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Summary

This thesis is concerned with a detailed study of laser nonlineanties and the implications for
multichannel subcamer multiplexed fibre optic systems

In view of the limitations of previously reported analytic treatments of laser nonlinear
distortion, a considerable part of the study is dedicated to the development of modelling and
analytic tchniques suitable for practical system design and optimisation The single-mode rate
equations provide an adequate basis for the analysis of laser intnnsic dynamic distortion and
relative intensity noise and their dependence on device parameters and operating conditions
The Volterra series method of nonlinear system theory is then applied and an analytical model
is obtained that describes the nonlineanty in the frequency domain by a set of nonlinear transfer
functions

This method provides a ngorous analytic nonlinear model that takes into account all the
intermodulation products up to third-order as determined by the rate equations Moreover, the
laser response to the important case of a sum of narrow-band signals is considered and under
certain conditions, which are valid for the majority of systems of interest, the intermodulation
power spectral density of the distortion products is determined This enables an accurate
evaluation of the impact on the overall system performance of laser intrinsic distortion and
optimum overall performance is identified after including the noise introduced in the detection
process The relative importance of laser intnnsic distortion and clipping-distortion is also
examined

Finally, the analytic model is used to investigate design constraints and the overall system
performance of relevant SCM systems Case studies are considered that demonstrate the
applicability of the method devised
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Chapter 1

Introduction

1.1 Background and motivation

This thesis is concerned with an investigation of the impact of source nonlinearity on the

performance of multichannel subcarrier multiplexed optical fibre systems. There has been

much interest recently in the capabilities of subcarrier multiplexing (SCM) as a means of

realising economically multichannel systems which can be deployed in the short to medium

term to support a wide range of analogue and digital services [1, 2, 3, 4].

The attractive feature of SCM is that it provides a way of exploiting the multi-gigahertz

bandwidth potential of high speed lasers [5, 6] using conventional and already established mi-

crowave techniques. Also they are very flexible being capable of simultaneously transmitting

conventional baseband and microwave signals with the same fibre and detector [7, 8]. More-

over, SCM systems can be combined with coherent techniques [9, 10, 11] and wavelength

division multiplexing [12, 13] to fully utilize the tens of terahertz capacity of single-mode

fibre.

The performance of such systems can be impaired very significantly by nonlinearities

associated with the laser diode source. Realisation of the full system capabilities calls for

detailed modelling and analysis of the nonlinearities and the associated intermodulation dis-

tortion with a view to practical system optimisation through an appropriate balance between

signal induced distortion and noise effects.

At the commencement of this study much was already known about the basic distortion-

producing phenomena but such analytical treatments as had been presented concentrated

on supporting experimental observations relating to relatively simple (two-tone and three-

1
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tone modulation) distortion measurements [14, 15, 16]. There had been little work aimed

at providing rigorous yet tractable design and analysis tools and techniques appropriate for

assessing systems of the kind and complexity being envisage for planned deployments. Indeed,

as subsequently proved to be the case, it seemed likely that some of the methods extant in

the literature were such as to not be realistically extensible to such cases of practical interest

[17, 181. It was these observations which motivated the present study, the aim being to

obtain and demonstrate the applicability of tools and techniques appropriate for practical

systems design and optimisation. As a basis for this, it has been necessary to direct significant

attention to the refinement of models for laser diodes in order to appropriately accommodate

some of the more subtle aspects of induced signal distortion. To achieve this, whilst retaining a

realistic level of tractability, recourse has been made to the Volterra series method of nonlinear

system theory [19], the applicability of the methods devised being demonstrated via a set of

systems case studies. With this brief introduction we may now proceed to a discussion of the

organisation of the thesis.

1.2 Thesis organisation

Following this introduction, chapter 2 will provide a review of the basic principles and char-

acteristics of semiconductor lasers. We will focus on the physical mechanisms responsible for

stimulated emission and the associated optical gain, with the aim of introducing the single-

mode rate equations that govern the laser dynamics operation. Numerical solutions of the rate

equations are then examined. Additionally, a Langevin formulation of the rate equations is

described from which the laser intensity noise characteristics are investigated.

In chapter 3 the problem of modelling the laser nonlinear distortion is addressed. The

impact of laser distortion on typical SCM systems and their requirements are discussed and

the mechanisms which give rise to laser nonlinearity are examined. Since the laser intrinsic

distortion is intimately related to the modulation characteristics the frequency response of the

laser diode is examined in some detail using a small-signal analysis of the rate equations. This

is complemented by measurements of device characteristics and extraction of laser parameters

for a commercial laser diode. Existing methods for the analysis of laser nonlinearity are then

analysed: the perturbation technique is extended to include the three tone intermodulation
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products of type fi + fi — fk and a technique based on Bessel functions expansion, offering

promising results, is shown not to predict adequately the levels of distortion of the laser diode.

The limitations of these methods, that their inapplicability to the Performance assessment

of practical systems of interest, is overcome by the application of a Volterra series analysis. The

general theory of this method is described in chapter 4. The nonlinear transfer functions which

describe the nonlinearity in the frequency domain are determined from the rate equations and

the laser response to the relevant case of a sum of narrow-band signals is considered. Analytic

and simulation results are compared that validate our theoretical model.

This model is used in chapter 5 to assess the performance of directly modulated SCM

systems. The general method for calculating the intermodulation power spectral density

is detailed permitting an accurate evaluation of the impact of laser intrinsic distortion on

system performance. The overall system performance is then determined by inclusion of

relative intensity noise, receiver shot and thermal noise. By balancing the signal dependent

and independent noise contributions optimum performance is identified. Receiver design

considerations as well as clipping-induced distortion effects are discussed.

The results of chapter 5 are applied in chapter 6 to study three important SCM systems

namely: FM video broadcast, AM-CATV and a Fibre-Radio system having a wide-dynamic

range of power levels. Finally, chapter 7 concludes the thesis by summarising the main

achievements and identifying areas of further research.

1.3 Contributions

The research reported here has sought to provide a detailed and comprehensive assessment

of the performance of multichannel SCM fibre optic systems, emphasis being placed on the

implications of laser nonlinearities. A major objective has been to provide tractable, accurate

modelling and analysis techniques applicable to the performance assessment of practical

systems and this constitutes the primary contribution of this thesis. In order to achieve this it

has been necessary to produce new derivations and means of analysis, relating both to specific

impairments and their combined influence on system performance. The main contributions

of this research work may be summarized as follows:
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• Extension of the perturbation technique to include three-tone third-order distortion

products of type fi + fj — fk which dominate for a large number of channels.

• .Deficiencies in a previously published method for the analysis of laser distortion was

identified. The technique, based on the expansion of Bessel functions, was extended to

allow for laser relaxation resonance effects and modified to predict adequately second

and higher-order harmonics.

• A theoretical nonlinear laser model was developed based on the Volterra series analysis

of distortion which includes all the intermodulation products up to third-order, for a

laser nonlinearity as determined from the rate equations and for an arbitrary number

of channels. This model is able to predict the laser response to a sum of narrow-

band signals and takes into account key parameters such as bias current and frequency

(channel) allocation.

• The intermodulation power spectral density was determined for relevant modulation

formats enabling one to assess accurately the impact of laser distortion by taking the

fraction of intermodulation power that falls in the channel band.

• A suitable performance assessment strategy was identified that may be used for the

optimisation of SCM systems prior to implementation. This analysis was applied to

study two important SCM applications: FM video broadcast and AM-CATV systems.

• Identification of the relative importance of clipping and laser intrinsic distortion on

different types of SCM practical systems.

• A method was developed to enable the optimisation of SCM systems in applications

requiring a wide-dynamic variation of power levels, based on a worst case condition.

One possible application was studied consisting of a FSK Fibre-Radio return link.

• Development of "software tools" implemented in MATLAB and SIMULINK for system

simulation and optimisation.

The contributions of this research work have led to the following publications:
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Chapter 2

Semiconductor laser modelling

2.1 Introduction

In subcarrier multiplexed applications the laser diode has a great impact on system performance

due to several degradation factors: relative intensity noise (RlN), nonlinear distortion and the

increased RIN levels through optical reflections. Modelling of the semiconductor laser is thus

required to obtain an accurate representation of its characterisitics under dynamic operation.

This subject is addressed here, the model presented being used for later studies of laser

nonlinearity. The theoretical basis for this is well developed, although new refinements are

constantly being introduced.

We start by reviewing the key ideas and principles of the semiconductor laser. The

degradation factors mentioned above are ultimately determined by the intrinsic laser diode

characteristic, which is a semiconductor device where the stimulated emission is achieved

by means of current injection through a forward biased p-n junction. The recombination

mechanisms responsible for laser action are considered and stimulated emission is related to

the optical gain. The effect of laser structure on laser characteristics is also addressed. The

study of laser dynamics in the following sections is based on a set of coupled rate equations.

These are introduced in section 2.3. In section 2.4 the numerical solution of the laser diode

steady-state and transient responses are examined. Finally the intensity noise characteristics

are investigated.

7
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2.2 Basic laser characteristics

Stimulated emission is a phenomena that can occur when electromagnetic radiation interacts

with matter. In stimulated emission, a photon interacts with an electron causing an emission

of an additional identical photon. A laser is formed by providing feedback of some of this

emission. The Einstein relations can be used to relate the rate of spontaneous and stimu-

lated emission to the optical gain. This approach only provides the small-signal gain and so

saturation effects can not be treated. These will be discussed separately.

Although different classes of lasers are based on this same principle there are are some

aspects that are unique to injection semiconductor lasers: the optical transitions, which take

place in the active region of the p-n junction, are between a continuous distribution of electronic

states within the conduction and valence bands, and the injected electrons of the excitation

current are directly converted to photons with a high quantum efficiency.

2.2.1 Recombination mechanisms

A high quantum efficiency requires dominance of radiative over non-radiative recombination.

The optical processes associated with radiative transitions are photon emission, spontaneous

emission and stimulated emission. In figure 2.1 an electron transition is shown. The transition

is from a state E l in the valence band to a state E2 in the conduction band, with the absorption

of a photon of energy E = E2 — E l = hv. In addition to being absorbed these photons can

also stimulate the emission of a similar photon by the transition of an electron from E2 to El.

The net rate of stimulated emission, r„(E), i.e. stimulated emission minus absorption rate, is

found from the Einstein relations. If the transitions are defined with respect to the interaction

with photons of a single oscillation state the final result is 1[20]

r(E) = B(E l , E2)Pc(E2)Pv(Ei)[ic(E2) — ME,)]	 (2.1)

where B is the transition probability, pc and pv are the electron density states in the conduction

and valence bands, respectively, and fc, .1; are the corresponding electron occupation proba-

bilities, which follow a Fermi-Dirac distribution with quasi-Fermi level Fc and F. Hence, the

'The units of rn(E) are number of photons per unit time, per unit energy interval and per photon in the
oscillation state considered.
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Figure 2.1: Transition of an electron from El to E2 by the absorption of a photon of energy
E2 - El. The quasi-Fermi levels for the valence and conduction bands are F„ and Fc,
respectively.

net stimulated emission and thus the optical gain is positive only if the occupation probability

in the conduction band at E2 is larger than the occupation probability in the valence band at

El (fc(E2) > fv(E1)). This condition, known as population inversion, is achieved only for

strong carrier injection into the active region yielding a shift of the quasi-Fermi levels Fc,

into the conduction and valence bands, respectively. The condition for stimulated emission

rs, > 0 reduces to

— F„ > E	 (2.2)

This is a necessary, but not sufficient, condition for laser action in semiconductors. In order

to achieve lasing the net stimulated emission rate must also be sufficient to overcome various

loss mechanisms in the device.

The total spontaneous emission rate, which occurs without external stimulation, is pro-

portional to the product of the electron concentration in the conduction band, N, with the hole

concentration in the valence band, Ph,

= BN Ph	 (2.3)

where B is a constant of the order of 10-1° cm3 s- 1 for GaAlAs and InGaAsP devices. For

undoped material N = Ph and the total spontaneous emission rate is proportional to N 2, which

is often denoted as bimolecular recombination. For a p-type material, for example, with a

doping level Pho one has Rsp = BN(N + Pho). In the case of low carrier injection (or high
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doping levels) such that N	 Pho the spontaneous recombination varies linearly with N with

a proportionally constant B PhO•

So far we have only considered radiative combination. Nonradiative recombinations also

exists in actual devices. For GaAlAs devices the nonradiative recombination is usually small

but for InGaAsP it has to be taken into account. The most probable process is an Auger

transition [21] involving four particle states (three electrons and one hole, two electrons and

two holes and so forth). The Auger recombination rate for lightly doped material can be

approximately written as

RAug„ = CN3	(2.4)

where the recombination coefficient C is if the order of 1 • • • 3 x 10-29 cm6s-1 . Auger recom-

bination exceeds spontaneous emission for CN > B which is verified for carrier densities

larger than 3 x 10 18 cm-3 . These carrier densities are required for laser operation, especially

at high temperatures. Therefore the large temperature dependence of the threshold current

for InGaAsP lasers is expected to be due to significant contribution of Auger recombination.

Other nonradiative mechanisms include recombination at defects and surface recombination.

In general terms, defects in a p-n junction produce a continuum of states in a localized re-

gion. Electrons and holes situated within a diffusion length from the edge of the defect may

recombine nonradiatively. In addition, in a injection laser a surface can be considered as a per-

' turbation of the crystal lattice, creating many dangling bonds that can absorb impurities from

the ambient. When modelling the semiconductor laser, the defects and surface recombination

are considered together with a recombination rate given by

Rd = A„N
	

(2.5)

with a typical value for An, of 1 x 108 s-1.

2.2.2 Gain and stimulated emission

The interaction of photons and electrons in the solid may be related to a macroscopic effect:

the amplification an optical wave if the stimulated emission is sufficiently large.

The emission rate considered in the previous section represents transitions between the

energy levels E l and E2. In a semiconductor there is a continuum of states in the conduction
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and valence bands. Therefore, the rate of stimulated emission Rs, is the integral of 7;0 over all

energy levels separated by E = hv

co
R 1 (E) = 1 B(E2, E)Pc(E2)Pv(Ei)[fc(E2) — fv(E1)]dE2	 (2.6)

If S is the number of photons in the laser cavity in one specific oscillation state, the net

stimulated rate which tells us how many photons are generated per unit of time per existing

photon, yields a generation rate of new photons dS/dt according to

dS

dt 
= R„S.	 (2.7)

The resulting stimulated gain coefficient relates to the stimulated emission coefficient Rs, by

[20]

gst — power crossing a unit area

= Rs,	 Rs,./.71.	
(2.8)

where vg is the group velocity, c is free-space velocity of light and j.z. is the group refractive

index of the material taking dispersion into account: ft = vdp/dv. Thus the factors

influencing the gain spectrum are the transition probabilities, the density of states and the

occupation probabilities. In particular, it follows from (2.2) that the gain is only positive for

photon energies less than the separation of the quasi-Fermi levels, F — F.

The calculation of gain coefficient requires knowledge of the transition probability B(E)

which determines the transition rate of electrons. B is expected to depend on various properties

of the system that relate the interaction of electrons in the solid with the electromagnetic

radiation. This requires the techniques of time-dependent perturbation , theory and the transition

probability is given by Fermi's "Golden Rule" [22, 23]. The actual calculations depend on

the k-selection rule used. For transitions between parabolic band states the initial and final

particles obey the k-selection rule, that is, the allowed transitions are between initial and final

states of the same wave vector k. In the lasing situation the high density of carriers (or high

doping levels) modifies the density of states by the creation of band-tail states [21]. For these

states the conservation of momentum is not satisfied, i.e., the k-selection rule does not apply.

For heavily doped semiconductors a sophisticated model of transitions involving band-tail
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states was developed first for GaAs by Casey and Stern [24] and later applied to 1.3 ktm by

Dutta [25]. Figure 2.2 shows the gain spectra for different carrier concentrations, as calculated

from the latter model. This data can be used to relate the gain and carrier density.

Figure 2.2: Calculated stimulated gain coefficient versus photon energy E = hv

A simple empirical formula for the gain is obtained by assuming a linear dependence on

electron concentration and a parabolic variation with wavelength

gst = a(N — Nom) —	 — 4)2	(2.9)

where b is related to the gain spectral width, Nom is the 'transparency' electron density (for

which gst = 0 at A = AO and a is the gain coefficient. A further refinement is to include the
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shift of peak wavelength with N in the form

Values of a = 2.7 x 10- 16 cm2, Nom = 1 x 1018 cm-3 and dA/dN = —2.7 x 10-17 nm cm3

were obtained by fitting equations (2.9) and (2.10) to measured gain spectra [26].

Confinement factor

The considerations so far have been for a bulk laser active material. However, the active region

of a double heterostructure laser is rather thin and the optical field is only partly confined to

the active region where positive optical gain exists. If the active region with thickness d and

refractive index A i is surrounded by heterolayers with refractive index /12 < Ai a dielectric

waveguide is formed. The fundamental mode of this waveguide will exhibit a gain

g = rg„	 (2.11)

where r is the confinement factor defined as the fraction of the mode power within the active

layer. For the symmetric three-layer waveguide and for a thin active layer the confinement

factor is approximately given by [22]

1r _

	

	 	 (2.12)
1 ± [2n- 2 04 — p,i)(dp.)21-1

for the predominantly TE-polarized mode. A typical active layer thickness of 0.1 ... 0.2 Am

thick and for P I 3.6, /1,2 3.4 and A = 1.1. ... 1.65 ,um yields a confinement factor

of r = 0.2 ... 0.6.

2.2.3 Lasing characteristics

Threshold conditions

In order to cause the gain medium to oscillate, regenerative feedback must be provided. The

simplest semiconductor laser structure employs a Fabry-Perot (FP) cavity formed by cleaved

facets at each end of the device. The high refractive index of the semiconductor (A = 3.5 for

InGaAsP) gives sufficient reflectivity Pe, 30% at the facets to produce a resonant cavity. The

threshold gain is defined as the gain required to sustain the optical field after travelling one
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round trip in the cavity. Assuming the optical gain is constant over the whole length of the

laser this leads to the condition

where Rli R2 are the facets power reflectivities, a, is the cavity loss per unit length and L is

the length of the cavity. Equation (2.13) yields the threshold gain as

1,	 1
go, = .a, — —

R2	
(2.14)

2L RI 

The second term is defined as the mirror loss a.. This equation shows that the gain per unit

length must be sufficient to cancel out the optical losses and the losses due to light emission.

Since the contribution of spontaneous emission in this simple analysis has not been considered,

the actual gain will be slightly lower than the threshold gain.

The concept of gain cancelling out the losses applies not only at the threshold current but

at all currents above threshold. However, as the current is increased saturation effects start to

reduce the gain in some parts of the laser compared with others, so that there is no longer the

exact balance between gain and loss at all points along the laser but the loop gain must still

be unity.

Dynamic characteristics

The description of laser operation is complete once the carrier density N is related to the

pump parameter, the current density J. This is accomplished through a rate equation that

incorporates all the mechanisms by which the carriers are generated or lost inside the active

region. The continuity equation which describes the rate of change of carriers in its general

form is
8 N

= D(V2N) — — )'(N)N— R„P	 (2.15)
at	 qd

The first term accounts for carrier diffusion, with D the diffusion coefficient. The second

term governs the rate at which the carriers, electrons of holes, are injected into the active layer

because of external pumping (q is the value of the electron charge). The third term takes into

account the carrier loss owing to various recombination processes: spontaneous emission and

non-radiative. A suitable form for the carrier recombination rate ye (N), for lightly doped
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InGaAsP, as described in section 2.2.1, is

Ye(N) =	 B N C N2 (2.16)

The last term of equation (2.15) is due to stimulated emission recombination that leads to

coherent emission of light. Depending on the device geometry, diffusion effects may be

neglected. This is the case for strongly index guided lasers [21] as discussed in section 2.2.4.

A corresponding rate equation for the photon density can be obtained from Maxwell's

equations using a classical approach [27, 20]. By a simple bookeeping of the supply, annihi-

lation and creation of carriers and photons inside the laser cavity, gives

in which the photon lifetime is defined by

r"--1 = v
g
 [a -I- —1 ln (RI I

R2 )]

	 (2.18)
P	 2L 

Equation 2.18 states that the rate of increase in photon density is equal to the photon generation

by stimulated emission FR.„P less the loss rate of photons —Phi, (as characterized by the

photon lifetime rp), plus the rate of spontaneous emission into the photon mode i3 Rsp , where

is the fraction of the total spontaneous emission coupled into the laser mode.

Equations (2.15) and (2.17) represent the basic relations for describing the dynamic char-

acteristics of laser diodes, as long as the noise sources may be omitted. Laser intensity noise

will be discussed in section 2.5.

2.2.4 Laser structures

Gain-guided and index-guided lasers

The carrier density required for laser operation is rather high. In order to achieve high carrier

densities at low currents it is necessary to confine the recombining carriers to as small a volume

as possible. The confinement of carriers perpendicular to the layer structure can be achieved

very effectively by the use of a double heterojunction. This structure provides a well defined

region, the active layer, where recombination occurs and the injected carriers are prevented

from travelling far to other regions by the potential barriers at the heterointerfaces. Laser
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performance is thus improved by confining the carriers to the active layer. Another effect

of the structure arises from the fact that the refractive index of the cladding layer is lower

than that of the active region, and this leads to good optical confinement of the laser mode.

For stable fundamental mode operation with a low threshold current, additional confinement

of the optical mode along the junction plane is required. Several laser structures realize the

lateral confinement in different ways. These can in general be classified into two groups:

gain-guided and index-guided and are shown in figure 2.3. In the gain-guided structure, the

current injection is restricted to a narrow region along the junction plane, where optical gain

exists. The width of the optical mode along this plane is mainly determined by the width

of the optical gain region, thus yielding a gain-guide. Since variations of the gain and the

refractive index are related to one another, a large gain corresponds to low refractive index

[20], the gain-guided mechanism is accompanied by an anti-guiding action with respect to the

refractive index. In index-guided lasers, a narrow central region of relatively higher refractive

index in the junction plane confines the lasing mode to that region yielding a waveguide not

only perpendicular to the active layer but also parallel to it. The index-guided lasers can be

divided in two subgroups, weakly and strongly index guided. In weakly index guided lasers,

the active region is continuous and an effective index discontinuity is provided by a cladding

layer of varying thickness. The laser structure is modified so as to introduce an effective

refractive index step ofi 10- 2, which is larger than the carrier-induced reductionr-s-, 5 x 10-3.

A number of structures, known as ridge waveguide, rib waveguide, piano-convex waveguide

and channeled-substract planar waveguide have been used [21]. A stronger lateral waveguide

is obtained in strongly index guided lasers employing a buried heterostructure (BH). The

active region is buried in higher bandgaps layers (e.g., InP) on all sides. The lateral index step

along the junction plane is ".• 0.2 in these structures which is larger than the carrier-induced

effects by two orders of magnitude. The BH structure, in addition, provides tight lateral carrier

confinement.

Because of the better lateral optical confinement index-guided lasers have lower threshold

currents which may be of the Order of 10 mA for tight optical and electrical confinement,

such as the BH-laser, compared with 100-150 mA for gain-guided. Also they are capable of

operating in the fundamental lateral mode up to high powers. The superior performance of BH-

lasers make them prime candidates for high-performance applications. However, bandwidth
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Figure 2.3: Cross section of three InGaAsP semiconductor laser structures: (a) Oxide-stripe
laser; (b) Channeled-substrate planar waveguide; (c) Etched-mesa buried heterostructure. The
active layer material (shaded area) has a smaller band gap and lower refractive index than the
surrounding cladding layers.
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limitation due to parasitics is a problem in BH-lasers, particularly for high speed modulation,

such as microwave applications. This subject will be further discussed in section 3.5.

DFB lasers

In a Fabry-Perot laser the feedback is provided by the facet reflections whose magnitude

remains the same for all longitudinal modes. The only longitudinal-mode discrimination is

provided by the gain spectrum itself which is usually much wider than the mode spacing. As

a result the mode discrimination is poor. This means that there are several modes exhibiting

a gain only slightly smaller than the threshold gain of equation (2.14). Therefore, even if

the laser is single-mode in CW-operation, such as the strongly-index guided laser, it may

exhibit a multimode spectrum under modulation. In distributed feedback lasers (DFB) the

mode selectivity is improved by making the feedback frequency dependent so that the cavity

loss is different for different longitudinal modes. This is achieved through the use of a grating

etched so that the thickness of one layer (in the heterostructure) varies periodically along the

cavity length. This leads to a periodic perturbation of the refractive index which provides

feedback by successively reflections of an optical travelling wave in the opposite direction.

Mathematically, the reflection at the grating is considered by means of coupled wave equations.

This analysis takes into account the coupling between forward and backward travelling waves

[28] by introducing a coupling factor K that determines the amount of feedback due to the

grating structure. The threshold gain may be expressed in a similar way as for the Fabry-Perot

laser

grit = am ± as	 (2.19)

with the scattering loss as as in (2.14) and am is the cavity loss accounting for the power leaving

the laser cavity. It has been shown that a DFB laser with a coupling strength of KL = 2 (L is

the cavity length) has the same threshold gain as a FP laser with facet reflectivities R = 0.25

[29]. The DFB laser may then be described by the rate equation approach derived in section

2.2.3. In fact the rate equations (2.15) and (2.17) are adequate for single-mode lasers but only

describe the general behaviour of a multimode laser. These should be modified if phenomena

such mode hopping and mode partition noise is to be studied [20, 21].
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2.3 Single-mode rate equation model

2.3.1 Rate equations

The single-mode rate equations were introduced when discussing the dynamics of the semi-

conductor laser in section 2.2.3. Neglecting carrier diffusion these equations are:

dN J
= — — R,,,P — YeN

dt qd

d P	 - 1
.[rRs, — HP ± fir RsPdt	 rP

(2.20)

(2.21)

where Rs, is the rate of stimulated emission at the peak value of the gain since the longitudinal

mode closest to the peak gain reaches threshold first. Using a linear approximation (section

2.2.2), we get

Rs, = go(N — Nom)	 (2.22)

with go = ac/p,. The other symbols were introduced in the previous section. The effect of

carrier diffusion and nonlinear gain will be discussed in the next section, Rs, will then then be

modified accordingly.

These rate equations are sometimes written in the simple form [30, 31, 32,

dN	 J	

V

33]

d P

irsR" P —

P ± pr —N
rs

(2.23)

(2.24)

dt = qd —

[‘
rRst — —1

r Pdt =

where r, is the spontaneous recombination lifetime. These equations are obtained based on

the following approximations:

where the internal quantum efficiency, rib represents the fraction of injected carriers that

recombine radiatively and generate photons given by the ratio of radiative to the total recom-

bination rates. Strictly, equations (2.23) and (2.24) are valid for high doping levels compared

to the injection levels (Rsp oc N), as discussed in section 2.2.1, and when Auger recombina-
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tion may be neglected in which case n i (Nth ) 1. The reasons for using the set of equations

(2.23)-(2.24) are twofold. First, much of the work on laser nonlinear distortion modelling has

been done using these equations [14, 15, 34]. Secondly, equations (2.20)-(2.21) are already

a simplified model of a complex device, the semiconductor laser. Further simplification is

justifiable if they do not lead to appreciably different results. It is not clear at the moment

whether this is the case since the approximations involve neglecting a nonlinear dependence

of the carrier recombination rate on the carrier density. If, however, ; is taken as the inverse

of the carrier recombination rate at threshold ri- 1 = ye (Nth ) the results obtained do not differ

significantly, as shown in the next chapter, due to the carrier clamping effect above threshold.

Although these equations may be slightly inaccurate below threshold they still provide a gen-

eral description of the laser behaviour in this region. Whenever necessary we will refer back

to equations (2.20) and (2.21).

Equations (2.20) and (2.21) describe the laser dynamics in a most basic manner. More

detailed explanations of laser modulation can be obtained by addition and/or modification of

the terms in these equations. Although extensively used the rate equations (2.20) and (2.21) are

approximate equations that do not take into account the fact that the light actually propagates

and bounces back and forth inside the laser cavity. The analysis of laser kinetics involving

the coupled rate equations [35] leads to the conclusion that in the simple rate equations (2.20)

and (2.21), N and P should be understood as spatially average quantities; they are valid if the

electron density is uniform along the cavity length which holds for reflectivities larger than

0.2 [36, 35]. Common InGasAs Fabry-Perot lasers have a reflectivity of about 0.3 and are thus

well within this limit. Another factor that can render the spatially uniform assumption invalid

is when fast phenomena occurring on the time scale of the cavity transit time are considered.

In the semiconductor laser the cavity length is typically 300 p.m corresponding to a transit time

of about 3.5 ps. The usual rate equations are therefore not applicable in describing phenomena

shorter than about 5 ps or at modulation frequencies higher than 60 GHz.

2.3.2 Influence of carrier diffusion and nonlinear gain

As will be shown later, the laser exhibits a resonance in its modulation response. Several

mechanisms are responsible for the damping of the resonance peak, one of which is the spon-

taneous emission factor /3. It has been shown [35] that lasers with a tight optical confinement
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in the transverse direction (strongly index-guided), such as the buried heterostructure, have

a high value for /3 and consequently have a relatively weak relaxation oscillation. However,

typical values of /3 around 10-4 are not sufficient to explain the damping observed experi-

mentally. Therefore other mechanisms must be involved, and these include carrier diffusion

and gain nonlinearities due to spectral hole burning, which can not be explained by the rate

equations. (2.20) and (2.21).

Lateral carrier diffusion

Tucker has shown [37] that a narrow strip laser, of width w, with strong carrier confinement

with an effective diffusion length Leff > w, which has a nonuniform electron density, can

be reduced to an equivalent laser with uniform electron density but exhibiting optical gain

saturation or compression. The gain may be written as

gst = a(N — Non,)(1 — 6 P)

where e is the gain compression factor given by

(2.27)

(2.28)

Assuming Leff = 3 Am, rs = 2ns, r 0.2 and go = 2.2 x 10- 1 2 m3s-1 yields

E = 5.4 x 1024m3 (2.29)

Nonlinear gain

The nonlinear gain may be understood as the gain difference between the gain at threshold,

above which the carrier density should be clamped, and the actual gain under lasing conditions.

For dynamic single-mode lasers (e.g. DFB lasers) spectral hole burning is an important

phenomena responsible for the saturation of the dominant mode. To explain this effect consider

a laser diode with nearly single-mode emission. The emission wavelength Xo(vo) corresponds

to a stimulated emission transition from the conduction band to the valence band with hvo =

E2 — El (figure 2.1). The electron state 2 will then be depleted and the gain at the frequency 1)0

is reduced, yielding a gain depression around X = X 0. Spectral hole burning has been shown •
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to be stronger for InGaAsP than for GaAs. In Reference [38] a factor of 4 has been reported.

Although the hole burning itself is relative weak small variations of gain affect considerably

the dynamic characteristics and so gain suppression should be considered.

In [20] it is shown that equation (2.27) is also adequate for describing gain compression

due to spectral hole burning. For InGaAsP lasers E is now of the order of

= 1 x 10-23 .io x 10 23 m3	(2.30)

which is higher than the gain compression due to carrier diffusion as given by equation (2.28).

The influence of carrier diffusion on laser dynamics is thus relatively low for very narrow

stripe lasers. In any case the two effects can be included in the single-mode rate equations in

the form of a gain compression. The rate equations (2.23) and 2.24) with gain compression

in the form given by equation (2.27) will then constitute the basis for our laser modelling.

2.3.3 Steady-state characteristics

When a 'de current is applied to the laser, after some possible transient effects the laser will

reach a steady-state in which fluctuations of the electron and photon densities are eliminated.

Then dN/dt = 0, dP/dt = 0 and the steady-state populations No and P0 are reached.

Neglecting gain compression the rate equation (2.21) yields the following photon density

r Rsp(No) 
Po =

	

	 (2.31)
1/r1, — F Rst(No)

This equation states that the spontaneously emitted photons provide the noise input that is

amplified in the presence of gain by the injected carriers. It is important to note that R.,,(N0)

cannot equal or be greater than 1/r,, because the photon density would be infinite negative.

This means that the required optical gain is slightly below the cavity loss and approaches

its asymptotic value 1 /rp as the output power increases. The carrier density at threshold is

defined as the value of N for which the gain equals the loss

Nth = Nom+ llrgOrp	 (2.32)

If the injection current is not sufficient to yield this required gain, then the photon population

must be very low. The threshold current may be estimated from (2.20) with N = Nth and



P =	 — I(h)
qV

(2.34)

•Chapter 2. Semiconductor laser modelling	 23

P = 0. Neglecting spontaneous emission we get

1th = '7 1 NthYe(Nth)	 (2.33)

V being the cavity volume. The threshold current is required to obtain the threshold electron

density Nth and any further current does not yield a further increase in the electron density, so

that N may be considered to be clamped at Nth for I > Ith. Therefore, any injected electrons

above threshold must contribute to the stimulated emission. The internal quantum efficiency

must be very close to unity and the photon density becomes proportional to (I — Ith)

The quantity of interest, the optical power emitted from each facet, may be obtained from the

photon density by noting that photons escape the laser cavity at a rate ugam

hvvgani V P
Pout — 

	

	 	 (2.35)
2r

viidhvP
(2.36)

where h is Planck's constant and lid is the differential quantum efficiency defined as

TI
2.4 Numerical solution of the rate equations

2.4.1 Normalization

2s
rld =	 ln

[1 + 	
ot L 

(l/RIR2)
(2.37)

In this section some solutions of the rate equations are discussed. It is convenient to normalize

the various quantities in the rate equations (2.23) and (2.24) as follows:

t t/; (2.38)

13 = go t s P (2.39)

n = gorpN (2.40)

nom = got pNom (2.41)

j = gors rp (J/qd) (2.42)

8 = EAgors) (2.43)



Y = ;it!) (2.44)

j — n — (n — nom)(1 — €12)P
	

(2.45)

y [(I (n no„,) (1 — cp) — 1) p + '18n]	 (2.46)

dn

dt =
dp

dt =
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We use the same letter t for the time variable but it is supposed to be a normalized variable

is given by (2.38) when used in conjunction with the normalized variables n, p and j.

Accordingly, equations (2.23) and (2.24) become

In terms of the normalized variables the steady-state solution corresponding to equation (2.31)

becomes
f3no

Po— 1/ r + nom — no

and the current and carrier population at threshold are

(2.47)

ith nth = 1/ + non,	 (2.48)

2.4.2 Steady-state solution

The numerical solution of the steady-state rate equations will now be considered. Eliminating

no in equations (2.45) and (2.46) with dnIdt = 0 and dpIdt = 0 a third-order polynomial in

po is obtained

481 r +	 + (Jo — (1 — fi)non,)s] p+ [1/	 jo ± (1— fi)nom]Po — jo/3 = 0 (2.49)

which gives the dependence of po with device current Jo. Numerical results give three solutions

with only one being physically meaningful. Once po is found, no can be determined by the

relation

no — 	 	 (2.50)

Figure 2.4 shows the carrier density noln,h as a function of jot jth for a 1.3 pm InGaAsP

laser with /3 = 10-4, F = 0.4, c = 6.25 x 10-3 and no. = 2.4 [31]. It is clear that when

j = ith the normalized density no is close to its asymptotic value. The variation of the photon

density with j is shown in figure 2.5. Near threshold there is a rapid increase in the photon

density. This sudden change indicates the stimulated emission has taken over the spontaneous

emission. The sharpness of the transition, however, depends on fi being sharper for lower
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Figure 2.4: Normalized steady-state electron density as a function of current density.

00	

Figure 2.5: Normalized steady-state photon density as a function normalized current density
for two values of /3. Above threshold po is a linear function of Jo
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values of /3. Comparing figures 2.4 and 2.5 it is seen that when the gain is close to the loss a

small change in n can nonetheless produce a large change in p.

2.4.3 Transient response

Transient phenomena occur because of the time required for the electron and photon popu-

lations to come into equilibrium. Theoretical analysis shows how the large signal switching

speed can be related directly to the small-signal bandwidth [32]. The rate equations can be

used to model large-signal dynamic response but the complexity of this task often requires a

numerical solution. Figures 2.6a and 2.6b show the transient response of a 1.3 Am BH laser

to a current step. The laser parameters as in the previous section were taken from Reference

[31]. The significance of the gain compression term of the laser response is also illustrated in

figure 2.6b, which shows the laser response when gain compression is neglected.

These figures indicate that as the current initial value 411 is increased, the turn-on delay

td, is reduced and the amplitude of the oscillations become smaller. If 41! is well below

threshold the electron density is much smaller than the threshold density Nth and the photon

density is small. The carrier density then satisfies the rate equation

dN I

dt	 Ye(N)N	
(2.51)

The delay time depends on the functional form of the recombination rate Ye (N). In the presence

of Auger recombination ye is a second-order polynomial and a closed form expression for td

is difficult to obtain. In the simple approximation where ye is constant the result is [39]

td = Ts ln 
C

I

on — 

Ioth

ff)

on — I
(2.52)

In [40] an analytic expression for td is given when ye = B N. This turn-on delay on the

order of several nanoseconds, may be avoided if the laser is biased above threshold. In this

case the turn-on time ton is defined as the time required for the photon density to reach the final

value P0,, (figure 2.6b). Neglecting spontaneous emission (3 = 0) and gain compression,

which is valid for low and moderate output power, the turn-on time is [41, 32]

ton = 4jr 
In 

f_z_sp \-1 12/

w0 L Poff
(2.53)
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Current Step Transient Analysis

Current Step Transient Analysis
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Figure 2.6: Laser large-signal turn-on response to a current step at t = 0 with 100 ps rise time
and an amplitude of 21th• (a) /off/hh = 0.98, (b) /offfith =-- 1•1



(2.56)

(2.57)

Chapter 2. Semiconductor laser modelling	 28

with

g0 f p	 (2.54)= —2-rp k . on — Poff)

being the relaxation resonance frequency at the on level. Usually, Pon >> Poff so that wo can

be approximated by

COO = go Pon rp	 (2.55)

For a relaxation resonance coo/27r = 5 GHz and an on-off ratio P01 P011 = 10, one obtains

ton = 70 ps, which shows that low switching times are attainable if the laser diode is biased

above threshold.

2.5 Intensity noise characteristics

In subcarrier multiplexed applications there are two important sources of noise that originate

at the laser: relative intensity noise (RIN) and intermodulation distortion. The latter will be

considered in the next chapter. Intensity noise embedded in a received signal directly degrades

signal quality and thus system performance. An analysis of RlN is therefore required and will

be here given.

2.5.1 Langevin formulation

At the most fundamental level, the origin of the laser intensity fluctuations lies in the quantum

nature of the lasing process itself. An adequate description of this phenomena requires a

quantum mechanical formulation of the rate equations [42, 43, 44, 45]. In the semiclassical

approach, fluctuations arising from the spontaneous emission process and carrier-generation-

recombination process are incorporated into the single-mode rate equations by adding a

Langevin noise source [46]. Equations (2.20)—(2.21) then become

dN

=	
RsiP — YeN FN(t)

dt 	 qd —

dP = [rgo- 1
d	

+ firgsp+Fp(t)
t

In the presence of Langevin noise sources, N and P become random and these equations

are called the stochastic rate equations. Physically FN has its origin in the discrete nature

of the carrier generation and recombination process (shot noise) whereas Fp arises from
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spontaneous emission. Assuming the correlation time of the noise sources is much shorter

than the relaxation times r p and ye-I the Langevin noise sources satisfy the general relations

[46, 47]

< Fp(t)F0 + T) > = -2131?4,(No)P08(t) (2.58)

< FN (t) >= 0,

< FN (t)FN (t ± r) >

< F p(t) >= 0

=	 2(13 Rsp(No) Po 1 r + Ye (NO)NO/V)(5(t)

(2.59)

(2.60)

< Fp(t)Fp(t ± t) > = 213r Rsp(No)P0S(r) (2.61)

where <> denotes ensemble average and No and P0 are steady-state average values of the

carrier and photon populations.

2.5.2 Intensity noise definition

The emitted optical power is assumed to exhibit noise, so that the time dependent photon

density around the steady-state value Po is

P(t) =< P(t) > +8 P (t)	 (2.62)

For a stationary signal P0 =< P(t) > is time independent and < S P(t) >. 0. The intensity

noise at a given frequency is characterized by the relative intensity noise (RIN) defined as

R IN = SP(w)	 (2.63)
Pi

where Sp (co) is the spectral density of the random process 3 P (t)

co
S p (co) = i < 8 P (t ± r)813 (t) > Cia' dr	 (2.64)

-00

2.5.3 Analysis of RIN using the stochastic rate equations

In the small-signal analysis the rate equations with Langevin noise sources (2.56)-(2.57) are

perturbed by a small amount SN and SP around the stationary values P0 and No. The rate

equations are then linearized by neglecting the quadratic and higher powers of SN and SP

which gives



dt
d(8 P)

dt

(2.70)

(2.71)
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d(31n1)
_ rNsN — (Rsco+ Rst,P PO) SP + PA! (t)

— r p813 + r (Rst,NP0+ fiRsp,N) sN + Fp(t) 	 (2.66)

In obtaining the above equations the variables Rsi (N, P), R(N) and ye (N) are expanded in

a Taylor series

Rst(N , P) = Rsco Rst,N8N Rs1, p8P	 (2.67)

R(N) = Rsp,0 RspdAN	 (2.68)

Ye(N) = Yco + Ye,NSN	 (2.69)

where the notation Yo,N(P) aYa(N, P)/aN(P), 174,0 = Y0(NO2 130), has been used and

(2.65)

rN = Ye,0 Ye,N NO ± Rst,N PO

r, = r (PRsp,01P0 Rst,PPO)

are the small-signal decay rates of the photon and carrier populations, respectively. The

solution of the linear set of equations (2.65)—(2.66) for the Fourier component 3P (co) is

(ice) + rN)frp + (Rst,N PO + rfiRsp,N) 'frAr 
(2.72)

3P(w) — (icy + r p)(iw +rN)+ (Rsi,N Po + r fiR„,N)(Rsco + Rst,P PO)

from which the spectral density may be calculated by the relation

Sp(co) .< I3P(co)12 >	 (2.73)

Substituting equation (2.72) in (2.73) and using the relations (2.58)—(2.61) we obtain

215 Rsp,o{(w2 r2or + iqt,N POW r + Ye,oNo 13 Rsp,oPoV)]
RIN

Po [(co2 — (4) 2 + co2 (r N + rp)2]
(2.74)

where

(002 = (Rst,N PO + r 13 Rsp,N)(Rst,0 Rst,P PO)	 (2.75)

(1 + rgoNomr„)(10 _1)
rs rp	 th

(2.76)

Figure 2.7 shows the intensity-noise spectra at several bias currents for a 1.3 jim InGaAsP
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Figure 2.7: Relative intensity noise spectra at several bias currents: (1) '011th	 1.5, (2)
lo/ Ith = 2, (3) id /th = 3. Laser parameters taken from Reference [31].

laser. The intensity noise is seen to peak at the resonance frequency coo. Away from the

resonance and at low power levels RIN decreases according to RIN cc PO or R IN cc

(Jo — 4)-3. At higher bias levels RN varies more slowly approaching the (Jo — ithri

dependence.

2.5.4 Requirements of RIN for intensity modulated systems

Consider an analogue sinusoidal modulation with amplitude Pi and average value Po: P (t) =

Po ± P1 sin(23rf t). The noise is superimposed in the signal and a signal/noise ratio for a

modulation bandwidth Af may be defined as

P?/2	 m2p2	 m2
SNR =

	

	 (2.77)
< BP2 > 2 < 8/32 > RINLV

with m = Pi / Po the optical modulation depth. An improved SNR ratio is obtained with

increasing modulation depth m. The maximum value for m will be limited by nonlinear

distortion (chapter 3). Assuming a high quality TV (AM) transmission with a signal/noise ratio

of 56 dB (electrical dB after the photodetector, SNR = 1056m), m = 0.08 and Af = 5 MHz

this yields a RIN = —145 dB/Hz. As seen in the previous section RlN is bias dependent and

peaks at the resonance frequency. However, such a value for RIN is a stringent requirement
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for laser diodes. Moreover RIN can be increased significantly in the presence of reflections,

from fibre discontinuities (fibre connectors/splices), back to the laser or by multiple reflections

between fibre discontinuities [48]. These phenomena can increase RI:N. 1)y 10-20 dB, and so

in analogue intensity modulated systems care must be taken to minimize these effects.

2.6 Summary

In this chapter the laser model, which Will be used in subsequent chapters, was examined in

some detail. The basic principles of laser diode operation were first presented. The radiative

and non-radiative recombination mechanisms inside the laser cavity were discussed and the

optical gain (stimulated emission) was related to the carrier density. The laser dynamic char-

acteristics were then examined and the important aspects of laser structures were addressed.

It was seen that the model should strictly be applied to strongly-index guided single-mode

lasers. The model, can however, be applied to predict the general behaviour of multimode

lasers. This model was further refined by considering gain compression. It was shown that

carrier diffusion in strongly-index guided lasers and symmetric nonlinear gain (spectral hole

burning) in dynamic single-mode lasers are some of the physical phenomena responsible for

gain compression. Its effect on the transient response was noted. In the next chapter it will

be shown that gain compression is an important factor in determining the damping of the

relaxation oscillation resonance.

Finally, it was shown that laser relative intensity noise, due to spontaneous emission

and the discrete nature of the carriers, is an important source of noise in analogue intensity

modulated optical systems. To account for this noise in our model the rate equations have

to be modified by the introduction of Langevin noise sources. An analytic procedure for the

calculation of PIN from the stochastic single-mode rate equations was outlined which shows

that RIN peaks at the resonance frequency and decreases with increasing bias level. Typical

requirements of RIN for intensity modulated systems was also discussed. Another source of

noise of great importance in subcarrier multiplexed systems is intermodulation distortion due

to laser nonlinearity which will be discussed in the next two chapters.



Chapter 3

Nonlinear distortion in semiconductor
lasers

3.1 Introduction

The direct modulation of the semiconductor laser is very attractive for the conversion of

electrical analogue signals to optical. The reasons are its simplicity and the possibility to

extend this conversion process to the microwave region. However, since the laser dynamics

described by the rate equations are intrinsically nonlinear, harmonic and intermodulation

distortion occurs during this process which limits system performance. Modelling of the

semiconductor laser diode in such a way as to render tractable the accurate computation of

intermodulation products (IMPs) is thus of importance for the design and dimensioning of

such systems. In section 3.2 the impact of the intermodulation distortion in typical SCM

systems is assessed and the origins of laser distortion will be presented in section 3.3. The

frequency modulation characteristics of the laser diode will be first discussed (section 3.4)

as they are intimately related to the nonlinear distortion. The same mechanism responsible

for the intrinsic nonlinearity also gives rise to a resonance in the small-signal response. This

is complemented by measurements of device characteristics using a commercially available

laser diode. Model parameters are also extracted by fitting the measured data to the simulated

results. In section 3.6 analytic techniques for the analysis of laser distortion based on the

rate equation model will then be discussed. Perturbation analysis has been applied to the

single-mode rate equations to obtain approximate expressions for second order IMPs and

third order IMPs of the type 2fi — k [14, 15]. Here the perturbation technique is extended

to include the three-tone IMPs of type fi + k - fk which dominate for a large number of

33
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channels. The technique is then applied to assess laser nonlinear distortion. An alternative

analytic approach has been reported [49] offering simple results accommodating an arbitrary

number of carriers, although computational results have not been presented. In section 3.6.2

we extend this analysis to allow for laser relaxation resonance effects and show that to predict

adequately the second order distortion a modified analysis must be used [17].

3.2 Intermodulation distortion in SCM systems

In subcarrier multiplexed systems the various electrical subcarriers are combined and used to

modulate the laser diode. Because a semiconductor laser is a nonlinear device the various

subcarriers are mixed within the laser cavity to form intermodulation products. Second and

third-order distortion products are generated by every combination of two and three input

frequencies, respectively. The interference resulting from source nonlinearity then depends

strongly on the number of channels and the distribution of channel frequencies. Let us consider

transmission of three channels (figure 3.1) with subcarrier frequencies fi, f2 and L. The third-

Figure 3.1: Intermodulation products and harmonics generated by a three-tone modulation of
a laser diode.

order intermodulation distortion products (IMPs) at frequencies fi + f — fk and 2f; —

will certainly lie within the transmission band leading to interchannel interference. For a N

channel system with uniform frequency spacing the number of IMPs r /4 and	 of type
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2f; — fi and fi + fi — fk , respectively, coincident with channel r are given by [50]

IM	
1

= —
2 

IN —2— —
1 

{1 — (-1) N (-1)1 I	 (3.1)
2

1	 1
=	 r 1) -I- [(N — 3)2 —5] — [i (_ 1)N] (_1)N	 (3.2)

2

Figure 3.2 shows the total number of third-order IMPs as a function of channel number

each curve representing a different number of channels. For large N, r IlWri r approaches the

asymptotic value of 3N 2/8 for the central carrier. For SCM systems occupying a bandwidth

of more than one octave, the second-order nonlinear distortion will also have to be considered

in which the most important terms are of type fi

Figure 3.2: Total number of third-order intermodulation products as a function of channel
number with the number of channels, N as a parameter.

Table 3.1 compares the number of IMPs and the linearity requirements of typical demon-

stration SCM systems [51, 2, 52, 3, 53]. Given the number of distortion products and the

required carrier-to-noise ratio (CNR) the maximum magnitude of each type of product can be

obtained. These numbers, which include a 10 dB margin, should be understood as an estimate

because they not include the frequency dependence of the distortion. For directly modulated

AM systems the relatively number of second-order products are generally more troublesome

than the higher number of third-order products due to their higher amplitude. Also the high
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CNR required, 50 dB, compared to 17 dB of the bidirectional and FM systems, imposes greater

restrictions on laser linearity. It will be seen in the following chapters that laser distortion

peaks at the resonance frequency and so AM systems should operate at low frequencies where

the linearity is greater.

Bidirectional
System (FSK)

FM Video AM-VSB Video

# channels 8x180 Mb/s 60x30 MHz 42x4 MHz

Bandwidth (MHz) 280 30 4

Freq. Range (GHz) 2.5-5.0 2.4-4.8 0.05-0.40

Max. Product Count

fi ± f; 0 0 27

fi ± L ± L 15 1276 576

CNR Required (dB) 17 17 50

Linearity Required (dB)

fi±k - - -74

fi ± k ± fk -39 -58 -88

Table 3.1: Linearity requirements of typical subcarrier multiplexed systems.

3.3 Origins of laser nonlinear distortion

In the semiconductor laser, distortion can be divided in two types: static and intrinsic dynamic

nonlinearity. Usually one type of nonlinearity is dominant depending on the system frequency

range of operation. For low modulation frequencies, below a few hundreds of megahertz,

distortions are introduced mainly due to the imperfect linearity of the static light-power versus

current (L-I) characteristic. This nonlinearity can be caused by leakage currents [21, 54] and

is usually modelled using a power series expansion of the laser curve around the bias point

[3]. The optical power of a second and third-order IMP relative to the fundamental carrier

are then proportional to (d2L/d 12) and (d3 L/d 1 3), respectively. The leakage current effects

can also be included in the rate equations by making the current through the active layer
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a nonlinear function of the total injected current. This requires accurate modelling of the

electrical equivalent circuit of the laser chip [4, 55]. The advantage is to have a complete

model which includes both static and dynamic nonlinearity.

With increasing modulation frequency the distortion increases rapidly caused by the non-

linear interaction between the photons and the injected carriers. This same nonlinear coupling

is responsible for the relaxation oscillation resonance and so this distortion is denoted as in-

trinsic dynamic distortion or resonance distortion. This effect is well described by the rate

equations as given in the previous chapter. Using a small-signal analysis of the rate equations

(section 3.6.1) Lau and Yariv [14,56] have calculated the two-tone third-order IMPs 2 f, — h.
Their results were later extended to InGaAsP lasers [15] and measurements have been given

that show good agreement with theory [16]. The results given are however restricted to two

closely spaced microwave carriers. However, as shown previously, for a larger number of

channels the three-tone !MN fi — fk are dominant. Analytic techniques are therefore

required that enable us to assess these distortion products for an arbitrary number of channels.

Here the perturbation technique will be extended to include the three-tone distortion prod-

ucts. A reported alternative technique based on the expansion of Bessel functions will also be

considered [49].

Recently it has been shown that spatial hole burning in DFB lasers may play an important

role in determining the nonlinear distortion at low frequencies [57]. Spatial hole burning

is caused by the coupling between the DFB grating and the active region creating a non-

uniform distribution of the light intensity along the laser axis, which is power dependent [58].

This effect has been shown to be responsible not only for an additional nonlinearity of the

laser curve but also for the gain and loss (threshold gain) above threshold becoming power

dependent [59, 60]: that is modulation of the photon-lifetime, rp , occurs. The single-mode

rate equations are then modified by the introduction of additional gain and loss suppression

factors in a similar way as has been done in section 2.3.2 for the case of spatial hole burning.

These factors however are themselves power dependent, resulting in additional distortion. For

directly modulated SCM systems operating in the high frequency region (> 1 GHz), such as the

FM systems, only the intrinsic dynamic nonlinearity of the laser needs to be considered since

it is the dominant nonlinear mechanism. For directly modulated lasers at frequencies operated

by AM systems (table 3.1) leakage current and SHB should be considered, by modification of



Chapter 3. Nonlinear distortion in semiconductor lasers	 38

the single-mode rate equations. Finally, if the L-I nonlinearity is eliminated and the dynamic

resonance frequency is infinite, then the allowed modulation depth is limited by clipping.

Below the threshold current the light output is zero and larger excursions in the modulation

current produce distortion which limits the modulation depth per channel to about 5% for a

carrier-to-noise ratio of 55 dB [61].

3.4 High-frequency modulation characteristics

The same mechanism responsible for the intrinsic nonlinearity also gives rise to the relaxation

oscillations of figure 2.6. Since the photon and carrier lifetimes differ by about three orders

of magnitude (rp < rs), considerable oscillation occurs. These oscillations set an upper

limit for the modulation bandwidth of semiconductor lasers. Here the important small-signal

characteristics of directly modulated lasers will be discussed and in section 3.6 these will be

related to the laser nonlinear distortion.

3.4.1 Small-signal response

The small-signal response can be obtained from the the normalised single-mode rate equations

(2.45)—(2.46). A laser diode is considered with a sinusoidal modulation of the injected current

around the bias level Jo according to

i(t) = Jo + pehot	 (3.3)

where co = 27f is the angular frequency. Note that since t is here normalised by rs , co must

also be normalised relative to 1/rs. Under the small-signal condition CI' < Jo) the rate

equations may be linearized and the electron and photon densities also vary harmonically

n(t) = no + nweia'	 (3.4)

p(t) = Po + pwe iwt	 (3.5)

The laser response is conveniently described by the transfer function H1 (w) defined as the

ratio of the photon density pa  to the perturbed current fa'• After substitution of (3.3)—(3.5) into

(2.45)—(2.46) and solving for the ratio p ) /J& the transfer function H1 (w) can be expressed
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approximately as [32]

HI (co) 	 Y(1 — epo)po 

Hi (0)	 (icv)2 ico (y rAbh/Po + YePo)+ Y( 1 — epo)po

1

coy co
 +— +1

wo	 cod

Important parameters can now be identified, such as coo the relaxation oscillation frequency,

the damping frequency cod and the damping coefficient S which completely determine the laser

modulation characteristics

In order to obtain a large modulation bandwidth the relaxation resonance should be as large as

possible which may be achieved for large po• For sufficiently large photon density the damping

Figure 3.3: Small-signal transfer function of a ridge-waveguide laser [31], with coo/cod as a
parameter.

frequency is nearly independent of Po since the damping coefficient becomes 8 	 yepo
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yielding for cod

cod = 1/6	 (3.11)

Figure 3.3 illustrates the general form of the transfer function against frequency with coo/cod

as parameter. The frequency of the resonance peak is co,, the height of the peak is Mp

H1 (cop)1H1 (0) and the 3 dB roll-off frequency is co_3,113. At low and moderate output power

levels wo/cod < 0.5 a resonance peak occurs at cop coo. With increasing coo/cod this resonance

peak is less pronounced and disappears at coo = ifcod. At this point, co_ 3do saturates at its

maximum value of ifcod yielding a maximum flat response (second-order Butterworth).

Further increase in coo slowly decreases co_3do resulting in a —3 dB-bandwidth of co_3d5 = cod.

The maximum achievable bandwidth is therefore ifcod.

3.4.2 Relaxation oscillation damping

The damping coefficient 8 controls the damping of the resonance. If the damping coefficient

is small the height of the resonance peak is large and the frequency cop is close to COO.

the damping coefficient is large the height of the peak is reduced and cop 0 coo. The first

term in the damping coefficient yrfija,/po arises from spontaneous emission and the second

term yepo from gain compression. Figure 3.4 shows the magnitude of the peak height Mp

as a function of bias current for a InGaAsP ridge-waveguide laser [31]. At low bias (low Po)

the resonance peak is small due to the dominant spontaneous emission term in the damping

coefficient. For bias currents above lo/

gain compression. In between, a maximum enhancement of the relaxation oscillation occurs.

Also shown in figure 3.4 is the peak height for zero gain compression (e = 0). At high bias

Mp now rises to a value of 25 dB indicating that gain compression is an important factor in

determining the damping of the laser resonance.

3.4.3 High frequency limits

The ultimate modulation bandwidth of a laser diode is limited by the damping frequency

when driven considerably above threshold. According to 3.11 and in terms of unnormalised

variables we get

Ith =- 1.2, the peak height decreases due to increasing

go
cod = — (3.12)
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Figure 3.4: Magnitude of the resonance peak height (Me) for a InGaAsP ridge-waveguide
laser

This equation represents a fundamental limitation for laser diode modulation, since it involves

only material properties of the laser active region. Assuming go = 2.9 x 10 -12 m3 s-1 and c =

2.5 x 10-23 m3 [33] equation (3.12) yields

Id = wd/27r 18 GHz	 (3.13)

which represents an estimate for the maximum modulation frequency of dynamic single-

mode lasers. Modulation bandwidths of about 13 GHz have been obtained for DFB lasers

[62]. Larger bandwidths may be obtained for a lower gain compression which may occur for

multimode lasers [63]. Another possibility is the increase of go by operating the laser diode

at low temperatures [30] or by using quantum well laser structures [21].

3.5 Laser.characterization and extraction of model param-
eters

So far the problem of modelling the semiconductor laser has been addressed and its modulation

characteristics have been given. An important aspect is the extraction of parameters capable

of predicting measured data. Laser parameters are commonly extracted from the small-signal
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frequency response [31, 33, 48]. Here parameters will be obtained for a 1.3 m multimode

laser diode (Ortel 1510B) designed for microwave applications. If the package and chip

parasitics are small enough to not become band-limiting, only the intrinsic laser diode model

need be used. The laser is specified to operate above 6 GHz and at these frequencies the

parasitics have to be considered.

3.5.1 Package and chip parasitics model

When dealing with high frequency electronics the frequency limits are usually established by

the parasitics elements. It is then required to know whether the laser modulation characteristics

are due to the laser alone or due to the parasitics elements. For this one must treat the laser

as an electrical element and establish an equivalent circuit for it together with the parasitics

elements. Characterization of an electrical network at high frequencies is usually done with

S-parameters.

Let us consider the equivalent circuit of the intrinsic laser diode. The elements of laser

equivalent circuit are derived from the rate equations augmented by the heterojunction voltage-

current and space-charge characteristics. The resulting equivalent circuit is a parallel RLC

resonant circuit [64, 31]. The carrier density and quasi-Fermi levels are clamped above

threshold which manifests in the equivalent circuit as an "ac" short and no voltage can develop.

The magnitude of the impedance of the entire circuit IZ(co)1 is therefore essentially zero at

all frequencies except near the relaxation oscillation resonance, where its value does not

exceed ',se. 1 E2. For deriving the relation between the total external current Is and the current

through the active region /a and in comparison to the relatively large external elements, the

intrinsic laser diode can be regarded as a short circuit at all frequencies. Under zero bias the

intrinsic laser can be modelled by the active layer space-charge capacitance [64].

Chip parasitics vary widely among different laser structures. In practice they take the form

of a resistance in series with the intrinsic device combined with a shunt capacitance [32, 30].

An equivalent circuit model of the package and chip parasitics is shown in figure 3.5. 125 is the

resistance in series with the active region, C s the shunt capacitance between the metal contacts

and Rsub is the substrate resistance. L pi , Rpi and Cpi are the bond-wire inductance, associated

resistance and shunt capacitance to ground. Z 01 and Z02 are the characteristic impedances of

the transmission lines with an electrical length 9 = n- /2 at foi and fo2, respectively.
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Figure 3.5: Equivalent circuit model of package and chip parasitics

3.5.2 Determination of parasitics and laser intrinsic parameters

With the aim of extracting values for the parasitics of the network of figure 3.5 and intrinsic pa-

rameters of the laser diode under consideration, measurements of the microwave S-parameter

S11 (reflection coefficient) and the modulation frequency response were carried out at various

frequencies using the lightwave component analyzer HP8703A. In the second set of measure-

ments care was taken to minimise the light reflected back to the laser by the use of an optical

isolator. The intrinsic and parasitic parameters were then obtained by computer-aided fitting of

the calculated data to the measured data using the constraint optimization routine (CONSTR)

of the Matlab-Optimisation Toolbox software package. The optimisation procedure followed

a two step iteration approach now described. First, values for the parasitics were initially

estimated and then optimised to match the measured S 11 data, without consideration of the

laser frequency response. Although a good fit for Si! may be possible this does not necessarily

provide the correct transfer function from the input signal current to the current through the

active region 6//, unless the assumed circuit of figure 3.5 contains all the major elements in

the right topology. Therefore, the second step consisted in fitting the laser intrinsic parameters

to the modulation response for a range of bias currents but allowing Cs , R„ Cp, and Lp, to

vary simultaneously with the additional constraint that the threshold current given by (2.33)

coincided closely with the measured value of 15 rnA. Step 1 was then repeated but now fixing

the values of Cs , R„ Cp, and Lp, obtained in step 2. A final optimisation of H1 (f) was then

effected with the parasitic elements all fixed. The result of the optimisation gives the element

values and intrinsic laser parameters listed in tables 3.2 and 3.3, respectively. The modelled

and measured Sil -parameter and input impedance in the frequency range of 1-8 GHz, above
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threshold, are shown in figure 3.6. A good fitting is obtained over this frequency range.

Element	 Units Value

Cp, pF 3.0

Lp, nH 0.14

Rp , E2 1.5

Rsub S-2 1 .5

C pF 5.6

R, E2 6

Cp, pF 0.2

Lp, nH 1.3

Rp, E2 0.5

Cp, pF 0.46

Zoi S2 48.4

fo i GHz 3.8

42 E2 50.5

fo2 GHz 5.13

R•„ f2 58.5

Ch, pF 1800

Table 3.2: Parasitic element values for the equivalent circuit of figure 3.5.

The calculated frequency response of the electrical parasitics, shown in figure 3.7, gives

the frequency dependence of the current injected into the active region relative to the signal

current source I. The overall modulation response is obtained by multiplying the intrinsic

response of the laser diode by the ratio h/h. At frequencies below 4 GHz the transfer function

of the electrical parasitics h/h is dominated by the shunt capacitance Cs = 6 pF and the series

resistance R, = 5.6 a The RC product is 33.6 ps, which corresponds to a — 3 dB cutoff

frequency of 4.7 GHz. Therefore, for signal below 4 GHz the electrical parasitics can be

neglected. Capacitor Cp1 and inductor Lpi lead to a resonance at 7.7 GHz above which the

transfer function falls rapidly with a roll-off of 18 dB/octave.

Figure 3.8 shows the measured and simulated laser frequency response at two bias currents

for frequencies up to 10 GHz. A good agreement is obtained between the experimental and

modelled data. A feature of the response is the occurrence of a dip at frequencies below
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Figure 3.6: Measured and simulated results of (a) reflection coefficient (S I i -parameter) and
impedance of parasitics equivalent circuit in the frequency range of 1-8 GHz.(b) input
	 Measured

Simulated
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Figure 3.7: Frequency response of the laser package and chip parasitics.
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Figure 3.8: Measured and modelled small-signal frequency response of the laser diode Ortel-
1510B.

T = 22°C
Iih = 15 mA
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Parameter Units Value

qV Am3s 1.28 x 10-35

P - 2 x 10-3

r - 0.36

E m3 3.2 x 10-23

go m3s-1 3.4 x 10-12

No.	 . IT1-3 1.27 x 1024

rs ns 1.65

rp ps 1.0

hh mA 16

Table 3.3: Parameter values for the laser diode Ortel-1510B.

the resonance frequency which is due to the parasitics. Also a relatively large value for fl is

obtained which agrees with the multimode nature of the laser [35].

3.6 Analysis of laser nonlinear distortion

The analysis of laser distortion will be based on the rate equation model presented in chapter

2. This model can only predict laser intrinsic distortion and so is valid for frequencies above

a few hundreds of megahertz as explained above. The exact region of validity will depend

on the location of the laser resonance frequency relative to the system transmission band.

However, the analytic techniques given are general. Once the rate equations are modified to

include leakage current and spatial hole burning effects, responsible for distortion at lower

frequencies, the analysis can be applied to systems operating in this region.

3.6.1 Perturbation solution of the rate equations

Here the normalised rate equations (2.45) and (2.46) will be analysed using a perturbation

technique [65]. The input current is considered to be split into a "dc" term and a time varying

one. A pair of differential equations for the perturbed electron and photon densities is obtained

in terms of the steady-state values. The quantities of interest are written as follows

(t) =	 (3.14)
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n(t) = no + n i + n2 + n3 + • • -	 (3.15)

p(t) = Po + p 1 + P2+ p3 + • • •	 (3.16)

where no and po are the steady-state solutions to the "dc" current Jo, which are assumed to

be time independent. The subscripts here refer to the perturbation order. These equations are

useful as long as the required number of terms is small. Since we are interested in the laser

distortion up to third-order only the first four terms in the expansion are considered. This

is valid if the perturbing current, electron and photon densities are small compared to their

respective steady-state values, that is, for the small-signal case. Substituting (3.14), (3.15)

and (3.16) into the rate equations (2.45) and (2.46) gives for zero order

jo — no — (no — nom)(i — Spo)po = 0 (3.17)

r(no— nOm)( 1 — eP0)130 — Po + r fino = 0	 (3.18)

The equations of order k can be written compactly as

dnk
= — 1[(1 — ePo)Po + l]nk + (no — n0m)( 1 — 2epo)Pk ± Mc)	 (3.19)

dt
dpk

= yr{ [(1 — SPO)P0 ± Pink + Rno — n0m)(1 — 2epo) — 1/ npk + ckl (3.20)
dt

where Ck and Dk are the driving force terms given by

DI = —j1 ,	 CI = 0 (3.21)

D21=--- C2 = ( 1 — 2sponi pi — (no — nom)614 (3.22)

D3.--- C3 = ( 1 — 2epo)(n2p i + n i p2) — 2(no — nom)6P1 P2 — en iPi (3-23)

The equations defining the zero-order perturbation determine the steady-state solution previ-

ously examined in section 2.4.2. Equations (3.19) to (3.23) can be used to evaluate the time

dependence of the electron and photon densities up to third-order.
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Intermodulation distortion

The perturbation solution of the rate equations will now be examined when the injected signal

current is given by three sinusoids at frequencies co l , w2 and co3

(t) = jo + Re lian eiwy ja)2eiw2t jw3eho3t (3.24)

The laser output power will contain higher-order harmonics as well as intermodulation prod-

ucts. Neglecting fourth and higher-order terms, the perturbation for the normalised electron

and photon densities are written as

nk = —
1 E [nweiag (e)* Chi	 (3.25)
2 „
1	 r

Pk	 2 Lee' + (e)*Cluti	 (3.26)
2 „

k = 1, co = co t , co2 , co3

k = 2, co = 2coi , 2(02, 2co3 , co t ± w2, 0.4 ± W3, co2 co3

k = 3, W =	 — (02, 2(02 — cob aot — (03, 2(02 — (03, 2(03 — (02,

(01 ± (02 — (03, (01 + (03 — (02, (02 + (03 — ( 0t •

By substitution of (3.24-3.26) into equations (3.19) and (3.20) and equating equal terms in eh'',

the perturbation analysis gives a set of coupled linear equations corresponding to the seventeen

output frequency components

hoe =	 1[( 1 — ePo) Po + 1]nw + (no — n0.)( 1 — 28Po)Pw Dw l	 (3.27)

hoe = yr	 - ePo) p0 +	 + [(no — n0m)( 1 — 26P0) — 1/ flpQ+ C1(3.28)

where the driving terms EY' and C°3 are given in table 3.4. Solving (3.27) and (3.28) for pa'

the amplitudes of the output components for photon density are obtained

= y r [(1 - ePo)Po + fill g)(co), for co = co l , co2 , co3

I. yr [ico + 1 — ] Da' (p(w),	 for the other cases

where

(3.29)

(3.30)

(3.31)

(3.32)

V(w) = *0)V (w) + Yr [( 1 — €1,o)Po + fi](no — n0,n)(1 — 2s po)

(6)) = iw + (1 — ePo)Po + 1

x(w) = i co — y (no — nom)(1 — 28po) + y



Ircin" p"' c2e(P")2]
{ci[nw1(p0.hi)* (n wi ) *	 — 2c28P"(Puirl
(ci[n0.)IpwJ + nwl p") — 2c2spwi pwi)

+ na4 -"J	 + (ei)* p2" n2 1̀4 (pwi)*]

—[2c2e p"	 + (Pwj) * P2u4]
—fii(nwi)* p2" + 2n" pa'i (ei)*]

{c i [nwi p°1-(ok rzwi pear-ok + (leak) pav+wi

+ p" -aik pav n""" (pwk)*erEa'i]

— 2c2e[P"P0i-wk + Pwi P' -`ük + (Pwk )* P"+wi]

—ern" paV-wk nwi poi-wk (nok), pcoi+wkji

COi 0)./ —
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CO

Table 3.4: Driving terms; C° equals zero for co = a 1.2.3 and Da for the other cases.
C1 = I — 28PO, C2 = no — nom•
j,k= 1, 2, 3 and i j k.

From the previous equations it is seen that the same factor v(w) responsible for the resonance

in the laser modulation response (section 3.4) will also determine the distortion levels. The

damping mechanisms of the laser then turn out to be very important. Differences in the

distortion levels among different lasers with the same wo have been explained almost entirely

by variations in gain compression [15]. Lasers with strong damping will exhibit superior

distortion characteristics. However, equation (3) of Reference [15] for the amplitude of the

IMP of type 2f, — .6 is valid only for devices in which c/go is small compared with rp [66].

A more accurate expression for two closely spaced frequencies (w 1 f-sd- (02 = w) is

1211/2
p2wi-w2	 2 1	 2[0000)4 — (W/WO)2/21	 [(rp EigO) C°3/41 I 

m 	 	 (3.33)
I)"	 2H1 (w)1-11 (2w)

where m is the optical modulation depth per-channel defined as the ratio of half the peak-to-

peak modulated light intensity to the light intensity at bias level. In figure 3.9 we show the

second-order harmonic distortion and third-order distortion for a ridge-waveguide laser [31]

with rp 1 ps, c/go = 20 Ps and Jo = coo/ (27) = 3 GHz. The solid line corresponds to the

exact solution of the perturbation technique, the dashed line to equation (3) of [15] and the.
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Figure 3.9: Second harmonic and intermodulation distortion levels for a ridge-waveguide
laser [31] with rp = 1 ps, E/go = 20 Ps and fi) = wo/(27r ) = 3 GHz: comparison between
the exact solution of the perturbation technique, eqn. (3) of [15] and eqn. (3.33).

exact solution
- - - eqn. (3) of [15]
	  eqn. (3.33)

and the dotted line to equation (3.33). Significant differences exist namely a null at 2.1 GHz

which would only be observed using (3.33) with a much smaller value of E 1.0 x 10-24 m3).

From figure 3.9 it is seen that both second harmonic and third-order intermodulation distortion

have maxima near the resonance frequency, and third-order distortion also peaks at fo. For

closely spaced frequencies the three-tone IMP (fi + fJ - fk) is higher than the two-tone IMP

(2f; - fi) by 6 dB. The dependence of the intermodulation distortion on channel spacing will

be discussed in the next chapter.

Effect of Auger recombination on nonlinear response

-55

• In section 2.3 a simplified rate equation model for the laser diode was given that neglects

nonradiative mechanisms the most important of which is the Auger recombination. The affect

of this approximation on the laser nonlinear response will now be examined by comparing

the more exact solution with the approximated solution. The results given here correspond to

a 1.3 pm BH laser with parameters taken from [21]. The spontaneous lifetime r s is now taken
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Figure 3.10: Effect of neglecting nonradiative mechanisms in the laser model: the difference
is less than 0.4 dB. Parameters were taken from [21] with m = 0.3, A = 2 GHz, 12 = 2.2 GHz
and h = 2.4 GHz.

including Auger recombination
- - - neglecting nonradiative mechanisms

as the inverse of the carrier recombination rate at threshold

CI ye(Nth) = Atm + B Nth + C Aqh 	 (3.34)

With A„, = 1 x 108 s- I , B = x 10-'6 m3s- i , c = 3 x 10-41 m6s- 1 and Nth = 2.14 x 1024 m-3

the spontaneous lifetime is ; = 2.2 ns. The set of equations (2.20)42.21) and (2.23)-(2.24)

give slightly different output power levels for the same input current. Since the optical

modulation depth is the quantity of interest, in obtaining the results given in figure 3.10 the

"dc" current is adjusted so that the mean output power is the same in both cases. /0 = 30 mA

for equations (2.20)42.21) and 10 = 30.2 mA for the simplified rate equations (2.23)-(2.24)

(Ith = 15.8 mA). The optical modulation depth is 0.3. Figure 3.10 shows that the distortion

levels in both cases are almost identical the difference being less than 0.4 dB. Therefore, the

simple set of equations (2.23)-(2.24) can be used without loss of accuracy to predict laser

nonlinear distortion.
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3.6.2 Bessel function expansion

An alternative analytic approach to the perturbation technique has been reported [49] offering

simple results accommodating an arbitrary number of carriers, although computation results

have not been presented. Here we extend this analysis to allow for laser relaxation resonance

effects and show that to predict adequately the second order distortion a modified analysis

must be used.

Starting with the normalised rate equations (2.45)—(2.46) the second order differential

equation for the photon density is given approximately by

d2p dp r 1 dp 
+ yep+ p +1]+ py [r (nom — i) + p +1]= 0	 (3.35)

dt2	 dt	 dt

All the symbols have been defined previously. This equation differs from the corresponding

equation in Reference [49] only in the term yep(dp/dt) which arises from gain compression.

Consider for simplicity a single subcarrier j(t) = Jo+ j cos cot and following Reference [49]

by adopting the transformation

P Ceu	 (3.36)

equation (3.35) becomes

d2u	 2 {du r  (ye + 1)Ce" + 1]

• 

[yCeu
+ WO 2dt2	dt	 w„2

where the following relations have been used:

—11 — cos cotl = 0	 (3.37)

Y [r'(io — nom) — 1] coo2	(3.38)

.1 
= .	 .	 (3.39)

Jo — ith

and jth is the normalised threshold current. Again following [49] an approximate solution of

the form

u = ce 1 cos(wt +	 (3.40)

may be assumed. Substitution of (3.40) in (3.37) yields [67]:
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MCY1)]al
tt) [0)02 

± 2(e + 1/y)--4-7-z +	 = 0 (3.43)

where In (al ) is the modified Bessel function of order n. The photon density is then

2po co

P Po +	 EIm (a 1 ) cos(mcot mei )	 (3.44)
lO(a i) m=1

The system of equations (3.42) and (3.43) may be solved in the small signal regime corre-

sponding to a l close to zero. Figure 3.11 shows the results of the numerical solution. The

parameter values adopted are: laser resonance fo = 4.3 GHz (Jo = .14.04), y = 3000,

= 6.98 x 10-3, = 0.435 and ft!, = 6.51 With a l determined the harmonic amplitudes

Figure 3.11: Numerical solution of the set of equations (3.42)—(3.43) and (3.47)—(3.48).

may be found from (3.44) as

(cei 
mthharmonic = 2Po 

10(a1•	
(3.45)

) 

To assess the adequacy of this analytic approach figure 3.12 provides plots versus frequency of

the fundamental and the second harmonic distortion amplitudes, comparing these with values

determined by direct simulation and a perturbation analysis.

It is clear that equation (3.40) based on Reference [49], provides only a first-order approxi-

mation and so is inappropriate in its present form for performance assessment of multichannel
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Figure 3.12: Fundamental and second harmonic amplitudes: comparison between eqn. (3.45),
eqn. (3.50), perturbation analysis and direct simulation.

— eqn. (3.45)
— — — eqn. (3.50)
	  perturbation analysis
000 simulation

systems. The approach may be appropriately refined though, by recognising that u must

contain higher order terms

u = a l cos(cot + 0 1 ) + a2 cos(2cot + 02) + ...	 (3.46)

For simplicity of illustration we will present here only the second-order extension. Analytic

manipulation and neglecting terms above second-order yields:

w2 	 1) 12(a1) .	 Mai)2a2 -7 + 2co (8 +	 sin(201 — 02)
WO 	 r 10(a1)10(cei)

	x cos(201 —92)— 	
 0/1.01((:22) —	

(3.47)

cY2 . -I- 20) (	 I
wo	

-) VL—€ I) cos(201 —
CO

8 + y	 h(ai)
	 92) ± iiol ((i)cey22)]

/2(cri)
+ 70—(7—

)
 sin(

20
1 —92) =0 (3.48)
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with a l and 601 still given by equations (3.42), (3.43). Using (3.36) the photon density is then

2po
P Po ± io(cto k1 ik(ai)cos(lccot ± 1091)

2po
+	 (c€2)	 h(a2)cos(2lcot ± 102)

and the second harmonic amplitude, is given by:

2HD = 2p0 [T107---€0i2(al) cos(201)---L7 -12)1'01 o:to
 

cos(02)1

[I0((:)) sin(20 1) L(2)---12,0012) sin(02)]

211/2

(3.49)

(3.50)

The dashed line of figure 3.12 shows the much improved agreement equation (3.50)

provides with direct simulation and perturbation analysis. Since higher-order harmonics and

IMPs may be similarly determined, the analytic refinement of [49] presented here represents

an appropriate, albeit rather more involved, means of assessing analytically the influence of

laser nonlinearities on the performance of multichannel subcarrier multiplexed systems.

3.7 Summary

The modulation and nonlinear distortion characteristics of the semiconductor laser were ex-

amined. The frequency modulation response of the laser was obtained in the small-signal

case and parameters responsible for the damping of the relaxation oscillation resonance were

identified. These parameters, spontaneous emission and gain compression, also determine the

distortion levels and so are very important. Characterization of a commercially available laser

diode for microwave applications has also been carried out which involved measurements

of the reflection coefficient and the laser small-signal response. From these measurements

model parameters for the chip and package equivalent circuit and laser intrinsic parameters

have been extracted by fitting the measured data to the simulated results.

The problem of modelling laser nonlinear distortion was then addressed. Two analytic

techniques were discussed. The perturbation technique was here extended to include the

intermodulation products of type fi + f; — fk which were seen to dominate in a system with a

large number of channels. A reported analytic technique [49] based on the expansion of Bessel

functions was shown to be inappropriate to assess laser distortion, providing only a first-order
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approximation. We explain how this analysis must be modified to predict adequately higher-

order distortion products. The modified technique, although appropriate for the assessment

of laser distortion and the performance of subcarrier multiplexed systems is rather more

involved. Tractable analytic techniques that will enable us to assess the performance of

complex multichannel SCM system are therefore required. Such a technique will be the

subject of the next chapter.



Chapter 4

Volterra series analysis

4.1 Introduction

Signal distortion occurs in communication systems when the amplitude I H (f )1 and phase

0 (f) of a linear network transfer function H(f) = IH(f)jeiCf) are frequency dependent

functions. This type of distortion is called "linear distortion". Besides this type of distortion

other deviations can occur if the system possesses nonlinear elements. In this case, the system

can not be described by a single transfer function as in the linear case; instead the output,

y (t), is often expressed as a nonlinear function of the input x (t), that is, y (t) = T[x (01 The

resulting type of distortion is called "nonlinear distortion".

Another important concept in nonlinear theory is the concept of a "memoryless nonlin-

earity" which occurs when the output signal is an instantaneous function of its input. As a

consequence the distortion is frequency independent, as opposed to a nonlinearity with "mem-

ory" where the distortion is frequency dependent. For this latter case and when the distortion

is weak, the nonlinearity is best represented by a Volterra functional series.

In the previous chapter it became clear that the frequency dependence of laser nonlinearity

relates to the relaxation oscillation resonance and that accurate yet tractable techniques are

required to model laser induced distortion in a multichannel system. Here we will show that

Volterra series can be applied to assess laser nonlinearity (section 4.2) and that this provides a

means of assessing accurately the performance of SCM systems (section 4.4). The nonlinear

transfer functions, which completely characterize the semiconductor laser in the frequency

domain, are determined in section 4.3. Finally analytic results are compared with direct

simulation when the laser is modulated by three carriers; these are shown to match very
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closely. The dependence of distortion on channel spacing is also given.

.4.2 Volterra series: frequency domain analysis

The response of a linear system to an excitation x(t) can be expressed by the convolution

integral
00

y(t) = f h(r)x(t —	 (4.1)
-00

where h(t) is the impulse response. Volterra series provides an extension of this theory to

weakly nonlinear systems having small excitations. The conditions imposed ensure that the

required number of terms in the expansion is small.

The semiconductor laser is then viewed as a nonlinear system with memory where the

output p = Po p(t), the normalised photon density, relates to the input j = Jo j (t), the

normalised current density, by the functional

p(t) = T[j	 (4.2)

continuous in all values, where po and jo are the corresponding steady-state values. This

functional can be represented by its Volterra expansion, which is of the form

.p(t) =

p(t) =

co

E Pn(t)
n= I

(4.3)

This representation is useful when the required number of terms is small and thus is appli-

cable to the small-signal nonlinear case. In equation (4.4) the multidimensional function

hn (r1 ,...,;) is the nth-order kernel or the nth-order laser nonlinear impulse response. Just

as the linear transfer function is the Fourier transform of h i (t), the nonlinear transfer function

(fi,	 , fn) is the n-dimensional Fourier transform of h. (r1 ,	 , rn)

00 fco

fn) =	 • - • , rn)	 e—i2jrfrrr drr
L

n

oo —00	 r=.1

(4.5)

The nonlinear impulse responses and nonlinear transfer functions form Fourier transform pairs
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and so h„ (pi ,	 , rn) can be obtained from Hn (Ii, • • • , fn) by inverse Fourier transformation

oo foo
(ri ,	 , t„) =	 • • •	 Hn(fi, ••• f„)ne -i27rfr Tr dfr

-00 —co	 r=1

Taking the conjugate of (4.5) the usual Hermitian property is obtained

H:(11 , • • • , fn) = Hn(— A, • • • , — fn)	 (4.7)

Substitution of (4.6) into (4.4) and carrying out the multiple integrals in t 1 ,	 , rn yields

oo foo

P	 fn(t) =	 • • •	 Hn(fl, • • • I fn)	 J(fr)el27r-fr 'df,.	 (4.8)
-00 -00	 r=I

which expresses the nth-order term of the functional expansion in terms of the input spectrum

J(f). The order of each term equals the number of contributing input frequencies when

the input signal consists of a sum of individual tones. Note, however, that different order

nonlinearities can result in responses at the same frequency and so the frequency of a response

is not fully indicative of its order. As an example, the frequency 2fi — 12 appears to be third-

order, that is, 2fi — 12 = 11 + 11 — 12, but it could also be the fifth-order intermodulation

product (IMP) fi + ft + fi — — 12.

The input-output spectral relation is

P(1) =	 Pn(f)	 (4.9)

where Pn (1) is obtained by Fourier transformation of (4.8)

00	 00
Pn(f) =f • • 

•f 
H„ (ft, • • • , .f,,)8 (f - -•• • - in) fl J(fr)dfr	 (4.10)

-00 —oo	 r=1

From (4.4) it can be seen that the output pn (t) is identical for any permutation of the arguments

of h„(ti , • • • , rn). In the following discussion it will be assumed that the impulse response

h„(ri , , rn) and hence the nonlinear transfer functions Hn(fi, • • • , 1n) are symmetric with

respect to their arguments, i.e., that the order of the arguments can be interchanged. In

Reference [68] it is shown that h„( .) and lin 0 can always be made symmetric. In order

to understand the meaning of equation (4.8) an auxiliary multidimensional time function is

defined

(4.6)

co 'co
Pn(ti, • • • , tn) = f • • •	 H,(11, • • • , fn)	 f(fr)el2n1;-4 dfr

-00 —00	 r=1
(4.11)
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(4.13)
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and its n-fold Fourier transform

Pn(fi, • • • , fn) =	 • • 1 °3	 np„(t i ,	 , t,i ) fi e-i2gf dtr r̀

	

.	 r

	

-00 -00	 r=i

so that co
Pn Olt • • • 9 tn) = f	

r
•	 Pn(fi," . • • , fn)ei27rfr6 di;

-oo -00

By comparison of the previous equation with (4.8) it follows that

Pn(fl, --fn) = Hn(fi, • • • , fn) J (fi) • • • f(fn)

and
co	 oo

	

Pn(f) = 
-00 -

• • 

•f 
Pn(fi, • • • fn)8 (f — — • • • — fn) dfl • • • dfn	 (4.15)

00

which states that the output spectrum is the integral of the multispectral density P f

	

-	 • • • 9 109

subject to the constraint f = fi ± • • • ± fn . This suggests the laser can be represented by the

block diagram of figure 4.1.

Hn

•
•
•

H2

OUTPUT

•••

SUMINPUT
HI

Figure 4.1: Diagram block of the semiconductor laser

The representation of the output by its Volterra expansion, equation (4.8), requires de-

termination of the nonlinear transfer functions Hs, (fi, • • • , fn). Since the responses up to

third-order are of interest H1 (f) 1-12(f1, 12) and H3(/19 129 f3) have to be determined.

4.3 Determination of laser transfer functions

In this section, as in previous sections, it is assumed that the laser is described by the single-

mode rate equations and these will be the basis for the determination of the laser transfer
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functions. For simplicity of notation and for computational purposes the normalised rate

equations are again used, written here for convenience (see chapter 3)

j — n — (fl— nom)( 1 — 8P)P
	

(4.16)

Y [T (n — nom)( 1 — €P)P — p + ri3n]	 (4.17)

The method described in Reference [68] to evaluate the transfer functions is called the "prob-

ing" or "harmonic input" method because it assumes the input to be given by a sum of

exponentials

dn

dt
dp

dt

where the frequencies fr, r = 1, 2, ... , n are linearly independent, that is, the ratio of all

possible pairs of frequencies is a not a rational number. The Fourier transform of (4.18) is a

sum of delta functions

f(f) = i 3 (1 — fk)	 (4.19)
k=1

After substitution into equation (4.8) the nth-order component of the Volterra expansion

becomes
n n

Pn(t) =-
	 —oo	

- fk)e1244	 (4.20)00 	 r=1 k=1

Expanding the product of the sum and carrying out the multiple integrals yields

n	 it

p(t) = E • • • E	 fkjeizff(fki+.--+Adt
k i =1	 k=1

The new frequencies generated, v, can be written as

v = M lfl + •	 mn f„

(4.21)

(4.22)

where m i is the number of times the frequency fi occurs in generating the intermodulation

(IM) frequency. Because exactly n terms are generated by a nth-order nonlinearity the set of

values of nz i that defines any IM frequency is subject to the constraint

E Mr = n	 (4.23)
r=1

In the summations of equation (4.21) it is necessary to determine the number of identical

terms at each frequency, except for the permutation of the factors, in order to obtain the

correct magnitude of each IM component. For an IM frequency given by (4.22) the number
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of terms is given by the multinomial coefficient

n!

m i ! • • • mn•

When (4.21) is carried out and identical terms collected, we get

!n 
pn(t) E 	 Hn	 , mn ffni)

m rn i ! • • • mn!

where
m, times

m AL] = Ur, • • • .6)

(4.24)

(4.25)

(4.26)

that is mr consecutive arguments in H„( .) having the same frequency fr; m under the summa-

tion indicates that the sum includes all the distinct sets {m , , m„}. In this equation there

is a term of order n corresponding to m i = • • • = mn = 1 given by

and there are no more terms associated with e l2r(fri- ...-Efot than this term because fli	 fn

were assumed to be linearly independent. Therefore the nth nonlinear transfer function

Hn(fi, , fn) can be determined as the coefficient of n! eibr(f1+...+Mt in the laser output

when the input current is the sum of exponentials (4.18). This suggests the use of the per-

turbation technique [65] to determine all the transfer functions from the single-mode rate

equations. The laser is first excited by a single exponential the coefficient of which gives

the first-order transfer functions H1 (1) and G1 (f) associated with the photon and electron

density, respectively. A sum of two exponentials is then applied yielding 112(fl I 12) and

G2 (f1 , 12) in terms of HI (A) and G I (f1). This procedure continues to the required order

with one exponential being added at each step. Application of this method to the first, second

and third-order differential equations for the perturbed electron and photon densities (section

4.4) gives, for the nth-order, the following system of equations

+ • • + in)Gn(ii• • • • in) = — {[(1 - ePo)Po 1] Gn(fi ,	 , fn)

+(no — n0,n)(1 2epo) Hn(f1, • • • , in) ± Dn}	 (4.28)

i271-(fl • • • + fn) Hn(fl, • • • , in) = Y ir	 - sPo)Po + pi Gn(ii, • • • , in)
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+ [r(no — nOM ) ( 1 — 2sPo) — 1 ] fin(fli • • • , fn) CO (4.29)

where the driving terms Cn and D„ are given in table 4.1. Solving equations (4.28) and (4.29)

Dn

1
	 —1

2	 {(1 — 2ep0)[GI (fi) (f2) + GI (f2)1/1 (fi )1 — 2(no — non,)81-11(fi) Hi (.f.2))

3 I { (1 — 261213)[1/1(ii)G2(f2, f3)- + H1(12) G2 (ft f3) ± HI (13) G2 (II 12)

G 1 (PH(f2, f3)+ G 1 (f2)1/2(f1 , f3) + GI (f3)1/2(fi, 12)]

— (no — no„,) 2E [Hi(f1) 112(f2, 13) + H1(f2) 112(f1, f3) + H1(f3) H2(f1, 12)]

— 6[G (PHI (f2)Ht (f3) GI (f2) 1/1(fDlii (f3) + GI (f3)Hi (PHI (f2)11

Table 4.1: Driving terms: Cn equals zero for n = 1 and Dn for the other cases

for Gn and Hn gives

yr {C„*(fi + • + fn) — [( 1 — Epo) + fi]Dn} 
Hn(fi, • • • in) =

+ • • + fn)
(4.30)

y r(no — noni)(1 — 2Epo)Cn + X(fi + • • • + fn)Dn 
Gn(fii • • • fn) =

	

	 (4.31)
Co (ii + • • + in)

where

*(f) = i2r f + (1 — EPo)Po + 1	 (4.32)

X(f) = i2nf — yr(no — rom)( 1 — 26po) + y	 (4.33)

io(i) = *(i)X(i) + Yrui - CP0)P0 + 131 (n0 — nOm ) ( 1 — 2ePo)	 (4.34)

Equations (4.28) to (4.34) are recursive formulas to calculate Hn as a function of G„_ 1 and

Hn_1.

Note now that the effect of the chip and package parasitics on the laser response can easily

be included in the analysis. The result of the laser parasitics is to divert some of the input

current from the active region. If Hp (f) is the transfer function of the parasitics, which gives

the frequency dependence of the injected current into the active region, the driving term Di

should be redefined accordingly, that is, Di = —Hp(f). This is equivalent to multiplying the



(435)

(436)
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first-order transfer function of the intrinsic laser by the parasities transfer function Hp (f)

4.4 Laser response to a sum of narrow-band signals

4.4.1 General theory

In SCM systems the input signal to the laser is bandpass and typically narrow-band compared

to the carrier frequency The laser response to a sum of narrow-band components is therefore

important and will now be denved Let the input be a sum of K narrow-band signals each

centred at Vk

K
j(t) = EPA°

k=1
K

= E ck (t) cos a vkt — sk (t) sin 27r vkt
k=1

where ck (t) and sk (t) are the in-phase and quadrature components of Jk(t) It is convenient

to use an equivalent low-pass representation for the bandpass signals by defining the complex

envelope zk(t) of A(t)

zk (t) = ck (0 + isk(t)

With these definitions the input signal can be written as

K

.1 0) = E Re lzk(t)e`21"/
k=1

1 K
= - E Zk(t)e127"kt2 k=_K

(4 37)

(438)

where we have taken zk(t) * = z—k (t) and zo(t) = 0 Defining Zk(f) as the Fourier transform

of zk (t) and denoting Z;(— f) and —vk by Z—k(f ) and V-k, respectively, the spectrum .4(f)

of jk (t) is

Jk(f) = —1 t [Zk(f - Vk) ± Z; (-.1. - 14)1
2 k=1

= -1- t Zk(f - 14)
2 k...-K

(439)



V = E Vkr = E Mk V_ k
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E
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After substitution of the above equation into (4.8) and performing the product of the input

spectra the photon density becomes

co K	 oo foo

	

PO) = E E •• • E	
—oo —

• • •	 Hn(A,	 fn)n Zk,.( fr — vkr )ei2711frt dfr (4.40)
n=1 k i =—K	 k„=—K	 oo	 r=1

As before there are n!/(m....K! . • . m K O identical integrals for each distinct set {k1, . • • , kn}

with k; = —K, K and where mi = 0, , n is the number of times each ki occurs in the

set, so that

E Mk = n
k=—K

Collecting those integrals, the nth-order term is

(4.41)

	

n! 	 00 f00	 n

PnO	
M—K! • • M! L) = E 	  • • •	 Hn (fi , . . . , fiin )	 zk, (fr — vkr )ei2nfri df,. (4.42)

k	 •	 Kc°	 —cc'	 r=1

in which the summation over k includes all the distinct sets {k b .. . , kn }. Each set {vk„ ..., vkn}

must have its symmetric {—Vk„ . . . , — V4}, except in the case of

Vie, = 0.

The sum of two such terms in (4.42), which are complex conjugates, is designated as

p(t) = Re{
m-K!•••nix! -00 -00

n!rn+1
, [f °°. • • 1°3 Hn(fl ± Vk„ . . . , fn + Vkn)

. n Zk,(ir)efrtdfde ..1
n	 i2n tvoI

so that

r=1
(4.43)

p(t) = E Pnv(t)	 (4.44)

Comparing equations (4.38) and (4.43) it can be conclude that when the input current consists

of a sum of narrow-band signals the laser generates new narrow-band components centred at

all carrier intermodulation frequencies. The n-th order output component, p(t), centred at

frequency
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generated by intermodulation of the input signal components centred at vk„ . • . lik„ is defined

as

{	
i2n E vkrti

nv = Re q„„(t)eP(t )	 r:

which has a complex envelope q(t) given by

(4.46)

!2-n+1 ! 

Loa -00

00 j• co
q(t) 

7n-in"•nix	
• •	 H„(fi + vk,, • • • , + v) fl 	 (4.47)d 	 r=1

Hence pnv is the intermodulation product due to the input signals with carriers at frequencies

. • • 1 Vk„• The order of the IMP corresponds to the number of carriers generating this

product, with the possibility of n being greater than K and signals intermodulating with

themselves. The order of the permutation of the component frequencies vk„ , vk„ of v

is irrelevant since it does not affect the IM waveform p„„. Also, any two sets NO are

indistinguishable if they differ only by the order of the components within the set. The

multinomial coefficient in the integrals (4.43) and (4.47) take into account the number of such

indistinguishable sets among all the (2K)n sets of v.

In practice there is interest in determining p(t) the component of p(t) centred on the sum

frequency v

= Re lq,,(t)el2"1	 (4.48)

with complex envelope Mt). Intermodulation of infinitely many orders and with many

different sets of input components fvki , , V41, can contribute near a particular frequency.

Thus p(t) is the sum of all the p(t) and q(t) is the sum over n and v of all the q(t)

under the constraint (4.45) that they fall at the same frequency v

co
q(t) = E q„v (t)	 (4.49)

v,n=1

Usually only the first few terms in n of this sum are required. For a large number of channels,

however, the sum in v can contain many terms. As an example, a 62 channel system has over

1000 intermodulation products of type fi + fj — fk, (i j k) (figure 3.2).

4.4.2 Multitone input case

It is important to consider the multitone case because experimental measurements of distortion

are usually performed using two or three-tones. The input will now be assumed to consist of
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N carriers located at vk = fk
1

j(t) = —2 Re ijke12'fk1l

The complex envelope spectra of the carriers is

Zk(f) = ilc8(f).

(4.50)

(4.51)

and the complex envelope amplitude, A(fk,,	 fk„) of the nth-order IMP due to carriers at

fkl, • • • , fk„ may be found, from (4.47), to be

n! iki • • • fic„ 
A (fk i , • • • fk„) - 2„_ m	 mNIHn	 , • • • , fk„)

k i ,	 ,k„ = ±1,	 , ±N

The amplitudes for three input carriers of typical second and third-order IMPs are listed in

table 4.2.

n m_3 m-2 m- 1 ml m2 m 3 Frequency Amplitude

2

2

0

0

0

0

0

0

2

1

0

1

0

0

2fi

11+ 12

1 .2 rj
J1 "2 (f1 J1)

fli2H2(f1 12) •

3 0 1 0 2 0 0 211 — 12 fli 12, 12)

3 0 0 1 0. 2 0 212 — fl 3 ;* ;2 x./
Z J 1 J2 "3	 1 121 121

3 1 0 0 1 1 0 fi	 f2 — f3 3 •	 •	 •* u	 4.	 4.	 4.
.72.73 "3	 19 .12, —J3)

3 0 1 0 1 0 1 — 12 + 13 i:11:11:13 H3 (fl	 f2 13)

3 0 0 1 0 1 1 —fi+f24-f3 ithi3H3( -f1 , 12, 13)

Table 4.2: Amplitude of second and third-order IMPs •

4.5 Series expansion of nonlinear transfer functions

In the multitone case the laser response is characterized by point values of nonlinear transfer

functions at specific frequencies only. When the input channels are modulated each channel

occupies a certain bandwidth about its carrier frequency. Unless the transfer functions are

(4.52)
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constant across the bandwidth of each input signal, point values at the carrier location are

generally inadequate to describe the laser behaviour. Even so, an approximation to the full

nonlinear transfer function may be sufficient for a particular input. These approximations,

interpreted in terms of suitable signal processing structures, gives rise to a model, designated

the "canonic model". The model described here [68] is based on the multivariate Taylor series

expansion of the nonlinear transfer function about its operating frequency. This model is

called the "frequency power series canonic model".

Generally 1-4(fi+vk 1 , • • • 9 ft+ vk„) in equation (4.47) can be expanded in a Taylor series

about v = (vk„ . • •

fi2 • • • Lin d' Hn(fi, • • • fn) 
11„(fi vk,, . • • fn + vk„) = 2_, 2_,

i=o 1	 11!12! • • • in! afli VP • afl."

where the second summation over / includes all the permutations of i which stisfiy

f =v

(4.53)

/1 +12 -1-----1-/n=1	 (4.54)

(4.55)
1-o	 M-K! •• • M K! 11! • • • ln! 84' • • • f.̀" r=i (27t

in which z(') (t) represents the /th derivative of z(t). A simplification has occurred since

q(t) now involves only the sum of the weighted products of various derivatives of the input

components. The coefficients are the derivatives of the nth-order transfer function evaluated at

the frequency set (vk„ . • • , vk„). This expansion structures the laser as a series of differentiators

(e (t)) and multipliers, to apply the proper coefficients, for each term in the sum. The utility

of this model is based on the feasibility of a small number of correction terms sufficing. This

result will be applied in chapter 6 when assessing the performance of SCM systems.

4.6 Analytic and simulation results

4.6.1 Model validity

Substitution of the Taylor expansion of H„ in equation (4.47) with some simplification leads

to the complex envelope of the nth-order component beinagtHwnrivtt)en as

00 2-n-I-1 •n!	

(	

Z(4)(t)
q(t) = E

To show the applicability of this analysis the intermodulation products were computed and

compared with the numerical solution of the rate equations (direct simulation) with the laser



12 = ft + AT

13 = /2 + 76.f/2

(456)

(457)
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modulated by three earners

The input signal amplitude is in general defined in terms of the per-channel optical modulation

depth m which relates to the normalised current Jr of the rth-channel by

1.k=
1 m(f) Po 

(4 58)
1 1/1 (1r)1

Note that if Jr is constant m,. -1--= m(f) must be frequency dependent and, according to this

definition, the optical modulation depth is a real number

The results given in this section are for a 1 3 Am InGaAsP buried heterostructure laser

The laser intrinsic parameters and parasites elements, taken from Reference [31] are given

in table 4 3 and table 4 4 The parasities are dominated by the resistance R, in series with the

active region and the shunt capacitance Cs forming a 1st-order Butterworth filter with a 3 dB

bandwidth of 11 GHz

The amplitude and phase of the fundamental and distortion products at A, L i + fk2

and 2fk1 — fk, for k i , k2 = 1, 2, 3 were determined numerically by applying the FFT to

the time solution of the rate equations The time domain solution was obtained using the

SIMULINK design block system for simulating dynamic systems Two cases have been con-

sidered in the first one we obtain the laser transfer functions evaluated at Hi (10, Hai, 12)

and H3(fi ' 12, — 13) by varying the frequency of the earners over the range of 200MHz to

7 GHz, in the second the dependence of the IMPs amplitude with the optical modulation depth

is examined

Laser transfer functions

In this case the input signal amplitude, kept constant across the range, is the same for all the

carriers and is specified in terms of the optical modulation depth at low frequencies, where

the first-order transfer function is flat, which directly relates to the input signal level

lir I Hi (0)m(0) =

	

	 (4 59)
Po
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Parameter Value Units

V: active region volume 1.37x 10- 16 m3

go: gain slope constant 2.4x 10-12 m3s-1

e: gain compression factor 4.5 x 10-23 m3

e: normalised compression factor	 . 6.25 x 10-3 -

Nom: electron density at transparency 1024 m-3

no.: normalised electron dens, at transparency 2.4 -

fi: spontaneous emission factor 10-4 -

r: optical confinement factor 0.4 -

rp: photon lifetime 1 Ps

rs: electron lifetime 3 ns

y: rs/rp 3000 -

Id,: threshold current 30 rnA

ills : normalised threshold current 9.82 -

IL : leakage current 15 mA

Table 4.3: Parameter values for a Buried-Heterostructure laser

Element Value

Cp

Lp

Rp

RsuB

CS

RS

1/2rr RsCs

0.18 pF

1.1 nH

1.0 S2

0.5 12

13 pF

1112

1.1 GHz

Table 4.4: Package and chip parasitics elements values for a BH laser (for a diagram of the
equivalent circuit see Reference [31]).
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lirl 

JO — ith

The transfer functions are then calculated from

Hn(fic if • • • 9 fkll 	 2...n+1 // ( AI 9 • • • 

fk)((0)P0

I	 m I

where p (fk i , • • ., f,,,) represents the IMP at (fk i 9 • • • 9 fk„) obtained by simulation and the

relations jk, = jk„ = jk were used.. Figures 4.2, 4.3 and 4.4 show the amplitude and

phase of the first, second and third-order laser transfer functions', respectively. The transfer

functions determined by the method described in section 4.3 are compared with the results of

direct simulation for a per-channel modulation depth of m(0) = 0.13. Very good agreement

is obtained between the analytical and simulation results.

m 

IMPs vs. optical modulation depth

The amplitude of the IMPs relative to the carrier at fi are defined as

Hi (0)  )n
(4.60)

211D

IMP2. (fi +12)

IMP3.(2fl—f2)

IMP3.(fi+h—f3)

IH2(fh 
111	 - •

= GOP
—2	

f

° I Hi (fa )12

= m (MP° 	 fi()21)1

3=	 2  IH3(fi, fi, —f2)I
t)m(f2)	 IH?(A)111(1.2)1

(4.61)

(4.62)

(4.63)

(4.64)

4

m f2) m f3) p62  I II3( f1(12H, 13 —1(f2, )Hfi)i (f13),

2

Figures 4.5(a) and 4.5(b) plot these IMPs as a function of the modulation depth m, for two

values of laser bias current 40 mA and 60 mA, respectively. It is seen that this analysis gives

good results even for large modulation depths indicating that the third-order model of the laser

is adequate. For low values of bias current, although the levels of distortion are higher the

Volterra series analysis gives a better approximation to the simulation at large m. This is due

to fifth-order terms, which depend on the signal amplitude, becoming important in the series

expansion: for the same modulation depth the current signal amplitude is actually higher for

increased bias, thereby increasing the impact of these higher-order terms. A consequence of

this is that when the laser is operating at large modulation depths an optimum bias current

'The decibel units used are, as in previous chapters, electrical decibels.
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Figure 4.2: First-order laser transfer function 1-11 (A): comparison between analytical and
simulation results when the laser is modulated by three carriers for two values of the laser bias
current 4 (m(0) = 0.13).
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Figure 4.3: Second-order laser transfer function H2(f1 , 12): comparison between analytical
and simulation results when the laser is modulated by three carriers for two values of the laser
bias current 10 (12 = A + 0.2 GHz and m(0) = 0.13)
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Figure 4.4: Third-order laser transfer function H3 (A , 12, —f3): comparison between analyt-
ical and simulation results when the laser is modulated by three carriers for two values of the
laser bias current io (12 = A + 0.2 GHz, h = 11 + 0.7 GHz and m(0) = 0.13)

(a)

-140 2 1 
1 0-1 1 0

0
10

Total optical modulation depth

Figure 4.5: Amplitude of second and third-order intermodulation products relative to the
carrier at A for a laser bias current of (a) 10 = 40 mA and (b) h = 60 inA (fl = 2.1 GHz,
12 = 2.3 GHz and f3 = 2.8 GHz).
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may exist, although an analytical solution is difficult to obtain as it requires determination of

4th and 5th-order transfer functions.

4.6.2 Dependence of intermodulation products on frequency spacing

The determination of intermodulation is usually performed by considering two [14, 15] or

three [16] closely spaced frequencies. As shown in Reference [69] this does not describe the

interaction of channels with high frequency spacing. In this section we will show that second-

order distortion products depend only on the resulting intermodulation frequency, whereas

for third-order distortion the position of each modulation frequency must be considered. To

find the dependence of IMP2, (11 +f2) with frequency spacing it is assumed all three channels

have the same modulation depth m = m(ft ) = m(f2) = m(f3). From equation (4.62) and

equations (4.30) to (4.34) this distortion product is then written as

mPo [111(/1 +12) — 13] (1 — 2spo)[X(fi + 12) — 2(no — n0.)13] 
IMP2,(fi+h)= (4.65)

Y rgo (11 + 12)B

with B = (1 — 2epo)po +13, which involves only the sum frequency ft + h and is therefore

independent of the position of ft and 12. The same is true for second-order distortion products

at the difference frequency 12 — 11, IMP2.(f2-A).

In contrast to second-order IMPs the third-order IMPs depend on the intermodulation

frequency fl + 12 — h as well as on each of the modulation frequencies ft , 12 and 13. In

figure 4.6 the spacing between 12 and h is fixed with a difference of h — 12 = 200 MHz

while the modulation frequency A is varied. The IIVIP3,04_h_13) is therefore located 200MHz

below ft . As expected the distortion increases with ft reaching a maximum near the relaxation

resonance frequency of the laser diode. This maximum occurs when ft +12 — 13 equals the

laser resonance frequency Jo = 3.3 GHz, that is for ft = Jo + 0.2 GHz. Yet the distortions

are up to 11 dB higher for 12 = 0.5 GHz compared to those for 12 = 3 GHz. This is a result

of a small h yielding a large difference frequency ft — 13 which is present in the driving

term D3 (table 4.1) and has a maximum at the resonance frequency. This second maximum,

at 6.5 GHz for 12 = 3 GHz, is coincident with fo for low values of 12 thereby increasing the

levels of distortion when the spacing is large.

To further examine the dependence of third-order distortion on frequency spacing a plot

of IMP3,(fi +h-f3) is shown in figure 4.7 in which the frequencies f2 and h are varied while
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Figure 4.6: Third-order intermodulation distortion versus A for constant f2 and h (h - h =
200 MHz, m = 20%, /0 = 50 mA and fo = 3.3 GHz)

Figure 4.7: Third-order intermodulation distortion versus 12 for constant fi (13 — 12 =
200MHz, m = 20%, jo = 50 mA and Jo = 3.3 GHz)



Chapter 4. Volterra series analysis	 77

keeping fi fixed; the difference h - f2 is 200 MHz and the modulation depth is 20% per

carrier. It is seen that the distortion levels increase for decreasing 12 and h. This is explained,

once again, by the difference frequency A - h which imposes a a minimum when A -h -A,- 0,

that is for 12 3 GHz and maximum for A - 13 A. The sum frequency fi + f2 leads to

a maximum at low frequencies (12 = fo — ft = 0.3, 0.8 GHz). Hence SCM systems with a

large number of channels and correspondingly large transmission bandwidths are expected to

suffer higher distortion because of the large frequency spacing between the extreme channels.

4.7 Summary

In this chapter we have developed an analytic nonlinear model for the semiconductor laser.

This model is based on the Volterra series analysis which describes the nonlinearity in the

frequency domain by nonlinear transfer functions. These transfer functions for the laser diode

were determined from the single-mode rate equations and analytic expressions were derived

that give the laser response to a sum of narrow-band signals. By comparing the analytic results

with simulation we confirmed the accuracy of our model and that its region of validity extends

to large optical modulation depths. A preliminary analysis of possible system implications

has indicated that an increase in the frequency spacing between the channels adversely affects

the third-order distortion products yielding up to 11 dB higher distortion. In the following

chapters this model will be applied to assess the performance of multichannel SCM systems.
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Chapter 5

System performance assessment

5.1 Introduction

In the previous chapter it was shown that Volterra series provided a tractable analytic technique

for the assessment of laser distortion. Here this technique will be applied to assess the

performance of directly modulated SCM systems in which laser nonlinear distortion is an

important degrading factor. A block diagram of the system being studied is shown in figure

5.1. The electrical signals are modulated onto a subcarrier and the resulting signal is used

to modulated the laser diode. At the receiver end the signal is detected and a bandpass filter

selects the desired channel.

Figure 5.1: Block diagram of a directly modulated subcarrier multiplexed system.

The method for calculating the intermodulation power spectral density is first described

(section 5.2) based on the calculation of the autocorrelation of the intermodulation waveform

p(t). This waveform, however, is difficult to obtain except for simple cases where the

system response may be characterized by point values at specific frequencies. The simple

case occurs when the transfer functions may be treated as constant over the channel bandwidth.

78
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In section 5.3 the implications of these assumptions, in AM and FM systems under single-tone

modulation, are discussed.

• The affect of laser distortion on system performance is quantified in terms of the carrier-

to-intermodulation ratio (CIR) defined in section 5.4 obtained here for the simple case of

unmodulated subcarriers. Distortion coefficients associated with each type of distortion are

given that enable one to assess the influence on system performance of key parameters such

as bias current and frequency allocation. The overall system performance is then determined

(section 5.5) by inclusion of relative intensity noise (RlN), receiver shot and thermal noise.

Optimum performance is then identified. The subject of receiver design is discussed in section

5.6 and conditions of operation are identified where APD detectors may be advantageous.

Finally, in section 5.7 the implications of clipping-induced distortion on system perfor-

mance are examined. Illustrative results are given corresponding to a FM-broadcast system,

the case of AM transmission being dealt with in more detail in the next chapter.

In this analysis we take the receiver to be linear although some distortion may be expected

with APD receivers and in extreme cases with PIN receivers due to bias fluctuations.

5.2 Intermodulation power spectral density

The power distribution of the multiplexed signal is affected by the laser nonlinearity. . In general

the power of the intermodulation products (IMPs) spreads over a larger range of frequencies

than the original channel bandwidth. The bandpass filter in figure 5.1 then rejects some of

this "intermodulation noise". To assess the impact of laser distortion on system performance

it is therefore important to know how the power of the distortion products is distributed over

frequency, that is the intermodulation power spectral density.

In this section we will describe the method for calculating the power spectral density of

the IMPs. The input laser current is considered to be a sum of N, wide-sense stationary

narrow-band processes, with zero mean value, centred at vk

j	 = E jk (t) E ck (t) cos 27rvkt — sk (t) sin 27rvkt
k=1	 k=1

= E zk(t)ei22rvo
k=-N

(5.1)



(5.8)

(5.9)
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where zk (t) = ck (t) isk(t) is the low-pass complex envelope representation of jk (t) as

defined in the previous chapter. From equation (4.46) the nth-order IMP falling at frequency

v	 vk, + • • • + vk„ is

p(t) = Re lq„,,(t)e'r" I . 	 (5.2)

= a(t) cos 2n vt — b(t) sin 27r vt	 (5.3)

In general the output intermodulation component p(t) is not stationary [70]. However,

stationarity applies to the cases treated in the next chapter and so is assumed hereafter. The

stationarity of p(t) implies that the in-phase and quadrature components of p(t), a(t)

and b(t) respectively, have zero mean values

Ela(t)}	 0
	

(5.4)

E{b(t)}	 0
	

(5.5)

and their autocorrelation and cross-correlation functions are also stationary processes satisfy-

ing the relations

R0 (r) = JUT)
	

(5.6)

Rab(r) = —Rb(t)
	

(5.7)

The autocorrelation function R(r) of the intermodulation component p, (t) is then uniquely

determined from the autocorrelation Ro,,,(r) of the equivalent complex envelope q„„(t) and

the frequency v as [71]
1

R(r) = —
2 

Re 11?qnv (r)eib."I

Taking the Fourier transform we get

G(f) = —
1 

[G,1
"
 (f — v) Gq„„(— —

4 

which relates Gp„.(f), the power spectral density of the intermodulation component p, (t),

with the power spectral density of the equivalent low-pass process Gq„„(f). Whenever possible

we will use the low-pass representation.
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5.3 Series expansion of Hn and implications for single-tone
modulation

The method outlined is based on the knowledge of q(t) which is difficult to calculate except

for simple cases where the system response may be characterized by point values at specific

frequencies. In chapter 4 it was shown that Taylor series expansion of the transfer functions

provides a simplified model replacing the multiple integration in q(t), equation (4.47), by a

sum of weighted products involving the various derivatives of the input components. In the

next chapter, case studies are considered where the nonlinear transfer functions are treated

as constant about any set of frequencies v = (vk„ . . . , vk,,). Let this constant value be equal

to I-1„ (141 , , vk„) which we shall write as 1-1„(v). In such cases, the Fourier transforms in

equation (4.47) can all be carried out giving

n!2-11+1
q(t) = 	 H(v	 z (t)	 (5.10)

M-N ! • • • ni N !n) r=1 kr 

so that the complex envelope of each IMP becomes simply the product of n intermodulation

components with a suitable complex coefficient. If a frequency vk appears mk times in the

intermodulation product then

zk, (t) = fl znklk (t)	 (5.11)
r=1	 k=-N

where mk can be any integer from 0 to n and E,14./___N Mr = n. Given the complex envelope it

follows that the intermodulation waveform due to inputs at (vki ,	 , vk„) is

n! 2-'1+1
Re Hv{ „() 1-1 eknk (t)ei2Knikukt	 (5.12)

A great simplification has occurred but how accurate this approximation is depends on the

type of system being studied. We will now show that for practical systems and specifically

for the systems considered in the following chapter, this is a reasonable approximation. This

will be done for the AM-SSB and FM systems by taking another term, (1 = 0, 1) in the series

expansion of H(v) of equation (4.53). It is not our aim to preview here the calculations of

the next chapter but simply to obtain an error estimate and so we consider one channel with

tone modulation.

p(t) =
M-N ! • • • M N •	 k=-N

1



Carrier Tone

v l +fm Frequency

The error in taking the first term only is now defined as

2fm aH
err' =

H2 (y) + 2fm
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Figure 5.2: Single-tone modulation with frequency fm in a AM upper-sideband system

AM system

Let us start by considering the AM system. For one channel only with tone modulation the

complex envelope of the input signal is

Z(t) = cos 27rf„,t i sin 27rfmt = ei2jr fmt	 (5.13)

where fm is the maximum frequency of the baseband signal. In figure 5.2 a diagram is shown

representing the location of the carrier and signal. For further simplicity denote the first

derivative dz(t)/dt = z (1) (0 by t(t). The second-order harmonic term at twice the original

carrier frequency v = 2v 1 is written as

1a 2(f19 12)  1
q2(t) = -1112(V) Z2 (t)	

2  H 

2	 2ir i	 af1 	 I
f2=--vi

i(t)z(t)]	 (5.14)

[112(v) 2fm
8l/2 (v 1 , v1)] z2(t)

af1
(5.15)

(5.16)

which is plotted in figure 5.3 as a function of frequency (carrier location) for fm 6 MHz

and two values of the laser bias current. From 5.2 figure another definition for the error can

be easily obtained as in the case where H2 (.) is assumed constant over the channel band the

value of H2 is taken at v 1 , the carrier location, whereas the correct value should have been
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Figure 5.3: Approximation error on the evaluation of the second harmonic distortion resulting
from taking the second-order transfer function constant over the channel band. AM single-
tone modulation with frequency fn, = 6 MHz using a DFB-BH laser, parameters given in
table 6.1

taken at v 1 -I- fm . Thus, it follows that

H2 (v 1 + fm, v1 + fm) — 1/2(vi, v1) err2 —

	

	 (5.17)
H2(v1 + fm, P 1 + fm)

This error is also plotted in figure 5.3 shown as a dashed line. First, it can be concluded that

since the two errors are closely matched, the difference being negligible over most part of

the spectrum range, the linear expansion of the transfer function at the carrier frequency is a

good apprOximation to H2(f1 , 12) over the channel band. Second, the simpler approximation

of equation (5.10) is still reasonably accurate, the error being less than 9% fri the worst case

which occurs for low frequencies, decreasing rapidly with increasing frequency.

FM system

The same procedure will be used to estimate the error for FM single-tone modulation. The

complex envelope of the FM signal is

Z(t) = ei(Af IA) sin 21r At (5.18)
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where Af is the FM frequency deviation. For FM systems operating in a single-octave at

high frequencies the third-order distortion is dominant and this is the type of distortion we

will consider. The complex envelope of the third harmonic is written as

3	 a H3(vi, vl, v1)] 3
4/31)0) = —

8 
[113(v) 2Af cos 2r /ni t

	

	 z (t)
aft

(5.19)

The contribution of the derivative of H3 now has a weighting coefficient that varies with time

modulating the amplitude of z3 (t). This modulation is however very small and we have taken

8H3 (V, iV i , VI)f 

5
1 	 1.5	 2	 2.5	 3	 3.5

Frequency (GHz)

Figure 5.4: Approximation error on the evaluation of the third harmonic distortion resulting
from taking the third-order transfer function constant over the channel band. FM single-tone
modulation with frequency Af = 11.25 MHz using a DFB-BH laser, parameters given in
table 6.1

the error at t = 0 where it is maximum

err = 

	

	 	 (5.20)aH3 (v 1 , vi , VI) 
H3(V) 2Af

aft

It is interesting to note that the error increases with if, the frequency deviation of the FM

signal, but does not depend on f„,. This error is plotted in figure 5.4 in the frequency range

of 1 to 5 GHz for two values of the laser bias with parameters taken from a typical system.

For 4 = 40 mA and 4 = 50 mA the resonance of the laser is at 7.5 and 9 GHz, respectively.
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It shows that the error is much smaller than in the previous AM case, the reason being that

at high frequencies the transfer functions vary slowly with frequency having zero derivative

close to half the resonance oscillation frequency of the laser.

5.4 Carrier-to-intermodulation ratio

In order to quantify the affect of the intermodulation noise on the system performance we define

the nth-order carrier-to-intermodulation ratio (CIR) for the rth channel located at frequency

v, due to input channels at fki , fkn , as the ratio of the signal power to the nth-order

intermodulation power at the output of the bandpass filter (BPF) (figure 5.1), with transfer

function HBp(f). CIR is then written as

lB G pi.(f)df 
aRnr(fk i t • ••9 k	 (5.21)

f 4) lB 1 Hsp(i)12Gp(f)df

where the integrals are evaluated over the filter bandwidth B. Since the channels are indepen-

dent the total nth-order CIR for channel r is obtained by summation of all the IMPs power

terms of order n falling at frequency v

fa Gpiv(f)df 
CIRnr =

EfB I HBP(f)1 2G pnv(f)df

where the summation over k includes all the distinct sets {k1 ,	 , kn} such that

(5.22)

fk i + • • • ± fk,, M-N f-N + " • + MN fN V.

In the next chapter CIR will be calculated for three specific systems where the actual

dependence of the intermodulation power with frequency is taken into account. Here, for the

sake of simplicity, the application of Volterra series to the performance assessment of SCM

systems will be given for the case of unmodulated subcarriers, which was treated previously

in chapter 4. In this case the input is

:1(0

and, after equation (4.52), CIR becomes

— Re
2

lj
k
 el2Nhtl (5.23)

111(v)12 (5.24)CIRnr —
E • • • ik„ lin(iki, • • •	 fk.)12



• M fk) Po
ik —

Hi(fk)
(5.26)
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with B„„, = n!/(m_N ! • • • m N !). Only second and third-order IMPs need be considered and

the summation in the denominator of CIR can be expanded to

CIR
	

=	 E ( 3 ) 2 Ilk! ik2ik3H3(fic1, fk2, _fk3)12

fki+ fk2 
	 • Lir Hi (V)I 2

fk3=V

E (3)2 I g jk2H3( fki , f 1, f )1

	

K	 Jk2/12 

2fkl—fk2=v	 ,IIirfHk21)(1V2)12

ik2112(fki

fki &2 .1,	 I jr (V)12

E 0) 2 IgH2(fk„ /012  
ki k2 k3	 (5.25)k2)

2fki =v	 lirH1(v)12

The subscripts in CIR have been dropped, remembering that this expression refers to a specific

channel subject to third and second-order intermodulation. So far nothing has been said about

the amplitudes of the carriers which relates to the per-channel optical modulation depth, m,

at the laser output by

Constant j

If the channels have the same amplitude and considering that, for a large number of channels,

the number of third-order three-tone products and two-tone products increases as N2 and N,

respectively, and the number of second-order IMPs is proportional to N [72,73] the CIR can

be conveniently written as

CIR = m4 (Dili N2 D21 N)+ m2 (Du + D2) (5.27)

where D111, D2 1 , D11 and D2 are the distortion coefficients, associated with each type of

distortion, given by

D111 (02 1;32	 If(kV2; fk3)I2

D21 = ( 3 \ 2 PO vIH3(fki,	 -f012 
\-zij	 11-11(016

E1	 Auk., ±ik2)12 D1 

N k	 IH 1(014

(5.28)

(5.29)

(5.30)
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( 1

_)
2 
ptiE Auk, fk)12

2 1	 k	 1111(014
(5.31)

and m corresponds to the modulation depth of the channel under consideration. Note that,

since the amplitude of the electrical carriers is the factor which is taken as constant, m will

be frequency dependent (varies between channels) if the laser transfer function H1 is not flat

within the transmission band.

Constant m

On the other hand, if we take the modulation depth of each channel as constant, equation

(5.27) still remains valid but a different expression for the distortion coefficients is obtained,

reflecting the fact that the input signal amplitudes are now scaled by the inverse of the first-order

transfer function:

/3\2 p4
 E 	 IH3 (fkl 9 fk2 9 —fk3)12 

-i Tii k 1 111(f i ) 111(fk2) 111(— fk3)I2	
(5.32)

(3)2 Pg E  IH3(fk„ fk„ -fk2)I2 

-Li	 N k 1111(fki)111(fki)111(—fk2)12 	
(5.33)

PI \--,  1 1/2(fki 9 Ifk2)12 (5.34)
N t' IHI(fk1)H1(±1012

( 1 \ 2 

110

2 E  
I

1H2li

i

(f

C

k, 

A)14

fk)12 
(5.35)

ii	 k 

The distortion coefficients are important in that they enable one to assess, independently of

the number of channels, the impact of laser distortion and the influence on system performance

of key parameters such as bias current (resonance frequency) and channel frequency allocation.

5.5 Overall system performance

Thus far only contributions from the laser nonlinearity have been considered. In the deter-

mination of the overall system carrier-to-noise ratio (CNR) relative intensity noise (MN),

receiver shot and thermal noise must also be taken into account. The CNR in the receiver may

be expressed as:

Din
=

D21
=

D 11 =

D2 =

CNR,71 = CNRik, CNR4.	 (5.36)



(5 37)

(5 38)
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where GNRTx is the ratio of the carrier power to the noise power generated by the laser diode

and GNRRx is the ratio of the carrier power to the noise power generated at the receiver These

ratios are relative to a specific channel r For simplicity of notation we will drop the subscript

r

The ratios are given by

CNR -1 —TX —

CNRRx =

with definitions as follows

2B RIN 
+ CIR-1m2

1- (mgI)2 

(2eIg2F+ < >)B

R1N Relative Intensity noise

g APD gain

< 42 > receiver noise spectral noise density A2/Hz

I primary dc photocurrent

F=gi excess APD noise factor

e electronic charge

B signal bandwidth

The total CNR is then wiaten as

1 2 2 2inz I g 
CNR =

	

	 (5 39)
< 42 > B ± g2I2RINB -1-2eBIg 2F ± g2I2 Im6 Ci + m4C21

with

Cl = D111N2 + D2iN	 (5 40)

C2 = DiiN + D2	 (5 41)

CNR may be bivanately maximised in m and g for a given I, equivalent to balancing the total

contributions of signal-independent and signal-dependent noise terms [74] The maximum

CNR for an optimum modulation depth, Mopt, and a given I, obtained by differentiation of

(5 39), is

CNR-1(11101,0 = 3///40p: [DiiiN2 + D2IN] + 2n1021,1 [AIN + D2]	 (5 42)



(5.46)

is readily obtained by

e + Ve2 +W < 4.2 >
'PIN — (5.48)
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or, conversely, mopt may be determined by specifying the required CNR

—C2 ±	 +3Ci/CNR

The optimum APD gain is given by the usual expression

[ < 12 > 1/(2+x)

The maximum CNR for an optimum OMD and APD gain is then

im2op,124,
CNR(mopt, Sox) = 

K3B f< > [1 + .fl+4,12RINI

2Mopt — 	 3C1

gopt —
eIx

(5.43)

(5.44)

(5.45)

where

K = 	
3mL,Ci + C2

3
2M 2opt +C2

The necessary primary dc photocurrent to achieve CNR (mopt, gopt)

combination of equations (5.44) and (5.45)

itaa
[ ex l wx [CNR(mopt, &TO K3B < > (1 + 2/x) 

IAPD =	 (5.47)
< >	 im2 — RINK3B	

]

2 opt

For a PIN receiver the gain and the excess noise factor are both unity; the required photocurrent

to achieve CNR(ntopt) is then

with
m2 ,

W =
2CNR K3 B 

R IN	 (5.49)

where once again we have followed the notation of [74].

In practice we are interested in obtaining the receiver sensitivity for a desired CNR and a

specific number of channels with the laser biased at a certain point. These last two parameters,

number of channels and laser bias current, will determine the levels of distortion at the laser

output and are included in the analysis through the distortion coefficients D. Once the system

parameters are specified the distortion coefficients are determined and from these the optimum

modulation depth for the desired CNR follows from equation (5.43). Depending whether the

system uses a PIN or an APD, the receiver sensitivity (IPIN(APD) times the photodetector
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responsivity Ro) is readily obtained from equation (5.47) or (5.48), respectively.

In cases where either only second or third-order intermodulation effects are significant con-

siderable simplification of the previous equations is possible. If only second-order distortion

is significant the optimum modulation depth (equation 5.42) may be reduced to

mopt = [2 CNR • (D ii N + D2)]-112

Similarly, for third-order distortion effects

mopt [3 CNR • (DinN2 + D21 N)] -114

(5.50)

(5.51)

The maximum allowable number of channels may be estimated by defining N„,,,, as the number

channels for zero shot and thermal noise, that is, the ideal situation when no additional noise

is introduced at the detection process. If second-order distortion is dominant, then for both

PIN and APD cases

N„,a., (4 . CNR2 Di 1 B RIN)-1

whereas for third-order intermodulation

[(3CNR) 312 	 •	 .

(5.52)

(5.53)

For example, if CNR = 20 dB, D i 1 = 0.05 and Dli = 0.05 [1,74] with R IN = — 130 dB/Hz

and B = 36 MHz then Nmax is 139 and 414 for the second and third-order cases. Note that, in

accordance with the previous definition for the distortion coefficients, these equations are bias

and frequency dependent: as the frequency channel allocation gets closer to the resonance

frequency the distortion coefficients reach maxima that forces Alma., to correspondingly lower

values.

5.6 Receiver design considerations

It has been verified that the optimum modulation depth is determined by the intermodulation

distortion. Therefore, for a certain amount of distortion (given by the distortion coefficients),

the photocurrent I must increase if higher values of CNR are required. Shot noise and RIN

then start to dominate. The associated APD gain will reduce towards unity for a fixed circuit

noise and APD receivers do not provide any advantage. A PIN diode is then the preferred
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choice. Even so APDs can improve performance for relatively low CNR particularly when

circuit noise is dominant.

20 	

Figure 5.5: Sensitivity as a function of carrier-to-noise ratio using a PIN detector for two circuit
noise levels. Parameters are Ro = 0.8 A/W, N = 62, B = 36 MHz, RIN--= —155 dB/Hz
and D111 = 0.02

Figures 5.5 and 5.6 show the performance obtained with a PIN detector and an APD,

respectively. We have consider an APD with x = 0.7, responsivity of Ro = 0.8 A/W and

two circuit noise levels corresponding to a tuned receiver with < I, >= 4 pA2/Hz [75] and

a 50 Ohm low noise amplifier with a noise figure of 3 dB for which < I >-= 159 pA2/Hz.

Other parameters are number of channels N = 62, B = 36 MHz, RIN = —155 dB/Hz and

third-order intermodulation D 111 = 0.02, corresponding to a system [52] operating in the

frequency range of 2.7 to 5.2 GHz (see also chapter 6). The solid lines in figure 5.5 represent

the relation between CNR and the optical power for the optimum modulation depth, derived

from equation (5.48) (values of the optimum modulation depth can be read from figure 5.7

since mc,pt is independent of the type of detector used). In this figure it is seen that when

CNR ratios of less 25 dB are required the difference in sensitivity between the two circuits is

approximately 8 dB, as both are operating in the circuit noise limit. Between 25 and 35 dB

this difference is reduced and for CNR greater than 35 dB not only shot noise but also RIN
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Figure 5.6: Sensitivity as a function of carrier-to-noise ratio using an APD with the same
assumptions of figure 5.5: R0 = 0.8 A/W, x = 0.7, N = 62, B = 36MHz, RIN =
—155 dB/Hz and D 111 = 0.02
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Figure 5.7: Optimum avalanche gain and optimum modulation depth associated with the
curves of figure 5.6.
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and intermodulation distortion become important until a point is reached above which no

transmission is possible.

.Figure 5.6 shows the relation between CNR and the received optical power for an APD

detector. The asymptotic values of the circuit noise limit for the two amplifier noise levels

(using a PIN) as well as shot noise limit are shown by dashed lines. The solid lines for the

received optical power correspond to optimum avalanche gain and optimum modulation depth,

these are shown in figure 5.7. At low CNR the optimum avalanche gain is large, decreasing

as the CNR increases and reaching a value of 1 (PIN) close to the point where the circuit and

shot noise asymptotes intersect. The power margin relative to a PIN detector, for a CNR of

approximately 16 dB, is 3.5 dB for the tuned receiver and 8 dB for the 50 Ohm amplifier. Thus,

the APD can improve system performance by providing significant reduction in the required

optical power for low CNR, such as FM systems, but is ineffective for large CNR as required

in AM systems.

5.7 Clipping distortion implications

We have seen that Mil and intermodulation distortion establish a limit to the maximum

obtainable optical modulation depth or carrier-to-noise ratio. Recently, it has been shown

• that clipping effects determine a fundamental limit to the total modulation depth [61, 76].

Thus, even if the distortion coefficients are all zero a maximum CNR still exists. This limit

imposed by clipping distortion will be determined based on the model by Saleh, which has

been revised in Reference [77] and shown to agree with simulation results to within 2 dB for

values of the effective modulation depth, tr. = in.VTV72, greater than 0.25. In Saleh's analysis,

the nonlinear distortion is calculated by approximating the sum of multiple randomly phased

subcarriers as a Gaussian probability density of the amplitude. The total nonlinear distortion

is then assumed to be proportional to the power in the Gaussian tail that falls below zero and to

be distributed uniformly over all channels. The total mean-square value of the clipped portion

of 1(t) is then [61, 77].
1 5

<	 >	

1 + 611,2 

e-1/2122	 (5.54)

Additionally, a calculation by Mazo [78] indicated that over a wide range of pc most of the

distortion is thrown out of the transmission band. Thus, the carrier to clipping distortion noise
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ratio, CCR, becomes
. 2

Car I = A 
Tc 1 + 6/12

e ' 14".	 (5.55)

where A represents the fraction of the clipping distortion power which falls in the transmission

band, which for the US-CATV plan (50-500 MHz) takes the value A = 1/2 [78]. Rewriting

(5.39) to include clipping noise we obtain

KN	 2 /1.3
CNR-I =

g 1 + 6122/2212g2
+ A	 	 e-I/2142 + 

44Dii I ± 2/42D11 (5.56)

where K includes all the other noise contributions

K =<	 B + g2I2RINB +2eB1g2 	 (5.57)

The CNR at optimum p and APD gain, ktOrn and gopi respectively, now becomes

e- 1/24, itopt ± 11 1203 pt	 181i5 
CNR-1 (popt) = A 	 	 + 4/22 Di	 (5.58)

V17-17 	 (1 +61/14d2	
opt°Pt + 12A4 Diii	 opt

and gopt remains unchanged. The relation between the photocurrent I and /top: is determined

from the solution of the following equation

{< > (1 +2/x)BN + go2p1I2RINBAI 
I.L= 02 ptgo2pt i2 x

	

e-11	 A24, wn + 911,30pt + 6/z5	x [A  
,4	 (1 + 6p1)2 

opt +	 D111 + 2p02pt Dii	 (5.59)
-7-1:	 4

Equation 5.58 may be used to compare the optimum CNR with and without clipping. Figure 5.8

plots the achievable CNR as a function of comparing the contribution of clipping distortion

(dashed line) and third-order intermodulation distortion (dotted line) for the same system

considered previously, corresponding to an FM system in the 2.7 to 5.2 GHz range. Over

this frequency range the value of A is 1/4 although the lower frequency channels suffer

2.5 dB more clipping distortion then the high frequency channels. The actual calculations

are given in Appendix A. It is seen that laser intrinsic distortion dominates over a wide

range of values of p,. The contribution of clipping distortion increases with increasing

reaching a maximum at p, = 0.55 where it degrades CNR, relative to the resonance distortion,

by 1.3 dB. For CNR = 16.5 dB, the optimum equals 0.51 corresponding to a per-channel

modulation depth of mop, = 9.2% and the total modulation depth is m tot = mN = 5.7 for a 62

channel system. That is, considerable overmodulation occurs, it being more advantageous
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Figure 5.8: Contribution of clipping distortion and intermodulation distortion. due to laser
resonance distortion to the total carrier-to-noise ratio: D 111 = 0.02, D11 = 0, A = 1/4
and N = 62.

to accept some distortion than constraining the total modulation depth to 100% [79]. An

adequate measure of the total effective modulation depth is the r.m.s modulation defined as

mrms = m ../F1 [79] which, in the example given, takes the value of m. = 72%.

For AM systems overmodulation is still advantageous. Clipping distortion, however, has

a greater impact on system performance than in the example given, in spite of the high CNR

and strict intermodulation distortion requirements. This latter case will be discussed in the

following chapter.

5.8 Summary

The Volterra series analysis of laser distortion given in the previous chapter was here applied

to assess the performance of SCM systems. The overall performance quantified in terms of

the carrier-to-noise ratio was obtained for the case of unmodulated subcarriers. The case of

modulated channels will be treated in the following chapter for specific systems. It has been

shown that laser distortion can be quantified in terms of distortion coefficients which take

into account the affect on system performance of key parameters such as bias current and
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channel frequency allocation. Optimum performance was then identified corresponding to

balancing the total contributions of signal dependent and independent noise contributions after

the detection process. It was then shown that APD photodetectors can improve performance

significantly for relatively low carrier-to-noise ratios, of which the FM system is a case, and

for high values of circuit noise as occurs in the simple 50 Ohm amplifier. Finally, the impact

of clipping distortion on the overall performance has been assessed and an illustrative case

has been considered which shows that it is advantageous to accept overmodulation and the

associated clipping distortion rather than constraining the total modulation depth to 100%.

Even so, intermodulation distortion as a result of the intrinsic laser distortion is the dominant

distortion mechanism for a large range of modulation depths for one octave systems operating

in the GHz frequency interval.



Chapter 6

SCM system case studies

6.1 Introduction

The theoretical analysis of the previous chapter is here applied to study relevant systems in

this area of research. Particular emphasis is given to laser nonlinear distortion (resonance and

clipping distortion) and its contribution to the overall system performance. Two important

system cases studies are first considered, FM broadcast and AM-CATV systems (sections 6.2

and 6.3, respectively), dealing with the transmission of high quality video signals. Although

FM systems are very reliable, capable of tolerating the loss associated with a passive optical

distribution network, AM systems are very atractive as they provide direct compatibility with

present day residential video and CATV systems. As seen later, the requirements of these two

systems are radically different.

The third case discussed in section 6.4 is a new evolving application concerned with

the remote delivery, over optical fibres, of future mobile radio services and the provision of

flexible customer access connections [80, 81]. Specifically, the performance of the return link

is assessed where the existence of a wide dynamic variation of power levels due to range and

fading associated with the mobile user imposes stringent requirements on laser linearity.

In the study presented the intermodulation power spectral density of the distortion products

of interest is first determined. This enables one to assess accurately the impact of laser

. resonance distortion on system performance. The results of section 5.5 are then directly

applied and illustrative results are given for each of the three systems mentioned above.

97
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6.2 FM broadcast systems

6.2.1 Introduction

The performance of FM-SCM broadcast systems, for which many field trials have been re-

ported [52, 10, 82, 83], is here accurately assessed. FM modulation is very reliable being

more immune to noise than AM, with large improvements in signal-to-noise ratio (SNR) over

carrier-to-noise ratio (CNR) at the expense of a wider bandwidth [48]. The basic FM—SCM

system is shown in figure 5.1, the modulator being assumed to be of FM type.

The baseband video signal is converted to an FM subcarrier with a bandwidth typically of 30

to 40 MHz [52]. The increased bandwidth is exchanged for a considerable SNR improvement

so that the SNR at the demodulator output is much larger than the input CNR. A 16.5 dB CNR

yields a high quality signal with 56 dB SNR [48]. The FM signal bandwidth can be estimated

using Carson's rule, B = Afpi, + 2f„„ where Afpp is the peak-to-peak frequency deviation

and f„, is the highest frequency of the composite video plus audio signal. Since the highest

frequency of the composite video corresponds to the audio subcarrier, f„, is usually designated

as the "top audio subcarrier frequency".

The intermodulation products (IMPs) generated from different uncorrelated signals can

be considered to have equivalent deviations of ifiAfpp for second-order IMPs and .N/I6,fpp

for third-order IMPs. Consequently, for the purpose of estimating the intermodulation power

spectral we will consider the IMPs as wideband FM; this is also justified by the fact that a

video signal contains little power in the high-frequency region.

6.2.2 Intermodulation power spectral density

The power spectral density of the intermodulation products for the wideband FM case will

now be derived. The laser input current is considered to be a sum of N FM signals centered

at vk

(t) = EAkcos[27rpkt+ok(o+ lifk]
Ic=1

E Re lzk(t) el(27"01 . (6.1)



(6.4)

(6.5)

(6.7)

(6.8)
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with

zk(t) = Akel(40)-Fifro,	 (6.2)

z-k(t) = z(t)

and ikk is a uniform distributed random phase. We now assume Hn (Vki t • -I Vk„) to be constant

around any set of frequencies v = (vk„..., vk.) so that only the first term in the Taylor

series expansion of Ai (equation 4.53) needs to be considered. The consequences of this

approximation are discussed in the previous chapter. In this case the complex envelope of a

particular intermodulation product falling at frequency v due to signals centered at vk„	 vkn

is
rdrn+1 

q(t) — 4(v)	 zkm k (t)	 (6.3)
m -N! • • .n1N!	 k=-N

The calculation of the intermodulation power spectral density (IPSD) proceeds by evaluat-

ing the autocorrelation of q(t), Rq„.(r), which relates to the autocorrelation of p(t) by

equation (5.8). The calculation of Rq„,(r) now follows

(r) = E 14,(t)q(t +

= E{B,m ,H n(V)1 2 1-1 [Zik" k (Or ZZ1 (t+t)1}
k=-N

B n2 mi lln(V )12 [n 11,2,mklEleimk[40+0-coil
k=-N

Noting that the last term equals the second-order characteristic function of the process Ok

E feiwroilt+0+ionahl =	 (co l (02, r)	 (6.6)

Rq„„(r) is compactly written as

Rq„„(r) = Bn2  IHn(v) 1 2 [ n A2:1 k ] 11 (Dok (ink, —Mkt r)
k=-N	 k=-N

For an FM signal the phase equals the integral of the modulating signal xk(t)

Afpp4(0 = 27rAf f 4(0 dt, Af — 2

and
r+r

cD psk (Mk, —Mk, r) = E lexp (imk2rAf ft Xk(t) 4(4) (6.9)



zk()4 x(0)t, Itl « 1/fm (6.10)
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If It'	 1/f„, where fm is the maximum frequency of the signal xk (t) then the integral in

equation (6.8) can be written as

In this case the second-order characteristic function (1) 4 (mk , -mk , r) can be approximated

by the first-order characteristic function of xk

c,ok (Ink, _mk,	 E l ei2ttnik Afk(o)r

=	 (13Xk

From this last relation and equation (6.7) it follows

R	 ll„,(t) = B!in(v)12 [q	 ,,,
k=-N

(2gmkb.f r)

that

NI1	 04(27rmkAfr),
k=-N

I ,	 Ini „<.<

It I « fm

(6.11)

(6.12)

If Af is sufficiently large then equation (6.12) is a good approximation in the region where

'I Xk takes significant values and if x k (t) has a uniform probability density function (Pxk):

n CD XII(27r mkAf r) = fl sinc (2mk Afr)::= 0, for In I > to	 (6.13)
k=-N	 k=-N

Applying the Fourier transform to equation (6.12)

Gq„„(f) = BLI11.())1 2 [fi A2kink]dil 434 (27rmkAfr)1	 (6.14)
k=-N	 k=-N

•`	 N

B, m IHn(V)l2 [	 A]

k=-N

1	 1
X	

* *
[m_Nix f PxN (ni	 iv)	 mNAf PxN (n2Nf)]

where the operation * denotes convolution. Finally the nth-order intermodulation power

spectral density, Gp„. given by equation (5.9), becomes

1
G(f) = - [Gq"" (f - v) Gq„,,(- f - v)]

4 

= 2:-I BLIHn(v)12 [k IN1N ilk]

f - v

mNLf)

1 f - v	 1

m --N A/ Px-N (m-N A/
*•* 

nth Af
	 AzN
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1	 — f — v )	 1	 — f — v 
(6 15)

ni-NAi Px-N km-NAi -	 * m ivAf PxN kinN•Af)1	 *

with

Px_N(f) = P.N(—	 (6.16)

Equation (6.15) is indeterminate when mk = 0; we should note however that

(Oxk (27rmkAft)1 Itnk=0 = 8 (f)	 (6.17)

and so
r1	 (f-v

A „Pxk	 r)]	 =6(f).
nIk LAJ 	 mk=o

(6.18)

The total intermodulation spectral density at frequency v is the sum of all the terms given by

equation (6.15) resulting from all possible combinations of the input channels.

6.2.3 Carrier-to-intermodulation ratio

The nth-order carrier-to-intermodulation ratio CIR for the rth channel centered at frequency

v is defined as the ratio of signal power to the intermodulation power at the output of the

bandpass filter at the receiver (figure 5.1), with transfer function having unit gain over the

signal bandwidth B

IBLL Arkian E IHntfk., , fk„)I
=-N

where the summation over k includes all the sets {k 1 ,	 kA l such that fk, + • • • + fk„ = v and

an = L	
*. *

B/24 M_N	 M_N
—pxN (—).. —. pxN —..) df	 20)(6

mN	 mN	
.

1	 ( fB/24 1	
f

if  pxk is an even function. Assuming as before that xk has uniform probability density between

—1 and 1, and that all channels have the same amplitude the third-order CIR becomes

(C/R); 11 1 = (
1
i)

2
 (Mpo)Saiii E IH3(fk,, fk2, — fk3)12

k	 1 Hi (v)I6

The factor a i ii denotes the fraction of the total intermodulation power that is passed by the

filter

1 fB/24
d —

(f
aiii =	 re) * rect (—f * rect(—f 

df
-B/2Af	 2	 2	 2

l'IHI(V)12
(CIR),, — (6.19)

2

(6.21)
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1 I 1	 . 3	 9
= —8 L-24 e — — ± 2 — and 1 < < 3 (6.22)

• The number of intermodulation products of type ft fi — fk falling at the rth-channel in

a sequence of N equally spaced carriers and for large N increases as N2 so equation (6.21)

can be expressed in terms of the distortion coefficient Dm

(C/R) 1 = D111M4N2

(3 \ 2 4 a lll	 I113(fici, 1k29 —fk3)12 D111
I) °°N `r,	 IHI(v)16	

(6.23)

The other most important products besides the three-tone IMP are the two-tone third-

order IMP (2 fi — fi ) and the second-order distortion products that have to be considered if

the transmission band is not limited to one octave.

Following the same approach it is possible to show that the total CIR falling at channel r

located at frequency v is

(CIR)T 1 = m4 [D 111 N2 .1)21 N]+ m2 [AI N + 1)2] (6.24)

The indices of the distortion coefficients D identify the order and type of distortion products

and are

\ 21(3) 24 a2i	 ! Haig,	 —Jk3)I 
D21 = —

4 
Po- i

I H (v)16

2 a11	 I H2(fk1 , fk2)I2 
Po — LN k	 1111(014

1 )2 2	 1H2 (A, /012
D2 =	 POct2	 'Hi (v)14

The factors a are determined from equation (6.20)

a21 =	 * Px2(i)df,	 2Af

1[2+6+1]

D11 =

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)an =	 Pxl(f) * Px2(f)df = —



0.31
sinc3 (2f r) 0,	 Irl > Af

(6.31)

Af
— > 5 • 0.31 = 1.55
fin

(6.32)
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a2 = • ( .1) d.f =2	 2	 2
(6.30)

If the per-channel modulation depth is taken as constant for each channel the distortion coef-

' ficients are redefined accordingly as explained in section 5.3.

6.2.4 Results

The results given are for a typical SCM optical system where 62 FM video channels are

multiplexed in the frequency band of 2.7 to 5.2 GHz. The video top baseband frequency

is f,„ = 6.8 MHz and the peak-to-peak frequency deviation is Afpp = 22.5 MHz. After

modulation the signal bandwidth is estimated to be B = 36.1 MHz. A diagram of the

multiplex structure is shown in figure 6.1. These parameters were taken from important

/4— 40 MHz	 Channel Bandwidth

Kr
FM subcarrier

2.72
	

2.76
	

5.16
	

Frequency (GHz)

36.1 MHz

Figure 6.1: Diagram of the multiplex structure

reported experiments in this area of research [52, 48], so that the accuracy of our analytic

results could be compared with actual experimental data.

Since the transmission bandwidth is limited to one octave the second-order IMPs and

harmonics need not be considered. Also the third-order three-tone IMPs dominate [1, 48] for

a large number of channels and these are the distortion products we will consider. For these

IMPs the condition of equation (6.13) gives

Since a video signal has little power at high-frequencies we relax somewhat the condition

of equation (6.10) by taking r < 1/(5 f„,). From this and equation (6.31) there- follows a

condition on the ratio AM.
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In the system under study Af/f,„ = 1.6 so we can apply the quasi-static approximation

given by equation (6.15). The system CNR is given by equations (5.29) . and CIR defined by

equations (6.23) to (6.30).

The laser parameters used, taken from Reference [33], are given in Table 6.1. As in [33],

the laser model includes also a Butterworth filter with a 4 GHz 3 dB bandwidth to account

for the laser drive circuit and laser parasitic shunt capacitance of 8 pF and series resistance of

5 S2. Figures 6.2 and 6.3 plot the laser response and relative intensity noise, respectively, as a

function of frequency.

Element Value Units

V: active region volume

go: gain slope constant

0.45.10-16

2.9.10-12

m3

m3s-1

E: gain compression factor 2.5-23 1113

No„,: electron density at which net gain is zero 1024
111-3

/3: fraction of spont. emission coupled into laser mode 10-4 -

r: optical confinement factor 0.25 -

rp: photon lifetime 1 ps

ts : electron lifetime 1 ns

Id:: threshold current 17.13 mA

Table 6.1: Parameter values for a DFB-BH laser.

In figure 6.4 CIR is plotted versus the optical modulation depth per channel (m) for the

first, middle and the last channels corresponding to a bias current of /0 = 50 mA. Since

the middle channel has the highest number of distortion products, 1365, compared to 900

for channel 62, we might have expected the middle channel to be more strongly affected

by the intermodulation noise. Yet, as a consequence of the laser resonance (fo = 9 GHz),

the last channel is in fact the most strongly affected by the laser distortion: as seen in the

' plot, C1R62 < C/R31 . The actual channel for which the distortion coefficient is maximum

depends on the laser bias current and whether the input signal amplitude or the per-channel

modulation depth is taken as the common factor between all the channels. These two cases are

considered in figure 6.5 which plots the dependence of the maximum value of the distortion

coefficient, between all channels, on the laser bias current. The arrows indicate the channel
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Figure 6.2: First-order transfer function (—) and parasitics response (---) for a DFB-BH
laser diode.

10°
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Frequency (GHz)

Figure 6.3: Relative intensity noise (RlN) for a DFB-BH laser diode.
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Bias current (mA)

Figure 6.5: Maximum of the third-order distortion coefficent D 111 as a function of laser bias
current for constant input amplitude (—) and constant modulation depth (---) among all the
channels. The numbers in the plot, for each curve, indicate the channel suffering maximum
distortion (max(Diii))
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associated with the maximum of D 111 . The minimum on the solid line curve is due to the

affect of the laser parasitics on the laser transfer function which causes a depression to occur

at 5 GHz for h 42 mA. This means that even if the channels have the same amplitude

the modulation depth for the channels located at ',.15 GHz will be lower. To keep the optical

modulation depth constant the input signal amplitude must be higher causing an increase in

the levels of distortion (distortion coefficient) and the minimum to disappear (dashed line).

11 10 = 50 mA then D 1 11 0.020 and Mopt = 9.91% for a CNR of 16.5 dB. This corresponds

to a rms modulation depth of 78%.

The optimum OMD is also plotted in figure 6.6, for 3 values of CNR as a function of

/0 . These values of D I II and mopt , for this number of channels, are in close agreement with

previously published theoretical results [74] in which the estimated value for the distortion

coefficient was based on experimental results [84]. Also in [84] an optimum modulation depth

of m0p, "Al 9% was measured for a 60 channel FM system, which agrees well with our analysis.

Figure 6.6: Optimum modulation depth per channel (mopt) for three values of CNR (16.5,
18.5 and 20.5 dB).

The sensitivity for an APD and PIN receiver are shown respectively in figures 6.7 and 6.8,

as a function of the receiver thermal noise. Figure 6.8, in contrast to figure 6.7, shows

distinctively a region, for noise above k= 0.6 pAbiliZ on the graph, where signal independent

receiver noise dominates and the sensitivity decreases as i< i > B. For noise below this
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APD receiver

Receiver Noise pA/t/Fri

Figure 6.7: Sensitivity of an APD based receiver with APD gain > 1: 62 channel FM system
with RIN= -150 dB/Hz and h = 50 mA
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Figure 6.8: Sensitivity of a PIN based receiver: 62 channel FM system with RIN= -150 dB/Hz
and h = 50 mA
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value shot noise starts dominating. For APD receivers, with gain > 1, sensitivity decreases

as [< .4? > B]x/[20+x)].

•.If the receiver noise is kdd 10 pA/0"---1z, for example, the required power to achieve

CNR=16.5 dB is -21.5 dBm and -29.3 dBm for a MN and APD, respectively. For 50 mA

bias current the laser emitted power per facet is 4 mW and the coupled power into the fiber

will be typically -2.4 dBm. The optical transmission loss budget will then be

corresponding to 19.1 dB and 26.9 dB for the PIN and APD based receivers, respectively.

Assuming a fibre attenuation of 0.5 dB/km and taking 7 dB for system margin the maximum

transmission distances are then 24.2 and 39.8 km.
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6.3 AM CATV systems

6.3.1 Introduction

Subcarrier multiplexing (SCM) has evolved as a convenient technique for multichannel video

transmission taking advantage of the large modulation bandwidth of semiconductor lasers

and availability of microwave components [4]. As the power and linearity of the lasers

has increased attention has turned to amplitude modulated systems as they provide direct

compatibilility with CATV technology. However, stringent linearity and noise requirements

must be met: AM-CATV signals require a carrier-to-noise ratio (CNR) of 56 dB for studio

quality, which is partially eased by the small 6 MHz channel bandwidth.

While the AM signal needs a sufficiently large optical modulation depth (OMD) to achieve

the higher CNR, the maximum OMD is limited by the increased nonlinear distortion. The

number of intermodulation products (IMPs) are dominated by products of the type ft

and ft fj — fk for second and third-order products, respectively. With up to 40 channels

separated by 6 MHz, occupying the 50-350 MHz bandwidth, tens of second-order and over

five hundred third-order IMPs are generated within each channel [53]. This means that each

product must be extremely small.

In this section the affect of laser intrinsic distortion on the performance of AM-SCM

optical systems is assessed. The analysis presented here calculates the power spectral density

of each type of IMP for an AM-SSB system. It then takes the fraction of the intermodulation

power that falls in the channel bandwidth. Analytic expressions are given for the carrier-to-

intermodulation ratio (CIR) which include the dependence of CIR on the frequency allocation

and laser parameters including bias current. Illustrative results are given for a 42 channel

system occupying the bandwidth of 50-350 MHz and channel bandwidth of 6 MHz. We show

that the laser resonance frequency should be above 3 GHz if the laser intrinsic distortion is

not to affect significantly system performance.

6.3.2 Intermodulation power spectral density

The input is considered to be a sum of N AM-SSB signals centred at V k

(t ) =	 X k(t) cos(2n- vk t) — k (t) sin(27rvkt).
k=1

(6.34)
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where k (t) is the Hilbert transform of x k (t). The complex envelope of the nth-order output

component at v

V =EVkr = E nikVk
r=1	 k=-N

generated by intermodulation of the input signals centred at vk„ is given by

n!2-n+1	 N
q(t) = 	 H(v) ri 4'(t)

ni-N!•-•mN!	 k=-N

in which zk (t) is the complex envelope of the input signals

(6.35)

(6.36)

zk (t) = xk(t) + k (t)	 (6.37)

and, as before, Hn(vk i , •••, vk„) is assumed to be constant around any set of frequencies v

(1)k 1 , •••, vk.)•

To determine the intermodulation power spectral density (IPSD), Gq(f), of the equivalent

low-pass process qn„(t), we start by calculating the autocorrelation Rq„„(r) of q(t) defined

as

Rq„,(r) = E Ii tg„(t)qm(t + r)I •	 (6.38)

which yields the desired 1PSD after Fourier transformation. Substitution of equations (6.36)

and (6.37) into (6.38) gives

N r

Rq.,(r) = B,,2„,IHn( v)12 E n pko)-iikoAkko+,)± Lirc(t + r)l}mk1
k=-N

(6.39)

The most important intermodulation products are second-order terms of type fi fi and

third-order products of type ft - fk and 2f; — ff. For second-order intermodulation

m k = 1, for all k and the above equation yields

Rq„(T) = 1 1/2(ii• ±L)12 [Ra(r) + iRab(r)]	 (6.40)

where

Ra(r) = 4 [Rx,(T) Rx2 (r ) — Rxt.i 1 (r ) Rx212 (r)]	 (6.41)

Rab (r) = 4 [Rx1 (r)Rx222 (r) + Rx1i1(T) Rx2(r)1 (6.42)

and we have used the fact that the input signals satisfy the relations (5.6) and (5.7). After



G il (f) = 4 1 1-12(fi, ± .6)1 2 1 Gx1 (f) * G 2 (f) — [Gx,(f)HQ(f )1 * -[Gx2(f)11Q(f)]

+	 iGxl(f) * [Gx2(f )11Q (f)] + i [Gxl(f)142 (f)] * GX2 (f)

HQ (f) is the quadrature filter transfer function defined as

•	 (6.43)

HQ (f)

sgn(f) being the sign function given by

sgn(f) =

= —i • sgn(f)	 (6.44)

—1 '	 <	 (6.45)
1,	 f > 0

Equation (6.43), after substitution of (6.44), can be simplified to

G il (f) =-- 161 1/2(fh ±.6)12 [G11 (f)u (f)] * [Gx2u (f)]	 (6.46)

rect (—f
0, If I > B/2

1, If < B /2
(6.48)

Chapter 6. SCM system case studies	 112

Fourier transformation the second-order IPSD, G li (f), is obtained

where u(t) is the unit step function. For the sake of simplicity we take the PSD of the input

signals to be identical for all the channels and to be uniform over the channel bandwidth B

Gx,(f) = Gx2 (f) = G • rect (IB)	 (6.47)

with the rectangle function, rect(f), defined as

With these assumptions the second-order low-pass IPSD is finally written as

G 11 (f) = 16G2 1 1/2(fi, ±L)1 2 rect (f/B) * rect (f/B) * (f — B)	 (6.49)

which is a triangle of width 2B and height 16G 2BIH2(fi , ±f)12 centred at f = B. These

calculations can be repeated for the third-order IMPSD of type fi + fj — fk yielding the

spectral density

(f) = 64(3/2)2 G3 11/3 (fi , fj , — fk)I2

x rect (f/B) * rect (f/B) * rect (f/B) * 8 (f — 3B/2)	 (6.50)
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A similar expression is obtained for the two-tone third-order IMP of type 2f i — 4; with the

difference that the transfer function is now evaluated at H3(fi , fi, —f')

G21 (f) = 128(3/4)2G3 11/3(fi, fi —.6)12

x rect (f/B) * rect (f/B) rect (f/B) *8(f — 3B/2)	 (6.51)

The derivation of this equation, however, is not as straightforward as in the previous cases and

is left to Appendix B. The reason is that the complex envelope q 21 (t) . involves the square of

the input signal, [xi (t) + iii (t)r and the autotocorrelation function Rqn (r) of qn (t) requires

the calculation of the autocorrelation and cross-correlation functions of the square and cross

products of the signal xi (t) and the corresponding Hilbert transform (t). In Appendix B

these are obtained with the help of the moment generating function (MGF) assuming the input

random processes are Gaussian.

6.3.3 Intermodulation noise

Figure 6.9 shows the channel allocation of a 42 channel system and the distribution of second

and third-order IMPs. The maximum number of two-tone products occurs at the beginning of

the transmission band, while the number of three-tone IMPs is higher for the centre channels.

Due to the nonuniform frequency spacing, the products appear at several frequencies within

each channel. This means that the power falling in the channel bandwidth depends not only

on the type of distortion being considered but also on the channel frequencies which give rise

to the distortion product and define its location. For a particular channel, we have to select

those IMPs that make contribution to the noise power and take the fraction of the intermodu-

lation power that falls in the channel bandwidth. Summing all these contributions yields the

total intermodulation noise power (IMN) which will be calculated for second and third-order

intermodulation products. Results will be given assuming a 6 MHz channel bandwith and no

guard space.

Second-order intermodulation

The second-order IPSD is given in equation (6.49). The corresponding band-pass spec-

tral density, G2v0 , of the intermodulation component p2v. (t) due to the input components at
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Figure 6.9: Distribution of (a) second-order distortion products and third-order products of
type (b) fi .1  - fk and (c) 2fi — fk for a 42 channel system. The short markers on the top
of (a) show the frequency location of the carriers.



f —1
, If —vi <B

0,	 — vl B
(6.53)

1—
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(fk„ JO, such that va = fki 1k2 , is obtained by substitution of (6.49) into equation (5.9)

G2v„ (f) --= 41H2 (v.)1 2BG2 [tri — vBa B ) + tri ( j. vBa +.	 (6.52)

where tri(f ) is the triangle function defined by

The total second-order intermodulation noise, IMIS associated with channel located at ffr is

then obtained by the integral of G2 (f) over the channel band and summing the contributions

of all the intermodulation products

IM = 8BG2 E E 1 1-12(fki , =LAO f 
A+B 

tri 

v

a 
—	

df	 (6.54)
k	 vo	 A

fki+42.ve

The summation over k includes the intermodulation products that fall at frequency va ; IMPs

at different locations can contribute intermodulation noise to a particular channel which is

accounted for by the summation over Va. Since the second-order power spectral density

occupies a bandwidth of 2B centred at v + B the possible contributions to the noise power

arise from intermodulation products located at

fr — 2B < va < fr + B	 (6.55)

Figure 6.10 shows a diagram of the possible second-order IMP locations, satisfying condi-

tion (6.55), for the 42 channel system with the frequency plan of figure 6.9(a), and channel

bandwidth of 6 MHz. The location of these IMPs, identified by the carrier position, are

vai = + (2i — 13) MHz, i = 1,	 , 9	 (6.56)

Also shown is the fraction of the intermodulation noise that falls in the channel band. Note

that for some channels not all the IMPs shown in figure 6.10 exist. The total intermodulation

noise power will be the sum of all these contributions, equivalent to expanding the sum over

va in equation (6.54), and for each va taking the sum over k to account for all the possible

combinations of the input components giving rise to the same IMP.
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Figure 6.10: Power spectral density of second-order intermodulation products and their loca-
tion within the band of channel at 157 MHz for a 42 channel AM system with the frequency
plan of figure 6.9. The grey areas represent the fraction of the intermodulation power that
falls in the channel band.

Third-order intermodulation

The procedure for the determination of the third-order intermodulation noise is similar to

the one just presented. The three-tone and two-tone third-order band-pass IPSD, G3(f)

and G3„ (f) respectively, located at vb f -I- f= 4k, . J k2 — fk, and Pc = 2 fk, — fk2 due to input

components (fki, fk2, fk,), are written as

G3„b (f) = V b	 3B/2	 f ± vb ± 3B/2
16 (3/2)2G3B2 (6.57)[g (f	 1_ g

B	 B

G3(f) . (6.58)
— vc— 3B/2)32(3/ 4)2 G3 B2 k +vc+31312)](1	

B	
+ g (1

B
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where the function g (f) is defined by

	

10,	 f < —3/2

(f2 + 3f + 9/4)/2, —3/2 < f < —1/2
g(f) = rect(f )*3 = _ f2 + 3/4,	 —1/2 < f < 1/2	 (6.59)

(f 2 — 3f + 9/4),	 1/2 < f < 3/2

	

0,	 f > 3/2

Integrating equations (6.57) and (6.58) over the channel band and summing all the IMP

contributions yields for channel r

IM	 =	 E	 E 32(3/2)2 1 1/3(AI , fic2 , — ik3)12avb
k	 vb

1k1+.42-1k3vb

E E 64(3/4)2 1 1/3(fk i 9 fk i , fk2)12av,	 (6.60)
k	 vc

21k1 — fk2 =vc

where avb and av, are the fraction of the intermodulation power that fall in the channel band-

width
f ir+ B If — vi,(0 — 3B/2) df

cevb(e) = j	 g
ft

such that

(6.61)

fr — 3B < vb(c) < + B	 (6.62)

Figure 6.11 shows the location of the relevant third-order intermodulation products, identified

by the carrier position vb (0, and the fraction of noise falling in a 6 MHz bandwidth. These

IMPs which satisfy equation 6.62 are

vbAci) = f,. + (2i — 18) MHz, i = 1,	 , 11 (6.63)

for the same frequency plan of figure 6.9(a).

6.3.4 Carrier-to-intermodulation ratio

Having determined the total intermodulation noise for a particular channel at frequency 1-

we proceed to calculate the carrier-to-intermodulation ratio (ClR). CIR, defined as the carrier

power Sr = 2G B 1111(L)12 over the total BIN power, IMNr = IMM. +IMIg, can adequately

be written as [85]

CIR 1 = m4 [D 111 N2 + DOI] + m2 D i' N] (6.64)
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Figure 6.11: Power spectral density of third-order intermodulation products of type fi — fk

and their location within the band of channel at 157 MHz, for a 42 channel AM system with
the frequency plan of figure 6.9. The grey areas represent the fraction of the intermodulation
power that falls in the channel band.
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Since the carrier does not have a constant amplitude the per-channel modulation, m, can not

be defined in terms of the carrier amplitude. Instead, it must be defined in terms of the carrier

power, Sc, as

	

Sc. = —
1

m2p2	 (6.65)
2	 °

after which the distortion coefficients D associated with the three types of distortion considered

D111

D21

2
1 /12 (Vki ±142) 1 2 PO 7 7	

A au
N	 11-11(.6)1-	 a

2 4

	

Po E	 1H3(141 Vk2 , — 143)12 

1 111(fr)I6	2 N2	 avb
k vb

	2 (
3 )2 

PO v•	 1113041, Pk ! , 142)12
4

	

N	 1111C/016	 av`4 

(6.66)

(6.67)

(6.68)

The CIR, as given by equations (6.64) to (6.68), is in a suitable form for the direct application

of the results of the previous chapter to the assessment of the overall system performance.

6.3.5 System results

The previous analysis will be applied to assess the performance of a typical 42 channel AM

system with the frequency allocation of figure 6.9(a), the channels having a 6 MHz bandwidth.

The laser parameters for a DFB-BH laser, shown in table 6.1, are the same as used in the

previous section.

The CIR, which must be higher than approximately 60 dB, is plotted in figure 6.12 for

two values of laser bias as a function of the per-channel modulation depth. In both cases the

last channel has a lower CIR and so is most affected by the laser distortion. Figure 6.13 plots

the corresponding distortion coefficients. For values of m under 10% CIR exhibits a slope of

20 dB/decade which means the second-order livIPs are the main source of distortion. This

occurs also for large lo (figure 6.13) since D11 increases rapidly with increasing current.

This is an important point as it implies the existence of an optimum bias current which, for

the laser in question, occurs at 'o/ ':h #A,' 3. As a result, the capability of many laser structures to

provide output powers of tens of milliwats cannot be used in CATV systems. This phenomenon

which has been observed experimentally by several authors [53, 60, 86, 55] is here explained

by the fact that at high bias currents the factor Ek,va 1 112 ( 1,1c„ ±142)1 2/1 111(fr)14 approaches a
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Figure 6.12: Carrier-to-intermodulation ratio of channels 1, 21 and 42 for two values of the
laser bias current.
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Figure 6.13: Second and third-order distortion coefficients of a 42 channel AM system:
frequency plan of figure 6.9 and channel bandwith of 6MHz
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constant value and D11 becomes directly proportional to p. Note that if the modulation depth is

Normalized bias current io,t,

Figure 6.14: Distortion levels as a function of the laser bias current: modulation depth is
m = 0.1. The distortion minimum occurs at lower bias currents for channels at the lower
frequencies.

kept constant with increasing 4, by increasing the input signal amplitude, the same behaviour

is observed for the carrier-to-intermodulation ratio, shown in figure 6.14, the minimum of

CIR being shifted to lower bias levels for lower frequency channels in agreement with the

experimental results of Kawamura et. al. [60]. However, if the input signal amplitude is

kept constant a minimum for CIR does not occur. It has been shown [53], that even in this

latter condition an increase in the distortion ratio (1/ CIR) is observed. Thus, other distortion

mechanisms must come into play, such as spatial hole burning (discussed in section 3.3,

and diode leakage [55, 60], which have been used to explain the increased intermodulation

distortion with 4 at low frequencies.

Figure 6.12 shows that for a bias level of 21.7 mA, which corresponds to a laser resonance

frequency of 3 GHz, the modulation depth is limited to values lower than 4% (CIR > 60 dB).

Consequently, the laser resonance should be above 3 GHz if the laser intrinsic distortion is not to

affect significantly system performance. If this is the case, clipping distortion, which imposes

a fundamental limit on the minimum achievable nonlinear distortion, should be considered.
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This limit, obtained from equation (5.58), is plotted in figure 6.15 taking A = 1/2, that is half

of the distortion power falls outside the band [87], and assuming the in-band power is uniformly

distributed between all channels. In fact, the low frequency channels may be affected by 1 dB

r.m.s. modulation depth 64

Figure 6.15: Carrier-to-intermodulation ratio as a function of the optimum r.m.s modulation
depth, ;tom, for two values of bias current, h = 21.7 mA and h = 50 mA, corresponding to
two cases where laser intrinsic distortion and clipping distortion are dominant, respectively.

MOM than the high frequency channels [781. For a bias current of With = 1.3 (fo 3 GHz)

and CNR = 56 dB (jlopt = 0.211), clipping distortion (dashed line) degrades CNR (solid

line), relative to the intrinsic distortion (dotted line) only by 1.3 dB, whereas for lofith = 3

(To 9 GHz and /.Lop: = 0.226), corresponding to the minimum of 1/CIR for channel 42, the

former dominates completely.

The expected sensitivity is given by the solution of equation (5.59). Using a PIN detector

and a low noise 50 n amplifier with a circuit noise of 12 pAWF-lz and for R IN = —155 dB/Hz

the sensitivity is approximately —10 dBm and —11 dBm, for the two extreme case bias levels

of h = 21.7 mA and h = 50 mA considered in figures 6.12 and 6.15, respectively. The

emitted power per facet for the latter is 4 mW which, upon assuming a 6 dB fibre coupling

loss, 0.2 dB/Km fibre attenuation at 1.55 Am and a loss margin of 7 dB, corresponds to a

possible length span of approximately 20 Km with a modulation depth per-channel of 5%.
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Thus, a "window" of low distortion in the range of 0-500 MHz exists, at relatively high bias

levels, permiting the transmission of analogue signals requiring high CNR values as needed for

AM systems, clipping distortion being a more important factor than in FM systems analysed

previously.
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6.4 FSK Fibre-Radio return link

6.4.1 Introduction

Subcarrier multiplexing (SCM) techniques are very attractive for the remote delivery over

optical fibres of future mobile radio services and for the provision of flexible customer ac-

cess connections [81], offering advantages compared to copper or baseband optical systems.

Specifically SCM allows the radio frequency carriers to modulate directly the laser and be

transported over the optical fibre without the need for frequency conversion and multiplex-

ing/demultiplexing functions. This will reduce the complexity of the radio distribution point

and will facilitate the deployment of remote antennas whilst supporting the requisite multi-

channel microwave signal format.

In the return optical link (figure 6.16) the off-air received signals are used to modulate

the laser. Accordingly, the link must be capable of supporting a wide dynamic range of

power levels arising from range variations and fading associated with the mobile user. This

imposes severe restrictions on laser nonlinearity to ensure that in-band intermodulation prod-

ucts (IMPs), which rapidly increase with the number of channels, are sufficiently suppressed

relative to the carrier.

...... Channel I

Channel 2	 Anima

Figure 6.16: Block diagram of a frequency division multiple access (FDMA) fibre/radio return
link.

Using the laser model of chapter 4, we show that the performance assessment of SCM

systems having a wide dynamic range becomes tractable and also that the system can be

optimised based on a worst case condition, which occurs when the channel most affected by
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the laser distortion is at minimum power while the other channels are at their maximum. A

system case study is given corresponding to a 50 channel CPFSK system having a dynamic

range of 40 dB spanning the transmission band of 2 to 2.1 GHz, with channel bandwidth of

1 MHz and 2 MHz spacing between channels. This system is a constituent element of the

RACE-II project MODAL-R2005 [80] concerned with the provision of a duplex optical link

to a remote antenna

6.4.2 System description

A diagram of the return link of a SCM fibre-radio system is shown in figure 6.16. The received

signal from the antenna is amplified following a down conversion operation, and used to

modulate the laser diode. At the headend, after detection (optical-to-electrical conversion) a

bandpass filter selects the desired channel and this is followed by the demodulation process.

The carrier-to-noise ratio (CNR) is defined for each channel at the output of the bandpass filter.

Due to the mobility range the link must support a wide range of power levels. The electrical

dynamic range is defined as' the difference between the achievable carrier-to-noise ratio and

the minimum required CNR for a specified received optical power and channel modulation

depth.

6.4.3 Intermodulation power spectral density

In this section we calculate the intermodulation power spectral density of three-tone (fi +

fj fk) and two-tone (2f; — fi) third-order IMPs when the input signal consists of a sum

of N CPFSK channels. The effect of the IMPs on each channel is accurately determined by

taking the fraction of the IMP power that falls in the channel bandwidth B.

The laser input current is considered to be a sum of N, M-ary CPFSK signals centered

at VI

(t)	 Efi(t)	 (6.69)
1=1

:h(t) =	 ilicos {27r vit 2gfd[OkIT + aki (t — kT)] + 91 ) pT (t — kT) (6.70)
k=0

where fd is the peak frequency deviation, 01 is a uniformly distributed initial phase of the /th

carrier and 1/ T equals the symbol rate; aid represents the kth symbol in the message sequence



PT =
0 otherwise

1 kT < t < (k +1)T
(6.72)
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of channel /, so the amplitudes belong to a set of M discrete values and 41, defined as

k-1

Oki = E arl,
	 (6.71)

r=0

represents the accumulation of all symbols up to the time (k — 1)T of the /th channel. It is

also assumed that the unmodulated pulse PT (t) is a rectangular pulse of unit amplitude and

duration of T seconds

The equivalent low-pass or complex envelope representation of the signal f1 (t) is then written

as
oo

(1–kT)] 10e . 1 pT (t kT)zi(t) = E	 fdr46kir+aki	 (6.73)

At the laser output the complex envelope of the nth-order intermodulation product falling at

frequency v due to signals centered at fk„	 fi„, is, after equation (5.10)

T1!2–n+1 N
Ar

°°
E e
k=0

i23rfd	 nliPkt-I-akat–kT)]
pr (t — kT) (6.74)q(t) — nH (v)

m-N! • • • mN!

The determination of the corresponding power spectral density Go,,, which follows the

method of Reference

Gq„„(f)	 =

X

[71] is left to Appendix C. The final

C2	,1	 c2
-2--Im 2Re

result is

e–i7jrfr

1(6.75)

m E[IPT (f — idl)I -J-1-
4T	 4T

E [Pr(f — fdi)] E [P;(i. — IdI)]ei2'-fdri

1 1 — (1)/(27rfdT)e-i2rfT

I(I), (27r fd T)1 <

where (1),(2.7r fdr) is the characteristic function of the discrete random variable I defined as

E miaki
1=–N

PT is the Fourier transform of PT (t)

p
r(f) = T e-infT

sinr fT 
f T

and

(6.76)

(6.77)

n!2-n÷1
Cnm =	 .

M–N ! • • • MN!
IHn(v)1[ 

N

11 Ar

	

	 78)(6]
k=–N

The condition I(1), (27r fd T) I < 1 means there are no discrete frequency components in the

power density spectrum.
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For binary CPFSK the information symbols take only 2 values, ak = 2k — 1, k = 0, 1. If

these occur with equal probability the three-tone and two-tone third-order IMPs due to input

frequencies at fki	 f0	 t	 k29	 fk3 and fki	 fk2 , respectively, are given by

T	 \ 2	 3
‘2	 1	 3	 7,72,

G 111 (f)	 = —4-4 	 i)	 IH3(fki , fk2, --fk3)12(AkiAk2143)- IL
x-3—,

, (—)

(3
()( k

2	 k

3
+ 2 t to C.) (0 ()6 U;(f)Uk(f)Vjk(fk=)1 (6.79)

T 3 2

G21(f) =
74 (71.) I H3(fkt fki	 fk2)12(A1Ak3)2

x (-1)2 URf) + 2	 (-1-)2 Uj(f)Uk(f)Vik(f)} (6.80)
k--0	 j=0 k=0	 4

where

Uk(f)

shin. 7[/ — fd(2k — 3)]
n-T[f — fd(2k -- 3)]

(6.81)

Vik(f)
cos(2r f	 — VA) — CDCOSq)jk (6.82)

1 + CP2 — 24)cos(2n.fT)

jk = 27r T fd[(i + k) — 3]

cos3(2n.fdT),	 for eq. (6.79)

(6.83)

(6.84)
[cos (67rfd T) -I- cos (27rfd 7')],	 for eq. (6.80)

Figure 6.17 shows the power spectral density of the signal and third-order IMPs for fd T =

0.25, usually designated as minimum shift keying (MSK). Integration of the above equations

over the filter bandwidth, B, at the receiver end, gives the total intermodulation power in the

signal band.

6.4.4 Carrier-to-intermodulation ratio

The affect of the intermodulation noise on system performance is quantified in terms of the

carrier-to-intermodulation ratio, defined previously in chapter 5. The nth-order OR for the

rth channel located at frequency v fr , due to input channels at fk„ fk„, is defined as

the ratio of the signal power to the power of the corresponding intermodulation product at the

output of the bandpass filter (BPF), figure 6.16. Assuming this filter to have a unit gain over
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Figure 6.17: Power spectral density of input signal and of third-order intermodulation products.
The frequency deviation is fdT = 0.5 corresponding to minimum shift keying.

its bandwidth B, CIR is written as

f _1.3/32/2 Gq,„(f)df
(CIR)„,.(	 fk..)•

fR ;712 Gq(f)df

I (v) 1 2 A3 
(6.85)

Binan(m-m- • • , n1 N)1 14(.41, •	 .6„)1
2 

Oki • • Ak„)2

where B,,,,, = n !/(m-N ! • • flint!) and an (M —Ns ••• , M N) denotes the fraction of the intermod-

ulation power relative to the signal power that is passed by the filter. We have also taken

B = 11T. The channels are uniformly spaced in frequency and so a 4 does not depend

on the specific frequencies which originate the distortion but only on the type of distortion

product. For the three-tone IMPs a3 (1, 1, —1) = a111 = 0.80 while for the two-tone IMPs

a3(2, —1 ) = a21 = 0.59. Also since the channels are independent the total crtz for channel

r is obtained by the summation of all the IMP power terms falling at frequency v

CIR	
1H,	 .A(v)12

flt = 	 	 (6.86)
E Binan(m—N, • • • , mN)111n(fki,... fic. ) 12(AAk. )2

where the summation over k includes all the sets {kl ,	 k,,} such that fk, + • • • + fk,, =

m -N f-N + • • • + m N fN = v. In the system under study only the third-order terms have to be
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considered and we get

I /13 ( fk t ' fk2 9

	

air. 1 = (1) 2 ain E	
— fk3 1 2 (Aki Ak2Ak3)2 

2	 k	 , 111.1(012A
(3 )2

I H3 (fki 9 fki 9 — fk2 1 2 (Ai Al k3)2 
+ (-4) a21 E	 (6.87)

	

k	 1 1 1 1 (V) 1 2 4.

6.4.5 Worst case condition

So far we have obtained general expressions for crR. The case when the input channels have

different power levels, defined by dynamic range dr, will now be derived based on a worst

case condition. This condition occurs when the channel most affected by the laser distortion

is at the minimum power Amin while the other channels are at their maximum Amax.

Amax = (1odr/20)Amin	 (6.88)

The channel most affected by the laser distortion is the one that has the lower CIR when all the

channels have the same power. This depends not only on the number and type of IMPs falling

at each channel but also on the channel allocation relative to the laser resonance, which defines

the magnitude of the IMPs as described by the transfer functions. The closer the channel is

to the resonance the higher the distortion. Although, as seen in chapter 3, the centre channel

has a larger number of third-order distortion products, in general this is not the channel with

the lowest C. For example, figure 6.18 shows that for a bias current of 50 mA (resonance

fo = 9 GHz) channel 29 is most affected by the laser distortion. Here the CIR difference of

this channel to the middle channel is small because the channels are closely spaced. In the

discussion that follows we identify the channel most affected by the laser distortion as the

reference channel r.

Consider now the first term in equation (6.87). This summation can be divided in two

parts:

1. The Ilv1F's do not include the reference channel lc; r(i = 1, 2, 3), where r identifies

the reference channel.

2. The IlvIPs include the reference channel.

In the expression fk, + fk2 — 1k3 , fk, is the frequency of the reference channel (k3 = r),



2 1,1 1.1 	12 11 I I I I
2.02 2.08	 2

I

N — r for r > N,

r — 1 for r < N,

(6.90)

(6.91)

(6.92)

Ar	
N/2	 if N even

c =
(N + 1)/2 if N odd

Based on the above we write

Ek (Ak, Ak2 Ak3)2 1 Halci , fk2I fk3)I2

N2

E (AkA2,—kA_0 2 1113(fk, f2r-k, — fr)I2
k=1n11

+ E (Ak 1 Ak2 Ak3 )2 1 .113(fki fkv fk3)12
kici Or

with N1 and N2 defined as

I	 = 1, N2 = r 1 if r < Nc

= r + 1, N2 = N if r >
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Figure 6.18: Carrier-to-intermodulation ratio; DFB-BH laser with a bias current of 50 mA
and the channels have equal amplitudes. The optical modulation depth is (4.5%) for channel
29 (reference channel).

and the number of INIPs is given by

I M7 (fk fir-k — fr) =

where N identifies the center channel

(6.89)



E(Ak, Ak2Ak3) 2 1H3(fk,, fk2, -fk3)12

2 N2
= R1Odr1292	 1113(f, f2x -k • fr)I2

k=A

ki, fk21 -fk3)12
kki

+ [(1o/20) 3 A] E 1n,3(f
2
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Using the relation Ak	
(iodr/20 N • r,pci for k r, obtained from (6.88) we get

(6.93)

For a large number of channels the second summation has a larger number of terms: for N=50

and r = 29 the first summation has 21 terms while the second summation has over 800 terms.

Moreover, each of the latter terms is affected by the factor (10 dr/20)2 which, for a dynamic

range of 40 dB, is 104 and so the first summation can be neglected. Using a similar approach

the second summation in equation (6.87) can be written as

E (A. 1 Ak2)2 1 H3(f	 fk2) 12
k.2Ic1-k2=r

= (Ar iodr/20)6 E II/3(A	 - 11K	 k2112
k.krOr

Relating the signal amplitude to the per-channel optical modulation depth, m,

A, — 	

(6.94)

(6.95)

the carrier-to-intermodulation ratio becomes

CIR -1 =
kiOr	 •	 .

(10dr /20)6 pp41(	

Auk

3)2

IH1(016	
7) am E	 , fk2,-fk3)I

k
2

(

3 2

-) a21 k.Eki or ' Haig fki, - /k2)12 I4
(6.96)

For large N the number of IMPs „/Mtin and „Mg increase as N2 and N, respectively, and

so the previous equation can be conveniently written in the form

CIR -1 = nerl [D i nN2 + D2I N] 	 (6.97)

where D is the distortion coefficient, the indices of which identify the type and order of the

distortion products, and are

1) „c„,
1-10 LL

	

	 2( 1 odr/20) 6 E H3( fkt fk2 fk3 )1 
D111 = (2-2	 Al2 \

TT \ 16	 fki fk2 fk3 = v (6.98)
k,ki Or	 I nikv)i
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Figure 6.19: Multiplex frequency plan of a 50 channel CPFSK system.

3) 2 Po4c121 „,dr 96 E 1 113(fic i ,	 — fk2)I 2	 ,c
D21 =	 , h.J1c 1	fk2	v.	 (6.99)

4	 N	 k,ki Or	 I	 (v)16

Here it is assumed that the system is limited to one octave. If this is not the case second-

order distortion coefficients will have also to be determined using the same procedure.

The overall system performance can be assessed, including circuit noise, shot noise and

MN, upon application of the results derived in section 5.5. Illustrative results are given in the

next section.

6.4.6 System results

The results given correspond to the 50 channel CPFSK system with the frequency plan of

figure 6.19 and represented in figure 6.16. The laser parameters used, given in table 6.1, are

the same as in previous sections for a DFB-BH laser.

As explained in the previous section, once the system parameters are defined the optimum

performance can be obtained. This performance is based on the worst case condition which

applies to the channel most affected by the laser distortion. We have found that this channel

remains the same for a large range of bias currents, being strongly dependent on the spacing

between the channels. For 2 MHz spacing the 29th channel always has the lower CIR for a

bias current range of 35 to 80 mA. Thus, the results given in this section refer to this channel.

Figures 6.20 and 6.21 show the variation with bias current of the third-order distortion

coefficients and the corresponding optimum modulation depth , respectively. The coefficient

D111 is about four times larger than D21 and the contribution of two-tone third-order EvIPs

is small. For a bias current of 50 mA the distortion coefficients are Di n = 2.4 • 108 and

D21 = 6.2 • 107 and the optimum modulation depth is mop 0.049% for a carrier-to-noise

ratio of 10 dB (bit error rate of 10-3).
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Figure 6.21: Dependence of the optimum modulation depth (mopt) with laser bias current.
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SCM systems are characterized by their ease of implementation and a PIN receiver is the

usual choice, in some cases simply a PIN detector followed by a low-noise amplifier. Figure

6.22 shows the sensitivity for a PIN based receiver as a function of receiver noise for two

values of bias current. A region is seen to exist, above •ki, 4pA/N/Flz where signal independent

receiver noise dominates and the sensitivity decreases as	 > B.

-2
1
0
0

.1
100	10

1	
10

2

Receiver Noise pA/VRI

Figure 6.22: Sensitivity of a PIN based receiver: (—) 4=60 rnA, RIN=-151 dB/Hz; (- - 	 =
50 mA, RIN=-148 dB/Hz

If the receiver noise is < >= 10pARTI:Tz the required mean photocurrent 'PIN to

achieve CNR(mopt) = 10 dB is 0.154 mA for a bias current of 50 mA, which for a photodetector

responsivity of 0.8 corresponds to a sensitivity of —7.1 dBm. Such a high value of 'PIN means

that an APD receiver can only provide a marginal improvement. In fact the sensitivity provided

by an APD, for the same value of receiver noise, is —7.8 dBm, corresponding to an optimum

APD gain of 1.8. A tuned PIN receiver however is an appropriate choice for this type of

application. A receiver of this type has been designed in GaAs specifically for this application

[88]. The receiver has an equivalent noise current spectral density of ks% 4pA/Irlz, which

falls in the limit where circuit noise ceases to be dominant, improving the sensitivity by 3 dB.

Figure 6.23 shows the dependence of CNR with optical modulation depth and received optical



a) b)

Chapter 6. SCM system case studies	 135

power (in figure 6.23.b the channels have equal amplitudes). The required dynamic range

is achieved with the tuned receiver referred to above for a mean optical power of —10 dBm.

Thus, span lengths of over 5 Km should be feasible with sufficient loss margin for 0 dBm

optical power coupled into the fibre. Although shot noise is represented here as dominant,

care must be taken to ensure RIN is low: for RIN = —142 dB/Hz it dominates circuit and

shot noise by 10 dB.
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Figure 6.23: Various noise contributions and dependence of CNR with received optical power:
< 1,2 >= 4 pA/NrHi, RIN=-148 dB/Hz and laser bias 50 rnA. Optimum performance is
obtained for m AY, 4.9% and the dynamic range is achieved for a mean optical power of -10
dBm .

6.5 Summary

Subcarrier multiplexed system case studies have been discussed in some detail and illustrative

results have been given corresponding to FM broadcast, AM-SSB and wide dynamic range

Fibre/Radio systems. Using Volterra series given in chapter 4 and the system results of

chapter 5 the impact of laser intrinsic distortion on system performance has been assessed. For

FM systems usually operating at high frequencies this type of distortion was shown previously

(chapter 5) to be dominant. For AM systems operating in the 50-500MHz band it was here

demonstrated that clipping distortion may be the dominant distortion mechanism. This is

Received optical power (dBm)
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certainly the case if the laser is biased at high bias currents which increases the resonance

frequency of the laser. However, in agreement with previously reported experimental results, it

was shown that an optimum bias current exists for which laser intrinsic distortion is minimum.

This is a major drawback as it limits the capability of many laser structures, in AM-CATV

applications, to provide output powers of tens of milliwatts. Even so a window of low distortion

exists which makes possible the transmission of more than 40 channels over distances of

typically <20 Km, as required for CATV applications.

Another important SCM application was discussed concerned with the remote delivery

of future mobile radio services over optical fibres. Specifically, the results given are for the

return link of the RACE-II project MODAL (Microwave Optical Duplex Antenna Link) which

proposes to provide a duplex optical link to a remote antenna. Due to the mobility range the

return link must support a wide range of power levels. Even in this complex situation a worst

case condition emerges from our analysis which is used to assess laser nonlinear distortion and

provides a basis for system optimisation. The 50 channel system described with a dynamic

range of 40 dB is, in terms of performance, practically identical to the AM system as both have

optimum modulation depths of r-te, 5% and the achieved receiver sensitivity is R: —10 dBm

with a tuned receiver. This example clearly demonstrates that Volterra series is a powerfull

technique well suited for the performance assessment of multichannel SCM systems.



Chapter 7

Concluding remarks

The performance of subcarrier multiplexing has been investigated in this thesis as a means

of realising multichannel optical systems supporting a wide range of analogue and digital

services. The various impairments which may constrain the design and dimensioning of such

systems have been detailed and quantified, with particular emphasis on the laser nonlinearities.

The aim throughout has been to provide models and analytic techniques appropriate for the

assessment of the nonlinearities and the associated intermodulation distortion, ensuring a

sound, comprehensive platform for the design and optimisation of practical systems.

To achieve this, a number of extensions and new developments in the area of modelling

and analysis of laser nonlinearity were required. Recourse has been made of the Volterra

'series, the tractability and applicability of the method being demonstrated via a set of system

case studies.

The basic principles and characteristics of the semiconductor laser were reviewed in chap-

ter 2. The single-mode rate equations provided an adequate basis for the analysis of laser

intrinsic dynamic distortion and relative intensity noise and their dependence on device pa-

rameters and operating conditions.

The laser diode modulation characteristics were discussed in chapter 3, complemented by

measurements of device characteristics and extraction of laser parameters for a commercial

laser diode. Additionally, two analytic techniques for the analysis of the laser nonlinearity

were presented: the perturbation technique was extended to accommodate three-tone inter-

modulation products; a previously reported method based on expansion in terms of Bessel

functions was reformulated to include relaxation resonance effects and existing deficiencies

were corrected.

137
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The inadequacy of the existing techniques for system performance evaluation prompted

the development, presented in chapter 4, of a detailed analytic nonlinear model based on the

Volterra series method of nonlinear systems theory. With this method the dependence of laser

distortion with channel frequency spacing is determined.

Attention is directed in chapter 5 to the assessment of the implications on system perfor-

mance and the constraints on system design of laser intrinsic distortion and clipping effects.

Laser intrinsic distortion was quantified in terms of distortion coefficients which take into

account key parameters such as bias current and channel frequency allocation. The overall

system performance is evaluated including the noise introduce in the detection process and

optimum operation is identified. In particular, it was shown that APD detectors can improve

performance significantly under conditions of high circuit noise and for relatively low carrier-

to-noise ratios. Also, it was established that it is advantageous to accept overmodulation and

the associated clipping rather than constrain the total modulation depth to 100%.

These results were applied in chapter 6 to study three relevant SCM systems and illustrative

results were given for each case. It was demonstrated that for AM systems operating in

the 50-500 MHz transmission band an optimum bias current exists for which laser intrinsic

distortion is minimum in agreement with previously reported experimental results. At this

optimum operation point clipping distortion is the dominant distortion mechanism. In systems

requiring a wide-dynamic range of power levels a worst case condition was obtained from

our analysis which was used to assess laser distortion and provided a basis for optimisation,

this last example clearly demonstrating the applicability of the Volterra series method to the

assessment of laser distortion in SCM applications.

The research summarised above suggests several possible directions for future investiga-

tion. Amongst these, the following deserve specific mention:

1. The Volterra series method provides a powerful means of analysing laser nonlinear

distortion. There is however the need to further refine the rate equations which serve

as a basis for the model as new effects are constantly being introduced. In particular,

as mentioned in chapter 2, spatial hole burning and leakage current effects may be

important for systems operating at low frequencies (50-500 MHz.) Moreover, practical

systems are affected by optical feedback caused by reflections. Modelling of these
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phenomena and their combined effect, which can be incorporated in the rate equations,

to obtain a good match with experimental results is clearly an important area for further

. work.

2. In SCM applications special purpose, high linearity and hence high cost lasers are usually

required. Realisation of truly low-cost systems calls for development of appropriately

signal processing techniques and linearisation strategies, supported by experimental

evidence as to their practicability, to enable the achievement of high linearity from low-

cost lasers. The nonlinear model for the semiconductor laser here developed provides an

appropriate framework within which to address this issue. Some work in this direction

has been already started where possible linearisation techniques some of them borrowed

from the microwave field [89, 90, 91, 92] have been investigated.

3. Recently there has been much interest in the "gain-lever" effect in single quantum well

semiconductor lasers for RF and microwave applications as a means to substantially

enhance the efficiency of direct intensity modulation and frequency modulation with

only a marginal increase in RIN [93, 94]. Assessment of the distortion performance of

such devices is therefore of importance. The analytic techniques presented in this thesis

can be applied directly to this case and work is now under way on this at University

College of London. Of course the technique may be applied to other laser structures,

of which the "gain-lever" is but one case of interest.

4. Assessment of the linearity of semiconductor laser amplifiers (SOA) for analogue ap-

plications when used as modulators by controlling the bias current (optical gain), either

in transmission or reflective modes.

5. Integration of the software written during this work in a MATLAB toolbox to provide

"software tools" for system evaluation and optimisation by design engineers.

6. For systems that operate at 1.5Am to take advantage of the low attenuation of silica

fibre, the coupling between laser chirp and fibre dispersion is an additional source of

distortion [95, 96, 97]. Work already exists in the literature about the relative importance

of this effect. Study of the interplay of fibre and laser nonlinearities in a multichannel
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SCM system may be worthwhile investigating, perhaps including both phenomena in

the same set of nonlinear transfer functions.

7; Most of the modelling work extant in the literature about semiconductor lasers is based

on the rate equations. To apply these models, including the one described in this

thesis, a set of laser parameters is needed. At this stage manufacturers still do not

provide the required parameters as the fitting of parameters to measured data is usually

a difficult and lengthy process. Thus, software and experimental techniques should be

developed to facilitate the extraction of laser parameters. Furthermore, using distortion

measurements to completely characterise the nonlinearity in the frequency domain, the

present model may permit a self consistent of set parameters to be obtained particularly

suited to analogue applications.



Appendix A

Clipped distortion power of an octave
bandwidth FM system

The results of Reference [78] are used here to estimate the fraction of clipped distortion power

falling in the transmission band of a 62 channel FM system operating in the frequency range

of 2.72 to 5.2 GHz, each channel having a 36.1 MHz bandwidth. Mazo [78] has calculated

the clipping distortion for the asymptotic case of small A. The modulation of N carriers, each

of modulation depth m, is assumed to result in a Gaussian random process of effective rms

width

n152/s—	 (A.1)

which relates the ideal mean current at the photodetector I to the variance of the process, al

through

= 1,11
	

(A.2)

In these circumstances, over the band of frequencies [fa, fb ], the clipping events become a

Poisson process with rate

— 	
f 3 1 / 2

3(4 — fa)] e "`"

_ • ••• -2

The duration of the clipping events v approaches a Rayleigh distribution with mean

(A.3)

/ erfc (F/27/2) , 	 pub—fo i l /2= 	f	 (A.4)
2	 )4.,	 — ,4T-r L fi; - 4,3 j

and the time profile of the clipped signal approaches a parabola. From the Gaussian nature of

the signal the total clipping distortion power is [78, 61]

1  JO
u2 e-(u-I)2124 du

cri fiTi 00
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X

Figure A.1: Normalized clipped distortion spectrum, y(x).

=	 [(1 /12) erfc	 1
71-272,)	 e-1'12112]

In [78] a universal distortion spectrum curve is given from which one can calculate the

ratio of distortion power in the transmission band to the total distortion power. The "flatness"

of the distortion power across any band of interest may also be determined. The normalized

spectrum curve y(x) relating to the clipping distortion spectrum S(f),

S(f) df =	 5e-1/2"2 y(x) dx	 (A.6)

is given by

(A.5)

2 171,F ( x \ —x+ 2x F ( x \"1
y(x) =

3jr2x	 Vsfrri	 \A/Trfj

where

(A.7)

x = 27r f
r

F(t) = e-t2 
f e"

2
 du.

(A.8)

(A.9)

A plot of the normalized asymptotic spectrum is shown in figure A.1.

Now, let us consider a FM system operating in the frequency range of 2.72 to 5.4 GHz.



x = 1.815—f

fb
(A.11)

•

 f

1.79
y (x) dx = 0.046

0.93
(A.12)
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Assuming a distortion power of 20 dB below the signal power o, we deduce from (A.5) that

0.2

= 0.55 for 721	 20 dB	 (A.10)
< i clip >

Using this in (A.4), along with L = 2.72 GHz and fb = 5.2 GHz, we get from (A.8)

and in figure A.1 the signal band is approximately the interval [ 0.93, 1.79]. The integral

of y(x) over this interval yields

which is proportional to the distortion power in the band of interest. Since the total distortion

power is proportional to

f

too1
y(x) dx =	 = 0.159	 (A.13)

the fraction of this power that falls in the 2.72 to 5.2 GHz band being occupied by the channels

is
0.046

A

62 0.0361 1
(A.14)

= 0.159 5.2 — 2.72 — 3.8

The second term in the above equation takes into account the fraction of distortion power that

falls in the guard band between the channels. Since we have chosen ad < 13ip > = 20 dB the

distortion power in the band of interest is 25.8 dB below the signal power. It is also seen from

figure A.1 that the lower frequency channels suffer about 2.5 dB more distortion power than

the channels at the high end of the transmission band. Equation (A.14) is the desired result

used in chapter 5 to assess the impact of clipping distortion on the performance of broadcast

video FM-SCM systems.



Appendix B

Power spectral density of third-order
two-tone IMP of an AM-SSB system

A method for the calculation of the power spectral density G 2 1 (1) of the intermodulation

product of type 2fi — f2 of an AM-SSB system will be outlined here assuming the input

signals are Gaussian. The method starts with the calculation of the autocorrelation function

of the corresponding complex envelope

I/21(t) = (3/ 4)113(.11, 11, -f3)[xl(t)+	 (t)f[x2(t) + ii2 (t)]	 (B.1)

where x 1 (t) and x2 (t) are stationary random signals with zero mean that satisfy the relations

R(r) = Ri (r)	 (B.2)

R(r) = -R; 	 (B-3)

The fact that the calculation is carried out for a particular IMP 2A — 12 = v is not in any way

restrictive as A and 12 may be replaced by any carrier frequency of the N channel system.

The autocorrelation Rq21 (r) = Elq2111 (t)q21(t + ..c)} of q2i (t) becomes

Rq„(r) = (3/4)2 1113(v)1 2 {Rx? (r) + Ril(r) - Rxm(r) - Rilx?(T) + 4 kriii)(x,i,)(r)

i2[Rx2(r1ll )(r) - R,q(x l .ii )(r) - R(r 1i 1 )4(r) + R(r1i1)4(r)ll

X 2[Rx2 (r) + Rx212(r)]	 (B.4)

It is seen that Ro, (r) involves autocorrelation and cross-correlation functions of the square

and cross products of the signal x 1 (t) and the corresponding Hilbert transform (t). These

will now be evaluated using the moment generating function (MGF) [98] of a sum of random
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variables assuming the input x1 (t) is a Gaussian random process. Since (t) is obtained by

a linear operation on x 1 (t), (t) is also Gaussian.

. If V is a Gaussian random variable with zero mean the moment generating function,

My (s), of V is [70]

Mv(s) E lesv i = eq,s2/2	 (B.5)

al3 being the variance of V

a2 = E{V2}
	

(B.6)

Let us now take V as the sum of the Gaussian random variables W, X, Yand Z having zero

mean V = s1 W + s2X + sY + s4 Z. The MGF of the sum of the random variables is

s'	 -1-sMW XY Z(51, 52, 53, 54)	 =	 E leW-1-s2X-1-s31'4Z

-2 pt
=	 e"	 (B.7)

where

a 2 = 22	 2	 2	 2	 2	 "s 1 aw + S2 aX	 S3 ay ± zCwxs is2 + 2Cwysis3

± 2C xyS2S3	 2Cwzsj54 + 2C xzs2s4 + 2CYZS3S4	 (B.8)

with a. and Cab denoting the variance of a and the covariance of a and b (a, b = W, X, Y, Z),

respectively. Expanding equation (B.7) in a Taylor series the following equality is obtained

= ct 1 t	 (n) (1 (1 )
n=0 T1! k=0 1=0	 k . 1 M

X

=

which will be the basis for the calculation of the above correlation functions.

Consider the autocorrelation R2(r) = E{4(t)4(t r)}. In (B.9) there is a ttrm in 44

corresponding to m = 2, 1 = k = n = 4 with a coefficient

(42) 1. E{w2x2}.

MWXYZ(5 12 521 S3, 54)

E

co

r=0

1

• L 2 j

Sim..C21-inS3k-154" (B.9)

(B.10)

Equating this coefficient to the corresponding coefficient in the expansion of er2/2 (equa-
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tion (B.10)), yields
1 (4)	 n n	 1

-47 2 E{W` XL } = 71 {44 +2qvx]

which gives

(B.12)

E{W2X2} = 2E2 {WX} + E{W2}E{X2}	 (3.13)

Using this equality the autocorrelations R(r) and /241?(T) become

Rip? (r)	 (r)

= 2Rx21 (r) + Rx2, (0)

R(t) = R.qx?(r)

= 2R i1 (r) + R 1 (0)

(3.14)

(3.15)

Proceeding with the same technique the other autocorrelation and cross-correlation functions

appearing in equation (B.4) are simplified in terms of the autocorrelation function Rx1(r)

and Rx,i, (r). Generally, the coefficient of s 1 s2s3s4 in (13.9) is

z111 (34) (23) (21)E{wxyz)
(13.16)

Terms in s 1 s2s3s4 appear in (B.10) for n=2 and are

CwzCxy + Cwy Cxz + CwxCyz	 (3.17)

Equating both coefficients results in:

EIWXYZ) = E{WZ}EVY}± E{WY}EVZ)+ E{WX}E{Y Z}	 (3.18)

from which the following simplifications are derived

R.,?0,.10(r) = E{.4(t)xl (t + r)21 (t + r)}

= Rcx1iO4(r)

= 2E{x i (Oxi (t + r)}E{xl	(t + r)}

= 2Rx1 (r ) Rxiii (r) (B.19)

R(xii i),q(r) = E{xi(t)ii(t)4(t + r)}
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= Ri?(riii)(r)

= —2E {x i (t)x i (t ± r)} E {x1(t)21(t + r)}

= — 2R„1 (r)Rx1i1 (r) (B.20)

Substituting equations (B.14), (B.15), (B.19) and (B.20) into (B.4) yields

R fin (r) = (3/ 4)2 16{(4(r) .-- RL . (r))Rx2 (r) — 2R„,(T) Rxiii (r)Rx212(r)

± i [(R.!,(r ) — 41, (r))Rx212(r) + 2R,, (r ) Rxiii(r) Rx212 (I )] 1	 (B.21)

Taking the Fourier transform and after some simplification the power spectral density G21 (f)

of the IMP of type 2.fi — 12 is written as

021(f) = (3/4) 2 128 [Gx 1 (pu (f)]*[Gx1(pu(f)]*[Gx2 (f)u(Di	 (B.22)

where u(f) is the unit step function. If the power spectral density of the baseband signals is

Gx, (f) = G 2(f) = G x rect(f/2B) then the previous equation gives

(3/4)2 128G3 x rect*3 (f/B) * S(f — 3B/2)	 (B.23)

with rect*3 (f) denoting the triple convolution rect(f) * rect(f) * rect(f)-



Appendix C

Intermodulation power spectral density
of CPFSK

In this appendix the second-order and third-order intermodulation power spectral density

functions for a CPFSK system will be derived. The derivation follows closely the method

given in Appendix 3A of Reference [71] and is given here for completness.

The n-order complex envelope of the intermodulation component at v due to the input

components (fk, , . . . , fk,), is given by 6.74 as

q(t) — 	
M-N!•••mN!H,z(v)[ fl Ar] E e 1=-N

n!rn+1	 N	 co ibr fd ii nit[95ki-Fae(t-kn]

k=-N	 k=0

	
PT (t — kT) (C.1)

where Id is the frequency deviation, PT (t) is a rectangular pulse of unit amplitude and dura-

tion T	

P T (t) = I 1 kT < t < (k + 1)T	
(C.2)

0 otherwise

and On is defined as
k-1

(fikl = Earh	 (C.3)
r=0

the amplitude aki being the kth symbol in the message sequence of channel /, belonging to a

set of M discrete values.

The power spectral density of qn,,(t) can be obtained by first calculating the corresponding

autocorrelation function and then applying the Fourier transform, a method which has been

described in chapter 5. There is an alternative procedure, which will be used here, for obtaining

the power spectral density directly without having to determine the autocorrelation function.

This approach, described in some detail in the book by Papoulis, [70] involves the direct

148



Appendix C. Intermodulation power spectral density of CPFSK	 149

computation of the two dimensional Fourier transform

f2) =	 Rq„„(t1) t2)e-i2r(fiti-ht2) dti dt2
00 -00

=
 E u

qnvoi) e-i2lrfl " dt1 j qnv( t2)e-i2xf2t2 dtd

r

-oo	 -co

E [Qn.(f1)QL(f2)]
	

(C.4)

where Rq„„ (t1 , t2) and Q,,v(f) are the autocorrelation function and Fourier transform of q,, (t),

respectively. In general, rq„„(ft , 12) can be expressed as a sum of two terms, namely,

rq(11, 12) = Gq„(11) 8 (11 — 12) + „„(11, 12)
	

(C.5)

The desired term in this decomposition is Gq(f), the power spectral density of intermodu-

lation complex envelope q„v. Thus, the desired power density spectrum is obtained directly

by computing the expected value of Q(f) Q:v(12) without going through the intermediate

step of computing the autocorrelation function.

We now proceed by calculating the Fourier transform of q(t)

.0
Q(f) = cam E Pr(f fd E aki)eizrTudE,mlaki-kf)

k=0
co

= Cam 	 Pr(f idik)eizrr(I;fd-ki)

(C.6)

(C.7)

where ik and tk are random variables defined as

= E E Mak/
1=-N

(C.8)

From (C.4) the two-dimensional Fourier transform r q., (fi , 12) is

r„(fi, 12) = [Qn.(.11)4,)(f2)]

lc,. 12 r_ E I PT(fi — fdii) P;(12 — Mk)

e	 k	 (C.9)

the expectation being taken over the the set of information symbols (Ik , I sk). Let us separate

this double sum into three terms corresponding to j k, > k and j < k.
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For j = k, we have

oo

— L - T( f1 fdIk)P;(f2— fdjk)]e—i2nth—r-"-kk(119 12) = I Cnm1 2 	 IP
k=0

The expected value of PT(11 — fdik) PT(12 — fdlk) is the same for all possible values of Ik

because they are identically distributed (they have the same probability density function)

yielding

(C.10)

[	
.

— fdi) PA/2 — Idn E e-2.(f,-hva.--kkui, 12) = Icnm I2E PT(fl

The value of the sum in (C.11) is

03	

1	
100E e—i2n(f1 —hAT =

T 2k=0	 2 2T k=E,8	
— f2 — —

k) 
— COt (A — 1.2)71.T

Therefore, for j = k the contribution is

k=0
(C.11)

(C.12)

kk(111 12) = ICitml2E [Pr(ti - fdI) 1 ;(12 - hi)]
1	 1	 %---%C°	 k	 i

x [-
2
 + — 

k03 
3 (fi - f2 — —

T
 - -

2 
cot	 f2)7T d (C.13)

2T .

When j > k we have the term

co j-1
°A(119 12) = ICnm 1 2 E E	 nifl—k.f2)

j=1 k=0

X E P( l )1),:t( f	 f
{- T

f	 fd-ji- i •J 2 — 
J el4C)ei2XT f diEtMl(Ceji—aklA}

We now have

k-1
E MI(a jI akt)	 E MILE art - E art]

r=0	 r=0

i-1
Emi E ari

1	 r=k

Erni[akt + ak+1,1 + • • + ai-1,1]

= ik+ -4+1+ • • • ±

(C.14)

(C.15)

Since the symbols lk are independent, the expected value of the product in (C.14) can be

written as

E IPr (it - fdli ) .1);(12 - fdlk)e12xTfd[E1tn1(c91—ak011
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j — 1
= E[PT (ft — fel l j)1 E [PT (f2 felik) ei2ff fdT 1k]	 E[ei27rfdir] (C.16)

r=k-F1

Note that

E kiWd77,i = 01(271"fdT) (C.17)

is the characteristic function of the random variable I. Also the expectation of PT (11 - idb)

and PT (f2 — fdik) exP(i2711dT4) is independent of j and k, respectively. Hence, the double

sum in (C.14) can be expressed as

oik(11, /2) = rnm12E [Pr(A - idn]E[Pr(12 - fdl)efar1]

00)—i

x E E (4),(27rfdT)]-k- l e-i2NT(f1-k.f2) 	 (C.18)
j=1 k=0

In evaluating the double sum we note that a characteristic function satisfies the condition

I (l)(co)1 < 1. For the moment we assume P i (27rfd T)I < 1. In this case and after some

analytical manipulation the double sum in (C.18), denoted as S, becomes

1 	 1 
S =

CD 1 (27r idT) L-- eibrI2T 1E1 — 01(27r fdT)e-ibrfiT	 1]

1	 1 v - ,C°
- - • 	 ± ,7 V L 8(11 - 12- 7) - i cot (11 - 12)rt T] I	 (C.19)

and the contribution to rq„„ (fit 12) for j > k becomes

oik(fi, f2) = sra.12 	f	 f r)1F r 1Y f	 fE[PT G 1 - Jct . 1.1- L P T k . I 2 — J ell)e127ridT1 ]	 (C.20)

Repeating the above calculations for j <k yields

±jk = SalC,,,,,I2 E[Pr (11 - 
fdl)e-i271,1E[p;(f2 _ hi)] (C.21)

Adding the three terrns k(fl 9 12 • ) • °jk(fl f2) and ±jk(f19 f2) corresponding to the terms j =

k, j > k and j < k, respectively, the two-dimensional Fourier transform of the autocorrelation

function 12,1 (t1 , t2) is obtained. From equations (C.4), (C.13), (C.20) and (C.21) and selecting

the appropriate terms contained in Gq„,, which are the coefficient of (11 - 12), gives

ICnm12	 I C„„, 1 2	 e-i2111T
G q„v (f) =	 PT( f - fd I) I

2
] + 	 2 Re 	

2T	 2T	 1 - 4)1(27rfdne-i2nIT

X E[PT (f - fd l )]E [Pit( f - fdpe12'rfdl	 (C.22)
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Equation (C.22) applies for I (1),(27rfd T)I < 1, a condition for which the power spectral density

contains no discrete frequency components. The case when 10 1 (23rfd T)I < 1, also described

in some detail in Appendix 3A of Reference [71] will not be considered here.

Binary CPFSK

The continuous intermodulation spectral density will now be evaluated when the information

symbols take 2 possible values:

ak = 2k — 1, k=0,1
	

(C.23)

= E miakt
	 (C.24)

1=-N

the index 1 indentifying the channel number.

Three-tone intermodulation:

Let us calculate the power spectral density of three-tone distortion products of type fi +f2-13.

First, we determine the expectation En Pr(i — fdI)1 2] taking m i = 1 for 1 = 1,2 or —3,

and m 1 = 0 otherwise.

E[IPT (f — fa 1)1 2] = E [1 137. (i — fd2(ki + 1 2 — k3 + 1) + 31411

= E[IPT(f — id(2k — 3))11	 (C.25)

In the last expression k = k i + k2 — k3 + 1 is the sum of three independent random variables

with possible values k = 0, 1, 2, 3. The probabilities Pk associated with these values may be

obtained using the probability generating function (PGF) [98], Fk (z) defined as

Fk (z) = E[zk]

= E[zki]E[zI9E[Ck3]z

= pq2 + (q 3 +2p2q)z + (p3 + 2pq2)z2 + p2qz3	(C.26)

where q and p are the probabilities of ki = 0, 1, respectively. The probabilities PI, given by

1 dkFk(z) 
Pk — k!	 (C.27) dzk lz=0
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are

PO = Pq
2

= q 3 2p2q

P2 = p3 + 2pq2

P3 
= p2q

Thus, the expectation (C.25) becomes

En PT (f fd i )1 2] = i Pk T2sinc2 T [f — id(2k — 3)]	 (C.32)
k=0

(C.28)

(C.29)

(C.30)

(C.31)

In the same way we have

3
E[PT (f — fin] = E PkTsine T[f — fd(2k — 3)]e—balf—id(2k-3))

k=0

and

3

E[P;(f — idnei2xfdri ]= E Pk Tsinc TU. — id(2k — 3)]eixTU4h(2k-3)]
k=0

Let us now evaluate cb,(27rfdT)

(C.33)

(C.34)

(I) cbi(2711dr) = E [ellr fdT(2k

poe-16rfdT pie—i2nfdr p2ei23rfd T p3e167rfdT	 (C.35)

Substitution of equations (C.32), (C.33) and (C.34) into (C.22) and performing some alge-

braic manipulation yields the following expression for the three-tone intermodulation power

spectrum

TIC11112 v- %3	 2G111(f) =	 n	 PkUk(f) + 2	 Pi PkUj (f)Uk(f ) 17jk(f )1	 (C.36)
1k-0	 j=0 k=0

where

C111 = (3/2) 1-13(f1, f2, — f3) A 1A2A3	 (C.37)

Uk(f) = sinc T[f — id(2k — 3)]	 (C.38)

Vik(i) = 
cos(27r Tf — coik ) — Re{} cos Vik — Im{(1)} sin VA

(C.39)
1 + 101 2 —2 [Re{0} cos 27rf T + Im{(I)} sin 27r f

=	 fd T (j + k — 3)	 (C.40)
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the probabilities Pk being given by equations (C.28)—(C.31).

If both symbols occur with equal probabilities (p q = 1/2) then

1) 3 (3)
Pk =	 k

and after some simplification we get

cI)(27rfd T) = cos3 2z fd T
cos(27rf T — co./0 — (I) cos gOjk 

Vik(f) :=	 1 + 101 2 - 20 cos 27rf T

(C.41)

(C.42)

(C.43)

Two-tone intermodulation:

The calculation of the intermodulation power spectral density of two-tone third-order distortion

products of type 2 .fi — f2 follows a similar procedure as the one just presented. The random

variable I is now written as

I =	 mi(2ki — 1) = 2(ki — k2 + 1) — 3
1=-N

= 2k — 3	 (C.44)

where k = 2k 1 —k2 + 1, for k, = 0, 1 with i = 1, 2. Again the possible values for k are 0,1,2,3.

The corresponding PGF is

Fk = pq + q2
Z p2Z2 

± pqz3

and the associated symbol probabilities are

Po = Pq

Pi=q 2

P2 = P
2

P3 = pq

The final expression for the power spectral density is

T I C2112 3
G21 (f) =	 Pkq(f) + 2	 Pi PkI/j(i)Uk(f)Vik(f)}

2 Lo	 j=0k=0

with

C21 = (3/4) 113(f1l fi t -f2).4?1"12

(C.45)

(C.46)

(C.47)

(C.48)

(C.49)

(C.50)

(C.51)
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equations (C 35), (C 38)—(C 40) being still applicable except for the probabilities Pk which

are now given by (C 46)—(C 49)

If both symbols occur with equal probability then Pk = 1/4, k = 0„ 3 and the

charactenstics function (13 simplifies to

(1) = —
1

[cos 67rfd T + cos 27rfd T]	 (C52)
2
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