
 

 

 

P
R

IF
Y

S
G

O
L

 B
A

N
G

O
R

 /
 B

A
N

G
O

R
 U

N
IV

E
R

S
IT

Y
 

 

Robust Control for an Active Suspension System via Continuous Sliding-
Mode Controllers
Ovalle, Luis; Rios, Hector; Ahmed, Hafiz

Engineering Science and Technology, an International Journal

DOI:
https://doi.org/10.1016/j.jestch.2021.06.006

Published: 01/04/2022

Publisher's PDF, also known as Version of record

Cyswllt i'r cyhoeddiad / Link to publication

Dyfyniad o'r fersiwn a gyhoeddwyd / Citation for published version (APA):
Ovalle, L., Rios, H., & Ahmed, H. (2022). Robust Control for an Active Suspension System via
Continuous Sliding-Mode Controllers. Engineering Science and Technology, an International
Journal, 28, [101026]. https://doi.org/10.1016/j.jestch.2021.06.006

Hawliau Cyffredinol / General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or
other copyright owners and it is a condition of accessing publications that users recognise and abide by the legal
requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private
study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to
the work immediately and investigate your claim.

 23. May. 2023

https://doi.org/10.1016/j.jestch.2021.06.006
https://research.bangor.ac.uk/portal/en/researchoutputs/robust-control-for-an-active-suspension-system-via-continuous-slidingmode-controllers(e2dfa766-fbf6-4ca0-ab1a-963c3eb0806e).html
https://research.bangor.ac.uk/portal/en/researchers/hafiz-ahmed(6153a4c6-a974-4610-9f0f-b7ddc79b389b).html
https://research.bangor.ac.uk/portal/en/researchoutputs/robust-control-for-an-active-suspension-system-via-continuous-slidingmode-controllers(e2dfa766-fbf6-4ca0-ab1a-963c3eb0806e).html
https://research.bangor.ac.uk/portal/en/researchoutputs/robust-control-for-an-active-suspension-system-via-continuous-slidingmode-controllers(e2dfa766-fbf6-4ca0-ab1a-963c3eb0806e).html
https://doi.org/10.1016/j.jestch.2021.06.006


Engineering Science and Technology, an International Journal 28 (2022) 101026
Contents lists available at ScienceDirect

Engineering Science and Technology,
an International Journal

journal homepage: www.elsevier .com/ locate / jestch
Full Length Article
Robust Control for an Active Suspension System via Continuous
Sliding-Mode Controllers
https://doi.org/10.1016/j.jestch.2021.06.006
2215-0986/� 2021 Karabuk University. Publishing services by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author at: Tecnológico Nacional de México/I.T. La Laguna,
División de Estudios de Posgrado e Investigación, Blvd.Revolución y Cuauhtémoc
S/N, Torreón, Coahuila C.P. 27000, Mexico.

E-mail address: hriosb@correo.itlalaguna.edu.mx (H. Ríos).
Luis Ovalle a, Héctor Ríos b,c,⇑, Hafiz Ahmed d

aUniversidad Nacional Autónoma de México, Facultad de Ingeniería, CDMX, C.P. 04510, Mexico
b Tecnológico Nacional de México/I.T. La Laguna, División de Estudios de Posgrado e Investigación, Blvd. Revolución y Cuauhtémoc S/N, Torreón, Coahuila C.P. 27000, Mexico
cCátedras CONACYT, Ciudad de México, Av.Insurgentes Sur 1582, C.P. 03940, Mexico
dNuclear Futures Institute, Bangor University, Dean Street, Bangor LU57 1UT, United Kingdom
a r t i c l e i n f o

Article history:
Received 4 March 2021
Revised 28 May 2021
Accepted 13 June 2021
Available online 08 July 2021

Keywords:
Active suspension system
Sliding-mode control
Robust control
a b s t r a c t

In this paper, a simple control methodology is proposed to stabilize the position of the sprung mass of the
quarter car system. The simplicity of the structure of the proposal facilitates the application in real sys-
tems. Such methodology allows five different continuous sliding-mode controllers to be selected by
means of two similar designs to mitigate the chattering effect. These robust controllers ensure the expo-
nential stability of the sprung mass of a quarter car system in the presence of some class of non-vanishing
disturbances. The closed-loop stability is guaranteed by means of a Lyapunov function approach and
Input-to-State Stability properties. Some simulations and comparisons show the effectiveness of the pro-
posed control schemes compared to a classic linear approach. Additionally, some experimental results
show the effectiveness of the proposed controllers in the Quanser Active Suspension System.
� 2021 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Instrumentation and control plays a vital role in automotive
systems. Recent advances in control of automotive systems such
as autonomous vehicles [1], traction system [2], active steering
[3] and anti-lock brake systems [4] have shown that advanced con-
trol techniques can significantly improve the safety, performance
and comfort of automotive systems.

Comfort is very important in passenger vehicle. Suspension sys-
tem [5,6] plays an important role in proving comfort to passengers.
In order to provide a higher level of comfort, a suspension system
should make the movement associated with the body of the car
independent from any irregularities on the terrain. This is usually
managed by a passive suspension which performs this task by
means of springs and dampers. These mechanical elements cannot
adapt themselves to differences in the terrain and offer a predeter-
mined response.

To overcome the limitation of passive suspension, active sus-
pension has been introduced in the literature. The introduction of
active suspension systems, i.e., those that can exert a force which
changes the suspension characteristics, can provide a more com-
fortable driving experience by injecting or subtracting damping
to the system in such a way that the suspension better adapts to
the terrain [7]. The main problem related to the control design
for an active suspension system is its under-actuated nature, i.e.,
it has more degrees of freedom than actuators. It is a well-known
fact that it is more challenging to control under-actuated systems
unlike fully-actuated ones. Nonetheless, a number of techniques
have been used to control underactuated systems, e.g., H1, model
predictive control, Lyapunov-based approaches, neural controllers,
etc. In a real world application, the parameters of a car are expected
to vary, e.g., the mass of the car may vary hundreds of kilograms if
it is ridden by one or four people. Thus, the need to design robust
controllers in automotive applications is evident. Furthermore, the
effect of nonidealities in the model such as actuator deadzones and
unmodeled dynamics make the need for robust controllers even
more dire [8,9].

Sliding-modes controllers are known for their outstanding
robust performance [10], being insensible to some kind of pertur-
bations. However, the main drawback is the so-called chattering
phenomena, i.e., very high frequency oscillations, which appear
due to the discontinuous nature of the control signals. The allevia-
tion of this phenomena bymeans of approximations for the discon-
tinuous signals has been studied [11]. However, in such solutions,
the robust performance is compromised.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jestch.2021.06.006&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://doi.org/10.1016/j.jestch.2021.06.006
http://creativecommons.org/licenses/by-nc-nd/4.0/
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Another approach to mitigate the effects of chattering are con-
tinuous sliding-modes controllers (see, e.g., [12–15]). These con-
trollers provide a continuous control signal, theoretically
eliminating the chattering effect. The main idea behind the conti-
nuity of such approaches is to integrate the discontinuous compo-
nents of the control signal. Nevertheless, the continuity of the
control signal implies a reduction on the class of disturbances
these controllers are able to deal with [10]. For instance, while a
first-order sliding-mode controller is able to cope with bounded
perturbations, the Super-Twisting algorithm, a continuous con-
troller for systems with relative degree one, is insensible to Lips-
chitz continuous perturbations [10].

In the context of robust control for active suspension systems, a
lot of work can be found. In [16,17], a fuzzy controller with particle
swarm organization is presented. A fuzzy sliding-mode controller
is introduced in [18,19] to stabilize a car. In [20], an adaptive con-
trol based on neural networks is presented. In [21], H2 and H1
controllers for active suspension system are proposed. An intelli-
gent feedback linearization controller for electro–hydraulic sus-
pension system is proposed in [22]. In [23] a quasi-sliding-mode
controller is presented based on a boundary layer approach; how-
ever, the robustness of the controller is compromised. In [24], a
backstepping based controller is proposed for active suspension
system. A feedback linearization controller together with a linear
disturbance observer is presented in [25]; the observer ensures
the stability of the system in the presence of dead-zones and hys-
teresis on the actuator. In [26], a nonlinear controller is used to
solve a double control objective, where the control scheme changes
according to some signal to either stabilize the position of the car
mass or the deflection of the suspension. Some applications of Lya-
punov functions based controllers can also be found in [27,28].

The cited literature shows a trend to merge two or more control
techniques in order to achieve an acceptable performance.This
means that the computational burden to implement such schemes
is higher than a controller relaying on a singe loop. In applications
where the sampling time is critical and the on-board computers
have a restricted power in terms of operations, such as automotive
applications, the computational burden is very important. Further-
more, the application of heuristic techniques such as fuzzy con-
trollers, neural networks and metaheuristic algorithms in
conjunction with sliding-mode controllers gives a good solution
of the control problem [29–31]; nonetheless this is done by means
of a fairly deep understanding of the process to be controlled. This,
in turn, means that a more capable workforce needs to be
employed, raising the prices of product.

In contrast, due to the remarkable robustness properties of
sliding-mode controllers, these approaches result in much simpler
schemes from a computational point-of-view. One of the problems
when designing such controllers is the need to know some kind of
bound on the perturbation and/or its derivative. Nonetheless, this
bound can be found through a series of simple tests. With respect
to the mentioned literature, the schemes presented in [23,25] are
of particular interest, since some controllers based on sliding-
mode control theory are proposed. Specifically, in [23], an approx-
imation to a sliding-mode controller is used along with a distur-
bance observer; in this approach it is not possible to consider the
discontinuous algorithm since it is required to ensure that the dis-
turbance term is Lipschitz continuous; thus, robustness properties
of the controller are degraded. On the other hand, in [25], a feed-
back linearization controller is proposed. Such a scheme can be
seen as a sliding-mode controller where the discontinuous term
is replaced by a linear term. Thus, the stability is ensured by means
of a linear disturbance observer. Both of these approaches consider
the disturbance terms to be Lipschitz continuous and only achieve
an ultimate bound for the position of the sprung mass.
2

Thus, based on the difficulties presented in the literature to sta-
bilize the position of the sprung mass of the quarter car system,
this work contributes with the following:

� A simple design procedure, which does not require external
components such as disturbance observers or computationally
expensive methods.

� The usage of state-of-the-art sliding-mode algorithms to control
a quarter-car suspension system.

� Exact and finite-time compensation of Lipschitz continuous dis-
turbances by means of a continuous control signal.

� The closed-loop stability guaranteed by means of Lyapunov
functions and ISS properties.

� Simulation and experimental results validating the theoretical
results.

The structure of the paper is given as follows: Section 2 gives
some preliminaries, while Section 3 shows the problem statement.
Section 4 deals with the design of the robust controllers. Section 5
shows some simulation results. Section 6 shows some experimen-
tal results and Section 7 provides some concluding remarks.

2. Preliminaries

Let Rþ denote the set of all non-negative real numbers. For a
(Lebesgue) measurable function d : Rþ ! Rm define the norm
kdk½t0 ;t1Þ ¼ esssupt2½t0 ;t1Þkdk, then kdk1 ¼ kdk½0;1Þ. The set with the
property kdk1 < 1 is denoted as L1. A continuous function
a : Rþ ! Rþ belongs to the class K if it is strictly increasing and
að0Þ ¼ 0; it belongs to class K1 if it is also unbounded; a continu-
ous function b : Rþ � Rþ ! Rþ belongs to the class KL if for each
fixed s; bð�; sÞ 2 K, and bðr; �Þ is strictly decreasing to zero for any
fixed r 2 Rþ.

Consider a time-dependent differential equation:

dxðtÞ
dt

¼ f t; xðtÞ;wðtÞð Þ; t P t0; t0 2 R; ð1Þ

where x 2 Rn represents the state vector and w 2 Rq is an external
disturbance; f : R� Rn ! Rn is a continuous function with respect
to x and piece-wise continuous with respect to t, such that
f ðt;0;0Þ ¼ 0 for all t 2 R. The solution of the system 1, for an initial
condition x0 2 Rn, at a time instant t0 2 Rn, is denoted as
xðt; t0; x0;wÞ and is defined on some finite time interval ½t0; t0 þ TÞ,
such that 0 < T < 1. Let X be an open neighborhood of the origin
in Rn; 0 2 X and w � 0.

Definition 1. [32,33] The origin of the system 1, x ¼ 0, is said to be:
1. Uniformly Stable (US), if for any e > 0, there is dðeÞ such that for
any x0 2 X, if jjx0jj 6 dðeÞ, then jjxðt; t0; x0;0Þjj 6 e, for all t P t0
and any t0 2 R;

(a) Uniformly Exponentially Stable (UES), if it is US and exponen-
tially convergent from X, i.e., for any x0 2 X, there exist k;r > 0
such that kxðt; t0; x0;0Þk 6 kkx0ke�r t�t0ð Þ, for all t P t0 and any
t0 2 R;
(b) Uniformly Finite-Time Stable (UFTS), if it is US and finite-time
convergent from X, i.e., for any x0 2 X there exist 0 6 Tx0 < þ1
such that xðt; t0; x0;0Þ ¼ 0, for all t P t0 þ Tx0 and any t0 2 R.
The function T0ðx0Þ ¼ inffTx0 P 0 : xðt; t0; x0Þ ¼ 0
8t0 P t0 þ Tx0g is called the settling-time of the system 1.
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If X ¼ Rn, then x ¼ 0 is said to be globally US (GUS), UES (GUES) or
UFTS (GUFTS), respectively.

Definition 2. [32] The system 1 is said to be ISS if for any w 2 L1
and any x0 2 Rn there exist some functions b 2 KL and c 2 K such
that
xðt; t0; x0;wÞk k 6 bð x0k k; t � t0Þ þ cð wk k1Þ; 8t P t0 P 0:
Definition 3. [34] A Lyapunov function V is called ISS Lyapunov func-
tion for the system 1, if its time derivative satisfies:

_VðxÞ 6 �aðxÞ; 8kxk > vðkwk1Þ;
for some a;v 2 K1.

The existence of an ISS Lyapunov function for the system 1
implies that such a system is ISS with respect to w.

3. Problem Statement

Consider the nonlinear model of a quarter car system [26] (see
Fig. 1).

d
dt

x1
x2
x3
x4

2
6664

3
7775 ¼

x2
� 1

ms
ðf s þ f d � uþwðtÞÞ

x4
1
mu

ðf s þ f d � f t � uþwðtÞÞ

2
6664

3
7775;

f sðx1; x3Þ ¼ ks1ðx1 � x3Þ þ ks2ðx1 � x3Þ3;
f dðx2; x4Þ ¼ c1ðx2 � x4Þ þ c2ðx2 � x4Þ2;
f tðx3; x4; zÞ ¼ kuðx3 � zÞ þ ctðx4 � _zÞ;

ð2Þ

where ms and mu represent the sprung and unsprung masses, ks1
and ku represent the coefficients for the linear action of the spring
for the suspension and tire, ks2 is the nonlinear part of the spring
for the suspension, c1 and ct are the linear damper coefficients for
the sprung and unsprung masses, c2 represents the coefficient for
the nonlinear action of the suspension damper, g is the acceleration
due to gravity; x1 and x3 represent the positions of the sprung and
unsprung masses, x2 and x4 are the velocities of the sprung and
unsprung masses, respectively. Finally, z is an external signal repre-
Fig. 1. Schematic representation of a quarter car system.

3

senting the bumps and potholes of the road, generally called profile
of the rode; u is the control force and w represents some distur-
bances such as parameter uncertainties, external forces and unmod-
eled dynamics.

The objective of this work is to stabilize the position of the
sprung mass, i.e., x1, in the presence of external disturbances and
without knowledge of the road profile.

4. Robust Control Design

The control law is composed of two controllers: a nominal con-
troller and a one of five different robust controllers, i.e.,

u ¼ un þ ur:

Thus, consider the following nominal controller

un ¼ f sðx1; x3Þ þ f dðx2; x4Þ: ð4Þ
Then, the following closed-loop system is obtained

d
dt

x1
x2
x3
x4

2
6664

3
7775 ¼

x2
� 1

ms
ð�ur þwðtÞÞ

x4
1
mu

ð�f t � ur þwðtÞÞ

2
6664

3
7775: ð5Þ

Thus, the problem has now become to design ur to ensure that
x1 goes to zero, in the presence of the disturbance term w, by
means of a continuous control law while ensuring the stability of
the dynamics for x2; x3 and x4. For this purpose, two different
approaches will be considered. The first approach is based on the
Super-Twisting algorithm (STA) [35], a continuous sliding-mode
controller, which can robustly stabilize a relative degree one sys-
tem in the presence of Lipschitz continuous disturbances. On the
other hand, the second approach is based on continuous sliding-
mode controllers that can stabilize relative degree two systems
also in the presence of Lipschitz continuous disturbances. Before
tackling the controllers design, consider the following assumption
over the disturbance term w.

Assumption 1. There exists a constant g > 0 such that

k d
dt

wk1 6 g: ð6Þ
Remark 1. Assumption 1 restricts the class of disturbances to be
Lipschitz continuous. This means that the considered disturbances
must be continuous in nature and, in fact, cannot grow faster than
a linear function of time.
4.1. STA-Based Robust Controller for Relative Degree One

Consider the following sliding variable

s ¼ cxx1 þmsx2; ð7Þ
where cx > 0 is a design parameter. Notice that taking s to zero
implies that the system will be governed by the following dynamics

x2 ¼ � cx
ms

x1; ð8Þ

which is a linear first-order system and its exponential stability is
guaranteed for any cx > 0. Then, differentiating 7 and substituting
the closed-loop dynamics 5, it follows that

_s ¼ cxx2 þ ur �wðtÞ: ð9Þ
It is clear that the sliding variable has relative degree one with

respect to the control input. Consider the following controller
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ur ¼ �cxx2 � k1dsc1=2 þ v ;
_v ¼ �k2dsc0:

ð10Þ

Thus, the following Theorem deals with the stability of system
5.

Theorem 1. Let the controller 10 be applied to system 5, and
Assumption 1 hold. If the controller gains are designed as

k1 ¼ 1:5g1
2; k2 ¼ 1:1g; ð11Þ

then, s ¼ 0 is GUFTS.
Proof. By substituting the control law 10 in 9, it follows that

_s ¼ cxx2 � k1
ms
dsc1=2 þ v �wðtÞ;

_v ¼ �k2dsc0:
Define �v :¼ v �w. The closed-loop dynamics can be rewritten

as

_s ¼ �k1dsc1=2 þ �v ;
_�v ¼ �k2dsc0 � _wðtÞ:

ð12Þ

In [36], it has been proven that the function

Vðs; �vÞ ¼ 1ðs; �vÞTP1ðs; �vÞ;

with 1 ¼ ½dsc12; �v �T and some 0 < P ¼ PT 2 R2�2, is a proper and
strong Lyapunov function for system 12. Then, according to [37],
if the gains are selected according to 11, ½s; �v �T ¼ 0 is GUFTS.
Remark 2. Since s ¼ 0 is GUFTS, it follows, from 8, that ½x1; x2�T ¼ 0
is GUES in spite of the perturbation w.

Due to the fact that �v ¼ 0 is GUFTS, v can be seen as an exact
and finite-time convergent estimator of the disturbance term w.

4.2. Continuous Sliding-Mode Controllers for Relative Degree Two

Define the following function

s ¼ msx1:

Thus, from 5, it follows that

d
dt

s
_s

� �
¼ _s

ur �wðtÞ

� �
: ð13Þ

It is clear that the relative degree of s with respect to w is equal
to two. Moreover, the task has been reduced to robustly stabilize
the system 13. In order to design the robust controller ur , the fol-
lowing algorithms are introduced:

a) Continuous Singular Terminal Sliding-Mode Controller
(CSTA) [38]
r ¼ krdsc2=3 þ _s;

ur ¼ �k1drc1=2 þ �v ;
_�v ¼ �k2drc0:

ð14Þ
One possible selection of gains is: kr > 0; k1 ¼ 1:5g1
2; k2 ¼ 1:1g.

b) Continuous Nonsingular Terminal Sliding-Mode Controller
(CNSTA)[14]
r ¼ sþ krd_sc3=2;
ur ¼ �k1drc1=3 þ v ;
_v ¼ �k2drc0:

ð15Þ
4

According to [14], one possible selection of the controller gains is
kr ¼ 7:7g�1=2; k1 ¼ 7:5g2=3; k2 ¼ 2g:

c) Continuous Twisting Algorithm (CTA) [13]

ur ¼ �k1dsc1=3 � k2d_sc1=2 þ v
_v ¼ �k3dsc0 � k4d_sc0:

ð16Þ

In [13], it is shown that the control gains can be taken as
k1 ¼ 7g2=3; k2 ¼ 5g1=2; k3 ¼ 2:3g; k4 ¼ 1:1g:

d) Discontinuous Integral Controller (DIC) [12]

r1 ¼ sþ k2d_sc3=2;
r2 ¼ sþ k4d_sc3=2;
ur ¼ �k1dr1c1=3 þ v
_v ¼ �k3dr2c0:

ð17Þ

In [12], the following gain selection procedure is proposed

k2 > 0; k4 2 R; k3 ¼ g
l
; k1 > 0;

for some 0 < l < 1. Then, the following Theorem deals with the sta-
bility of the system 13 when one of the continuous controllers 14-
17 is used.
Theorem 2. Let the system 13 be controlled by one of the continuous

controllers 14-17; then, ½s; _s�T ¼ 0 is GUFTS.
Remark 3. The convergence proofs of the given continuous
sliding-modes controllers can be found in the corresponding refer-
ences; moreover, all of them are based on Lyapunov function
approaches. Furthermore, every algorithm ensures that the
closed-loop system is insensible to the effect of the non-
vanishing disturbance wðtÞ.
Remark 4. Notice that Theorem 2 ensures that ½s; _s� ¼ 0 is GUFTS.
Thus, it follows that sðtÞ ¼ msx1ðtÞ ¼ 0 and _sðtÞ ¼ msx2ðtÞ ¼ 0, for all
t P T , i.e., ½x1; x2� ¼ 0 is GUFTS as well. Moreover, note that the
same information is needed for the computation every controller.
Thus, Theorem 2 presents a stronger theoretical result than
Theorem 1.

Fig. 2 shows a representation of the closed-loop systemwith the
proposed methodology. Note that all of the approaches use the
same amount of information and that the only difference is given
by the selection of the sliding-mode algorithm.

Both of the proposed methodologies, i.e., the STA-based con-
troller and all of the five continuous sliding-mode controllers,
result in discontinuous closed-loop systems. Nonetheless, the con-
trol law that drives the quarter car system is continuous in nature;
Fig. 2. Schematically representation of the proposed methodology.
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thus, from a theoretical point-of-view, no chattering should affect
the system. In terms of implementation complexity, notice that
every algorithm is made up by a homogeneous nonlinear feedback
and the integral of a discontinuous term to ensure the finite-time
compensation of Lipschitz continuous disturbances. Therefore,
none of the proposals represent a significantly higher computa-
tional burden than the others.

Furthermore, the structure of the proposed methodology and
the result in [25] is similar, i.e., a feedback linearization control
law and a robustifying term. Furthermore, the result in [25] and
the proposed methodology consider the effect of Lipschitz contin-
uous perturbations. Then, since, in every controller considered in
Section 4 the variable v can be seen as an exact and finite-time con-
vergent approximation of the external disturbance wðtÞ, the pre-
sented methodology represents a stronger result from a
theoretical point-of-view.

It is worth mentioning that, although the continuity of the con-
trol signal ensures that, theoretically speaking, no chattering effect
is present, it has been proven in [39] that the presence of parasitic
dynamics, such as very slow actuators, may degrade the perfor-
mance of the controller. Thus, these parasitic dynamics should be
considered when designing the controller in real-world
applications.

4.3. Stability of the Unsprung Mass Position

Notice that, up to this point, nothing has been said about the
stability of x3 and x4. In this sense, consider the dynamics

d
dt

x3
x4

� �
¼ x4

� 1
mu

ðf tðx3; x4; zÞ þ ur �wðtÞÞ

" #
: ð18Þ

Define a disturbance vector d :¼ ½z; _z;ur �w�T . Then, the dynam-
ics for x4 can be rewritten as

_x4 ¼ 1
mu

ð�kux3 � ctx4 þ bdÞ;

with b ¼ 1
mu

½ku; ct ;1�. Then, the following Theorem deals with the
stability of system 18.

Theorem 3. Let the control law 3, with un given by 4 and ur given by
either 10 or 14, be applied to system 2. Then, the dynamics 18 is ISS
with respect to z and _z. Moreover, the system 2 is ISS with respect to z
and _z as well.
Proof. Define the vector ~x ¼ ½x3; x4�T . Thus, 18 can be described as

_~x ¼ A~xþ Bd; ð19Þ
where

A ¼ 0 1
�ku �ct

� �
; B ¼ 0

b

� �
:

Consider the following Lyapunov function candidate

Vð~xÞ ¼ ~xTP~x; ð20Þ
where P ¼ PT > 0 is the solution to the Lyapunov equation

PAþ ATP ¼ �Q ;

for some Q > 0. The derivative of the Lyapunov function candidate
along the trajectories of the system 19 is given by

_V ¼ ~xTðATP þ PAÞ~xþ 2~xTPBd;
¼ �~xTQ~xþ 2~xTPBd;
6 �kminðQÞk~xk2 þ 2k~xkkmaxðPÞkBkkdk1:
5

Thus, it follows that the derivative of V is bounded by

_Vð~xÞ 6 �kminðQÞð1� hÞk~xk2;
8k~xk > 2kmaxðPÞkBk

hkminðQÞ kdk1;

for any h 2 ð0;1Þ. Therefore, 20 is an ISS Lyapunov function for sys-
tem 18. Moreover, from Theorem 1, it follows that sðtÞ ¼ 0 and
vðtÞ ¼ wðtÞ, for all t P T0, with T0 as the settling time of the
sliding-mode controller. For the STA-based controller 10, ur expo-
nentially converges to w due to the presence of the term x2 that
vanishes exponentially with respect to the time. For the CSTA 14,
ur converges in a finite time to w. Thus, the only persisting distur-
bances acting on the system 18 are z and _z. Hence, system 18 is

ISS with respect to ½z; _z�T . Moreover, this implies that the system 2
is ISS with respect to z, and _z since 18 is a subsystem of 2. h
Remark 5. Notice that, although the system 2 is ISS with respect to
z and _z, the dynamics for x1 has been proven to be GUFTS. This
means that only x3 and x4 are affected by z and _z.
5. Simulation Results

In order to test the effectiveness of the proposed schemes, a ser-
ies of simulations are carried out. The parameters considered for
such simulations are: ms ¼ 290½kg�; mu ¼ 59½kg�,
g ¼ 9:81½m=s2�; c1 ¼ 1385:4½Nm�1 s�; c2 ¼ 524:28½Nm�2 s2�;-
ct ¼ 170½Nm�1 s�; ku ¼ 1:9� 106½Nm�1 �,
ks1 ¼ 1:45� 104½Nm�1 �; ks2 ¼ 1:6� 106½Nm�3 �, which represent
the parameters of a real vehicle.

The response of the system in a bumpy road is tested by consid-
ering the following profile.

z ¼

�at31 þ bt21 þ cðtÞ; 3:5 6 t < 5;

at32 þ bt22 þ cðtÞ; 5 6 t < 6:5;

at33 � bt23 þ cðtÞ; 8:5 6 t < 10;

�at34 � bt24 þ cðtÞ; 10 6 t < 11:5;
cðtÞ; otherwise;

8>>>>>>><
>>>>>>>:

where
cðtÞ ¼ 0:002 sinðtÞ þ 0:002 sinð7:5ptÞ; t1 ¼ t � 3:5; t2 ¼ t � 6:5;
t3 ¼ t � 8:5 and t4 ¼ t � 11:5.

In order to test the robustness of the schemes, a disturbance sig-
nal w ¼ 10 sinð10tÞ þ 10 is considered. Furthermore, to taste the
robustness under parameter uncertainty, it will be assumed, for
control design purpose, that the parameter ks1 possesses 90% of
its nominal value. Notice that for this disturbance signal, Assump-
tion 1 holds with g ¼ 300. Moreover a value of cx ¼ 90 is consid-
ered for the STA-based controller and kr ¼ 5 for the CSTA.

The linear disturbance observer (LDO)-based controller, pre-
sented in [25], is considered as a point of reference in terms of
the performance given by the proposed schemes.

Notice that, as stated at the end of Section 4, the proposed
methodology has some common points with the result given in
[25]. Thus, the next logical step is to compare their performance
in a simulation setting. It is important to note that all of the
approaches consider that full state information is available and
the task is to reject the disturbance signal d. Furthermore, the tun-
ing of the LDO must be done with a compromise in mind. A better
precision of the approximation implies a stronger initial response
which will be detrimental to the ride comfort as will be discussed
latter.

In order to keep the simulation result as comprehensive as pos-
sible, the STA-based controller along with the CSTA and the LDO



Fig. 5. Control signal.

Fig. 6. Filtered accelerations.
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are considered through the simulations. Note that only the CSTA-
based robust controller is considered for the relative degree two
case; such a controller was chosen due to its similarities with the
STA-based controller.

Throughout the simulations the following legends are
employed: OL represents the unforced open-loop response, LDO
stands for the linear disturbance observer approach, STA is the
STA-based controller and CSTA represents the CSTA-based
approach.

Fig. 3 shows the response of the sprung mass position. The
open-loop response is shown to verify the effectiveness of all of
the controllers. In this figure, it is possible to see that the CSTA
has the fastest transient response of all of the controllers. Addition-
ally, the LDO has a faster transient than the STA, but its precision in
the steady state is lower than the STA.

Fig. 4 displays the response for x3, showing the boundedness of
such a signal. Notice that no significant differences in the responses
of the proposed controllers is present. This actually implies that a
better response for the sprung mass is achieved, with respect to
the open-loop response, for all of the controllers.

Fig. 5 shows the control signals. The main observation of this
response is that the proposed controllers are able to better fulfill
the control objective, the stabilization of x1, with a similar level
of control action as the LDO and by means of a continuous control
law.

In order to assert the ride comfort, an appropriate index is
needed. According to the ISO 2631 standard, the human body is
more sensitive to frequency components between 4–8[Hz] for
accelerations. Thus, a weighted sum of the frequency components
of _x2 must be computed to analyze ride comfort; this is a challeng-
ing task. However, as stated in [40], the following fifth order linear
filter gives an accurate representation of such an index

wðpÞ ¼ 87:72p4 þ 1138p3 þ 11336p2 þ 5453pþ 5509
p5 þ 92:6854p4 þ 2549:83p3 þ 2569p2 þ 81057pþ 79783

:

Fig. 3. Sprung mass position.

Fig. 4. Unsprung mass position.
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Fig. 6 shows the response of the filtered acceleration _x2. This fig-
ure shows a superior ride quality for the proposed controllers with
respect to the LDO. Notice that the precision of the LDO can be
incremented with a different tuning; however, by doing so, the ini-
tial response will be heavily impacted. Thus, a compromise should
be made between precision and aggressiveness of the response.
This is not the case for the proposed controllers.

In order to provide a better metric for the comparison of the
results, let us consider the following comparison in terms of quan-
titative metrics. The considered criteria for the analysis are the
average of the absolute values for x1, the filtered accelerations
and u, considering a sampling time of 1 ms.

Note that, at first glance, the STA controller seems to have a
worst metric in almost every case. Nonetheless, this is due to the
fact that the transient response for such a variable is slower than
the response for the other methodology. Then, in terms of ride
comfort, this is reflected as a far superior response. Furthermore,
the response for the CSTA controller achieves a vastly superior
response without compromising the ride comfort with respect to
the LDO controller. Thus, it can be said that the proposed method-
ology gives a response to both ride comfort and accuracy in the
response far better than the LDO, and which of the two variables
is more important will determine the selection of the controller
to be implemented. Furthermore, it is important to remark that
the overall accuracy of the STA controller can be improved by mod-
ifying the cx parameter; a bigger value of cx would imply a faster
response, although ride comfort would be compromised.
6. Experimental Results

In order to show the effectiveness of the proposed controllers in
a more realistic setting, some experiments were carried out in an
experimental setup via the Quanser Active Suspension System,
shown in Fig. 7.



Fig. 7. Experimental platform.

Fig. 8. Sprung mass position.
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The Active Suspension consists of three masses that along stain-
less steel shafts using linear bearings and is supported by a set of
springs. The upper mass (blue) represents the vehicle body sup-
ported above the suspension, the middle mass (red) corresponds
to one of the vehicle’s tires, and the bottom (silver) mass simulates
the road. The upper mass is connected to a high-quality DC motor
through a capstan to emulate an active suspension system that can
dynamically compensate for the motions introduced by the road.
The lower plate is driven by a powerful DC motor connected to a
lead screw and cable transmission system. For technical details
about the Quanser Active Suspension System, interested readers
are requested to consult the Quanser website.1

The parameters for the experimental platform are taken as:
ms ¼ 2:45 ½kg�, mu ¼ 1 ½kg�; g ¼ 9:81 ½m=s2�; c1 ¼ 7:5 ½Nm�1s�,
ct ¼ 5 ½Nm�1s�; ku ¼ 900 ½Nm�1�; k1s ¼ 2:5� 103 ½Nm�1�; while the
nonlinearities are assumed to be unknown to test the robustness
of the schemes.

In order to further test the robustness of the schemes, a distur-
bance signal d ¼ 0:1 sinð10tÞ þ 0:1 is considered. Such a signal is
added to the experimental setup via software. The robust con-
trollers consider a value of g ¼ 2 to calculate the gains. Moreover
a value of cx ¼ 90 is considered for the STA-based controller and
kr ¼ 5 for the CSTA.

The considered road profile has the same structure as the one
considered in the simulation section. However, due to the physical
restrictions of the experimental prototype, such a profile has been
scaled down by a factor of 10. Note that, since the physical dimen-
sions of the prototype are fairly different from a real world plat-
form, these changes allows to consider a better example in terms
of maximal allowable displacements with a profile that is design
to represent somewhat common situations.

As it was the case in the simulation study, the STA-based con-
troller along with the CSTA and the LDO from [25] are considered.
Note that, in the physical implementation it is always reasonable
to assume that some parameter uncertainty is present on the sys-
tem and thus, no intentional parameter uncertainty is considered.

Fig. 8 shows the response of the sprung mass position. In this
figure, the proposed controllers show a better precision than the
LDO. Note that the behavior of the CSTA and the STA are very sim-
ilar, this is mainly due to the similar robustness properties of the
algorithms.

Fig. 9 shows the response for x3. Notice that a similar response
is achieved by all of the controllers. In this figure it is shown that
the continuous sliding-mode controllers achieve a better response
for x1 while maintaining a similar response for the unsprung mass.

Fig. 10 shows the control signals. In such a figure, it is possible
to see that the response of the continuous sliding-mode controllers
do not present a high level of oscillations. In fact, it is possible to
see that these controllers require a smaller overall value for the
control input to achieve the control objective.

Fig. 11 shows the response of the filtered acceleration _x2. All of
the responses are very similar. This implies a similar level of ride
control. However, as can be seen in Fig. 8, the continuous sliding-
mode controllers are able to achieve the stabilization of the system
in a much more precise manner than the LDO without affecting the
ride comfort ina significant way. see Table 1.

In order to provide some quantitative measure for the results,
the average of the absolute values of x1; _x2; x3 and u are consid-
ered as performance indexes. The value for jx1j was chosen to
assert the precision of the controllers, j _x2j gives an indication of
ride comfort i.e., for a higher value of _x2 the ride comfort is compro-
mised; and juj shows the control activity.
Fig. 9. Unsprung mass position.1 https://www.quanser.com/products/active-suspension/.
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Fig. 10. Control signal.

Fig. 11. Filtered accelerations.

Table 1
Quantitative experimental results for the Type II system.

Average of

jx1j j _x2j juj
LDO 0:0014 0:0069 173
STA 0:0068 9 � 104 224

CSTA 4 � 10�4 0:0026 169

Table 2
Quantitative experimental results for the Type II system.

Average of

jx1j j _x2j juj
LDO 1:0� 10�3 0:041 1:04

STA 8:0� 10�5 0:043 0:61

CSTA 4:2� 10�5 0:048 0:41

L. Ovalle, Héctor Ríos and H. Ahmed Engineering Science and Technology, an International Journal 28 (2022) 101026
Table 2 gives the results for the quantitative analysis. In such a
table, a better response in terms of precision and control activity
can be seen for the CSTA, while the LDO provides a slightly better
ride quality. The STA seems to provide a response in the middle,
with a slight disadvantage in terms of control activity and preci-
sion with respect to the CSTA but an improved ride comfort.
7. Conclusion

In this paper, two different robust control methodologies for the
stabilization of an active suspension system were shown. At least
exponential stability of the sprung mass was proven in the pres-
ence of possibly non-vanishing perturbations. The proposed
methodology allows the application of five different robust con-
trollers. The closed-loop stability of the schemes was proven by
8

Lyapunov methods and ISS properties, yielding stronger conclu-
sions to similar schemes in the literature. Some simulations and
experimental results show the benefits of the proposed controllers
in contrast to classical linear schemes.
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