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Abstract 

 Nonlinear dynamical properties of semiconductor lasers have attracted 

considerable attention, and their rich behaviors enable many popular research topics. 

The research effort of this thesis has emphasized on two areas - one is photonic 

microwave generation based on period one dynamic of semiconductor lasers; the other 

is laser’s chaotic dynamic.  

 Microwave photonics has attracted considerable attention recently because of 

its practical applications in radio-over-fiber (RoF) communications links. A stable 

photonic microwave allows it to convey, in a cost-effective manner, wideband signals 

over optical fibers with low loss, large bandwidth and immunity of electromagnetic 

interference. Microwave photonics technologies consist of photonic microwave 

generation, processing, control and distribution. Many photonic microwave generation 

techniques have been proposed, which includes direct modulation, optical heterodyne 

technique, external modulation, mode-locked semiconductor lasers, optoelectronic 

oscillator (OEO) and period one (P1) dynamic of semiconductor lasers. Among these 

techniques, photonic microwave generation based on P1 oscillation dynamic has gained 

special attention due to its many advantages, such as: widely tunable oscillation 

frequency, and nearly single sideband (SSB) spectrum. The aim of this thesis in the 

photonic microwave generation area is to produce photonic microwaves based on P1 

dynamic using low-cost vertical-cavity surface-emitting lasers (VCSELs). The 

technical contents in this area cover two parts.  

 The first part is to generate broadly tunable photonic microwaves. Continuous 

tuning of the microwave frequency from 4GHz to up to an instrumentation limited 

15GHz is experimental achieved through the adjustment of the injection power and the 

frequency detuning between the master laser and the VCSEL. Numerical simulations 

using a common spin flip model are also carried out, which agree qualitatively with the 

experimental results. 



 

iv 

 The second part of the photonic microwave generation in this thesis is to 

explore effective approaches to not only reduce the linewidth but also improve the 

stability of the generated microwave. Due to spontaneous emission noise in the 

semiconductor laser, P1 dynamic inherently imposes phase noise, which increases the 

microwave linewidth of the generated microwave. This considerably affect the signal 

transmission performance of the modulated microwave signal in RoF applications. To 

address this challenge, single optical feedback and double optical feedback are applied 

in the experiments. The experimental results demonstrate that both single feedback and 

double feedback can reduce the linewidth of the generated microwave to about one tenth 

of linewidth without the optical feedback. However, single optical feedback may induce 

many side peaks due to external cavity frequency from the feedback cavity, the 

feedback phase needs to be carefully adjusted to suppress the side peaks. The side peaks 

can be suppressed by introducing the second optical feedback. The double optical 

feedback can also significantly enhance the stability of the generated microwave. The 

results of the numerical simulations are in good agreement with the experimental 

results. 

 The other important dynamic of semiconductor lasers is chaos, which has 

attracted considerable research interest due to its many potential applications in secure 

communications, chaotic optical time-domain reflectors, chaotic lidars and physical 

random number generators. Optical feedback is the simplest method to generate chaos 

in semiconductor lasers, but a typical chaos generated by optical feedback has unwanted 

recurrence features termed time delay (TD) signature because of the optical round trip 

in the external cavity. The complexity, bandwidth and TD signature of chaos are the 

three main parameters for evaluating its applicability in abovementioned application 

scenarios.  In order to find the correct operating parameters to achieve low TD signature 

and high complexity of chaos simultaneously, in this thesis, the influence of bias current 

and the feedback strength on the complexity and time-delay signature of chaotic signals 

in semiconductor lasers with optical feedback is  investigated experimentally and 

theoretically. In the experiment, the effect of the data acquisition method on 

quantification of complexity is also examined. The experimental results show that the 

TD signature is approximately in an inverse relationship with the complexity of chaos 

when the semiconductor laser is subject to low or strong optical feedback. However, 

the inverse relationship disappears when the laser operates at higher bias currents with 
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intermediate feedback strength. Numerical simulation based on Lang Kobayashi laser 

equations show qualitative agreements with the experimental results. 
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1 Introduction 

 Semiconductor lasers, as one of the most commonly used types of lasers, play 

an important part in our everyday gadgets, such as mobile phone, barcode readers, laser 

pointers, CD/DVD/Blu-ray disc reading/recording, laser printing, laser scanning and so 

on. The semiconductor laser was first developed in 1962 [1] with a very high threshold 

current and at a very low temperature. Only until 1970s, semiconductor lasers with 

continuous wave operations under room temperatures were succeeded [2]. The 

operation dynamics of semiconductor lasers are very sensitive to external interventions. 

Semiconductor lasers show rich nonlinear dynamics when they are subject to optical 

injection, feedback or modulation. These nonlinear dynamics underpin a wide range of 

applications including photon microwave generation, encrypted communication, fast 

random bit sequence generators, biological heuristic information processing, etc. In this 

thesis, the research topics are focused on the detailed explorations of optical effects on 

the nonlinear dynamical properties of semiconductor lasers with emphases on photonic 

microwave generation based on period one dynamic of semiconductor lasers and lasers’ 

chaotic dynamic. 

 Photonic microwave generation is an important research topic in microwave 

research areas.  Because microwave frequencies of up to 100𝐺𝐻𝑧 are expected to be 

implemented in imminent arrival 5𝐺  networks, the traditional method of using 

electronic circuits to generate such high frequency microwave signals is, however, 

impractical.  Photonic microwave generation, which uses photonics to assist microwave 

generation, is a cost-effective promising alternative approach. The primary application 

of photonic microwave generation is radio-over-fiber (RoF) transmission systems, 

where light is modulated by a radio frequency signal and the modulated optical signal 

is transmitted over the optical fiber link. The technical advantages of RoF include low 

transmission loss, large bandwidth, potentially high cost-effectiveness and immunity to 

electromagnetic interference. The RoF technique may enable the convergence of 

separately developed and operated legacy optical and wireless networks, which is 

widely regarded as a significant milestone towards practically realizing 5G networks.  
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As such from the system/network design point of view, it is highly desirable if 

microwave signals are directly generated in the optical domain without utilizing 

expensive, bulky and low-speed electrical-to-optical conversion. Many photonic 

microwave generation techniques have been proposed and demonstrated. Among these 

techniques, photonic microwave generation based on period one (P1) dynamic exhibits 

many advantages. The details photonic microwave generation techniques will be 

explained in chapter 2.  

 Photonic microwave generation based on P1 dynamic associated with DFB 

lasers has been studied extensively; this method shows many promising features. 

Vertical-cavity surface-emitting lasers (VCSELs), as a special type of semiconductor 

lasers, offer extra unique advantages over the DFB lasers, such as low production cost, 

low threshold current, low power consumption, circular beam profile, single-

longitudinal-mode operation and longevity. Thus, special effort of this thesis is made to 

investigate broad tunable photonic microwave generation based on P1 dynamic of off-

the-shelf VCSELs. Such study is valuable for providing effective means to further 

reduce the installation and operation cost of the RoF transmission systems.  

 Due to spontaneous emission noise in the semiconductor laser, P1 dynamic 

inherently imposes phase noise, which increases the microwave linewidth of the 

generated microwave. This also considerably affect the transmission performance of the 

modulated microwave signal over the RoF systems.  To address this challenge, in this 

dissertation work extensive investigations are undertaken to explore cutting-edge 

techniques capable of not only reducing the linewidth of the generated microwave but 

also improving its stability. 

 The other important dynamic of semiconductor lasers is chaos. Ohtsubo Junji 

[3] describes that chaos is a phenomenon of irregular variations of system outputs that 

are governed  by a set of deterministic equations. A chaotic system is that the current 

state of the system depends on the previous state in a rigidly deterministic way, 

however, the systems’ outcome shows random variations. Chaos is always companied 

by nonlinearity. Since lasers themselves are nonlinear systems, thus chaos can often 

occur in laser systems. Chaos has many potential applications including  secure 

communications [4], chaotic logic gates [5], chaotic optical time-domain reflectors  [6]–

[8], chaotic lidars [9], and physical random number generators [10], [11]. Optical 
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feedback is the simplest method of generating chaos in semiconductor lasers, but a 

typical chaos generated by optical feedback has unwanted recurrence features termed 

time delay (TD) signature because of the optical round trip in the external cavity. From 

the practical application point of view, high complexity and low TD signature of chaos 

are always preferred. Simultaneous implementations of low TD signature and high 

complexity chaos is thus the second main goal of this thesis.  

 The thesis involves six chapters. Chapter 2 is the literature review, which 

presents rich nonlinear dynamics of semiconductor lasers induced by optical injection 

or optical feedback and photonic microwave generation techniques. 

 In chapter 3, photonic microwave generation based of period one dynamic in 

an optically injected VCSEL is experimentally and theoretically explored. The effects 

of the injection strength and frequency detuning on frequency and power of generated 

microwave are investigated in detail.  Furthermore, the effects of the VCSEL 

parameters of linear dichroism and linear birefringence on the generated microwave are 

also analyzed numerically using a common spin flip model. 

 To further enhance the performance of the generated microwave, Chapter 4 

extends the study of chapter 3 by implementing the optical feedback technique. Both 

experimental and theoretical studies on reducing the linewidth of the generated 

microwave are presented. Additionally, the stabilization of microwave frequency is also 

investigated experimentally. 

 In Chapter 5, the relationship between time-delay signature and complexity of 

chaos generated in a semiconductor laser with optical feedback is experimentally and 

theoretically studied. The impact of the data acquisition method on the quantification 

of chaos complexity is also discussed.  

 Chapter 6 summarizes the main results of this thesis and suggests future 

research work. 

 During this study, I have published 3 journal papers as the first author,  4 

journal papers as the second author and 5 conference papers . 
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2 Literature Review 

 The dynamics of the semiconductor laser are well known and quite sensitive 

to external influences, such as optical feedback, modulation or optical injection [12], 

[13]. More specifically, the optical injection has reported providing enhanced 

modulation bandwidth [14] and also induces a variety of nonlinear dynamics including 

periodic oscillations and chaotic behavior [15], [16]. The complex nonlinear dynamical 

states from optical injection have been investigated in Fabry Perot laser [15], distributed 

feedback laser [17], multisection semiconductor laser [18] and vertical-cavity surface-

emitting laser [17]–[29]. This chapter starts with an introduction and explanation of 

semiconductor laser’s rich non-linear dynamics by reviewing the optical injected 

semiconductor laser’s output, including its optical spectra, the intensity of the time 

series, and phase portraits in the complex plane of the electric field under different 

dynamical states. Then we look into the VCSEL’s dynamics in brief due to VCSEL’s 

nonlinear dynamics are highly comparable to the DFB lasers but also VCSEL has its 

unique polarization properties. The dynamics of a semiconductor laser with optical 

feedback are explained in later sections. The commonly used microwave generation 

techniques, with emphases on the techniques using optically injected lasers are also 

discussed since a large effort of this thesis is focused on utilizing VCSEL’s P1 

oscillation to generate broad tunable photonic microwave. 

2.1 Semiconductor Lasers with Optical Injection 

 Semiconductor lasers feature high gain, low facet reflectivity, and amplitude-

phase coupling through the 𝛼 parameter. It is sensitive to the optical injection from a 

different laser. Injection locking and unlocking behavior has been extensively studied 

[30]–[35]. The injection locking can be a useful tool for controlling and stabilizing the 

laser’s oscillation. In the past years, the research topics has been more focused on the 

locking condition. Recent years, increasing numbers of studies have moved interests 

into the rich varieties of dynamics such as the four-wave mixing[35]–[38], period-

doubling[39]–[42] and chaos[39]–[57]. The dynamic characteristics of locking and 
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unlocking regimes in optically injected semiconductor lasers will be focused in this 

section. 

 The technique of injection locking is frequently used to lock the frequency and 

stabilize the output oscillation of a slave laser. The system of injection locking is 

straightforward, and it is demonstrated in Figure 2.1. For the optical injecting locking, 

the two lasers need to be in almost same oscillation frequency (frequency differences 

within a few GHz ranges). Light from a laser (master laser) is fed into the active layer 

of the other laser (slave laser). Then under the appropriate condition of injection 

strength and frequency detuning from the master laser, the slave laser will operate in 

synchronization in optical frequency with the master laser. 

 

 

Figure 2.1 Injection Locking System 

 

 Optical injection technique was initially developed to stabilize the output of 

the slave laser’s oscillation, in which, at first glance, it can seem to be controversial to 

realize that the slave laser can also be destabilized by the optical injection. However, 

the optical injection to a laser is an introduction of the extra degree of freedom of slave 

laser’s nonlinear dynamics. Figure 2.2 is created by Junji Ohtsubo based on his 

numerical study [3], it shows the areas of optical injection locking in the phase space 

for the frequency detuning between the master and slave lasers and the injection ratio. 

The solid lines indicate the boundaries between optical injection locking and non-

locking regions. In the non-locking region, when the frequency detuning close to zero, 

various dynamics such as chaotic oscillations and four-wave mixing can be found. 

Within the region of the optical injection locking, there are stable and unstable locking 

areas. The boundary of the unstable and stable injection locking areas is denoted by a 

dotted curve. The unstable injection locking area refers to the condition that within 

specific parameter ranges, the chaotic bifurcations can be found in the area. In addition, 
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the reason for the unsymmetrical distributed area between stable and unstable locking 

area is due to the non-zero 𝛼 parameter value. 

 

 

Figure 2.2 Locking and unlocking regions in phase space of frequency detuning 

and injection field. This figure is taken from Ref.[3]. 

 

 Junping Zhuang in his thesis shows the simulated optical spectra, the intensity 

of the time series, and phase portraits in the complex plane of the electric field of an 

optically injected edge-emitting laser when the injection strength 
𝑖
 is varied with a 

fixed frequency detuning. His results demonstrate that the different dynamical states 

can be excellently categorized using optical spectra, output intensity or E-field phase. 
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Figure 2.3 (i) Optical spectra, (ii) intensity time series, and (iii) phase portraits 

in the complex plane of the electric field for the laser in (a) stable locking, (b) 

P1 oscillation, (c) P2 oscillation, and (d) chaotic states. The optical spectra are 

offset to the optical frequency of the free-running laser. The phase portraits 

are extracted by reference to the rotating frame of the injection field. This 

figure is borrowed from Junping Zhuang’s Ph.D Thesis. 

 In Figure 2.3(a), the injection is relatively strong, resulting in the injection 

locking situation, a single frequency in the optical spectrum, a constant intensity in the 

time series and a single dot in the phase portrait. Decrease the injection strength in 

Figure 2.3(b), the laser enters the P1 state, where the sidebands are separated from 

injection frequency (indicated by the blue arrow) with the same amount of spacing. The 

time series shows a periodic oscillation and the phase portraits shows a limit cycle. Keep 

decreasing the injection strength to enter the P2 state, in Figure 2.3(c) the optical 

spectrum shows subharmonics, the optical components separation is below half of the 

amount in P1 oscillation. The intensity of the time series shows two distinct peak vales. 

The phase portrait in the P2 state shows the limit cycle with a double period. Finally, in 

Figure 2.3(d) the laser is driven into the chaotic oscillation state, where the optical 
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spectrum shows a broadened continues spectrum. The chaotic time series intensity has 

no consistent peak values, and the phase portraits do not repeat itself. 

 

 

Figure 2.4 Experimentally obtained dynamic map from measured optical 

spectra of a single mode DFB laser under optical injection. This figure is taken 

from [3]. 

 

 To better visually observe where the different dynamical state lays in the 

between the injection parameters, a map is often created. The mapping of the different 

dynamic region of a semiconductor laser subject to optical injection is presented by 

Junji Ohtsubo in Figure 2.4. This figure is mapped by adjusting the frequency detuning 

and the injection field. The detuning frequency is calculated as the master laser’s 

frequency minus the free-running lasing frequency of the slave laser. In Figure 2.4 

diamond-filled symbol in negative frequency detuning is the boundary between 

unstable and stable operations. This boundary corresponds to the saddle-node boundary 

between the stable locking and unlocking operations. The open diamonds display the 

unlocking and locking transitions of the bistability region. The square mark detuning is 
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the boundary named Hopf bifurcation, it separates the stable locking region and limit 

cycle dynamics. Triangle is the boundaries for period-two (P2) dynamics. Inside these 

regions the dynamics are complex. The circle bounded region is the period-four (P4) 

region. Finally, the vast region bounded by squires and above the zero-frequency 

detuning, exclude all other regions stated above are the period one (P1) region, which 

it is the leading region this thesis is focused on for the photonic microwave generation, 

and it is discussed in section 2.3.2 (page 37). 

VCSELs Subject to Optical Injection 

 Semiconductor lasers can be categorized into two classes. Edge-emitting 

lasers, and surface emitting lasers. Edge-emitting lasers are the laser that the light is 

guided and propagated in the direction along the wafer surface of the laser diode and 

reflected or coupled out at the cleaved edge of the semiconductor chip. Surface-emitting 

laser, where the laser light is guided in the direction that is perpendicular to the 

semiconductor chip wafer surfaces. The vertical-cavity surface-emitting laser (VCSEL) 

as the name suggests, falls into the surface-emitting laser category.  

 

 

Figure 2.5 Schematic layer structure of VCSEL. (R. Michalzik 2013). 
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 Figure 2.5 by R. Michalzik, represents a simply schematic structure layout for 

a typical vertical-cavity surface-emitting laser (VCSEL). The active layer is indicated 

with red color, two parallel mirrors with over 95% reflectivity (green color) are placed 

on the top and the bottom of the active layer. These mirrors are often called Distributed 

Bragg Reflector (DBR) mirrors, which have the properties of low thermal and electrical 

resistance and high reflectivity. VCSELs have short cavity length around 1m, single 

longitudinal mode operation is regularly expected due to this reason. 

 Increasing popularity in VCSELs are coming from the combination of unique 

properties. Compare to the DFB lasers, VCSELs offer many advantages that optical 

data transmission can benefit from; these are[59] 

• Low threshold current of usually around 1mA as well as relatively small driving 

current enables low power consumption feature and easy design of the electronic 

driving circuit.  

• Over 50% of power conversion efficiencies reduce power dissipation. 

• Circular beam profiles, simplifying the design for bean-shape specific optics. 

• Low production cost, about one-tenth of the price compare to DFB laser. 

• High reliability and long lifespan usually rated around ten million hours at room 

temperature. 

 

 Due to these advantages combined with its nonlinear dynamic output enabled 

optical applications such as optical data communication, the increasing interests on 

optically injected VCSELs has raised in the past years[26], [28], [60]. The effect of 

orthogonally-polarized optical injection was used to generate polarization switching 

and polarization bi-stability in short[28], [60] and long[26], [61]–[64] wavelength 

VCSELs. Also variety of nonlinear dynamics subject to orthogonal injection has been 

reported theoretically[23], [65], [66] and experimentally[21], [67]. An experimentally 

measured stability map has been created for an 845nm-VCSEL subject to orthogonally-

polarized injection in [21]. And the dynamics of 1550nm-VCSEL subject to parallel 

and orthogonal optical injection is also reported in [68]. 
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 Similar to edge-emitting lasers, the optical injection can also be used to induce 

the injection locking (IL) and other non-linear dynamical state in VCSELs. Reportedly 

in [69], this technique has proven to enhance the performance of 1550nm VCSEL, 

increase the modulation bandwidth and relaxation oscillation frequency. A large part of 

this thesis is based on the nonlinear dynamics state of VCSEL devices subject to optical 

injection. The term parallel injection refers to the injection light’s polarization direction 

is the same as the free running VCSEL’s lasing polarization direction due to the 

VCSEL’s unique polarization characteristics. Figure 2.6 is the experimental results 

published by L. Chrostowski [22],  it shows the stability map of the VCSEL subject to 

parallel polarized injection. 

 

Figure 2.6 Experimental stability map of the 1550nm-VCSEL subject to 

parallel polarized injection; Different regions are observed: SIL (stable 

injection locking), P1 (Period 1), P2 (period 2) and CH (chaos); This figure is 

taken from Ref. [22]. 

 In the stability map, many regions with different behavior can be observed, 

including periodic dynamics such as limit cycle (period-one, P1), period doubling 

(period-two, P2) and non-periodical dynamic Chaos region. It is noted that the stability 
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map and non-linear dynamics output of an optically injected VCSEL under parallel 

injection exhibits strong similarities with those reported in edge-emitting lasers. 

 

2.2 Semiconductor Lasers with Optical Feedback 

 It is quite well known that the semiconductors are very sensitive by the external 

influences and external optical feedback is undoubtedly one of them. In the past two 

decades, the rich varieties of dynamics and its effective introduced by the 

semiconductor optical feedback configuration has been studied extensively. This 

section focuses on the observations of the semiconductor laser emission in an optical 

feedback situation. The chaos in semiconductor laser systems will also be discussed. 

2.2.1  Dynamics of Semiconductor Lasers under Optical Feedback 

 The dynamics of such semiconductor lasers with optical feedback can be 

outlined as a function of the feedback intensity levels. Usually, these levels are named 

from weak feedback to moderated feedback to strong feedback. The weak feedback 

usually refers to the laser output having local bifurcation, while the moderated feedback 

can observe the global bifurcations. A local bifurcation occurs when a parameter change 

causes the stability of an equilibrium (or fixed point) to change, Global bifurcations 

occur when 'larger' invariant sets, such as periodic orbits, collide with equilibria. This 

causes changes in the topology of the trajectories in the phase space which cannot be 

confined to a small neighborhood, as is the case with local bifurcations. During strong 

feedbacks, the transition from coherence collapse to single mode narrow-line emission 

can be observed. Figure 2.7 is a helpful experimental diagram summarized by Tkach, 

R. and Chraplyvy, A.[70]. 
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Figure 2.7 Experimental observation different regimes of operation for lasers 

under external feedback. This figure is taken from Ref.[70]  

 

 The Regime I is the lowest feedback levels; in this regime the laser is operating 

on a single external cavity mode that is transitioning from solitary laser mode. Depend 

on the feedback phase, the linewidth of the laser can either be broadened or narrowed. 

In Regime II and at the feedback level that depends on the external cavity length, the 

laser appears to split into two modes; it is caused by arising from the rapid mode 

hopping. The reason for the mode hopping is because of the noise. To enter the regime 

II, the condition is set to be 𝐶 = 1. Where  

 𝐶 = 𝜅𝜏𝑐√1 + 𝛼2 (2.1) 

In Equation (2.1 the 𝜏𝑐 = 2𝐿/𝑐  is named external cavity round trip time. 𝜅  is the 

effective feedback from the external cavity, 𝐿 is the distance from the active layer to the 

external reflector, 𝑐  is the speed of light. In Regime III, the laser enters into stable 

operation again. In this regime, the laser runs at the lowest linewidth external cavity 

mode with constant power. Keep increasing the feedback level independently from the 

feedback distance drives the laser to the Regime IV. The transition into the Regime IV 

is the transition to a chaotic state, which is also called coherence collapse. The 
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characteristic of this regime is that the optical spectra and noise spectra are dramatically 

broadened and contains many external cavity modes. R. Tkach and A. Chraplyvy [70] 

show us the experimental data of optical spectra when the laser is in regime IV in Figure 

2.8. The laser first start to destabilize with the relaxation oscillation because of the 

increase of the feedback level in Figure 2.8(a), then, with the help of increasing the 

feedback level, the laser evolves into the quasi-periodic oscillation with observation of 

multiple spectral peaks in Figure 2.8(b). Finally, laser enters the chaotic oscillation and 

the linewidth broadening can clearly be found. This broadened linewidth can be as much 

as up to 100𝐺𝐻𝑧 in some situation. The more detailed review about the chaos in laser 

system will be discussed in section 2.2.2 (page 27). The last Regime V is the laser 

operating in a steady state, which we will not be focused on due to the lack of dynamical 

output in this regime. 

 

 

Figure 2.8 Optical spectra in regime IV. (a) periodic state with -40db feedback. 

(b) quasi-periodic oscillation with -30db feedback. (c) chaotic state with -20db 

feedback. This figure is taken from Ref.[3] 

 

 The dynamic behaviors of the laser output with fixed external reflection 

position and bias current, but the different feedback strength ratio is showed in figure 
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2.9, the first column is the time series. The second column shows the attractor, the 

attractor is a trajectory in the phase space, and it is frequently used for analyzing the 

chaotic oscillations. The third column is the power spectra. In Figure 2.9(a) the feedback 

ratio is 0.5%, similar to the optical injection situation discussed in section 2.1, the laser 

operates at period-one (P1) state. The stable oscillation leads to a single point in the 

phase space of the power and carrier density. P1 dynamic shows a single closed loop in 

the phase space. In the power spectrum, clear evenly spaced power peaks can be 

observed. When the feedback ratio is increased to 1.0%, the period-two (P2) oscillation 

appears as shown in Figure 2.9(b), in the P2 dynamic, the phase space displayed a 

double-loop. In the power spectrum, compared to the P1, more evenly spaced power 

peaks with smaller frequency separation situation can be found. Figure 2.9(c) shows the 

chaotic oscillation with feedback ratio increased to 2.0%. In this chaotic oscillation 

dynamic, the power spectrum is broadened around the relaxation oscillation frequency. 

The situation of feedback ratio equals 2.0% is the chaotic oscillation, and it will be 

continuously analyzed further in section 2.2.2 (page 23). 
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Figure 2.9 Numerical simulation of the dynamics of a semiconductor laser 

under optical feedback. Time series (first column), attractors (second column), 

and power spectra (third column). Feedback ratio of (a) 𝟎. 𝟓%, (b)𝟏. 𝟎% and 

(c)𝟐. 𝟎%. [71] 

 

2.2.2 Chaos in Laser Systems 

 Modern research of chaos started from the study of irregular and complex 

dynamics of the nonlinear system developed by Lorenz in 1963. Chaos provided not 

only a new perspective and viewpoint of nonlinear phenomena but also in itself a new 

physics. The output of chaos can be derived from models that are described by a set of 

deterministic equations; it is a phenomenon of irregular variations of systems’ outputs. 

The chaos dynamic is referred to deterministic development with chaotic outcome[3]. 

Chaos is very much different from random events, the difference of chaos and random 

is clear: chaos is generated with the deterministic order in accordance, while the random 

system’s output has no connection to the previous one. Despite the deterministic model 

characteristic, we cannot foresee the future output of the chaos because chaos is very 

sensitive to initial conditions. Even if the difference between the initial states of the two 
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chaotic systems is minimal, the behavior of the two chaotic systems will be completely 

different. 

 Chaos is constantly complemented by nonlinearity. The word “nonlinearity” 

stands for the measure properties value in the system is dependent by the earlier state in 

a complicated way. The nonlinear property does not promise the appearance of the 

chaotic dynamic, however, in another way around, some form of nonlinearity is required 

to perform a chaos system. Chaos behavior can occur in various fields, such as in 

physics, engineering, chemistry, biology, and even economics. Although these fields 

are drastically different from each other, some of the chaotic system in these fields can 

be described by the similar differential equations and same mathematical tools can be 

applied for the investigation of their chaotic dynamics. 

 The chaos theory in laser physics is developed independently until the year of 

1975 when Haken discovered a strong relationship between the Lorenz equation and 

Maxwell Bloch equation in single mode lasers light-matter interaction modeling [72], 

[73]. Since lasers themselves are nonlinear system and can be usually characterized by 

three variables: field, the polarization of mater and population inversion, lasers are also 

respectable candidates for a chaotic system. Indeed, the first conclusive experimental 

report on laser chaotic trajectories was obtained by a 𝐶𝑂2 laser in 1982 [74], [75]. The 

three variables in laser rate equations that describe the nonlinear equations are called 

Lorenz-Haken equation after Haken’s contribution in 1985[76]. Our focus is the class 

B semiconductor laser, which can be described with only two variables: the electric 

field and the carrier number. 

Configurations for Achieving Chaos in Laser Systems 

 Configurations for achieving laser diode chaos can be categorized as follows: 

external optical feedback[77], optical injection (unidirectional coupling)[47], [58], 

external current modulation[13], [78], loss modulation using saturable absorber[79], 

[80], opto-electronic feedback[81], [82], integrated on-chip chaotic laser diode[83], 

mode competition and nonlinear hybrid opto-electronic feedback[83]. External 

feedback is the most prominent configuration for laser chaos applications. It is 

commonly used in high-speed secure communications [47], [49], [84]–[88], chaotic 

logic gates [5], chaotic optical time-domain reflectors [6]–[8], chaotic lidars [9] and  
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physical random number generators [10], [11]. In the study, the configuration of 

achieving chaos is using the external optical feedback due to its simple setup. The 

physical setup to achieve the optical feedback is illustrated in Figure 2.10. By reflecting 

a small fraction of the laser emission into the laser diode cavity may result in the laser 

waveform and properties in a chaotic output [46]. The behavior of feedback induced 

chaos is very similar to the optical injection created chaos. The chaotic time series 

intensity has no consistent peak values, and the phase portraits do not repeat itself 

showed in Figure 2.3 (d). These rich dynamics is the result of competition between the 

laser’s intrinsic relaxation oscillation frequency 𝑓𝑅𝑂  and the external cavity frequency 

𝑓𝐸𝐶 = 𝑐/(2𝐿), where c is the speed of light and L is the distance from the laser to the 

external optical feedback reflector [45], [89]. However, one noticeable difference 

between the feedback induced chaos and the optical injection created chaos is that the 

chaos created by chaos has time delay signatures, this topic will be discussed in later 

sections. 

 

 

Figure 2.10 Schematic of laser diode subject to optical feedback from an 

external reflector. 

 

Optical Feedback Induced Chaos 

 As a continuous discussion at the end of section 2.2.1 (page 23), when the 

feedback ratio increased to 2.0%, the output of the laser can be observed as shown in 

Figure 2.9(c). No clear local extrema can be found in the time series in the first column. 

In the second column, the attractor is different from P1 or P2 situations or stable fixed 

state, within the closed compact space, the state goes around points, yet, it never visits 



Optical Effects on the Dynamical Properties of Semiconductor Laser Devices and Their Applications 

30  Songkun Ji - February 2019 

the same point. Although it looked like the trajectory crosses the previous route, it is 

because that the trajectory is only plotted in two-dimension space. In fact, it is reported 

that the trajectory goes around in a multi-dimensional space and it will never cross in 

such space [70]. This chaotic attractor is sometimes called a strange attractor. 

 Another useful tool to investigate the chaotic evolutions is the bifurcation 

diagram. The bifurcation diagram is created from the timeseries by taking the local 

peaks and valleys of the waveform for a parameter range. Atsushi Uchida has created a 

such bifurcation diagram in Figure 2.11. The horizontal axis is the feedback ratio 𝑟. For 

the region of 𝑟 less than 0.35%. Increase the feedback ratio can observe two points 

corresponding to the peaks for the period-one oscillation. When the feedback ratio 

increased to 0.94%, the period-two oscillation starts and four states of peaks and valleys 

can be found. Keep increasing the feedback ratio, the laser enters the quasi-periodic 

state. For the feedback ratio over 1.36%, the laser oscillates at the mixed frequencies 

of relaxation oscillation mode, internal mode as well as the external modes. There is no 

clear line can be found in this region, laser enters the chaos state. 

 The above analyzation is based on the ignorance of the Langevin noise in the 

numerical oscillation. In the output of the laser with the presence of the noise, as long 

as the spontaneous emission is small, the chaotic behavior is scarcely affected. 

However, during the real-world experiment, the spontaneous emission of light has an 

important role for impacting the dynamics. Having the spontaneous emission noise, the 

waveform with high-frequency fluctuations is hard to obtain in bifurcation diagram 

resulting in the difficulty of observing the higher periodic oscillation, which means that 

normally P4 or higher periodic oscillation are not easily observable experimentally. 
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Figure 2.11 the numerically calculated bifurcation diagrams with bias current 

equals 1.3 times of the threshold current. This figure is taken from [90]. 

 

Time Delay Signature 

 The previous section discussed that the semiconductor lasers with optical 

feedback are widely used to generate the chaotic time series. This chaotic output can be 

employed for cryptography, chaotic communication, and physical random bit generator, 

etc. In optical feedback created chaos system, it is proven that such chaos contains a 

signature of time delay, also known as round-trip time between the laser and the 

mirror[35], [91]. One common tool to study the time delay signature is to use the auto-

correlation function of the chaotic waveform. It has a peek at the feedback delay, which 

its height is used to quantitatively estimate as the time delay signature. In Figure 2.12 

the time delay signature is noted by the peak value of the auto-correlation coefficient of 

a chaotic time series at the delay time. 
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Figure 2.12 Auto-correlation function of a chaotic time series. This figure is 

taken from [92] 

 

 In a chaotic based communication secure system, the unpredictable and noisy 

appearance of the signals emitted by hyper-chaotic optical systems has been used to 

enhance security and privacy in communications. The chaotic carrier embeds and 

transmits the information, is decrypted by the synchronized end receiver which is a 

physical copy of the chaotic emitter. The security of the chaotic communication is relied 

on the complexity to reconstruct the high-dimensional attractor from its time series. 

However, the chaotic signal contains the time delay (TD) signature of the feedback loop, 

and as motioned earlier, the TD signature can be easily analyzed from the time 

correlation. The exposed time delay signature also allow the high-dimensional attractor 

into a reduced phase space, which leads to the vulnerable of the system by low-

computational complexity identification techniques[35]. Therefore, it is essential to 

hide the TD signatures since these are essential keys in chaos-based secure 

communications. 

 The common methods to quantify the TD signature used are the autocorrelation 

(AC) function, delayed mutual information and permutation entropy [43], [54], [93]–

[95]. The peak value of the AC coefficient at the feedback round trip time is used to 

quantify the TD signature in this paper. The autocorrelation coefficient is labelled as 𝐶 

and is defined as: 

 𝑪(∆𝒕) =
< [𝑰(𝒕 + ∆𝒕)−< 𝑰(𝒕 + ∆𝒕) >][𝑰(𝒕)−< 𝑰(𝒕) >] >

√< [𝑰(𝒕 + ∆𝒕)−< 𝑰(𝒕 + ∆𝒕) >]𝟐 >< [𝑰(𝒕)−< 𝑰(𝒕) >]𝟐 >
  (2.2) 
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 where 𝑡 denotes the delay time, 𝐼(𝑡) denotes the output intensity of the laser 

and <  > denotes time average. The peak value at the feedback round trip time (𝐶𝑝) 

can be expressed as: 

 𝑪𝒑 = 𝒎𝒂𝒙|𝑪(∆𝒕)|∆𝒕∈𝝊𝟏(𝝉𝒅) (2.3) 

 where 𝝉𝒅 is the feedback round trip time. The measured TD peak value may 

not be located exactly at 𝝉𝒅 . If a measured peak value is in the range of interval 

𝒗𝟏(𝝉𝒅)  =  (𝝉𝒅 – 𝝉𝒅  ×  𝒓𝟏, 𝝉𝒅  +  𝝉𝒅  × 𝒓𝟏); it will be considered as the peak value at 

the TD. According to the experimental data, 2% is selected as the value of 𝒓𝟏. 

 Nevertheless, the Chapter 5 is not on the subject of minimizing the TD 

signature; this chapter aimed to deliver the relationship between the bias current and 

TD signature and other vital characteristics in semiconductor laser’s chaotic oscillation. 

 

Chaos Complexity and Permutation Entropy 

 Several techniques have been used to quantify the complexity of chaos, such 

as Lyapunov exponents [96], [97], strangeness of strange attractors [98] and 

permutation entropy (PE) [44], [99]–[101]. Permutation Entropy (PE) has a few 

advantages over other techniques, which includes easy implementation, faster 

computation and being robust to noise. This makes PE particularly attractive for using 

on experimental data, so PE is adopted to quantify the complexity of chaos in this thesis.  

 The PE method was first introduced by Bandt et al. [99]. In this method, the 

measured output intensity of the laser has 𝑁  samples 𝐼𝑡 , where 𝑡 =  1, … , 𝑁 . For a 

given time series {𝐼𝑡, 𝑡 = 1,2, … , 𝑁}, let subsets 𝑆𝑞  contain 𝑀 samples (𝑀 > 1) of the 

measured intensity and an embedding delay time  =  𝑛𝑇𝑠 (𝑛 is an integer number and 

𝑇𝑠   is the reciprocal of the sampling rate), the ordinal pattern of the subset is 𝑆𝑞 =

[𝐼(𝑡), 𝐼(𝑡 + ), … 𝐼(𝑡 + (𝑀 − 1))]. 𝑆𝑞  can be rearranged as [𝐼(𝑡 + (𝑟1 − 1)) ≤ 𝐼(𝑡 +

(𝑟2 − 1)) ≤ ⋯ ≤ 𝐼(𝑡 + (𝑟𝑀 − 1))]. Hence, any subset can be uniquely mapped into 

an “ordinal pattern”  =  (𝑟1, 𝑟2, … , 𝑟𝑀), which is one of the permutations of subset 𝑆𝑞  
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with 𝑀 dimensions. For all the 𝑀! possible permutations, the probability distribution 

𝑝() is defined  as in [99]: 

 𝒑() =
#{𝒕| ≤ 𝑵 − (𝑴 − 𝟏)𝒏; 𝑺𝒒 𝒉𝒂𝒔 𝒕𝒚𝒑𝒆  

𝑵 − (𝑴 − 𝟏)𝒏
 (2.4) 

 where #  stands for “number”. From the probability p() the permutation 

entropy is defined as: 

 𝒉(𝑷) = − ∑ 𝒑()𝒍𝒐𝒈(𝒑())   (2.5) 

 𝐻(𝑃) is used to denote the normalized PE, which can be expressed as: 

 𝑯(𝑷) =
𝒉(𝑷)

𝐥𝐨𝐠 (𝑴!)
 (2.6) 

 The value of the normalized 𝑃𝐸 (𝐻(𝑃)) is between 0 and 1 in [100], [102]. A 

value of one represents a completely stochastic process, while a value of zero indicates 

that the time series is completely predictable. Bandt [99] has suggested that 𝑀 is chosen 

to be between 3 and 7 for all practical cases. In Chapter 5, the evaluation of the chaos 

complexity is indeed done by calculating the PE value. 

 

2.3 Photonic Microwave Generation 

 As early as the laser was invented, the idea of applying modulation to the 

laser’s output at microwave frequencies range was introduced in the year of 1962 [103]. 

Since then many of the phonic microwave generation techniques were invented and 

extensively invested [104]–[109]. This section will introduce some of the commonly 

used microwave generation techniques, with emphases on the techniques using 

optically injected lasers. 

 In Figure 2.13, a simple schematic microwave photonic link with only 

fundamental functional blocks are presented. An input microwave signal is modulated 

into an optical carrier through an electrical-to-optical (E/O) converter, the resulted 

signal, which is the microwave in optical form, is transmitted inside of the fiber to a 
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remote site, then, the electrical microwave signal is recovered by the optical-to-

electrical converter. 

 

 

Figure 2.13 Schematic of a simple microwave photonic link 

 

 The microwave photonic link offers advantages over the conventional coaxial 

cable including low propagation loss, lightweight, electromagnetic interference (EMI) 

immunity, and wavelength division multiplexing capability. There are many reports on 

the methods microwave generation, one of the standing out technique is based on lasers 

period-one (P1) nonlinear dynamics, more detailed comparison between microwave 

generation techniques will be discussed in the sections 2.3 (page 34) below. 

  

2.3.1 Microwave Generation Techniques 

 Many photonic microwave generations approaches can yield very low phase 

noise by adopting high-frequency electronic components. These commonly used 

techniques can be summarized as direct modulation, external modulation, optical 

heterodyne technique with cooperation with optical phase-lock loops (OPPLs), mode-

locked semiconductor lasers, optoelectronic oscillator (OEO). The techniques that rely 

on electronic sources are expanded as follows: 

• Direction Modulation: the most straightforward approach is using an electronic 

microwave source to apply the direct modulation on the semiconductor laser. The 

disadvantage of using this technique is that the modulation bandwidth is limited by 

the intrinsic resonance frequency of lasers and the available of high-frequency 

electronic microwave source. Using optical injection-locking can enhance this limit 

slightly [110]–[113]. 
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• External Modulation: Using an external modulator to modulate the laser optical 

output. Those approaches introduced the electro-optic materials such as lithium 

niobate [114], polymers [115], [116], and the semiconductors [117]. 

• Heterodyne with Optical Phase-lock Loop: up to the sub-terahertz range 

frequency can be produced by heterodyning two optical components with different 

frequency at the detector[118]. However, to further stabilize the signal, the optical 

phase difference between the two optical components is tracked by using a reference 

frequency from a stable electronic microwave source to compare the output signal 

of the detector [119]. By further introducing sideband injection-locking can improve 

frequency stability [120], [121]. 

 Above techniques are the ones that rely on the high-frequency electronics, 

which are costly and complex to implement. Thus, some of the photonic microwave 

generations without relying on high-frequency electronic components were also 

investigated. These approaches are briefly introduced as follows: 

• Self-pulsating Laser: Self-pulsation can be invoked by exciting the relaxation 

resonance oscillation via the interaction between two sections in a two-section laser, 

the frequency is often limited to a few gigahertz [122]–[124]. 

• Dual-wavelength Laser: In a dual-wavelength laser, the two optical components 

are generated in the same optical cavity. Therefore, the stable microwave 

frequencies can be obtained by the intrinsic relation of common noise. To achieve 

the dual-wavelength operation, the proper seeding from independent lasers[125] or 

by incorporating gratings for mode-selection in fiber ring lasers can be used[61], 

[126]. 

• Optoelectronic Oscillator: Optoelectronic oscillator can generate very stable 

microwave signals using a very long fiber loop, at the same time using multiple 

loops to suppress the spurious noise [127], [128]. The disadvantage of using 

optoelectronic oscillator is that the construction requires high frequency 

components such as microwave filters, microwave amplifiers, photodetectors, and 

optical modulators. The tunability is limited by these electronics’ bandwidth. Some 

of these electronic components can be replaced by optical components, however, by 

doing so, the complexity of the implementation is also increased [129]–[132]. 
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• Passively Mode-locked Laser: Using passively mode-locked laser can produce 

monolithic photonic microwave generation with frequency over 100GHz. The 

limitation of this method is that the tunability is usually controlled by the fixed 

cavity length [133]. The microwave linewidth is typically less than 1𝑀𝐻𝑧 by using 

this method [134], [135]. 

• Optically Injected Laser: By applying an optical injection, a laser can be driven 

into periodic oscillation state, specifically the period-one (P1) oscillation. The laser 

emission intensity oscillates at a microwave frequency. Utilizing this method on 

VCSEL is part of the focus in this study, and it will be discussed in later chapters 

extensively.  

 Some of the photonic microwave generation techniques are excellently 

summaries in Ref.[136] in Table 2.1: 

 

Table 2.1 Comparison of Photonic Microwave Techniques 

Techniques Electronics Tunability 
Maximum 

Frequency 

Microwave 

Linewidth 

Single 

Sideband 

Modulation  

Type 
Stability 

Optical 

Loss 

Direct 

Modulation 
Moderate Fair 30GHz 

Source 

Determined 

Need 

special 

design 

AM Good None 

Optical 

Heterodyne 
Simple Good ~THz Broad Yes / Poor None 

OPLL Complicated Fair 330GHz ~mHz Yes / Good None 

Dual-mode 

Laser 
Complicated Good 42GHz ~MHz Yes / Poor None 

External 

modulation 
Moderate Fair 40GHz 

Source 

Determined 

Need 

special 

design 

AM/PM Good Large 

Mode 

Locking 
Moderate Poor 30GHz 

~Hz to 

mHz 
No / Good Large 

OEO Complicated Poor 75Gz ~mHz No AM/PM Good Large 

P1 

Dynamics 
Simple Good 100GHz MHz Yes FM Poor None 

 

2.3.2 Period-one Oscillation for Photonic Microwave Generations 

 From the above discussion, it can be seen that the advantages of microwave 

generation based on P1 oscillation are prominent. The nonlinear dynamical P1 



Optical Effects on the Dynamical Properties of Semiconductor Laser Devices and Their Applications 

38  Songkun Ji - February 2019 

oscillation in optically injected semiconductor laser have been investigated for 

microwave generation recently [109], [137]–[148]. The P1 oscillation is one of the 

many nonlinear dynamics such as period-doubled, quasi-periodic, and chaotic 

oscillation under continuous-wave (CW) optical injection. P1 oscillation can be 

achieved when a stable locked laser experiences a Hopf bifurcation, which the intensity 

of the laser emission is oscillating at a microwave frequency[53], [139], [144]. In P1 

dynamic, there are two dominant frequencies: one is generated from the optical injection 

while the other one is emitted near the cavity resonance frequency [141]. The frequency 

of photonic microwave generation based on P1 can be broadly tunable by changing the 

injection power or frequency detuning. The generated frequency can far exceed the 

relaxation oscillation frequency of the injected semiconductor laser. Photonic 

microwave generation based on P1 oscillation has been investigated extensively in 

conventional single-mode distributed feedback (DFB) laser [144], [145]. The results 

show that 100 GHz with a tuning range of tens of gigahertz photonic microwave signal 

can be achieved using P1 oscillation in DFB lasers[149]. Recently, a tunable photonic 

microwave with the continuous tuning of the frequency up to 20 GHz has also been 

achieved experimentally in  a quantum dot (QD) laser based on P1 oscillation [150]. 

 For photonic microwave generation, the nonlinear dynamical P1 oscillation 

offers the following advantages over other techniques: 

• The microwave frequency generated from P1 oscillation can is broadly tunable, and 

it is far beyond the laser’s relaxation resonance frequency, in some DFB lasers, the 

generated frequency can even be up to terahertz band[137], [145]. 

• The generation of the optical microwave signal can be achieved without using any 

electronic microwave components[136], [142]. 

• On optical spectra, single-sideband can be generated by adjusting the injection 

parameters to minimize the chromatic dispersion introduced microwave power 

penalty during the transmission over long optical fibers[106], [140], [147], [151]. 

• Maximal microwave power at a constant average optical power can be produced 

because of nearly 100% intensity modulation depth[138], [147].  

• Can use both modulating the laser’s bias current electrically or injection optically 

to apply the data modulation on the microwave signal[138], [152]. 
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 Due to the listed advantages above, the P1 oscillation is implemented into a 

number of applications such as radio-over-fiber (RoF) [138], clock frequency 

division[153], [154], modulation formation conversion[140], [149], uplink 

transmission[151], [152], long-detection-range Doppler velocimeter[149], and photonic 

microwave amplification[147]. 

 Despite many of the advantages, the P1 oscillation is not without its 

limitations. The P1 oscillation dynamics characteristically contains phase noise due to 

the fluctuations in the lasers. This phase noise causes performance issues in many 

applications: in communication links, the reduction of signal-to-noise ratio[138], 

reduction on the maximal detection range in Doppler velocimeters [155], and the 

degradations of the noise performance in photonic microwave amplification [147]. 

Thus, there are some techniques developed to reduce the phase noise. In DFB lasers, 

locking the P1 oscillation using a stable electronic microwave source were introduced 

in the year 1999, the which the generated microwave signal frequency is up to 17𝐺𝐻𝑧 

and its linewidth is below 1𝑘𝐻𝑧  [156]. Self-injection locking using optoelectronic 

feedback also narrowed the microwave signal linewidth to about 10𝑘𝐻𝑧  [105], 

however, this approach requires high-speed microwave amplifiers for the electric 

feedback. Polarization rotated feedback with optoelectronic feedback were also 

reported, it reduced the linewidth to about 3kHz for a P1 oscillation generated 

microwave at 6GHz [142], the imperfection of this method is that the tunability is 

restricted by the electronic circuitries. The optical feedback were introduced to reduce 

the microwave linewidth, which, providing comparable linewidth reduction without 

adding extra electrical components and has no restrictions on the tunability [58], [157]. 

In Chapter 4, period-one oscillation generated microwave in VCSELs using the similar 

techniques is investigated and applied.  
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3 Photonic Microwave Generation in an 

Optically Injected VCSEL  

3.1 Chapter Introduction 

 In earlier sections, it is mentioned that the photonic microwave generation 

based on period-one oscillation in the different type of lasers have various degrees of 

success. In this chapter, such method is extended in an off-the-shelf VCSEL. The 

photonic microwave signal generation using single-mode VCSELs in order to achieve 

the low cost and low power consumption of tunable photonic microwave is 

experimentally and theoretically investigated. 

 The remainder of the chapter is organized as follows: the chapter starts by 

showing the experimental setup and method of data acquisition in Section 3.2, the 

experimental results are presented in Section 3.3, then we introduced the simulation 

model in Section 3.4, followed by the numerical simulation results in Section 3.5. 

Section 3.6 summarizes the chapter. 

3.2 Experimental Setup and Data Acquisition 

 During the experiment, not only many of the control variables or parameters 

are frequently changed, but also the large sequences of data need to be recorded. The 

processes to generated mapping results that can be systematically analyzed. These 

processes are time consuming and repetitive. Thus, we used a system-design platform 

software from National Instruments named LabVIEW to create a semi-automatic 

parameters control and data collection environment. 
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Figure 3.1 IEEE-488 (GPIB) Cable/Connector Characteristics (Photo credit: 

Infinite Electronics International) 

 

 

 Most of our instruments have a 25-pin General Purpose Interface Bus (GPIB 

also called IEEE-488) port (presented in Figure 3.1) or an Ethernet which can be 

connected together along with a PC in parallel multi-master connection. Some single 

purpose instruments such as digital optical attenuator and optical power meter accept or 

respond commands written in the BASIC language. Other more advanced instruments, 

for example, OSA, ESA, OSC, have proprietary drivers installed in order to be 

recognized by the LabVIEW. 

 

3.2.1 Experimental Setup for Laser Characterization 

 In Figure 3.2 the experimental setup for laser characterization is presented. Due 

to having more than one polarization direction in VCSEL, the polarization controller is 

added with a combination of polarization beam splitter enables the ability to record the 

data for both polarization directions. 
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Figure 3.2 Experimental setup for laser characterization in fiber setup. PC: 

Polarization Controller, PBS: polarization beam splitter, OSA: optical 

spectrum analyzer, PM: power meter. 

 

 Because of the nature of VCSELs, under free running, VCSELs normally  lase 

at one linear polarization at the threshold  current.  The polarization direction at the 

threshold current in this thesis is defined as y-polarization, its orthogonal polarization 

direction will be the x-polarization.  

 The LabVIEW workflow is illustrated in Figure 3.3. We first use polarization 

controller to control the polarization direction inside of fiber aligns the PBS direction, 

so that after the PBS, the laser at the threshold current have the maximum throughput 

to the OSA. Slowly increase the bias current with a step size of 0.1mA using LabVIEW 

to send the command to the current source, and then store the OSA and PM data to the 

computer for each step of bias current. Keep increasing the bias current until it reaches 

the designed maximum allowed bias current.   

 During this bias current increase process, the VCSEL we used may have one 

or more polarization switching points, at the switching bias current, the polarization 

direction will switch to its orthogonal polarization direction. For example, at the first 

polarization switching point, the polarization direction will switch to x-polarization, 

which the PBS will direct the most optical power to the PM instead of the OSA fiber 

path. 
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Figure 3.3 Laser characterization workflow utilizing LabVIEW. OSA: Optical 

Spectrum Analyzer. PM: Power Meter. 

 

 Figure 3.4 shows the front control panel of the laser characterize LabVIEW 

program. The left three graphs are the current optical spectrum captured by the OSA at 

current bias current, the lasing wavelength versus bias current and the L-I curve, from 

the top to bottom. Right three graphs are related to the temperature, which are disabled 

and ignored as we keep the temperature constant in our experiment. 
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Figure 3.4 LabVIEW interface for the laser characterize experiment. 

 

3.2.2 Experimental Setup for Photonic Microwave Generation 

 Figure 3.5 shows the setup using single-mode semiconductor laser in the 

master-slave configuration. The slave laser is a commercial VCSEL (RayCan 

RC33xxx1F) packaged with a fiber pigtail. It is biased 8.5mA and it is temperature-

stabilized at 21°𝐶. When free-running, the VCSEL emits around 0.5𝑚𝑊 of power at 

an optical wavelength of 1529.92𝑛𝑚 . The master laser (ML) is a tunable laser 

(TUNICS-BT 1550) that emits continuous wave light between 1560nm to 1640nm with 

a maximum output power of 10𝑚𝑊 and 1𝑀𝐻𝑧 of linewidth. 
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 The output of the master laser delivers through a polarization controller (PC), 

a digital fiber attenuator and an optical circulator, and inject into the slave laser (SL) 

VCSEL. The polarization controller is used to control the polarization of the injection 

beam to be parallel to the free-running VCSEL’s lasing polarization direction. The 

injection power in the fiber pigtail is measure just before the injection beam enters the 

VCSEL and it is denoted as 𝑃𝑖, the frequency detuning 𝑓𝑖 is calculated as the master 

laser’s frequency minus the free-running lasing frequency. The injection parameter 

(𝑓𝑖 , 𝑃𝑖) can be controlled by the master laser and digital attenuator. The emission of the 

slave laser split by an 50: 50 fiber coupler into two paths. One path is detected by 

12𝐺𝐻𝑧 bandwidth photo-detectors (New Focus 1554-B) and recorded by a 30𝐺𝐻𝑧 RF 

spectrum analyzer (Anritsu MS 2667C); another path was sent to a Fabry-Perot 

interferometer (FPI). The output beam from the FPI was detected by a detector and sent 

to an oscilloscope (Tektronix TDS7404) for monitoring the optical spectra of the SL. 

The finesse of the FPI is 150 and the free spectrum range of the FPI was set at 19.9𝐺𝐻𝑧, 

which resulting in the resolution of the FPI up to 0.133𝐺𝐻𝑧. In this experiment, no 

polarization-resolved VCSEL’s output was measured, all fibers are fixed in the setup to 

minimize the polarization direction fluctuations inside the fiber. In the experiment, the 

bias current was fixed at 8.5𝑚𝐴, unless stated elsewhere. 

  

 

Figure 3.5 The experimental setup. ML: Master laser, SL: Slave laser, PC: 

polarization controller, Atten: digital attenuator Cir: Optical circulator. ISO: 

optical isolator, 3dB: 2 by 2 3dB fiber coupler, Dec: photodetector, RF: radio 

frequency spectrum analyzer. FPI: Fabry-Perot interferometer. 
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 The mapping data collection is mostly done by utilizing the LabVIEW 

environment; the workflow is presented in Figure 3.6, the PC sends a command to set 

one injection frequency 𝑓𝑖 first, then sweep the injection power 𝑃𝑖 by sending control to 

the digital optical attenuator. The received data will be sent back to PC for analyze. 

When it finishes the 𝑃𝑖   sweeping process, the PC will then send the next 𝑓𝑖  to the 

tunable laser to start a new 𝑃𝑖 sweeping process. The reason we chose optical attenuator 

to adjust the injection power is that the tunable laser we used changes its output power 

slightly with the change of its wavelength. This may have an impact on the experimental 

result. 

 

Figure 3.6 Automatic data acquisition workflow for photonic microwave 

generation utilizing LabVIEW. ESA: Electrical Spectrum Analyzer. OSC: 

Digital Oscilloscope.  
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Figure 3.7 LabVIEW interface for the photonic microwave generation 

experiment. 

 

 The capturing interface for the microwave generation experiment is presented 

in Figure 3.7. In this figure, the top left panel is the optical spectrum captured from the 

FPI. The top right panel is Piezo driven voltage of the FPI. The bottom left panel is a 

channel input from a different oscilloscope (not used in this experiment). The bottom 

right panel is the VCSEL’s power spectrum obtained from the RF analyzer. 

3.3 Experimental Results 

3.3.1 Characterization 

 Each individual VCSEL will have slightly different characterizations even 

they were produced on the same wafer. These differences include the threshold current 

difference, lasing wavelength difference at different bias current and temperature, lasing 

modes difference and so on. Therefore, the characterization process before the further 

experimental investigation is necessary. The VCSEL used in the experiment was a 

single transverse mode laser, the temperature of the VCSEL is fixed at 21°𝐶. In order 

to obtain the lasing wavelength of this VCSEL under different bias current, in Figure 

3.8, the bias current is increased from 0𝑚𝐴 to 10𝑚𝐴 with the step of  0.1𝑚𝐴. A half-
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wave plate and a polarization beam splitter were used to exam its polarization switching. 

The blue line represents the optical power measured on Y-polarization, the yellow line 

represents the emission power on X-polarization. VCSEL first start lasing at one 

polarization (Y-polarization) near the threshold current. When the bias current was 

increased to 3.1𝑚𝐴 , the polarization switched to its orthogonal polarization (X-

polarization). Further increases in the bias current to 6.7𝑚𝐴, see the polarization switch 

back to Y-polarization and remained in this polarization until the bias current reached 

9.3𝑚𝐴 . The frequency of Y-polarization is about 5.1𝐺𝐻𝑧  higher than that of X-

polarization at each polarization switching point. In Figure 3.8, adding up the optical 

power for x and y polarization state should match the total output power in theory, 

however, due to the extra added optical components for examining the individual 

polarization, measured optical power for each polarization is much less than the total 

output power. 

 

Figure 3.8 Characterization of the VCSEL used in Chapter 3. Red line is 

representing the total optical power, blue line and yellow line represent the 

optical power of Y-polarisation and X-polarisation, respectively 

 Similar to DFB lasers, the increase of the VCSEL’s bias current will also 

increase the laser’s lasing wavelength. The optical spectrum information at different 

bias current captured by the optical spectrum analyzer is presented in Figure 3.9. In 

Figure 3.9 the horizontal axis is the bias current and the vertical axis is the wavelength. 

The color bar stands for the optical power at the corresponding wavelength. From the 

figure we can observe that the VCSEL starts lasing at around bias current of 1.3𝑚𝐴, we 
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can also clearly see the lasing wavelength switching at the bias currents of 3.1 mA, 

6.7mA and 9.3 mA, which corresponds to the polarization switching. Fig. 3.9 also 

shows that the original polarization mode still lasing with a weak optical power after 

the polarization switching. 

 

Figure 3.9 Optical Spectrum Information at different bias current. 

 

3.3.2 Fundamental Frequency of the generated Photonic Microwave 

 

 In the experiment, the bias current of the VCSEL is fixed at 8.5mA, unless 

stated elsewhere. The injection power was varied from 0.0007𝑚𝑊 to 1.86𝑚𝑊 and the 

frequency detuning was varied from −14.37𝐺𝐻𝑧 to +13.32𝐺𝐻𝑧. The injection power 

was measure at port 2 of the optical circulator and the output power of the free running 

VCSEL was found to be 1.70𝑚𝑊. The actual injection powers in the VCSEL were 

smaller than the measurement due to coupling loss. However, the quantity analysis on 

the effect of the injection power on the frequency of the generated photonic microwave 

is out of the scope of this study, thus, the relative analysis is provided here. The 

frequency detuning 𝑓𝑖  is defined as the 𝑓𝑀𝐿 − 𝑓𝑆𝐿  where the 𝑓𝑀𝐿  and 𝑓𝑆𝐿  are the 

frequencies of the master laser and the slave laser. Figure 3.10 shows the RF spectrum 
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of the VCSEL at several injection conditions under P1 oscillation. In Figure 3.10(a), the 

red color indicates the RF signal, and grey color is the noise floor, we can observe a 

noise floor increased rapidly at 8GHz and above. This is because the RF spectrum 

analyzer uses different harmonic orders of the mixer for different frequency ranges. For 

the 0 𝑡𝑜 8.1𝐺𝐻𝑧 frequency range, the first harmonic order of the mixer has been used; 

for 8.0 𝑡𝑜 15.3𝐺𝐻𝑧 frequency range, the second harmonic order of the mixer has been 

used, which resulting in a higher noise floor in this range.  Figure 3.10(a) shows the 

spectrum of the VCSEL under injection condition (𝑓𝑖 , 𝑃𝑖) = (−2.9𝐺𝐻𝑧, 0.37𝑚𝑊) , 

under this injection condition, the VCSEL is in P1 oscillation state with a fundamental 

frequency 𝑓0 of 5.87𝐺𝐻𝑧. The optical spectrum of P1 oscillation in optical injection 

VCSEL contains a regenerative component at injection frequency 𝑓𝑖  and sidebands 

equally separated by the fundamental frequency of photonic microwave 𝑓0 [136]. The 

beating between the regenerated mode and the second strongest sideband induces the 

second harmonic at 2𝑓0  , which has also been observed with power suppression of 

20𝑑𝐵 in comparison with that at the fundamental frequency. Under the same frequency 

detuning, increasing the injection power to 0.74𝑚𝑊 , see the generated microwave 

frequency increase to 7.22𝐺𝐻𝑧, as shown in Figure 3.10(b), which demonstrates that 

the injection power affects the fundamental frequency of the generated photonic 

microwave. 
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Figure 3.10 Power spectra of the VCSEL output at injection condition (𝒇𝒊, 𝑷𝒊) 

of (a) (−𝟐. 𝟗𝑮𝑯𝒛, 𝟎. 𝟑𝟕𝒎𝑾) ,(b) (−𝟐. 𝟗𝑮𝑯𝒛, 𝟎. 𝟕𝟒𝒎𝑾), (c) 

(𝟒. 𝟏 𝑮𝑯𝒛, 𝟎. 𝟐𝟖 𝒎𝑾) , (d) (𝟖. 𝟏𝟕 𝑮𝑯𝒛, 𝟎. 𝟐𝟖𝒎𝑾). 

 

 To observe the effect of frequency detuning on the fundamental frequency, we 

fixed the injection power and varied the frequency detuning. Figure 3.10(c)-(d) show 

the power spectra of the VCSEL with injection power of 0.28𝑚𝑊 and the frequency 

detuning of 4.1𝐺𝐻𝑧  and 8.17𝐺𝐻𝑧 , respectively. In Figure 3.10(c), 8.26𝐺𝐻𝑧 of the 

fundamental frequency has been observed. At this operating parameters, we believe the 

second harmonic appeared at around 16.5𝐺𝐻𝑧, however, due to the detector bandwidth 

limitation, this second harmonic peak cannot be detected. Increasing the frequency 

detuning to 8.17 GHz, as shown in Figure 3.10(d), the fundamental frequency increased 

to 10.74𝐺𝐻𝑧, which also indicate the fundamental frequency related to the frequency 

detuning in this P1 region. 

 The generated microwave fundamental frequency, 𝑓0, variation as a function 

of frequency detuning under two different injection power is plotted in Figure 3.11(a). 

The gap between the data lines are mostly injection locking (IL) with small P2 and 

chaos oscillation region. The VCSEL operated above Hopf bifurcation boundary for the 

curves at the right side of the gap and below saddle-node bifurcation boundary for the 

curves at the left side of the gap. When the injection power is small (black lines, 
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injection power of 0.093𝑚𝑊), the frequency shift rate of 𝑓0 is higher in the negative 

frequency detuning. Increasing the injection power to 0.558𝑚𝑊, causes the injection 

locking to shift to a more negative frequency detuning region. The results also show 

that the frequency shift rate for the injection power of 0.558𝑚𝑊 is lower than that for 

the injection power of 0.093𝑚𝑊  for the detuning frequencies above the Hopf 

bifurcation boundary. 

 Figure 3.11(b) displays the fundamental frequency 𝑓0  as a function of the 

injection power with four fixed detuning frequencies. The results show that the 

frequencies 𝑓0  increase monotonically with the increasing injection power. For lower 

injection powers (< 0.5𝑚𝑊), the frequency shift rates are varied for the different 

frequency detuning. The frequency shift rates decreases with increasing frequency 

detuning. For the higher injection powers (> 0.5𝑚𝑊), the frequency shift rates are 

approximately constant for all detuning frequencies. This result is similar to the that 

reported in DFB laser based configurations [106]. 
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 The same physical mechanism in Ref.[106] can be used to explain the results. 

The fundamental microwave frequency is the result of the frequency beating between 

the injection beam and the cavity frequency. When the VCSEL is subjected to optical 

injection, the cavity frequency experiences a redshift due to the increase of the refractive 

index and the pulling effect. The competition between the red-shifting and pulling effect 

induces the frequency shift rate change under different injection power and detuning 

frequency conditions. 

 To further study the generated microwave frequency under different injection 

conditions, a map of the generated microwave frequency for various detuning 

frequencies and injection powers is presented in Figure 3.12; the two rainbow-color 

denoted areas that exhibit period one dynamics. Injection locking, period-two, and 

chaotic regions are embedded within the large grey area, which is not our focus in this 

section. In the upper right corner of the black color areas, the oscillation frequencies are 

found to be outside of the measurement range of the instrumentation.  The results in 

Figure 3.12 indicate that the frequency detuning and the injection power significantly 

affect the frequency of photonic microwave. The frequency of photonic microwave 

signal increases with the increase of injection power, the frequency detuning above the 

Hopf bifurcation boundary and the absolute frequency detuning below the saddle-node 

bifurcation boundary. The continuous tuning of the frequency from 4𝐺𝐻𝑧  to up to 

15𝐺𝐻𝑧 (due to the instruments limitation) has been obtained. 

 

Figure 3.11 Generated microwave frequency as function of (a) frequency 

detuning and (b) injection power. 
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Figure 3.12 Mapping of the fundamental frequency 𝒇𝟎. 

3.3.3 Microwave Power Measurement 

 At the photo-detector, the optical frequency components are converted into 

microwave signal. To utilize photonics generated microwave in RoF applications, it is 

essential to understand how the power of the generated microwave varies with injection 

power and frequency detuning. As shown in Figure 3.10(a)-(b), the fundamental 

frequency 𝑓0  and the second harmonic 2𝑓0 can be observed at the same time, the power 

at 𝑓0  and 2𝑓0  are denoted 𝑃𝑓0  and 𝑃2𝑓0 respectively. Figure 3.13 maps the power 𝑃𝑓0 

at the fundamental frequency with the same injection conditions as those in Figure 3.12. 

Similarly, in Figure 3.13, the top right black area is out of our instrument detection 

range, the grey area is mainly the injection locking region and small P2 and Chaos 

regions. From the mapping, we can observe that the microwave power stays around -

25𝑑𝐵𝑚 consistently over the whole frequency detuning range with P1 dynamics when 

injection power is below 0.2𝑚𝑊. Above injection powers of 0.2𝑚𝑊, the microwave 

𝑃𝑓0 increases to a power of around −20𝑑𝐵𝑚 except in two areas (indicated with red 

color). The power in these two areas is approximate 4𝑑𝐵 higher than in the adjacent 

regions. These two areas have not been observed lasers in DFB [106] or quantum dot 

lasers [150]. In our co-author published theoretical study [158], we explained that these 

two maximum microwave powers appear because of the out-of-phase excitation with 

small amplitudes of both linear polarizations of the VCSEL for frequency detuning 

between the values at which the two maxima appear.  
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 In this experiment, we also characterize the second harmonic distortion (SHD) 

in the RF spectra of the generated microwave. The SHD in this section is defined as the 

ratio of the second harmonic power  𝑃2𝑓0 to the power at the fundamental frequency 

𝑃𝑓0 [150]. The SHD of the optically injected VCSEL is presented in Figure 3.14. The 

frequency detuning range in this measurement is from −6𝐺𝐻𝑧  to 4𝐺𝐻𝑧 , which is 

smaller than those measurements for the microwave frequency. The reason is that the 

second harmonic peak is out of the detection range of the detector for the higher 

frequency detuning. Figure 3.14(a) shows that the SHD fluctuates around −27𝑑𝐵 for 

the injection power of 0.093𝑚𝑊 . No trend with the frequency detuning can be 

concluded. However, the SHD shows a tendency to decrease with the increasing 

frequency detuning within the measurement range for the injection powers of 

0.279𝑚𝑊  and 0.465𝑚𝑊 . These results have some similarity with the results in 

quantum dot laser [150], where the SHD is less sensitive to frequency detuning for low 

injection power. For intermedium injection powers, the maximum SHD was observed 

in the intermediate frequency detuning range in QD laser [150], however, this 

phenomenon has not been seen in our experiment. Figure 3.14(b) shows the SHD as a 

function of the injection power with three different detuning frequencies. The results 

show that the SHDs changes irregularly with the increasing injection power. No simple 

 

Figure 3.13 Mapping of the fundamental microwave frequency power 𝑷𝒇𝟎. 
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trend is observed. The weaker dependence of the SHD on the injection power seen in 

our experiment is similar to that reported in QD laser [150]. Lower amplitude 

fluctuations were observed at the most negative detuning frequency among these three 

detuning frequencies. 

 

 

Figure 3.14 Second harmonic distortion as a function of (a) the frequency 

detuning, (b) the injection power. 

 

3.4 Simulation Model 

 Our theoretical analysis is based on the spin-flip model that describes the 

dynamical of the polarization modes of a single-transverse mode VCSEL. Generally, 

the dynamic of a VCSEL can be described by four variables in the rate equation; these 

variables are the complex electric field 𝐸 on x polarization direction, complex electric 

field 𝐸 on y-polarization direction, the total carrier density 𝑁 and difference between 

the carrier densities with opposite spin value 𝑛. 

 𝒅𝑬𝒙

𝒅𝒕
= 𝜿(𝟏 + 𝒊𝜶)(𝑵𝑬𝒙 − 𝑬𝒙 + 𝒊𝒏𝑬𝒚) 

                                   −(𝜸𝒂 + 𝒊𝜸𝒑)𝑬𝒙 + 𝜼𝒙𝑬𝒊𝒏𝒋𝒆𝒊𝟐𝝅(𝝂𝒊𝒏𝒋−𝝂)𝒕 + 𝑭𝒙 

(3.1) 

 

 𝒅𝑬𝒚

𝒅𝒕
= 𝜿(𝟏 + 𝒊𝜶)(𝑵𝑬𝒚 − 𝑬𝒚 − 𝒊𝒏𝑬𝒙) (3.2) 
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                                 +(𝜸𝒂 + 𝒊𝜸𝒑)𝑬𝒚 + 𝜼𝒚𝑬𝒊𝒏𝒋𝒆
𝒊𝟐𝝅(𝝂𝒊𝒏𝒋−𝝂)𝒕+𝑭𝒚 

 

 𝒅𝑵

𝒅𝒕
= −𝜸𝒆𝑵 (𝟏 + |𝑬𝒙|𝟐 + |𝑬𝒚|

𝟐
) + µ𝜸𝒆 − 𝒊𝜸𝒆𝒏(𝑬𝒚𝑬𝒙

∗ − 𝑬𝒙𝑬𝒚
∗ ) (3.3) 

 

 𝒅𝒏

𝒅𝒕
= −𝜸𝒔𝒏 − 𝜸𝒆𝒏 (|𝑬𝒙|𝟐 + |𝑬𝒚|

𝟐
) − 𝜸𝒆𝑵(𝑬𝒚𝑬𝒙

∗ − 𝑬𝒙𝑬𝒚
∗ ) (3.4) 

 

 In the rate equations (3.1) (3.2) (3.3) (3.4) above, the subscripts 𝑥 and 𝑦 stand 

for the 𝑋  and 𝑌  polarizations of the VCSEL, respectively. 𝛼  is the linewidth 

enhancement factor; 𝛾𝑎  is the linear dichroism; 𝛾𝑝 is the linear birefringence; 𝛾𝑒  is the 

decay rate of the total carrier population; 𝑛  is the difference between the carrier 

densities with opposite spin values; 𝑘 is the field decay rate; 𝛾𝑠 is the spin-flip rate; 𝜂𝑥 

and 𝜂𝑦  are the injection strength into the 𝑋 , 𝑌  polarization direction; 𝐸𝑖𝑛𝑗  is the 

injection field amplitude. 𝜈 is the central frequency of the free running VCSEL, 𝜈 =

(𝜈𝑥 + 𝜈𝑦)/2, where 𝜈𝑥  and 𝜈𝑦  are the frequency of the VCSEL’s 𝑋 , 𝑌  polarization 

components. 𝜈𝑖𝑛𝑗  is the injection frequency; 𝜇 is the normalized bias current. 

 In semiconductor laser operation, spontaneous emission is one of the intrinsic 

noise sources[159]. Spontaneous emission is different from other fluctuations such as 

the bias current and temperature; it is fundamentally induced in the laser. The 

spontaneous emission noise can be modeled by the Langevin noise force in the rate 

equations in [29], [160]. 𝐹𝑥 and 𝐹𝑦 are the Langevin fluctuating noise on x polarization 

and y polarization, respectively. The term 𝐹𝑥  and 𝐹𝑦 are defined as: 

 

𝑭𝒙 = √
𝜷𝒔𝒑

𝟐
(√𝑵 + 𝒏𝝃𝟏 + √𝑵 − 𝒏𝝃𝟐) (3.5) 

 

 

𝑭𝒚 = −𝒊√
𝜷𝒔𝒑

𝟐
(√𝑵 + 𝒏𝝃𝟏 − √𝑵 − 𝒏𝝃𝟐) (3.6) 
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 𝜉1 and 𝜉2 are the independent Gaussian white noise sources with zero mean 

and unit variance, 𝛽𝑠𝑝  is the noise strength. In this chapter, we chose a small noise 

strength value to exclude the noise effect to the overall dynamics. 

 In this section, the typical VCSEL simulation parameters are used, they are 

listed in Table 3.1 unless stated otherwise.  

Table 3.1 Values used for simulation 

Parameter Symbol Value 

linewidth enhancement factor 𝛼 3 

linear dichroism 𝛾𝑎  3𝑛𝑠−1 

linear birefringence 𝛾𝑝 94.3𝑛𝑠−1 

decay rate of the total carrier population 𝛾𝑒  0.67𝑛𝑠−1 

spin-flip rate 𝛾𝑠 140𝑛𝑠−1 

field decay rate 𝑘 125𝑛𝑠−1 

injection field amplitude 𝐸𝑖𝑛𝑗  1 

noise strength 𝛽𝑠𝑝 4𝑒−4 

 

 The numerical integration has a time step of 1𝑝𝑠 and it is carried over a time 

span of 300𝑛𝑠. Longer time span enables higher spectral resolution; however, these 

numbers are well enough to provide an accurate result for the purpose of this chapter. 

3.5 Numerical Results 

3.5.1 L-I curve 

 Figure 3.15 shows the L-I curve of the simulated VCSEL. We increased the 

bias current up to 10 times of the threshold current with the step size of 0.1 times. Under 

these parameters, the polarization switching did not occur, the VCSEL stayed emitting 

in y-polarization direction. 
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Figure 3.15 Simulated L-I curve of the VCSEL using the parameter listed in 

Table 3.1. 

 

3.5.2 Dynamic state evolution 

 In this section, we consider parallel optical injection in which the direction of 

the linearly polarized optical injection coincides with that of the linear polarization (y) 

in which the free-running VCSEL emits, therefore, 
𝑥

= 0. The optical spectrum and 

power spectrum of the slave laser emission are obtained by applying the Fourier 

transformation on 𝐸𝑥(𝑡) + 𝐸𝑦(𝑡)  and |𝐸𝑥(𝑡)|2 + |𝐸𝑦(𝑡)|
2

 respectively. The optical 

spectrum directly corresponds to the slave laser emission light, whereas, the power 

spectrum corresponds to the microwave came out of the photodetector. The injection 

frequency detuning is kept at 𝜈𝑖𝑛𝑗 = 6𝐺𝐻𝑧 , and the injection strength on the y-

polarization direction 𝜂𝑦  is varied to drive the slave laser VCSEL into the different 

dynamic state. The evolution of the optical spectra, which are offset at the free running 

VCSEL’s lasing frequency as shown in Figure 3.16 without added noise term. In Figure 

3.16(a), the injection strength 𝜂𝑦 = 70𝐺𝐻𝑧 is strong and it is able to pull the slave laser 

into the ML frequency. At this injection strength, the VCSEL is locked at 𝜈𝑖𝑛𝑗  stably. 

Decreasing the injection strength to 𝜂𝑦 = 22𝐺𝐻𝑧 in Figure 3.16(b) puts the laser output 

above the Hopf bifurcation line (visible in Figure 3.18 indicated with white dash lines) 
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and enters the period one (P1) state. The optical spectrum consists of components that 

is separated from 𝑓𝑖 in multiples of 𝑓0. The major components are 𝑓𝑖 and 𝑓𝑐 , which 𝑓𝑐 =

 𝑓𝑖 − 𝑓0.  The next strong components appeared at 2𝑓0 away from 𝑓𝑖 location, the cavity 

frequency 𝑓𝑐  is surrounded by two equally strong sidebands. This situation is referred 

to double sideband (DSB) P1 oscillation. This major optical component 𝑓𝑐  start red-

shifting to −1.96𝐺𝐻𝑧 position. Combining the red shift effect and the pulling effect 

from the injection, it causes VCSEL output in oscillation at a microwave frequency of 

𝑓0 of 7.96𝐺𝐻𝑧. In Figure 3.16(c), the injection strength is reduced to 𝜂𝑦 = 1.2𝐺𝐻𝑧, the 

red shift reduced to −1.42𝐺𝐻𝑧, at this situation the fundamental frequency also reduced 

to 𝑓0 = 7.42𝐺𝐻𝑧. In Figure 3.16(c), the microwave oscillation has a sideband rejection 

ratio (the ratio of side band power to the dominant frequency power) of 25𝑑𝐵, therefore, 

the signal is approximately single sideband (SSB) in this state (commonly, sideband 

rejection ratio higher than 20𝑑𝐵 can be practically regarded as SSB). This SSB nature 

of the optical signal is highly desirable for minimizing the fiber dispersion-induced 

power penalty of the microwave signals in the transmission. 
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Figure 3.16 Optical spectra with the frequency offset of the free-running slave 

laser frequency. The injection frequency detuning is kept constant at 𝝂𝒊𝒏𝒋 =

𝟔𝑮𝑯𝒛 which is highlighted by the arrows. The injection strength 𝜼𝒚 is varied to 

obtain different states: (a) stable locking; (b) DSB period-one; and (c) SSB 

period-one. 

 

3.5.3 Bifurcation in VCSEL Subject to Parallel Injection 

 In this section, we investigate one of the bifurcation scenarios that are most 

representative of different dynamic states. In Figure 3.17, the extrema of the intensities 

are plotted versus the injection strength 𝜂𝑦 , while the frequency detuning is fixed at 

𝜈𝑖𝑛𝑗 = 6𝐺𝐻𝑧. The extrema are obtained by extracting the maxima and minima of the 

intensity times series. The bifurcation diagram is very helpful to visualize the transitions 

between the different dynamical states of the optically injected VCSEL. By having just 

2 extremes, the zone#1 and zone#3 are recognized as a period-one dynamical state, the 
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zone#2 corresponds to the injection strength from 11.5𝐺𝐻𝑧 𝑡𝑜 15.2𝐺𝐻𝑧, in this zone 

the P2 oscillation, chaotic oscillations, quasi-periodic and other complex dynamical 

states are visible. Finally, in zone#4 the VCSEL enters the stable injection locking state, 

which there is no extreme found in the time series. 

 

 

Figure 3.17 (a)Bifurcation diagram of the intensity extrema versus the injection 

strength. (b) The same diagram zoomed in at Zone#2. 
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3.5.4 Dynamical States Mapping of the Parallel Optical Injection 

VCSEL 

 Figure 3.18 is a mapping of observed dynamics based on the interpretation of 

the optical spectra and the bifurcation diagrams above. Large light purple shade is 

representing the P1 dynamical state. The red region is the chaotic oscillation state, 

which only occupies a small region. Surrounding the chaos region is the P2 and other 

more complexed dynamical states. The large deep blue region is the region for stable 

injection locking. White dash lines are the boundary between the P1 state and the 

injection locking state, which is also named Hopf bifurcation boundary.  

 

Figure 3.18 Non-linear dynamical states mapping of optically injected VCSEL 

under varied injection conditions. 

 In the line-shaped black area at the left part of the mapping, the VCSEL output 

is very close to free running state due to the weak injection strength in this region. These 

dynamical states have been demonstrated for a variety of applications. The simple stable 

locking state has been researched for bandwidth enhancement and noise suppression for 

DFB lasers[113], [161]. The complex state of chaos has been widely investigated in 
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secure communication, chaotic lidar and random bit generator [47], [52], [57], [92], 

[162]. Finally the P1 dynamical state has been intensively demonstrated for tunable 

photonic microwave generation and radio-over-fiber communications for DFB lasers 

[106], [147], [151], [163], [164] and for VCSELs [141], [146], [165]–[168]. 

3.5.5 Microwave Frequency 

 

 A map of the generated microwave frequency 𝑓0  under different injection, 

conditions is presented in Figure 3.19. The rainbow color (expect the dark blue part) 

areas indicate that the VCSEL is exhibiting period one dynamics. The 𝜂𝑦  is increased 

by a step of 1𝐺𝐻𝑧, and the frequency detuning is increased by every 0.5𝐺𝐻𝑧. From the 

mapping, it is shown that the microwave frequency is continuously tuned up to more 

than 20𝐺𝐻𝑧 by adjusting the frequency detuning. When 𝜂𝑦  is near zero, the slave laser 

is undisturbed free running optical frequency, observable with the area at the very left 

side, there is no microwave frequency generated in this area possibly due to the 

extremely weak injection strength. In low injection regime, the microwave frequency is 

roughly equal to 𝜈𝑖𝑛𝑗 . In contrast, the P1 frequency has little change with respected to 

 

Figure 3.19 Mapping of the fundamental frequency. 
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the injection power in this regime (circled with brown color), the microwave frequency 

is nearly constant at fixed frequency detuning, this regime is helpful to stabilize the 

microwave frequency against power fluctuations of the master laser and the VCSEL. 

The P1 frequency is qualitatively similar to the experimental study we did in [169], 

however, in another experimental study we investigated in [168], the microwave 

frequency appears more sensitive to the injection strength. This is most likely due to the 

reason that VCSEL internal parameter linear dichroism are different for these two 

VCSELs. More detailed study of how these two different situations occur will be 

theoretically studied in the section 3.5.7 (page 68). 

 

3.5.6 Microwave Power 

 The optical frequency components in Figure 3.16 is calculated by adding up 

the|𝐸𝑥(𝑡)|2 + |𝐸𝑦(𝑡)|
2
. It is significant to understand how the generated microwave 

power varies with the injection parameters. In this result, the power loss due to the fiber 

length is ignored. In Figure 3.20, in the circled area, the microwave has high output 

power, this behavior is very similar to those in DFB lasers[58]. This is a bit different 

compared to our experimental result (Section 3.3.3 page:54).The difference may be due 

to  the excitation of both linear polarization of the VCSEL in the experiment. In this 

result, only one polarization is excited by the optical injection. 
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 The powers at the fundamental 𝑓0 and the second harmonic 2𝑓0 is visible in 

Figure 3.21. In Figure 3.21, the injection condtion is set to (𝜂𝑦 , 𝜈𝑖𝑛𝑗) =

(10𝐺𝐻𝑧, +6𝐺𝐻𝑧) , the power in 𝑑𝐵  at 𝑓0  and 2𝑓0  are denoted as  𝑃𝑓0  and 𝑃2𝑓0 , 

respectively. In the power spectra, the second order harmonics can be characterized by 

the second harmonic distrotion (SHD). High SHD can introduce high power penalty 

over the long distance transmission. The SHD is defined as the ration of the second 

harmonic power 𝑃2𝑓0 to the fundamental frequency power 𝑃𝑓0. The power spectrum in 

Figure 3.21 has the SHD of （𝑃2𝑓0 − 𝑃𝑓0） = −16.04𝑑𝐵. 

 

 

Figure 3.20 Mapping of the normalized microwave power.  
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Figure 3.21 the power spectrum under the injection condition of  (𝜼𝒚, 𝝂𝒊𝒏𝒋) =

(𝟏𝟎𝑮𝑯𝒛, +𝟔𝑮𝑯𝒛). 

 

 The SHD of the optically injected VCSEL is mapped in Figure 3.22. It is 

shown that the SHD of the microwave signal is around -10𝑑𝐵  when the injection 

condition is near the P2 and Chaos region. In the rest of the regions, the SHD is mostly 

less than −20𝑑𝐵 when the injection condition is away from P2 regions. Increasing the 

frequency detuning over 5𝐺𝐻𝑧, reduces the SHD value down to less than −30𝑑𝐵. This 

simulation result is qualitatively in good agreement with out experimental observation. 
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Figure 3.22 SHD mapping of the electrical signal. 

 

3.5.7 Effect of Linear Dichroism on Microwave Frequency and Power 

 In this section, we performed simulation on how the linear dichroism 𝛾𝑎  affects 

the frequency and power of the fundamental microwave. The parameter 𝛾𝑎  is linked to 

the difference between the threshold gains in the two polarizations between VCSEL’s 

two polarization modes. Positive 𝛾𝑎  means that the threshold current of Y-polarization 

is lower than that of X-polarization, and vice versa. Figure 3.23(a) shows the plot of the 

fundamental frequency versus linear dichroism with the injection condition being 

(𝜂𝑦 , 𝜈𝑖𝑛𝑗) = (20𝐺𝐻𝑧, +6𝐺𝐻𝑧)  and all other parameters are kept constant.  The plot 

shows that the fundamental frequency increase almost linearly with the value of the 

linear dichroism. The Figure 3.23(b) shows the normalized microwave power variation 

with the change of the linear dichroism. Generally speaking, the microwave power 

varies within 1.8dB, relatively low compare to the effect of other parameters. This 

variation is possibly caused by the high noises level we added in the simulation. 
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Figure 3.23 Fundamental frequency(a) and microwave power versus the linear 

dichroism. 

 

 Figure 3.24 shows the fundamental frequency and microwave power change 

with the injection strength at different linear dichroism. In Figure 3.24(a), frequency 

detuning is kept constant at 𝜈𝑖𝑛𝑗 = +6𝐺𝐻𝑧 , for the low 𝛾𝑎 = 0.5𝑛𝑠−1 , at lower 

injection strength the fundamental frequency increases slower compare to the higher 

injection strength situation. This effect is more prominent pronounce in 𝛾𝑎 = 7.0𝑛𝑠−1 

curve. At lower injection strength, the increase rate of the fundamental frequency with 

𝛾𝑎 = 7.0𝑛𝑠−1   is less compare to 𝛾𝑎 = 0.5𝑛𝑠−1  and 𝛾𝑎 = 4. 0𝑛𝑠−1 , at the higher 

injection strength, the slope of the curve is also less compare to the 𝛾𝑎 = 0.5. 0𝑛𝑠−1 

situation. The laser entered injection locking state at injection strength of 𝜂𝑦 = 50𝐺𝐻𝑧 

and 𝜂𝑦 = 60𝐺𝐻𝑧  for 𝛾𝑎 = 0.5𝑛𝑠−1 , and 𝛾𝑎 = 7. 0𝑛𝑠−1  respectively, which also 
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indicate that the at lower 𝛾𝑎  value the slave laser is easier locked to the master laser 

compare to the higher 𝛾𝑎  with the same amount of injection strength. To summarize the 

Figure 3.24(a), if the application requires to generate higher  microwave frequency with 

lower injection frequency detuning, it is preferred to choose the VCSEL with higher 𝛾𝑎  

value because it can achieve higher fundamental frequency under the same injection 

condition. However, for a higher 𝛾𝑎  VCSELs, the fundamental frequency is less 

sensitive to the injection strength. 

 

 

Figure 3.24(a) fundamental frequency increasing with the increase of the 

injection strength at three different linear dichroism (Gamma_a). (b) 

Microwave power versus the increasing injection strength. 

 In Figure 3.24(b) the microwave power variation with the injection strength at 

different linear dichroism. All three curves show a relatively high value around the 

injection strength 𝜂𝑦  of 25𝐺𝐻𝑧  to 40𝐺𝐻𝑧  range, this means the microwave power 
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trend is not affected by the linear dichroisms much. In all three situations, the 

microwave power drops before the laser enters the injection locking state.  

3.5.8 Effect of Linear Birefringence on Microwave Frequency and 

Power 

 The parameter linear birefringence 𝛾𝑝  describes the optical frequency 

separation between the x-polarization and the y-polarization modes. Figure 3.25 is 

showing the fundamental frequency and microwave power versus the linear 

birefringence under the same injection condition of (𝜂𝑦, 𝜈𝑖𝑛𝑗) = (20𝐺𝐻𝑧, +6𝐺𝐻𝑧)  

with all other parameters kept constant. From Figure 3.25 we can observe that the 

fundamental frequency does not vary with the linear birefringence, and a small variation 

of microwave power can be observed with increase of the linear birefringence.  

 

Figure 3.25 Fundamental frequency(a) and microwave power versus the linear 

dichroism. 
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3.6 Chapter Summary 

 In this chapter, photonic microwave generation based on P1 dynamics of a 

VCSEL subject to parallel injection has been studied experimentally and theoretically. 

For the experimental result, a continuous tuning of the microwave frequency from 

4GHz to up to an instrumentation limited 15GHz was observed. Further increases the 

microwave frequency are possible by increasing the injection power or the frequency 

detuning. We have demonstrated that the frequency of the generated microwave 

increases with increasing frequency detuning above the Hopf bifurcation boundary and 

increasing injection power. The frequency detuning has little influence on the power of 

the generated microwave except two small areas. On the other hand, the SHD decreases 

with increasing frequency detuning for higher injection power. The injection power has 

some effect on the power of the generated microwave signal, however, it has very 

limited effect on the SHD. The numerical result quantitatively backed up the 

experimental study.  
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4 Stabilization on VCSEL Based Photonic 

Microwave Generation 

4.1 Chapter Introduction 

 In the previews chapter, the experimental result and numerical simulation of 

the photonic microwave generation utilizing VCSEL’s P1 oscillation dynamic have 

been presented. This chapter will focus on minimizing the phase noise and reduces the 

generated microwave linewidth. Optical feedback is a simple and low-cost method to 

achieve linewidth reduction. It has been theoretical and experimental proved in DFB 

lasers [58], [157], [170]. Dual feedback loops have also been used to reduce the 

linewidth of the generated photonic microwave in two- mode VCSEL [171]. In this 

chapter, we study the effect of both single optical feedback and double optical feedback 

on the linewidth of the generated photonic microwave based P1 oscillation in a single-

mode VCSEL. We also study the effect of the feedback phase on the side-peaks 

suppression.  

4.2 Experimental Setup and Data Acquisition 

 The schematic of the experimental setup is shown in Figure 4.1. The 

experiment was set up in free-space to overcome the uncertainty of injection and 

feedback polarization directions. A commercial single mode VCSEL (RayCan 

RC33xxx1-T) was used as the slave laser (SL). The VCSEL was driven by a low noise 

current source (Yokogawa GS200 DC Voltage/Current source), and its temperature was 

controlled to 21°𝐶.  
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Figure 4.1 The experimental setup. ML: Master laser, ISO: Optical isolator, 

Mir.: Mirror, λ/2: Half-wave plate, BS: Beam splitter, Atten: Optical 

attenuator, PM: Power meter, Dec: Photodetector, RF: Radio frequency 

spectrum analyzer, PZT: Piezo stage. 

 

 A tunable laser (Agilent 81682A installed on Agilent 8164A) was used as the 

master laser (ML). The maximum output power of the tunable laser is 10𝑚𝑊 power 

and its linewidth is 1𝑀𝐻𝑧. The output of the ML passes-through an optical isolator to 

prevent the optical injection from the VCSEL and the optical feedback from the optical 

components. The polarization of the optical injection beam from the ML was adjusted 

by a half-wave plate (/2) to ensure the polarization of the injection beam is parallel to 

the free running VCSEL’s polarization direction. The injection power was controlled 

by the ML’s output power. The optical injection power 𝑃𝑖𝑛𝑗 was measured just before 

the injection beam enters the VCSEL. It is noted that the actual injection power that 

VCSEL receives was less than the measurement due to the coupling loss. The tuning of 

the frequency detuning 𝑓 =  𝑓𝑀𝐿  − 𝑓𝑆𝐿  was achieved by changing the frequency of 

the ML. 𝑓𝑀𝐿  and 𝑓𝑆𝐿  are the frequencies of the free-running ML and the free-running 

VCSEL, respectively. Optical feedback cavities were created by mirror#2 (Mir.#2) and 

mirror#3 (Mir.#3), which are referred to as cavity 1 and 2, respectively. To study the 

linewidth of the generated photonic microwave with respect to the feedback phase, 

mirror#3 was mounted on a piezo stage (PZT, PI-P752.1C1) to finely tune the cavity 
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length. The feedback round trip times in the cavities formed by mirror#2 and 3 are 7.3𝑛𝑠 

(𝐿) and 5.1𝑛𝑠 (𝑠), respectively. The feedback powers from both feedback cavities 

were the same and were adjusted by an optical attenuator (Atten.) and monitored by a 

power meter (PM). The output of the VCSEL was detected by a 12𝐺𝐻𝑧 bandwidth 

photodetector (New Focus 1554-B) and recorded by a 30𝐺𝐻𝑧 RF spectrum analyzer 

(Anritsu MS2667C). The frequency resolution of the RF spectrum analyzer’s is set at 

10𝑘𝐻𝑧 and the sweep time is 50 milliseconds unless stated otherwise. 

4.3 Experimental Result 

 The focus of this section is the effect of optical feedback on the linewidth and 

stabilization of photonic microwave generated from the VCSEL’s P1 dynamics. The P1 

dynamics have previously been shown to exist over large injection parameters [168]. 

Two cases of optical feedback are studied. The first case is single feedback, which 

means that only optical feedback from one feedback cavity is allowed and the feedback 

from the other feedback cavity is blocked. The second case is double feedback, the 

feedback from both cavities 1 and 2 are re-entered into the VCSEL. 

4.3.1 Characterization 

 At the temperature of 22.01°𝐶 , the threshold current of the VCSEL was 

2.1𝑚𝐴 .Near the threshold current, the VCSEL operated in one linear polarization (Y-

polarization). When the bias current was increased to 2.4𝑚𝐴, the polarization direction 

switched to its orthogonal polarization direction (X-polarization). Further increases in 

the bias current to 5.7𝑚𝐴 resulted in the polarization direction switching back to the Y-

polarization. The polarization remains in the Y-polarization state within the remaining 

operating current range. The VCSEL was operated at 8𝑚𝐴 (Y-polarization) through the 

experiment, unless stated otherwise. At this bias current, the VCSEL’s lasing 

wavelength was 1559.15𝑛𝑚 and its output power was 1.87𝑚𝑊. 
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4.3.2 Single Feedback 

Single Feedback and Linewidth of  the Microwave 

 When the injection parameters are set at (𝑓, 𝑃𝑖𝑛𝑗)  =

 (12.8 𝐺𝐻𝑧, 0.703 𝑚𝑊), as shown in Figure 4.2(a), the VCSEL exhibits P1 dynamics 

and the fundamental frequency 𝑓0  is 13.34𝐺𝐻𝑧 . The full width at half maximum 

(FWHM) linewidth of the generated photonic microwave was measured and found to 

be 4.62𝑀𝐻𝑧 . When the optical feedback from one cavity was introduced into the 

VCSEL (cavity 2 was blocked) and the feedback power adjusted to 8𝑊, the power 

spectrum shown in Figure 4.2(b) was obtained. Figure 4.2(b) indicates that the linewidth 

has been reduced to 1.13𝑀𝐻𝑧, however, many residual side peaks are observed and the 

spacing between side peaks is 141𝑀𝐻𝑧, which is very close to the reciprocal of the 

feedback delay time (7.3𝑛𝑠) of 137𝑀𝐻𝑧. If cavity 1 is now blocked and instead 8𝑊 

of feedback power introduced from cavity 2, the power spectrum of the VCSEL is 

modified as shown in Figure 4.2(c). The spectrum is similar to Figure 4.2(b), with 

multiple side peaks uniformly spaced at 198𝑀𝐻𝑧, which is near to 1/𝜏𝑠 = 196 𝑀𝐻𝑧. 

Different injection conditions were also examined and similar results observed. This 

phenomenon is the same as that in the simulation results [58] and the experimental 

results of [157] for DFB lasers. 
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Figure 4.2 Power spectra of the VCSEL. (a) without optical feedback, (b) with 

optical feedback from cavity 1, (c) with optical feedback from cavity 2. 

 

Feedback Phase and Side Peaks Suppression 

 In this study, we also investigate the dynamics of the VCSEL with respect to 

the feedback phase. The feedback phase from cavity 2 is controlled by tuning the PZT 

stage distance. We fix the injection parameters (𝑓, 𝑃𝑖𝑛𝑗)  =

 (10.43 𝐺𝐻𝑧, 0.703 𝑚𝑊) and feedback power 𝑃𝑓𝑏  =  8 𝑊. Figure 4.3(a) is one of 

the representative power spectra of the VCSEL when PZT stage distance is set between 

2120𝑛𝑚  to 2740𝑛𝑚 . The obtained signal exhibits multiple side peaks, the same 

phenomena as described in Figure 4.3(b) and (c). We refer it as side peaks (SP) phase 

condition. When we move the PZT distance to the range of 1890𝑛𝑚 to 2120𝑛𝑚, a very 

stable microwave signal is obtained, as shown in Figure 4.3(b), all the side peaks are 

suddenly suppressed, we refer this condition as side peaks suppression (SPS) phase 

condition. Continued increase of the mirror’s distance move the system back into the 

SP phase condition for the PTZ distance of 1380𝑛𝑚 to 1890𝑛𝑚, as shown in Figure 

4.3(c). The summarized different signal states are presented in Figure 4.3(d). The wine 

color and blue color represent the SP phase condition and SPS phase condition, 
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respectively. From analyzing Figure 4.3(d), it is found that side peaks are periodically 

suppressed when the external cavity length is increased. The period for the side peaks 

suppression is approximate to 750𝑛𝑚, which is about half of the lasing wavelength of 

the VCSEL, which corresponds to a 2 feedback phase change. 

 

 

Figure 4.3 (a1-c1) Power spectra of the VCSEL under injection condition of 

(𝒇, 𝑷𝒊𝒏𝒋)  =  (𝟏𝟎. 𝟒𝟑 𝑮𝑯𝒛, 𝟎. 𝟕𝟎𝟑 𝒎𝑾) with different PZT distance, (d1) SPS 

phase condition and SP phase condition states as a function of the PZT moving 

distance. 

 In Figure 4.4 ， we changed the injection condition to (𝑓, 𝑃𝑖𝑛𝑗)  =

 (10.73 𝐺𝐻𝑧, 0.689 𝑚𝑊), the power spectra behavior of the SP phase and SPS phase 

condition remains similar in Figure 4.4 (a2-c2), the position of SP and SPS phase 

condition as function of PZT distance in Figure 4.4(d2) are different compare to the one 

in Figure 4.4(d1). which indicates that the SP and SPS conditions are not only dependent 

on the feedback phase, but also dependent on the injection parameters. 
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Figure 4.4 (a2-c2) Power spectra of the VCSEL under injection condition of 

(𝒇, 𝑷𝒊𝒏𝒋)  =  (𝟏𝟎. 𝟕𝟑 𝑮𝑯𝒛, 𝟎. 𝟔𝟖𝟗 𝒎𝑾) with different PZT distance, (d2) SPS 

phase condition and SP phase condition states as a function of the PZT moving 

distance. 

 

4.3.3 Double feedback 

 In this section, we study whether the side peaks under the single feedback with 

SP phase condition can be suppressed by adding the second feedback, just like those in 

DFB lasers [58], [157]. Figure 4.5 shows that the power spectra of the optically injected 

VCSEL subject to optical feedback. The injection parameters (𝑓, 𝑃𝑖𝑛𝑗)  are 

(11.42 𝐺𝐻𝑧, 0.685 𝑚𝑊). When the VCSEL is subject to single feedback from cavity 

2 with the feedback power of 8𝑊 and the PZT distance is tuned to SP phase condition 

position, there are many side peaks around the fundamental frequency, as shown in 

Figure 4.5(a). When optical feedback from cavity 1 is introduced and feedback power 

from each cavity set at 4𝑊, the side peaks are suppressed in Figure 4.5(b). The results 

indicate that the second feedback suppresses the side peaks. 
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Figure 4.5 Power spectra of the VCSEL with (a) single feedback, (b) double 

feedback. 

 

Feedback strength and linewidth of microwave 

 The linewidth reduction through dual-cavity feedback with the different 

feedback power has also been investigated. Figure 4.6 shows the power spectrum of the 

VCSEL under the injection parameters of (𝑓, 𝑃𝑖𝑛𝑗)  =  (12.8 𝐺𝐻𝑧, 0.772𝑚𝑊) with 

different feedback conditions. Figure 4.6(a) is for the power spectrum of the VCSEL 

with optical injection, but without optical feedback. The result indicates that the VCSEL 

operates in P1 dynamics with the fundamental frequency 𝑓0 =  13.5𝐺𝐻𝑧 . The 

microwave FWHM linewidth (𝑓0′) was found to be 3.6𝑀𝐻𝑧. The linewidth reduction 

of the microwave signal has been seen when the combined optical feedback power from 

two cavities was set at 3𝑊, as shown in Figure 4.6(b). The linewidth was reduced to 

2.40𝑀𝐻𝑧 and the fundamental frequency also increases slightly to 𝑓0  =  13.7 𝐺𝐻𝑧. In 

Figure 4.6(c), when the total feedback power increases to 6𝑊, a further linewidth 

reduction of 𝑓0′ =  1.62 𝑀𝐻𝑧  can be achieved. Further increases in the feedback 

power to 9𝑊, narrow the linewidth to 0.49𝑀𝐻𝑧, which is about one tenth of the 

linewidth without optical feedback. Increasing the feedback power beyond 9𝑊 causes 

instability in the microwave generation, with multiple, random spaced power peaks 

appearing in RF spectrum, which evidentially lead to the appearance of chaos dynamics. 
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Figure 4.6 Power spectra of the VCSEL. (a) Without optical feedback, (b-d) 

with double feedback and the total feedback power is (b) 𝟑𝑾, (c) 𝟔𝑾, (d) 

𝟗𝑾. 

 

 The relationship between the microwave FWHM linewidth and feedback 

strength is summarized in Figure 4.7(a). The graph shows an almost inversed linear 

relationship between the linewidth and the feedback power. Figure 4.7(b) shows the 

fundamental microwave frequency as a function of the feedback power. There is 

frequency shift of about 300𝑀𝐻𝑧 in the fundamental frequencies after applying the 

feedback. This is due to the increase of the carrier density, which reduce the cavity 

resonant frequency [172]. 
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Figure 4.7 (a) Linewidth and (b) fundamental frequency of the generated 

microwave as a function of the feedback power. 

 

Feedback Strength and Stability of the Microwave  

 Readers may have noticed that the microwave fundamental frequencies do not 

always appear at the center of the frequency span in Figure 4.6, this is caused by 

fluctuation in the fundamental frequency. Practically, the fundamental frequency can 

randomly appear in the frequency range even at fixed injection parameters during the 

experiment. This behavior is highly correlated with the noise of the bias current, 

performance of the temperature controller and the accuracy of the injection tunable laser 

or the slight change of the injection coupling efficiency caused by the optical table 

vibrations during the experiment.  
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Figure 4.8 Power spectra of the VCSEL when the sweep time of the RF 

spectrum analyzer is set at 30 seconds. (a) Without feedback, (b-d) with double 

feedback and the total feedback powers are (b) 𝟑𝑾, (c) 𝟔𝑾, (d) 𝟗𝑾. 

 

 However, in this experiment we have noticed that adding dual-cavity optical 

feedback also helps to improve the stability of the microwave fundamental frequency. 

To demonstrate this effect, the sweep time of the RF Spectrum analyzer is set to be 30 

seconds, so the RF analyzer will capture multiple peaks during this timeframe and 

display them on a single image. The results can be found in Figure 4.8. With no 

feedback enabled, the location of the 𝑓0  appears within 35.3𝑀𝐻𝑧  range. When the 

VCSEL is subject to optical feedback from both cavities with the total feedback power 

of 3µ𝑊, the range of 𝑓0 reduces to 24.7𝑀𝐻𝑧. Increasing the feedback power to 6𝑊, 

and 𝑓0 is captured within a 19.9𝑀𝐻𝑧 range. Further increases in the feedback power to 

the maximum allowed feedback power of 9𝑊, before unstable signal occurs, and the 

f0 range is reduced to 9.4𝑀𝐻𝑧. The results show a significant reduction in the range of 

f0 appearing with double feedback compared to that without optical feedback, which 

indicates that double feedback can increase the stability of the photonic microwave 

generated based on P1 dynamics. 
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Feedback Phase and Stability of the Microwave 

 As described above sections, the side peaks suppression in the single feedback 

case is sensitive to the optical feedback phase. Adding a second feedback can suppress 

the side peaks for the SP phase condition. In this section, we will examine whether SPS 

phase condition feedback in one feedback cavity has the same beneficial effect of 

linewidth reduction and stability as under double feedback.  

 

Figure 4.9 The power spectra of the VCSEL with the different feedback 

configurations. The left and right columns are for the sweep time of the RF 

spectrum analyzer of 50 millisecond and 30 seconds, respectively. (a1), (a2) 

single feedback with SPS phase condition, (b1), (b2) double feedback with SPS 

phase condition, (c1), (c2) double feedback with SP phase condition. 

 

 Figure 4.9 illustrates the power spectra of VCSEL when the injection 

parameters and feedback power are (𝑓, 𝑃𝑖𝑛𝑗)  =  (11.42 𝐺𝐻𝑧, 0.685 𝑚𝑊) and 8µ𝑊, 

respectively. The left and right columns are for a sweep time of 50 millisecond and 30 
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seconds in the RF spectrum analyzer, respectively. Figure 4.9(a1) and (a2) are obtained 

when the VCSEL is subject to SPS phase condition single feedback. Fig. 8(a1) shows a 

linewidth of 0.453𝑀𝐻𝑧. When the sweep time of the RF spectrum analyzer is increased 

to 30 second, the power spectrum of the VCSEL is recorded and plotted in Figure 

4.9(a2). The result indicates that the fluctuation range of the fundamental frequency f0 

is about 14.2𝑀𝐻𝑧. When the second feedback is introduced, we keep the total feedback 

power to 8µ𝑊. We can see that the linewidth has reduced to 0.296𝑀𝐻𝑧 for 50 ms 

sweep time, as shown in Figure 4.9(b1), and the fluctuation range of the fundamental 

frequency f0 has also decrease to 9.2𝑀𝐻𝑧, as indicated in Figure 4.9(b2). When the PZT 

is adjusted to make the feedback phase from cavity 2 with SP phase condition, the power 

spectra of the VCSEL from the short sweep time in Figure 4.9(c1) and long sweep time 

in Figure 4.9(c2), indicates that the fluctuation range of the fundamental frequency is 

very close to the double feedback cavity situation seen with the phase match, but has 

increased slightly to 9.6𝑀𝐻𝑧. However, the linewidth measured using the 50𝑚𝑠 sweep 

time has increased dramatically to 0.499𝑀𝐻𝑧. The results in Figure 4.9 demonstrate 

that the second feedback can be used to reduce the linewidth and improve the stability 

of the generated microwave. Careful adjustment of the feedback phase can further 

decrease the linewidth. 

 

4.4 Numerical Study  

4.4.1 Simulation Model 

 The photonic microwave generated via P1 dynamic from optical feedback has 

been numerically simulated using the spin-flip model that is similar to that in Chapter 

3, but added the feedback terms: 

 

𝒅𝑬𝒙

𝒅𝒕
= 𝜿(𝟏 + 𝒊𝜶)(𝑵𝑬𝒙 − 𝑬𝒙 + 𝒊𝒏𝑬𝒚) 

−(𝜸𝒂 + 𝒊𝜸𝒑)𝑬𝒙 + 𝜼𝒙𝑬𝒊𝒏𝒋𝒆
𝒊𝟐𝝅(𝝂𝒊𝒏𝒋−𝝂)𝒕 

+𝝃𝒇𝟏𝑬𝒙(𝒕 − 𝝉𝟏)𝒆−𝒊(𝟐𝝅𝝂𝝉𝟏+𝝋𝟏) 

+𝝃𝒇𝟐𝑬𝒙(𝒕 − 𝝉𝟐)𝒆−𝒊(𝟐𝝅𝝂𝝉𝟐+𝝋𝟐) + 𝑭𝒙 

(4.1) 
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𝒅𝑬𝒚

𝒅𝒕
= 𝜿(𝟏 + 𝒊𝜶)(𝑵𝑬𝒚 − 𝑬𝒚 − 𝒊𝒏𝑬𝒙) 

+(𝜸𝒂 + 𝒊𝜸𝒑)𝑬𝒚 + 𝜼𝒚𝑬𝒊𝒏𝒋𝒆
𝒊𝟐𝝅(𝝂𝒊𝒏𝒋−𝝂)𝒕 

+𝝃𝒇𝟏𝑬𝒚(𝒕 − 𝝉𝟏)𝒆−𝒊(𝟐𝝅𝝂𝝉𝟏+𝝋𝟏) 

+𝝃𝒇𝟐𝑬𝒚(𝒕 − 𝝉𝟐)𝒆−𝒊(𝟐𝝅𝝂𝝉𝟐+𝝋𝟐) + 𝑭𝒚 

(4.2) 

 

 

𝒅𝑵

𝒅𝒕
= −𝜸𝒆𝑵 (𝟏 + |𝑬𝒙|𝟐 + |𝑬𝒚|

𝟐
) + 𝜸𝒆𝝁 

−𝒊𝜸𝒆𝒏(𝑬𝒚𝑬𝒙
∗ − 𝑬𝒙𝑬𝒚

∗) 

(4.3) 

 

 

𝒅𝒏

𝒅𝒕
= −𝜸𝒔𝒏 − 𝜸𝒆𝒏 (|𝑬𝒙|𝟐 + |𝑬𝒚|

𝟐
) 

−𝜸𝒆𝑵(𝑬𝒚𝑬𝒙
∗ − 𝑬𝒙𝑬𝒚

∗ ) 

(4.4) 

 

 The two feedback loops are specified by the optical feedback parameters 

(𝜉𝑓1, 𝜏1) and (𝜉𝑓2, 𝜏2), where the 𝜉𝑓1,𝜉𝑓2 the feedback strength for the feedback loop 1 

and feedback loop 2, respectively. 𝜏1  and  𝜏2  are the feedback delay times for the 

feedback loop 1 and feedback loop 2, respectively. In the feedback terms in equations 

(4.1) and (4.2), we also add a phase 𝜑
1
 and 𝜑

2
 in conjunction with phase change due to 

time delay 𝜏1 and 𝜏2 to study the feedback phase effect. The phase 𝜑 takes 10 equally 

spaced points within the range of 2𝜋 . The injection parameter is specified by the 

(𝜂, 𝜈𝑖𝑛𝑗 ), the definition is same to the Section 3.4 above. In the simulation, the VCSEL 

operates in the P1 oscillation dynamic state, the slave laser VCSEL, injection, and 

feedback are assumed to have aligned polarization. The typical VCSEL simulation 

parameters are used, they are listed in Table 4.1 unless stated otherwise. 
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Table 4.1 Values used for simulation 

Parameter Symbol Value 

linewidth enhancement factor 𝛼 3 

linear dichroism 𝛾𝑎  3𝑛𝑠−1 

linear birefringence 𝛾𝑝 94.3𝑛𝑠−1 

decay rate of the total carrier population 𝛾𝑒  0.67𝑛𝑠−1 

spin-flip rate 𝛾𝑠 140𝑛𝑠−1 

field decay rate 𝑘 125𝑛𝑠−1 

injection field amplitude 𝐸𝑖𝑛𝑗  1 

noise strength 𝛽𝑠𝑝 4𝑒13 

 The numerical integration has a time step of 1𝑝𝑠 and it is carried over a time 

span of 10µ𝑠, resulting the simulated power spectra having 100𝑘𝐻𝑧 resolution. 

4.4.2 Single Feedback 

Feedback Strength 

 We observed the linewidth reduction experimentally in Section 4.3.2. In this 

section, we performed a numerical study on how the single optical feedback is affecting 

the linewidth.  Figure 4.10 displays the power spectra of the VCSELS with the above 

parameters when the injection condition is kept constant at (𝜂𝑦, 𝜈𝑖𝑛𝑗) =

(20𝐺𝐻𝑧, +10𝐺𝐻𝑧)  and the feedback round trip time is set to 𝜏 = 5.1𝑛𝑠  to be in 

consistent with the experimental setup. With these parameters, the VCSEL operates at 

P1 dynamic. Figure 4.10(a) is for the case when the VCSEL is subject to optical 

injection only. The linewidth is calculated to be 𝑓0′ = 30.6𝑀𝐻𝑧. Introducing one 

feedback with feedback strength of 𝜉𝑓 = 0.6𝐺𝐻𝑧 , as shown in Figure 4.10(b), we 

observe a significant linewidth reduction, the linewidth is measured as 𝑓0′ =

2.73𝑀𝐻𝑧,  less than one tenth of the linewidth in Figure 4.10(a). At the same time, 

multiple evenly spaced side peaks appeared, we denoted the power ratio between the 

peak power at the fundamental frequency and the highest side peak power as the 

main/side peaks ratio (MSPR). Low MSPR is considered as more unstable compare to 

the high MSPR situation. MSPR in Figure 4.10(b) is calculated to be 17.77𝑑𝐵 . 

Increasing the feedback strength to 1.4𝐺𝐻𝑧 in Figure 4.10(c), we see a further linewidth 
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reduction of 𝑓0′ = 1.43𝑀𝐻𝑧, however, the MSPR is decreased to 𝑀𝑆𝑃𝑅 = 12.74𝑑𝐵. 

Increasing the feedback strength to 2.0𝐺𝐻𝑧 in Figure 4.10(d), we observe the linewidth 

to be 𝑓0′ = 1.47𝑀𝐻𝑧 with a very low MSPR of 7.41𝑑𝐵. 

 

Figure 4.10 Power spectra under feedback strength of (a) zero, (b) 𝟎. 𝟔𝑮𝑯𝒛, (c) 

𝟏. 𝟒𝑮𝑯𝒛 and (d) 𝟐. 𝟎𝑮𝑯𝒛. 

 Figure 4.11, presents a detailed investigation on the influences of feedback 

strength on the characteristic of P1 microwaves in single feedback setup scenario. Black 

line and red line representing the linewidth changing and MSPR changing with 

feedback strength, respectively. 
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Figure 4.11 Linewidth and MSPR versus feedback strength. (a) Under the 

injection condition of (𝜼𝒚, 𝝂𝒊𝒏𝒋) = (𝟐𝟓𝑮𝑯𝒛, +𝟔𝑮𝑯𝒛), (b) (𝜼𝒚, 𝝂𝒊𝒏𝒋) =

(𝟐𝟎𝑮𝑯𝒛, +𝟏𝟎𝑮𝑯𝒛) 

 

 Figure 4.11(a) shows that under the injection condition of (𝜂𝑦 , 𝜈𝑖𝑛𝑗) =

(25𝐺𝐻𝑧, +6𝐺𝐻𝑧), the linewidth decreases with increasing feedback strength until the 

feedback strength reaches around 1.0𝐺𝐻𝑧. Further increasing the feedback strength has 

little effect on linewidth reduction until the VCSEL start operating in other dynamics. 

The MSRP however, providing evidence of decreasing with the increase of the feedback 

strength. Figure 4.11(b) displayed that under the injection condition of (𝜂𝑦 , 𝜈𝑖𝑛𝑗) =

(20𝐺𝐻𝑧, +10𝐺𝐻𝑧) , the linewidth reduction reaches stable at around 0.6𝐺𝐻𝑧  of 

feedback strength, while the MSPR trend to follow the same regular pattern. Compare 

this simulation results with our experimental results, the simulation shows that the 

linewidth remains same after the feedback strength increases to a certain value, 

however, the experimental results demonstrate that the P1 microwave will be destroyed 

with further increasing the feedback power after the P1 microwave reaches its minimal 

linewidth. The exact reason of such disagreement is unknown. Further investigation is 

needed. 
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Feedback Phase 

 The results above are for the in-phase situation (𝜑 = 0), we now introduce the 

phase variation into our simulation as we have found the phase of the optical feedback 

can also impact the behavior of the P1 microwave in the experiment. 

 

 

Figure 4.12 Fundamental frequency and its power as a function of the 

feedback phase..  The injection parameters of (𝜼𝒚 , 𝝂𝒊𝒏𝒋) =(a) and (b) (20GHz, 

+10GHz), (c) and (d) (𝟐𝟑𝑮𝑯𝒛, +𝟖𝑮𝑯𝒛). 

 

 Figure 4.12(a) and (c) show the fundamental frequency change with the phase 

variation. The fundamental frequency under injection condition of (𝜂𝑦 , 𝜈𝑖𝑛𝑗) =

(20𝐺𝐻𝑧, +10𝐺𝐻𝑧) in Figure 4.12(a) starts at 10.5𝐺𝐻𝑧 when the feedback is in phase. 

When phase change to 0.2𝜋, the microwave frequency drop to 10.362𝐺𝐻𝑧. Further 

increase the feedback phase, the fundamental frequencyincreasing proportionally with 

phase variation until it reaches its original fundamental frequency of 10.5𝐺𝐻𝑧 when the 

feedback is in phase again (phase variation  = 2𝜋). Change the injection condition to 

(𝜂𝑦 , 𝜈𝑖𝑛𝑗) = (23𝐺𝐻𝑧, +8𝐺𝐻𝑧)  in  Figure 4.12(c), the fundamental frequency first 

increases with the increasing feedback phase and then it drops suddenly when the 

feedback phase increase from 0.8π to 1 π. Further increase the feedback phase, the 
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fundamental frequency increases with the increasing feedback phase again.  Figure 4.12 

(b) and (d) display the fundamental frequency power changing with the phase variation. 

The fundamental frequency power varies in range of 7.6𝑑𝐵 and 3.8𝑑𝐵 for each of the 

example injection condition situation. We have found that in general, the power 

fluctuation is less when injection strength is higher. 

 

 

Figure 4.13 MSPR versus the feedback phase . Under the injection condition of 

(𝜼𝒚, 𝝂𝒊𝒏𝒋) = (𝟐𝟎𝑮𝑯𝒛, +𝟏𝟎𝑮𝑯𝒛)  for (a) and (𝜼𝒚, 𝝂𝒊𝒏𝒋) = (𝟐𝟑𝑮𝑯𝒛, +𝟖𝑮𝑯𝒛)  for 

(b). 

 

 Figure 4.13(a) and (b) are the MSPR as a function of the feedback phase with 

fixedinjection condition. Figure 4.13(a) shows that the MSPR varies by approximately 

25 dB over a feedback phase range of 2π with a maximum of approximately 28 dB and 

a minimum of approximately 3 dB. However, for the injection parameters of (23 GHz, 

+8GHz), as shown in Figure 4.13(b), the MSPR varies by approximately 29 dB over a 

feedback phase range of 2π with a maximum of approximately 23 dB and a minimum 

of approximately 3 dB. In addition, the patterns of variation in Figures 4.13(a) and (b) 

are significantly different, which indicates that the characteristics of the generated 

microwave depend not only on the feedback phase but also on the injection parameters. 

We have tested the P1 microwave under multiple injection conditions, the  pattern of 

the P1 microwave power and MSPR with the change of feedback phase has not been 

found. 
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4.4.3 Double feedback 

 The single feedback setup decreased the microwave linewidth as we 

discovered both in the experimental study and numerical study, to further improve the 

P1 microwave quality, a second optical feedback path is added in the experiment. In 

order to verify and extend such study, we now numerically simulate the generated P1 

microwave under double optical feedback setup. 

Linewidth Reduction 

 In this section, the injection condition is set to be (𝜂𝑦, 𝜈𝑖𝑛𝑗) =

(20𝐺𝐻𝑧, +10𝐺𝐻𝑧)  and the VCSEL is in P1 dynamic. The feedback delay times 

(𝜏1, 𝜏2)  are set to be (5.1𝑛𝑠, 7.3𝑛𝑠) for feedback#1 and feedback#2, respectively. We 

refer the short and long delay time feedback paths as short-cavity, and long-cavity 

respectively. To isolate the effect of the feedback strength to the P1 microwave 

linewidth in double feedback setup, the phase variations for each feedback path are set 

to be 0 at the begining, assuming the both feedbacks are in-phase to the laser’s output. 

We numerically studied the feedback strengths from 0 to 0.8𝐺𝐻𝑧 for each feedback 

path.  

 

 

Figure 4.14 Map of the P1 microwave linewidth under injection condition of  

(𝜼𝒚, 𝝂𝒊𝒏𝒋) = (𝟐𝟎𝑮𝑯𝒛, +𝟏𝟎𝑮𝑯𝒛) and with double optical feedback. 
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Figure 4.14 is the map of the P1 microwave linewidth. The x, y axis is the feedback 

strength for the short-cavity feedback-and the long cavity feedback in step of 0.1𝐺𝐻𝑧. 

The linewidth of the P1 microwave varies from 32𝑀𝐻𝑧 to 1𝑀𝐻𝑧. The low linewidth 

reduction is occupied in the top left corner area, which the both feedbacks are at its low 

feedback strength. The large dark blue area enclosed by the red line represents the 

linewidth that is smaller than 3.2𝑀𝐻𝑧, it occurs when the combined total feedback 

strength is over 0.5𝐺𝐻𝑧. We denote this enclosed area as the good linewidth area. 

Interestingly, the effect of the total feedback strength on  the linewidth reduction 

qualitatively agrees with the single feedback setup situation, in other words, the 

linewidth reduction in our setups is mostly related to the total feedback strength the 

laser received, regardless of single or double feedback setup. 

 

Side Peaks Suppression 

 The previous section only discussed the microwave quality by its linewidth, 

however, , the side peaks of the P1 microwave are often observed in the power spectra 

of both experimental and numerical results. In this section, a second feedback is added  

in order to suppress the side peaks. In the simulation, the same injection parameters 

(𝜂𝑦 , 𝜈𝑖𝑛𝑗) of (20GHz, +10 GHz used in Figure 4.13(a) are adopted and the experimental 

feedback delay times of (5.1 ns, 7.3 ns) are applied as the delay times of the short 

feedback cavity and the long feedback cavity..  
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Figure 4.15 Numerical simulation of RF spectra of the VCSEL with single 

feedback (black curve) and double feedback (red curve). Feedback phase 𝝋 

from the short cavity (a) 𝟎𝝅; (b) 𝟎. 𝟐𝝅; (c) 𝟎. 𝟖𝝅; (d) 𝟏. 𝟔𝝅. 

 

 In Figure 4.15, the black curves represent only the short-cavity feedback were 

enabled with 1.2𝐺𝐻𝑧 feedback strength, while the red curves are representing the both 

short and long cavity feedback were enabled with each feedback strength being 0.6𝐺𝐻𝑧, 

to keep the total feedback strength to be the same. Figure 4.15(a) shows the power 

spectra of the VCSEL with in-phase optical feedback. Under the short-cavity feedback 

only condition, MSPR of 41.57𝑑𝐵 is obtained. After a second long-cavity feedback is 

added, the side peaks are totally disappeared. While adding the second feedback, the 

microwave frequency increases slightly by 23𝑀𝐻𝑧. The side peaks are most prominent 

at 0.2𝜋  phase variation under a single short-cavity feedback enabled condition, as 

shown in Figure 4.15(b). Similarly, the side peaks are suppressed with a small 

microwave frequency shift of 18𝑀𝐻𝑧 . In Figure 4.15(c) a very good side peak 

suppression can be observed under phase variation being 0.8𝜋 with a single feedback. 

A larger microwave frequency shift of 160𝑀𝐻𝑧  is presented for double feedback. 

Moving to 1.6𝜋 phase variation in Figure 4.15(d), no side peak appears in both single 

and double feedback configurations.  
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 The above Figure 4.15 only showed the results that the both short and long 

feedbacks are in equal feedback strength. To extend the study of the second feedback 

interacting with the P1 microwave, we investigate the cases that the both feedback 

strengths are not equal. In Figure 4.16, the black curve representing only the short-

cavity feedback enabled situation, while the red curves are for both feedbacks enabled 

case. The short-cavity feedback strengths are fixed at 0.6GHz. The phase variation for 

it is fixed at 0.2𝜋 to represent the “worst” multiple side peaks incidence.  

 

Figure 4.16 Numerical simulation of RF spectra of the VCSEL with the single 

feedback (black curve) and the double feedback (red curve). The long cavity 

feedback strength equals to (a) 𝟎. 𝟐𝑮𝑯𝒛, (b)𝟎. 𝟓𝑮𝑯𝒛, (c) 𝟎. 𝟖𝑮𝑯𝒛 and (d) 

𝟏. 𝟎𝑮𝑯𝒛, while maintaining the short feedback strength at 𝟎. 𝟔𝑮𝑯𝒛. 

 Figure 4.16 shows the numerical results of the RF spectra of the VCSEL with 

the single feedback (black curve) and the double feedback (red curve). When the long 

cavity feedback strength is set at 0.2 GHz, the MSPR has improved significantly, as 

shown in Figure 4.16(a). When the second feedback strength increases to 0.5GHz, the 

side peaks have been totally suppressed. Further increase the second feedback strength 

to 0.8GHz, the side peaks do not be eliminated, but the dynamics of the VCSEL being 

driven out P1 dynamic. Figure 4.16(d) shows that the VCSEL operates at more unstable 

dynamic when the second feedback strength is increased to 1.0 GHz.     It is clear that 

only Figure 4.16(b) have a good MSPR suppression. For all other situations, adding the 

second long-feedback cannot guarantee a good supression. In examples of Figure 
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4.16(c) and (d), extra unevenly spaced side peaks are raised, and the P1 microwave is 

further destabilized. The effects of the two feedback strengths on the P1 microwave side 

peaks are summarized in Figure 4.17.  

 

 

Figure 4.17 Mapping of the side peak suppression behaviors. 

 

 For the convenience purpose, we refer that over 50𝑑𝐵 suppression on MSPR 

as good suppression, lower than 50𝑑𝐵 of MSPR suppression as bad suppression. In 

Figure 4.17, both short and long feedback strength is varied from 0 to 1.0𝐺𝐻𝑧 with a 

step of 0.1𝐺𝐻𝑧. The short cavity feedback’s phase variation is fixed at 0.2𝜋 while the 

long feedback is kept in-phase. From the map, we can observe that the good suppression 

area is in general expanding along the “line” that the both feedback strengths are equal 

but not infinitely extended. Rather than suppress the side peaks, high feedback strengths 

can drive the dynamic of the VCSEL out of P1 dynamic. This result agrees with our 

experimental observation.. 
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Double Feedback Discussion 

 To have an insight into how the linewidth reduction and side peak suppression 

by the double optical feedback technique, we plot the previous Figure 4.14 and Figure 

4.17 together and created Figure 4.18. We also converted the linewidth reduction to log 

scale to better observe the linewidth reduction affected by the optical feedback. In 

Figure 4.18 the color bar is defined as: 

 𝐿𝑖𝑛𝑒𝑤𝑖𝑑𝑡ℎ 𝑅𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 = 10 ∗ 𝑙𝑜𝑔10(
𝑂𝑟𝑖𝑔𝑖𝑜𝑛𝑎𝑙 𝐿𝑖𝑛𝑒𝑤𝑖𝑑𝑡ℎ

𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝐿𝑖𝑛𝑒𝑤𝑖𝑑𝑡ℎ
) (4.5) 

Where the original linewidth being 30.6𝑀𝐻𝑧 when no feedback strength added. 

 

 

Figure 4.18 Mapping of the “good” P1 microwave by double optical feedback 

setup. 

 In Figure 4.18, the area of the over 10𝑑𝐵 linewidth reduction is enclosed by 

the red line, the good side peaks suppression area is enclosed by the black line. The 

overlapping area is marked as “Good P1 Microwave” and covered by the yellow dash 

line. From this overlapping area, we can see that only a relatively small subset of the 

mapp can be considered as the double feedback setup improves the quality of the 

generated P1 microwave by reducing the microwave linewidth at same time reduce its 

MSPR.  
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4.5 Chapter Summary 

 In this chapter, we have studied the effect of optical feedback effect on the 

linewidth and stability of the generated photonic microwave based on P1 dynamics in 

an optically injected single-mode VCSEL. The results show that both single feedback 

and double feedback can reduce the linewidth. However, the feedback phase in the 

single feedback configuration must be carefully adjusted to suppress the side peaks. The 

linewidth in the double feedback configuration can, with optimal feedback phase, be 

reduced to less than one-tenth of linewidth without the optical feedback. We also 

investigate the stability of photonic microwave, which is quantified by measuring the 

microwave frequency range using a long sweep time of the radio frequency spectrum 

analyzer. The results indicate that optical feedback techniques can also improve the 

stability of the generated microwave. 

 Numerical simulation confirms that the linewidth reduction is mostly 

depended on the total feedback strength the VCSEL received. However, increasing the 

feedback strength does not infinitely reduce the linewidth, in contrast, very high 

feedback strength may reduce the quality of the P1 microwave or even drive the VCSEL 

into more complex dynamics. The rationale of adding the second feedback is to improve 

the P1 microwave’s quality by suppressing its side peaks caused by laser’s external 

cavity modes. A map of the P1 microwave quality affected by double optical feedback 

is also created, which provides a guidance for setting the feedback strength for 

improving P1 microwave quality through optical feedback techniques.. 
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5 Effect of Bias Current on Complexity and 

Time Delay Signature of Chaos 

5.1 Chapter Introduction 

 Optical chaos has many potential applications as we have introduced in the 

Literature Review chapter. One of the key laser’s parameters, the bias current, affects 

the behavior of the optical chaos drastically. Examination of the effect of the bias 

current on bandwidth, TD signature and complexity of chaos have been reported in 

some papers. However, to the best of our knowledge, the influence of bias current on 

the relationship between complexity and TD signature has not been experimentally 

investigated in detail. In this chapter, we experimentally and theoretically research the 

effect of bias current on the complexity and TD signature with the different feedback 

strengths in semiconductor lasers subject to polarization preserved optical feedback. In 

addition, we have found ‘abnormal’ complexity behaviors of chaos with the changing 

bias current, the different vertical resolution in data acquisition are attributed to this 

‘abnormal’ behaviors. We proposed a method to minimize such effect before we discuss 

the experimental results. 

5.2 Experimental Setup and Data Acquisition 

 Two experimental setups are used in this investigation. The first experiment 

was carried out in a free-space setup, as shown in Figure 5.1(a). A single mode Fabry-

Perot laser (APL 860-40) with lasing wavelength around 860𝑛𝑚  was used in the 

experiment. The laser was driven by an ultra-low noise current source and its 

temperature was controlled to an accuracy of  0.01 𝐶𝑒𝑙𝑠𝑖𝑢𝑠 . At the operating 

temperature, the threshold current is 37.3𝑚𝐴. The laser was subject to the optical 

feedback from mirror M1. The feedback power was controllable with a natural density 

filter (ND1). The feedback round trip time was about 5.6𝑛𝑠. An optical isolator (ISO) 

was used to prevent any unwanted feedback from the detection path. The output of the 
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laser was detected by 12𝐺𝐻𝑧  photodetectors and recorded by a 4𝐺𝐻𝑧  digital 

oscilloscope and a 30𝐺𝐻𝑧 bandwidth RF spectrum analyzer. The sampling rate of the 

oscilloscope was set at 10𝐺𝑆/𝑠  and 1000000 samples were recorded for each time 

trace, therefore the duration of each time trace was 100𝜇𝑠. 

 

Figure 5.1 (a) Free space experimental setup, (b) all-fiber experimental setup. 

L: Lens; BS: beam splitter; M- mirror; ND: neutral density filter; ISO:  

optical isolator; D: detector; OSC: oscilloscope; RF: radio frequency spectrum 

analyzer; Cir: optical circulator; 3dB: 3dB optical coupler; PC: polarization 

controller. Red  lines represent the laser beam travel in free space. Black lines 

represent the laser beams travel in the optical fiber. 

 

 The second experiment was performed in an all-fiber setup, as shown in Figure 

5.1(b). A single-mode Fabry-Perot laser from Eblana Photonics with lasing wavelength 

around 1.55𝑚 was used in the experiment. At the operating temperature, the threshold 

current is 14.7𝑚𝐴. The laser was subject to optical feedback from the fiber loop. The 

polarization controller in the fiber loop was used to ensure polarization preserved 

optical feedback. The feedback round-trip time is about 42.6𝑛𝑠. The detection method 

for the output of the laser was the same as that in the free space experiment. In this 

chapter, the feedback ratio is defined as the ratio of the optical feedback power to the 

laser’s free-running output power. The optical feedback power is measured just before 

it is fed back into the laser. 
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5.3 Digital Acquisition Methods Discussion 

 As we discussed in Section 2.2.2 (page 27), the complexity of chaos is one of 

the important parameters for assessing the suitability of chaos for its applications. The 

method of choice as a quantifier to measure the relative complexity is the permutation 

entropy (PE) due to its advantages such as, easy implementation, faster computation 

and being robust to noise. These advantages make PE particularly attractive on 

analyzing experimental chaotic data.  However, the value of PE can be affected by many 

factors, for example, the selection of subset dimension in the calculation, the sample 

rate, delay time and the total number of points in the time series[77], [100], [173]–[175]. 

The minimum required sampling rate to capture all the information of the fast chaotic 

dynamics decreases when the embedding dimension increases [175]. A brief description 

of the effect of the acquisition conditions on random bit generation has also been 

reported [176], [177]. Using the value of PE at the delayed time equal to the external 

cavity round trip time to quantify the complexity of chaos agrees with the definit ion of 

weak or strong chaos [100].  In this Section, we discuss the effect of the digital 

acquisition on quantifying the complexity of chaos using  the value of PE at the 

feedback delay time. In the experiment, ‘abnormal’ variations of complexity with the 

bias current are observed. We use both experimental and numerical methods to analyze 

this ‘abnormal’ phenomenon. We also provide a method to minimize this ‘abnormal’ 

condition. 

5.3.1 Experimental method 

 To demonstrate the effect of the digital acquisition on the complexity of chaos, 

we have used the all-fiber experimental setup in Figure 5.1(b). Figure 5.2(a) shows the 

time traces of chaos generated in the laser diode. The red line is the noise floor from the 

stable operation laser. The output of the laser shows large amplitude fluctuation, which 

indicates that the laser was operating in a chaotic region.  The normalized 𝑃𝐸 (𝐻(𝑃)) 

as a function of embedding delay time was calculated and displayed in Figure 5.2(b). 

The details of the normalized PE definition can be found in Section 2.2.2. The length 

of the ordinal pattern in this paper was chosen as 4.  It is obvious that there are troughs 

around the feedback round trip time ( 𝑒𝑥𝑡 ) of 42.6 𝑛𝑠  and its subharmonics. As 

indicated in the introduction, this trough value at the feedback round time can be used 
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to measue the complexity of choas [44], [100], and we adopt it to characterize the 

complexity of chaos. It is noted that the trough may not be located exactly at 𝑒𝑥𝑡  [100]. 

If a measured trough value is in the range of interval of (𝑒𝑥𝑡  – 𝑒𝑥𝑡  ×  𝑟1, 𝑒𝑥𝑡  +

 𝑒𝑥𝑡  × 𝑟1), it will be considered as the trough at 𝑒𝑥𝑡 . According to the experimental 

data, 2% is selected as the value of 𝑟1.  

 

 

Figure 5.2 (a) The time trace of the laser output and (b) the normalized PE as a 

function of embedding delay time. The inset in (a) is the time series in a shorter 

time interval. 

 

 Figure 5.3 shows the complexity of chaotic signals as a function of the laser 

bias current. For bias currents above 23𝑚𝐴, the complexity is almost constant and 

varies smoothly. However, at lower bias currents,  there are two ‘abnormal’ areas, where 

the complexity drops abruptly when the bias current increases both from 17.5𝑚𝐴 to 

18𝑚𝐴  and from 20.5𝑚𝐴  to 21𝑚𝐴 , respectively. In order to investigate these 

‘abnormal’ phenomena, the data acquisition condition was checked carefully. We found 

that the fluctuation amplitude increases with the increasing bias current. At the 

‘abnormal’ regions, the vertical scale of the oscilloscope was increased to prevent high 

amplitudes from being saturated. 
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Figure 5.3 The complexity of the chaotic signal as a function of bias current. 

 

 In order to prevent the change of the vertical scale of the oscilloscope, two 

approaches were adopted to record the data. Firstly, the output of the laser was coupled 

into the detector without changing the attenuation and the vertical scale of the 

oscilloscope. The vertical scale was set in such a way that the maximum fluctuation 

amplitude would not exceed the scale of the oscilloscope. The complexity of chaos with 

the increasing bias current was calculated, and the result is shown in Figure 5.4(a). The 

result shows that the complexity of chaos is almost monotonically increasing with 

increasing bias current. The sudden drop of complexity has not been observed.  In the 

second method of data acquisition, the vertical scale of the oscilloscope was kept 

unchanged, but the amplitude of the signal was adjusted by an optical attenuator to 

ensure the amplitude of the signal can use the full-8-bit vertical resolution range of the 

oscilloscope. Under this data acquisition condition, the results obtained are illustrated 

in Figure 5.4(b). We can see the complexity increases with the increasing bias current 

for lower bias currents ( < 22𝑚𝐴 ). When the bias current is above 22𝑚𝐴 , the 

complexity shows saturation, and the bias current has little effect on the complexity. 

The two ‘abnormal’ variations of the complexity have also disappeared. 
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Figure 5.4 The complexity of the chaotic signal as a function of bias current 

under a fixed vertical scale of the oscilloscope. (a) No optical attenuator before 

the detector, (b) with optical attenuator before the detector. 

 

5.3.2 Simulation Method 

 From the above results, we can see that three different results were obtained 

when the three different data acquisition methods were used. In order to identify which 

results are the true characteristics of chaos, chaos generated in semiconductor lasers 

with optical feedback have been numerically simulated using the Lang Kobayashi laser 

equations[78], as shown in Equation (5.1) and Equation (5.2) below. 

 
𝒅𝑬

𝒅𝒕
=

𝟏

𝟐
(𝟏 + 𝒊𝜶) [𝑮 −

𝟏

𝝉𝒑

] 𝑬(𝒕) + 𝜿𝑬(𝒕 − 𝝉𝒆𝒙𝒕)𝒆−𝒊𝝎𝝉𝒆𝒙𝒕 (5.1) 

 

 
𝒅𝑵

𝒅𝒕
=

𝑰

𝒆𝑽
−

𝑵(𝒕)

𝝉𝑵

− 𝑮|𝑬(𝒕)|𝟐 (5.2) 

 

 In the rate equations, 𝐸(𝑡) is the complex electric field, 𝑁(𝑡) is the carrier 

density.  is the line-width enhanced factor,  is the feedback strength, 𝑝 is the photon 

lifetime, 𝑁 is the carrier lifetime, 𝑒𝑥𝑡 is the external cavity round-trip time,  is the 

angular frequency of the laser, 𝑉 is the volume of the active region, 𝑒 is the electron 

charge and 𝐼 is the laser bias current. The optical gain 𝐺 is given by Equation (5.3): 

 𝑮 = 𝒈𝟎(𝑵 − 𝑵𝟎)
𝟏

𝟏 + 𝝐|𝑬(𝒕)|𝟐
 (5.3) 
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 where 𝑔0 is the differential gain, 𝜖 is the gain saturation factor, and 𝑁0 is the 

carrier density at transparency. 

 In the simulation, the following parameter values are chosen:  = 3, 𝑝  =

 2𝑝𝑠, 𝑁 = 2𝑛𝑠,  = 1.2161015 𝑟𝑎𝑑/𝑠 (which correspond to a lasing wavelength of 

1.55𝑚 ), 𝑉 =  1.225103 𝑚3 , 𝑔0  =  5.010−12 𝑚3𝑠−1 , 𝜖 = 510−23  and 𝑁0 =

 1.41024 𝑚−3. The laser’s threshold current of 14.7𝑚𝐴 is obtained from the above 

parameters, which is the same as the threshold current of the laser we used in the 

experiment. According to the relationship between feedback ratio measured in the 

experiment and the feedback strength in the simulation [178],  =  40𝑛𝑠−1 is selected 

to represent the feedback ratio in the experiment. At this feedback strength, the time 

series is similar to that in Figure 5.2(a), where the laser operates at chaotic dynamics. 

In the simulation, 1ns is taken for 𝑒𝑥𝑡  to save the simulation time. The relaxation 

oscillation frequencies of the laser for all the operating bias currents are above 3𝐺𝐻𝑧, 

so 1𝑛𝑠 feedback round trip time is considered as long-cavity feedback case [179]. Our 

recent work has shown that the feedback round trip time has little effect on the trend of 

complexity for long cavity feedback [180]. The complexity of the laser chaotic output 

has been analyzed using the time series calculated from the above rate equations with a 

temporal resolution of 𝛥𝑡 of 10𝑝𝑠 and the result is shown in Figure 5.5. The curve 

clearly shows that the complexity increases in line with the bias current for bias currents 

below 23𝑚𝐴 . When the bias currents are above 23𝑚𝐴 , slight variation of the 

complexity with the bias current have been displayed with no trend towards one way or 

another. This result is qualitative in good agreement with the experimental result 

showed in Figure 5.4(b). 
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Figure 5.5 Numerical simulation of the complexity as a function of bias 

current. 

 

 Effect of the vertical resolution of the oscilloscope on the value of the 

complexity is further analysed. A time series calculated from the rate equations with the 

bias current of 25𝑚𝐴 was used. Figure 5.6(a) shows the complexity obtained from this 

time series. The result shows that the value of the complexity is close to 1 for most of 

the embedding delay time except at the feedback round trip time of 1ns and its sub-

harmonics. When the data is recorded in an oscilloscope in the experiment, the analogue 

chaotic signal is converted into a digital signal. Currently, the common vertical 

resolution of the oscilloscope is 8-bit. If the amplitude of chaos signal covers the full 8-

bit range of the oscilloscope, the chaotic signal will be digitized to 255 (28 − 1) levels 

between the maximum and minimum amplitude. In Figure 5.6(b), we calculate the 

complexity from the same time series used in Figure 5.6(a), but the data has been 

digitized to 255 levels. It is noted that the variation trend of the normalized PE with the 

embedding delay time is the same as that in Figure 5.6(a), but all its values have been 

reduced by 3%. In the experiment, the vertical-scale may need to be changed to avoid 

the amplitude of the chaotic signal being saturated. Here we can consider a simple case, 

where the maximum amplitude is about to exceed the full 8-bit range of the oscilloscope 

and the vertical scale of the oscilloscope is increased by a factor of 2. In such a case, 

the values between the maximum and minimum can be digitized to 127 (27 − 1) levels. 

Figure 5.6(c) shows the calculation result, where the same time series in Figure 5.6(a) 

is digitized to 127 levels instead of 255 levels. We can see a similar trend of the 
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normalized PE as a function of embedding delay time achieved, but with the absolute 

values further reduced by another 3% . This result explains why the complexity 

decreases dramatically at the bias currents between 18𝑚𝐴 and 21𝑚𝐴 when the vertical 

scale of the oscilloscope is increased in the experiment. 

 Figure 5.6(d), the amplitude of the time series used in Figure 5.6(a) is reduced 

to its half value, but this time series is still digitized to 255 levels. This is similar to the 

case that the vertical scale of the oscilloscope is adjusted to guarantee the signal takes 

up the full 8-bit range but without surpassing it when an optical attenuator is used to 

reduce the signal power. The complexity of this time series is calculated.  We can see 

that the result is the same as that in Figure 5.6(b). This indicates that the absolute power 

would not influence the normalized PE value, but the data’s digitization will affect its 

results. The reason for this phenomenon is that PE is a method based on the relative 

amplitude of time series value, not the absolute value.  

 Two minima separated by half inverse the relaxation oscillation frequency 

(1/(2𝑓𝑅𝑂)) near 𝑒𝑥𝑡   [175], [177] are not obvious in Figure 5.6 and Figure 5.2(b). It 

may due to lower bandwidth (4GHz) oscilloscope for Figure 5.2(b). Lower bandwidth 

oscilloscope causes the loss of the dynamics at frequencies close to 𝑓𝑅𝑂 . For the 

simulation results in Figure 5.6, lower length of the ordinal pattern for PE calculation 

may be attribute to less significant of the signature of 𝑓𝑅𝑂 . It is interesting to see that 

the signature of 𝑓𝑅𝑂  near 𝑒𝑥𝑡 becomes clearer for less digitized levels, as indicated by 

an arrow in Figure 5.6(c). This phenomenon is outside the scope of this thesis and will 

be investigated in the future study. Figure 5.6 also shows that the maximum normalised 

PE value (the “flat” value) decreases with decreased digitisation levels, whereas the 

trough depth of the normalized PE at 𝑒𝑥𝑡 increases at the same time. 
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Figure 5.6 The normalized PE calculated from (a) the time series calculated 

from the rate equations; (b) the time series being digitized to 255 levels; (c) the 

time series being digitized to 127 levels; (d) the time series whose amplitude has 

been reduced by half and digitized to 255 levels. 

 

 To better show the effect of digital acquisition on the normalized PE, the 

normalized PE at 𝑒𝑥𝑡, the average normalized PE and the trough depth at 𝑒𝑥𝑡  of the 

time series used in Figure 5.6(a) as a function of digitized levels are plotted in Figure 

5.7. This is analogous to the scenario that the same time series is being recorded by an 

oscilloscope using a different vertical scale. The average PE is the average value of the 

normalized PE for the embedding delay time between 1.2𝑛𝑠  and 1.4𝑛𝑠 , which 

corresponds to the maximum normalised PE value (the “flat” value). The trough depth 

at 𝑒𝑥𝑡  is defined as the difference between the average normalized PE and the 

normalized PE at 𝑒𝑥𝑡. The result exhibits that both the normalized PE at 𝑒𝑥𝑡 , and the 

average normalized PE increase monotonically with increased digitized levels, but the 

increase rate for the normalized PE at 𝑒𝑥𝑡 is slightly faster than that of the average 

normalized PE, therefore the trough depth at 𝑒𝑥𝑡 decreases with the increased digitized 

levels. The results in Figure 5.7 prove that the data acquisition should cover the full 

vertical resolution of the oscilloscope to reduce the degradation of the complexity of 
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chaos signal, as recommended in [78], [177]. For the comparison of complexity of chaos 

using PE, all data should use the same digitized levels. 

 

 

Figure 5.7 Numerical simulation effect of the digitized levels on the average 

normalized PE (circles), the normalized PE at 𝒆𝒙𝒕 (squares) and the depth of 

the trough at 𝒆𝒙𝒕 (triangles) as a function of digitized levels. 

 

5.4 Experimental Result 

 Now we have minimized the unwanted effect of digital acquisition on 

complexity of chaos by the methods presented above, we will begin to discuss the effect 

of bias current on complexity and time delay signature of Chaos. Figure 5.8 shows the 

time traces, power spectra, autocorrelation functions and permutation entropy of the 

output of the laser subject to −10.2 𝑑𝐵 optical feedback at the bias current of 50𝑚𝐴, 

60𝑚𝐴  and 70𝑚𝐴  in the free-space experimental setup. The time series in Figure 

5.8(a1), (a2) and (a3) show the fluctuations of the output amplitudes, which indicates 

that the laser is in chaos dynamics. The second column in Figure 5.8 shows the power 

spectra of the laser output. The results demonstrate that the bandwidth of chaos 

increases with increasing bias current. This is easy to understand, since the bandwidth 

of chaos is dependent on the laser’s relaxation oscillation (RO) frequency and the RO 

frequency is proportional to the square root of the difference between the bias current 
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and the threshold current. The third column of Figure 5.8 displays the AC coefficient 

as a function of the delay time. In the results, the AC coefficients has a peak at around 

5.6𝑛𝑠, which equals the feedback round trip time. The TD signature of chaos can be 

quantified by measuring the AC peak value at the feedback round trip time[43], [95], 

[181], [182]. Figure 5.8(c1) shows that the AC peak value is 0.74 for the bias current of 

50𝑚𝐴. When the bias current increases to 60𝑚𝐴, the AC peak value decreases to 0.72. 

If the bias current is further increased to 70𝑚𝐴, the AC peak value decreases to 0.65. 

The fourth column of Figure 5.8 represents the normalized 𝑃𝐸 (𝐻(𝑝)) drawn against 

the embedding delay time. There are troughs at the feedback round trip time and its 

subharmonics for all three bias currents. The trough value at the feedback round time is 

adopted to be used to measure the complexity of chaos [32]. Figure 5.8(d1) shows a 

deep trough at 5.6𝑛𝑠, where the value is 0.7. When the bias current increases to 60𝑚𝐴, 

the depth of trough at delay time increases to 0.8. Further increasing the bias current to 

70𝑚𝐴, the depth of trough increases again to 0.86. 

 

Figure 5.8 The time traces (first column), RF power spectra (second column 

autocorrelation coefficient curves (third column) and permutation entropy 

curves (fourth column)) of the chaotic signal. The top, middle and bottom rows 

represent bias currents of 𝟓𝟎𝒎𝑨, 𝟔𝟎𝒎𝑨 and 𝟕𝟎𝒎𝑨, respectively. 
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 The results in Figure 5.8 show that the values of bandwidth, TD signature and 

complexity of chaos with the same feedback ratio are sensitive to the bias current. The 

TD signature and complexity as a function of the normalized bias current with the same 

feedback strength used in Figure 5.8 are calculated and shown in Figure 5.9(a). The bias 

current has been normalized with the threshold current.  In Figure 5.9(a), a minimum 

TD signature has been observed at the highest bias current being measured. The 

complexity almost linearly increases with increasing bias current. The TD signature and 

complexity show an inverse relationship for most normalized bias currents except the 

kink at the normalized bias current between 1.55 and 1.69. The inverse relationship 

between the TD signature and complexity is in good agreement with the simulation 

result [183].  

 

 

Figure 5.9 The TD signature and complexity of chaos as a function of the 

normalized bias currents in (a) the free space experimental setup, (b) the all-

fiber experimental setup. 
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 We have also performed the experiment in an all-fiber setup, as shown in 

Figure 5.1(b). When the feedback ratio was adjusted to about −14.3𝑑𝐵, the laser was 

in chaos dynamics. The TD and complexity of chaos with various bias currents were 

calculated and plotted in Figure 5.9(b). The results show that the TD signature decreases 

with increasing bias current at the very beginning. When the normalized bias current 

reaches 1.4, a minimum TD signature is obtained. If the bias current is further increased, 

the TD signature will increase again. For normalized bias currents between 1.8 and 1.9, 

the TD signatures do not change much with the local maximum TD signature obtained. 

When the normalized bias current is tuned to more than 1.9, the TD signature starts to 

drop again. The complexity of chaos, on the other hand, initially increases with bias 

current until the normalized bias current reaches 1.6. After that the complexity of chaos 

starts to saturate at 0.93. It is clear that the complexity has an inverse relationship with 

the TD signature for lower bias currents, however, the inverse relationship disappears 

after the normalized bias current reaches 1.4. 

5.5 Simulation Result 

 In order to understand the difference between Figure 5.9(a) and (b), nonlinear 

dynamics of semiconductor lasers with optical feedback have been numerically 

simulated using the Lang Kobayashi laser equations [78], as shown in Equation Error! R

eference source not found.) and Error! Reference source not found.2). 

 MATLAB solver dde23 was used to numerically solve Equation 5.1) and 

Error! Reference source not found.5.2) with a temporal resolution of 10𝑝𝑠. Typical s

emiconductor laser’s parameters:  = 3.0 , 𝑁 = 2𝑛𝑠 , 𝑝 = 2ps , 𝑔0 =

510−12 𝑚3𝑠−1 , 𝑁0  =  1.5 1024 𝑚3  and 𝑉 = 2.910−16𝑚3  were chosen in the 

simulation.  The laser’s lasing wavelength was set at 860𝑛𝑚, threshold current 𝐼𝑡ℎ  =

37.3𝑚𝐴 and 𝑒𝑥𝑡  =  5.6𝑛𝑠, which corresponds to our free-space experimental setup. 

The duration of the time series is 1s. When the feedback strength  is set to 60𝑛𝑠−1, 

the laser operated at chaotic dynamics for the normalized bias current range from 1.05 

to 2.0. The TD signature and complexity of chaos have been calculated and shown in 

Figure 5.10(a). The TD signature shows an almost linear decrease with increasing bias 

current until the normalized bias current reaches 1.9.  Further increasing the bias 

current, the TD signature is almost unchanged. Figure 5.10(a) also shows that the 
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complexity increases monotonically with increasing bias current until the normalized 

bias current reaches 1.75. Further increasing the bias current, the complexity is almost 

unchanged. The results in Figure 5.10(a) show that the complexity is approximately in 

inverse relationship with the TD signature, which is qualitatively agreed with the 

experimental results in Figure 5.9(a). However, there is no kink for the TD signature in 

the simulation results. Also, the complexity does not linearly increase with increasing 

bias current. More investigation should be done to explore the fundamental difference 

between experimental and theoretical results. 
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Figure 5.10 Numerical results of the TD signature and complexity as a function 

of the normalized bias currents with a feedback strength of (a) 𝟔𝟎𝒏𝒔−𝟏, (b) 

𝟑𝟎𝒏𝒔−𝟏, (c) 𝟗. 𝟑𝟐𝒏𝒔−𝟏. 

 

 When the feedback strength  is reduced to 30𝑛𝑠−1, and the other parameters 

kept the same as those in Figure 5.10(a), the laser still operated at chaotic dynamics for 

the normalized bias current range from 1.05 to 2.0. Its TD signature and complexity as 

a function of the bias current are displayed in Figure 5.10(b). The trend of the curves 

are different from those in Figure 5.10(a). The TD signature decreases initially. When 

the normalized bias current reaches about 1.5, the TD signature starts to saturate. When 

the normalized bias current increases to more than 1.75, The TD signature begins to 

increase. On the other hand, complexity increases with increasing bias current for the 
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normalized bias current below 1.25. After that, the complexity shows saturation, and 

the bias current has little effect on the complexity. These results agree well with those 

in Figure 5.9(b) except that an extra dropping of TD signature at high bias current has 

been observed in the experiment. 

 When the feedback strength  is further reduced to 9.32𝑛𝑠−1, the dependence 

of the TD signature and complexity on the bias current is illustrated in Figure 5.10(c). 

The curves are quite different compared with those in Figure 5.10(a) and (b). The TD 

signature decreases when the normalized bias current increases from 1.05 to 1.1. After 

that, the TD signature starts to increase quickly with increasing bias current until the 

normalized bias current reaches 1.45. After that, the bias current has much less effect 

on the TD signature. The variation of complexity is almost inverse to that of TD 

signature, but the change rates for the TD and complexity vary at different bias current 

regions. There is a sharp increase of complexity when the normalized bias current 

increases from 1.9 to 1.95. The reason for this sharp increase is due to very small 

fluctuation amplitude at the normalized bias current of 1.95, the laser is almost operated 

at steady-state. 

 During the experiments, we have used different wavelength lasers and different 

feedback round trip times to illustrate the effects. Here we have also introduced different 

wavelengths and feedback round trip times in the simulation. The results show that 

wavelength has little effect on the variation of the TD and complexity with the bias 

current. The feedback round trip time also has very little influence on the trend of the 

TD and complexity. 
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Figure 5.11 Maps of (a) TD signature, (b) complexity of chaos with varying 

bias current and feedback strength. 

 

 The maps of the TD signature and complexity with varying bias current and 

the feedback strength are presented in Figure 5.11. It can be seen in Figure 5.11(a) that 

lower TD signature has been achieved at lower bias current with lower feedback 

strength. With increasing feedback strength, the lowest TD signature shifts to higher 

bias current. Meanwhile, the lowest TD signature decreases with decreasing feedback 

strength. This map is somehow different from that in Ref. [176], where lower TD 

signature can be achieved over a much wider range of bias currents for higher feedback 

ratio. This difference may be due to polarization-rotated feedback in [176], while it is 

polarization preserved feedback in our study. 

 The trend of complexity in Figure 5.11(b) has some similarity with that of the 

TD signature in Figure 5.11(a). The highest complexity is obtained at a lower bias 

current and a lower feedback strength. For the feedback strength between 15𝑛𝑠−1,  and 

25𝑛𝑠−1, there is an optimum bias current, where the chaos is most complex. This result 

is similar to the simulation result in [183]. This optimum bias current moves to higher 

bias current with an increasing feedback strength. However, for the feedback strength 

between 30𝑛𝑠−1 ,  and 55𝑛𝑠−1 , there is a wider bias current region where the bias 

current has very little effect on the complexity compared to that on the TD signature. 
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5.6 Chapter Summary 

 The influence of bias current and the feedback strength on the complexity and 

time-delay signature of chaotic signals in semiconductor lasers with optical feedback 

has also been investigated experimentally and theoretically. The time-delay signature 

has an approximately inverse relationship to the complexity of chaos in the free space 

experimental setup. However, this inverse relationship disappears at the higher bias 

current in the all-fiber experimental setup. This disappearance is due to the decrease of 

feedback strength, as confirmed by the simulation results using the Lang Kobayashi 

laser equations. The numerical simulation results show that the TD signature has an 

inverse relationship to complexity for strong or low feedback strength. For intermediate 

feedback strength, an inverse relationship between TD signature and complexity only 

exists at lower bias currents, and the bias current has little effect on the complexity of 

chaos at higher bias currents. In the experiment, ‘abnormal’ variations of the complexity 

of chaos with bias current were observed. Such  ‘abnormal’ variations are attributed to 

the change of data digitization resolution. The complexity increases with increased 

digitized levels. In order to reduce the degradation of the complexity of chaos signal, 

the data acquisition needs to cover the full vertical resolution of the oscilloscope. For 

the comparison of the complexity of chaos using PE, all data should be acquired using 

the same resolution of the digitization. 
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6 Conclusion 

6.1 Summary 

 Photonic generation of stable microwave using the dynamics of an optically 

injected single-mode VCSEL is investigated. Firstly, continuously tunable photonic 

microwave generation based on P1 dynamics in an optically injected VCSEL is studies. 

The continuously tunable microwave frequency from 4𝐺𝐻𝑧 to up to an instrumentation 

limited of 15𝐺𝐻𝑧 was observed. The higher P1 microwave frequency can be obtained 

by further increasing the frequency detuning and injection power. The P1 microwave 

frequency increases with the increases of the frequency detuning and injection power. 

The influence of frequency detuning on the generated microwave power is varied, and 

it is depended on the excitation of both linear polarizations of the VCSEL. The second 

harmonic distortion (SHD) decreases with the frequency detuning for higher injection 

power. The injection power has little effect to the SHD.  The simulation results verified 

the experimental result and provided the almost linear relationship between the linear 

dichroism and P1 microwave frequency. The linear birefringence of the VCSEL has no 

effect on the microwave frequency and has very little effect to the microwave power. 

 Secondly, the optical feedback effect on the linewidth and stability of the 

generated photonic microwave based on P1 dynamics in an optically injected single-

mode VCSEL has been experimentally studied. Both single and double feedback 

configuration can reduce the linewidth of the generated P1 microwave. However, the 

single feedback setup can introduce the side peaks to the P1 microwave if the feedback 

phase is not adjusted carefully. The double feedback not only reduces the linewidth but 

also minimizes the side peaks. The numerical simulation results support the 

experimental linewidth reduction results. The simulation results indicate  that both 

single and double feedback can reduce the linewidth and the linewidth reduction is 

mainly related to the total feedback strength. The second feedback can be used to 

suppress  the side peaks. A map of P1 microwave quality affected by double optical 

feedback is also created, which will provide a guidance for setting the feedback strength 

for improving P1 microwave quality through optical feedback techniques.  
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 In this thesis, effect of bias current on the relationship between complexity and 

TD signature of the chaotically oscillated semiconductor laser has also been 

theoretically and experimentally studied. The contribution of this thesis to the research 

area of laser’s chaotical behavior is summarized as follows: The time-delay signature 

has an approximately inverse relationship to the complexity of chaos in the free space 

experimental setup. This behavior is not presented in the all-fiber setup at higher bias 

current situation. The numerical simulation results suggest that this difference may due 

to the different  feedback strength. The numerical simulation results show that the TD 

signature has an inverse relationship to complexity for strong or low feedback strength. 

For intermediate feedback strength, an inverse relationship between TD signature and 

complexity only exists at lower bias currents, and the bias current has little effect on the 

complexity of chaos at higher bias currents. 

6.2 Future Work 

 Building on this research, further investigation of the dynamical properties of 

semiconductor lasers can be conducted. 

• In Chapter 3, the experimental result of microwave power mapping(Section 

3.3.3 Page 54) showed two higher power areas. This is not always the case on 

other VCSELs we tested. It is pointed out that it is likely due to both 

polarizations excitation and it is depended on individual VCSEL internal 

parameters, more detailed reason can be investigated in future studies. 

• In Chapter 4, compare to Chapter 3’s numerical study, the numerical integration 

step and total calculation time span is significantly increased to provide 

linewidth and side peak studying result with higher accuracy. Generating each 

point on the mapping requires over 4  hours of calculation (calculated with 

MathLAB 2018a using 4th order Runge–Kutta method). Upon checking the P1 

microwave under different injection conditions or other short-external cavity 

feedback delay time, the general behavior of the optical feedback affecting the 

P1 microwave remains same, due to the time constraint, detailed mapping of the 

feedback strength or phase variation affecting the P1 microwave quality is not 

provided and could be further generated in the future. The ratio of the feedback 

strength and injection strength affecting the VCSEL P1 oscillation state can be 

further studied. 



Optical Effects on the Dynamical Properties of Semiconductor Laser Devices and Their Applications 

120  Songkun Ji - February 2019 

• In Chapter 4, we have used optical feedbacks to reduce the microwave linewidth 

and improve its stability. However, during the experiment, the P1 frequency still 

drifts on the order of megahertz. This frequency drift is attributed to the 

environmental fluctuations such as bias current output purity, temperature 

variation, and optical table vibration. It can be improved by package the whole 

setup into a compact module to resist the environmental fluctuations. 
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