, i.e. the core, metal and air, where Ǯredǯ is the maximum and Ǯblueǯ 
is the minimum intensity. The intensity along the length (z direction) of the laser has 

a wavelength of 830nm, along a 2µm laser. Standing wave intensities are observed as 

shown in the Figure 5.12 (a) and (b).  

 

Figure 5.12: (a) and (b) Standing waves patterns for TE01 mode in the Ǯxzǯ plane 

 

5.4 Conclusion  

The lasing properties of a cylindrical GaN visible emitting nano-laser structure with 

silver cladding layer of different thicknesses is analysed. The optimum thickness of 

silver for GaN nano-laser structure to achieve lasing over a range of wavelengths is 

evaluated. For the TE01 mode it is found that structures of length of order 2 µm have 

the potential to lase with core radius 213nm whereas for the TM01 mode with core 

radius 130nm device lengths of order 18 µm are needed to achieve lasing at λ = 

830nm using 20nm silver metal cladding.  
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Chapter 6 

Analysis of the Direct Modulation Response of Nano-Lasers 

6.1 Introduction 

In previous chapters, analysis has been carried out where specific attention was 

given to determining the lasing condition of nano-lasers [1-4]. The aim of this chapter 

is to explore the dynamical performance of the nano-laser using direct current 

modulation. Direct current modulation of nano-lasers offers a cost-effective option as 

an efficient light source for on chip interconnection [5]. As discussed in chapter 1, 

such nano-lasers are anticipated to exhibit enhanced dynamical performance [6-13], 

which may arise from a combination of physical factors including Purcell 

spontaneous emission enhancement factor F, spontaneous emission coupling factor, 

β. In that context the aim is to determine the influence of F and β for direct current 

modulation response in both the small signal and large signal regimes. For simplicity 

sinusoidal modulation is adopted.  

6.2 Nano-Laser Dynamics 

To analyse the dynamical performance of a nano-laser, the parameters used are 

shown in Table 6.1. Using these parameters and the rate equations (6.1) and (6.2) as 

in [14], the influence of F and β, on the small and large signal modulation of nano-

laser is explored.  

             (        )                                                                                     

                                                                                                                       

 

Where,   is the injection current;    is the carrier lifetime;    is the differential gain coefficient;    is the transparency carrier density;    is the confinement factor;    is 

the photon lifetime;   and   are the carrier and photon densities. When 
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consideration is given to the dynamics of nano-lasers attention needs to be given to 

the stronger damping which will result from enhanced spontaneous emission. Such 

damping gives rise to the broadening of the resonance from which the maximum 

modulation frequency of the laser is deduced [14].   

Table 6.1 GaN Nano-laser Device Parameters 

 
Transparency Carrier Density    5.77 x 1018 cm-3 [15] 

Differential Gain    1.5 x 10-6 cm3 /s [15] 

Carrier Lifetime    1ns [16] 

Photon Lifetime    0.2ps [11] 

radius of the Core   213nm [4] 

Length of Active Region   2µm [4] 

Volume of Active Region   2.85 x 10-13 cm3 

Electron Charge   1.6 x 10-19 C 

Confinement Factor    2 [3-4] 

Spontaneous Emission Coupling Factor   0.004 [12] 

Purcell Spontaneous Emission Enhancement Factor   30 [12] 

 

6.3  Small and Large Signal Analysis  

For direct current sinusoidal modulation of nano-laser, the injection current    in 

equation (6.1) is taken to be of the form: 

                                                                                                                                    

Where,     is the dc bias current,    is the modulating current defined as            is the modulation depth of the sinusoidal signal with modulation frequency    at 

time    For small signal modulation, the modulation depth is taken to be       and 

for large signal modulation, the modulation depth is taken to be      . An 

important measure for the performance of laser is the modulation bandwidth which 

can be estimated analytically for small signal modulation using the rate equations 
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(6.1) and (6.2). In general an analytical expression for the direct-current modulation 

bandwidth can be obtained in the form, as in equation (6.4) [6, 17]:  

        [√    √       ]                                                                                                 

Where               with    and     being the resonance frequency, and the 

damping factor, as defined in equations, (6.5) and (6.6): 

 

       (         )                                                                                                 

 

                    (        )                                                                                       

               

Where,    and    are the carrier and photon densities at the dc bias current    . The 

dynamics of nano-laser is evaluated using the analytical form of small signal 

modulation response function      as in equation (6.7) [17]: 

                                                                                                                                   

 

For numerical analysis on the performance of small and large signal modulation of 

nano-laser, a modulation index   is used. It is assumed that, due to the direct current 

modulation, the photon density makes excursions between the maximum and 

minimum photon density values,              . Therefore the modulation response 

index,   can be defined as in equation (6.8): 
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The threshold current of a laser defines the minimum amount of current required to 

achieve lasing. Using the parameters in Table 6.1, the threshold current is found to be 

Ith = 0.265mA. To analyse the effects on modulation response in the small and large 

signal regimes, the analysis is performed for a dc bias current at 5-10 times the 

threshold current (          as in [13]. The modulation characteristics for small and 

large signal are calculated by solving the rate equations (6.1) and (6.2) numerically in 

MATLAB. The obtained      and       results were used in equation (6.8) to evaluate 

the modulation index   to determine the modulation response.  

Analytical results were evaluated using equation (6.7). Figure 6.1 shows the 

analytical and numerical analysis using equations (6.7) and (6.8), of the small signal 

modulation response for a bias current         , Ⱦ = Ͳ.ͲͲͶ and F = 10. It is shown 

that the analytical results and numerical results are in excellent agreement.  

 

Figure 6.1: Numerical and Analytical Small Signal Modulation Response 

Detailed analyses is carried out using numerical analysis in section 6.4 to determine the influence of varying the bias current, F and Ⱦ for direct current modulation 
response in both the small and large signal regimes. 

6.4 Numerical Analysis of Direct Current Modulation  

In this chapter direct current modulation response of nano-lasers has been studied 

giving particular attention to the roles of the dc bias current, the Purcell spontaneous 
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emission enhancement factor F and the spontaneous emission coupling factor Ⱦ in 
determining the modulation characteristics of nano-lasers. 

Firstly, attention is given to the influence of F. Using fixed parameters Ⱦ = Ͳ.ͲͲͶ [ͳʹ] 
and bias current Idc = 5Ith, variation in F in the range 10-40 is taken into account. 

Figure 6.2 (a) and 6.2 (b) shows the calculated modulation response for small and 

large signal respectively. It has been studied that the Purcell enhanced spontaneous 

emission reduces the device 3dB modulation bandwidth [14]. The small and large 

signal responses in Figure 6.2 (a) and 6.2 (b) show that the 3dB bandwidth decreases 

from 62 GHz to 50 GHz as the cavity Purcell factor increases from 10 to 40, 

representing a decline of about 20% in the 3dB bandwidth due to stronger damping. 

 

Figure 6.2: Modulation Response at Ⱦ = 0.00ͺ and )dc = 5Ith for (a) Small Signal (b) Large Signal 

Modulation. The solid red line indicates the -3dB level. 

 

Moreover this enhancement of the Purcell factor suppresses the resonance peak from 

10dB to 0.3dB for small signal and from 7dB to 2dB for large signal. Increasing F, 

results in the decrease of the 3dB bandwidth for small and large signal. The 

modulation response for small signal shows that the peak modulation frequency is 

greater than that of the large signal however the bandwidths are approximately the 

same with increased F. Secondly attention is turned to the impact of the spontaneous emission factor Ⱦ. 
Using parameters F = 30 at a bias current Idc = 5Ith, Ⱦ is varied in the range Ͳ.ͲͲͳ to 
0.008. It is observed that when Ⱦ increases in this range the ͵dB bandwidth decreases 
from 62GHz to 36GHz as shown in Figure 6.3 (a) and 6.3 (b), representing a decline of 

approximately 40% for both small and large signal modulation. Also enhancement of 
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Ⱦ tends to suppress the resonance peak from 12dB to 0dB for small signal modulation 

and from 8dB to 0.6dB for large signal modulation. Due to stronger damping effects, the peak response for small signal modulation rapidly degrades for Ⱦ η Ͳ.ͲͲͺ relative 
to that in the large signal case. However, the 3dB bandwidth is approximately the 

same for both small and large signal modulation. 

 

Figure 6.3: Modulation Response at F = 30 and Idc = 5Ith for (a) Small Signal (b) Large Signal 

Modulation. The solid red line indicates the -3dB level  

 

Now attention is given to the effect of varying the bias current. Using parameters F = ͵Ͳ, Ⱦ = Ͳ.ͲͲͶ, variation in the dc bias current in the range 4Ith to 10Ith is considered. 

Enhancement of nano-laser dynamics have been studied where modulation 

bandwidths in excess of 100GHz can be achieved [7-10]. As expected, it is seen in 

Figure 6.4 (a) and 6.4 (b) that the 3dB bandwidth increases with bias current from 

38GHz to 95 GHz, both for small and large signal modulation.  

 

Figure 6.4: Modulation Response at Ⱦ = 0.00ͺ and F = 30 for (a) Small Signal (b) Large Signal 

Modulation. The solid red line indicates the -3dB level  
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Considering the effect of F and Ⱦ for small and large signal modulations, it is observed 
that the peak modulation frequency for large signal is less than that of the small 

signal presumably due to the increased nonlinearity in the large signal regime.  

Figure 6.5 (a) and 6.5 ȋbȌ show the peak modulation frequency obtained by varying Ⱦ 
and F for small signal modulation and large signal modulation respectively. It is observed that by selecting Ⱦ and F values the peak of the modulation frequencies may 

be maximised. For the case considered here this is achieved at modulation 

frequencies of 38GHz and 28GHz for small and large signal cases respectively.  

 

Figure 6.5: Peak modulation response frequency dependence on Ⱦ and F for ȋaȌ Small Signal ȋbȌ 

Large Signal Modulation. The figure represents frequencies at which the signal has the peak 

modulation response. For small signal colour ranges from dark red to dark blue indicate 

frequencies in the range of 38GHz to 18 GHz. For large signal colour ranges from dark red to dark 

blue indicate frequencies in the range of 28GHz to 18 GHz.    

 

Next a comparison is made of the magnitude of the modulation response for small and large signal modulation. Using Ⱦ = Ͳ.ͲͲͳ, F = 10 and Idc = 5Ith, small and large 

signal modulation response is compared in Figure 6.6. It is shown in Figure 6.6 that in 

both small and large signals regimes the peak modulation response occurs at 

frequencies 40GHz and 30GHz respectively. Figure 6.6 also shows that in the 

frequency range 1GHz to 36GHz large signal modulation produces a large modulation 

response than for the small signal case. 
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Figure 6.6: Modulation response for small and large signal 

. 

6.5  Conclusion 

Direct modulation characteristics of nano-lasers have been determined in both the 

small signal and large signal regimes. Peak modulation response at frequencies of 

40GHz and 30GHz can be achieved by careful selection of the parameters F and Ⱦ.  )t 
is observed that Purcell enhanced spontaneous emission and spontaneous emission 

coupling factor reduces the 3dB modulation bandwidth due to strong damping of the 

laser. For small and large signal analysis, very high modulation bandwidth of 

approximately 60GHz may be achieved. Over the frequency range from 1GHz to 

36GHz the large signal modulation response is greater than that for small signal case.  
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Chapter 7  

Summary & Future Work 

7.1  Summary 

Extensive research over the last 50 years has resulted in the development of an 

extremely wide variety of semiconductor lasers having attractive operating 

characteristics including high-speed and high-power devices. In recent years 

considerable attention has been given to semiconductor metal clad nano-lasers due 

to their potential applications in photonic integrated circuits, optical information 

processing and system-on-a-chip technologies. 

This thesis has outlined the opportunities and challenges that arise in the design of 

metal-clad semiconductor nano-lasers. The approach adopted here takes account of 

spatial profiling of the optical gain as a means both for optimizing lasing operation 

and as a step towards a fully self-consistent theoretical model of such structures. A 

numerical model of cylindrical metal-clad nano-laser using cTMM (cylindrical 

transfer matrix method) has been used in this thesis, that utilizes material gain 

variation in the core, of prescribed optical properties and of specifically defined 

optical gain. Significant attention has been given to determining the modal gain and 

optical confinement factor to effect reduction in size of such lasers.  

Firstly the effect of using 2D dual core and multiple layered geometry of cylindrical 

nano-laser has been analysed to provide insight into the effect of material gain 

variation in the active region to the modal gain. cTMM is used to solve the modal 

properties of TE01 and TM01 mode in the structure, with metal clad thickness of 20 

nm at wavelength 1 µm. Effects on multilayer core and the dual core structure are 

compared with respect to the overall modal gain and the device length of the 

structure.  It is found that structures of length of order 10 µm have the potential to 

lase for the TE01 mode whereas device lengths of order 100 µm are needed to achieve 

lasing for the TM01 mode 

Additionally a more realistic, Gaussian gain profile is analysed for multilayer 

geometry of cylindrical nano-lasers. The effects on the variation of gain along the 
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radius of the core are evaluated using cTMM and Finite Element Method (FEM). 

Device lengths of order 1 µm and 60 µm have been obtained for the lasing of TE01 and 

TM01 mode respectively. 

Moreover the wave guiding and lasing characteristic of metal-clad nanowire 

structure has been examined over a wide wavelength range: 330nm to 830nm. The 

modal gain and corresponding laser cavity length for the TE01 and TM01 modes is 

calculated for metal cladding thicknesses from 5nm to 20nm. Results obtained are 

compared with FEM analysis and a 3D FEM model is evaluated for the results 

obtained using the 2D cTMM. For the TE01 mode it is found that device length of 2 µm 

have the potential to lase whereas for the TM01 mode device lengths of order 18 µm 

are needed to achieve lasing at λ = 830nm for a 20nm metal cladding.  

Finally an analysis of the dynamical performance of nano-laser has been carried out, 

where the focus is to determine the influence of Purcell spontaneous emission 

enhancement factor F, and the spontaneous emission coupling factor, β for direct 

current modulation in both the small signal and large signal regimes. It is observed 

that F and β, reduces the 3dB modulation bandwidth due to strong damping of the 

laser. For small and large signal analysis, very high modulation bandwidth of 

approximately 60GHz may be achieved.   

7.2  Future Work 

The analysis for advanced laser structures is reliant on accurate modelling of the 

physical processes underpinning the operational characteristics of candidate 

semiconductor nano-lasers. In general the modelling of such lasers requires the 

adoption of numerical techniques in order to provide accurate predictions of the 

behaviour of proposed nano-lasers.  The numerical model utilized in this thesis using 

spatial profiling of material gain variation in the active region may be used to analyse 

candidate semiconductor lasers. 

The method adopted here takes in account a wide range of wavelength and metal clad 

thickness. This approach can be used to optimize lasing operation in determining the 

optimum wavelength of operation and metal cladding thickness for designing nano-

laser structures. It has been discussed that in order to access the wide wavelength 

range for a constant material gain, quantum wells may be used in nanowires. 
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Therefore, analysis of quantum wells (e.g. InGaAs/GaAs or InGaN/GaN, etc.) in 

nanowire needs to take place for better optimization of wavelength and metal clad 

thickness in such structures. 

The numerical analysis carried out in this thesis provides the basis for more detailed 

nano-lasers design and specifically is capable of extension to provide a self-consistent 

analysis of metal clad cylindrical nano-lasers. With a view to practical utilisation, 

specific effort is needed on the operability of such lasers under electrical injection.  

 

Due to the flexibility available via 3D FEM design using 3D modal analysis, it will be 

possible to consider more nano-laser structures, such as hexagonal structures and 

nanowire arrays. 


