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Summary of Thesis

The main aim of this thesis is to generalise McAlister’s the-
ory of locally inverse regular semigroups to the class of semigroups
with local units in which the local submonoids have commuting
idempotents. We prove that if such a semigroup has what we call
a McAlister sandwich function then the semigroup can be covered
by means of a Rees matrix semigroup over a semigroup with com-
muting idempotents. Examples of such semigroups are easily con-
structed. Indeed, if T' is a semigroup with local units having an
idempotent e such that 7' = T'eT’, and eT'e has commuting idem-
potents, then all the local submonoids of T' have commuting idem-
potents and T is equipped with a McAlister sandwich function. We
prove that the semigroups with local units having local submonoids
with commuting idempotents S which can be embedded in such a
semigroup T in such a way that S = ST'S are precisely the ones
having a McAlister sandwich function.

Finally, in a different direction, we study variants of semigroups
concentrating on the relationship between the local structure of a

semigroup and the global structure of its variants.
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Chapter 1

Introduction

In this chapter, we outline the background material needed to un-
derstand this thesis. In Section 1, we recall the basic definitions
and constructions which form the basis of semigroup theory as a
whole, whereas in Section 2, we recall the basic definitions and con-
structions of regular semigroup theory. A good reference for this
material is [11]. In Section 3, we describe McAlister’s theory of
locally inverse regular semigroups; this summarises the contents of
the papers [19], [20], [21], and [22]. Finally, in Section 4, we sum-
marise the small amount of category theory needed to read this

thesis.

1.1 General semigroup theory

1.1.1 Basic definitions

Let S be a set. A binary operation * on S is a function x: §x 5 — §.
We usually write s % ¢ rather than x(s,t¢) and, generally, we follow
the multiplicative convention and write st instead of sxt. We write
(S, *) to indicate that we wish to regard the set S as being equipped
with the binary operation *.

Arbitrary binary operations are of little interest. We now single

out properties which make them more interesting. We say that a



binary operation is associative if for all a,b,c € S, we have
a(be) = (ab)e,
and it is is commutative if for all a,b € S we have
ab = ba.

An idempotent is an element e € S such that e = ee = e. The set
of idempotents in S is denoted E(S), and if A C S then F(4) =
AN E(S). An element e € S such that

eq = a = ae

for all @ € S is called an identity in S. An element z € S such that
za =z =az for all a € S is called a zero in S. Both identities and
zeros are idempotents. It is easy to check that if a binary operation
has an identity (resp. a zero) then it is unique.

A set S equipped with an associative binary operation is called
a semigroup. A semigroup with an identity is called a monoid. A
semigroup in which every element is an idempotent is called a band.
Commutative bands are usually called semilattices. A subset T of S
closed under the binary operation, in the sense that a,b € T implies
ab € T, is called a subsemigroup. A subsemigroup of a monoid
containing the identity is called a submonoid. A semigroup S is
said to be orthodoz if the idempotents in S form a subsemigroup.
A semigroup S with a zero having at least two elements is called a
semigroup with zero. An example of such a semigroup is the null
semigroup in which all products are zero.

If S is any semigroup then S! is the semigroup with underlying
set S U {1} (where 1 ¢ S) and multiplication determined by the
one in S together with the conditions 1s = s = sl for all s € §
and 11 = 1. It is clear that S' is a monoid containing S as a
subsemigroup. The semigroup S? is defined in a similar way except
that it is a semigroup with zero containing S as a subsemigroup.

If G is a group then G is called a 0-group.



Let S be a semigroup and e € S an idempotent. Then the
subset eSe = {ese: s € S} is a subsemigroup. Observe that e is an
identity in eSe. For this reason eSe is called, a little illogically, a
local submonoid of S; ‘illogical’ because we are not assuming that S
itself is a monoid. A semigroup S is said to have a property locally
if each local submonoid has that property.

Let S be a semigroup. Then P(S), the set of all subsets of S,

is also a semigroup when we define the product of A and B to be
AB = {ab: a € A and b € B}.

We call this the set product. Observe that T is a subsemigroup of
S precisely when T2 C T

Let S be a semigroup and e, f € E(S). Define the relation <
on E(S) by e < f if and only if ef = fe = e. It is easy to check
that this relation is a partial order on F(S). It is called the natural
partial order on the set of idempotents.

If S is a semigroup and < a pertial order on S, then we say
that the order is compatible with the multiplication if a < b and
¢ < d implies ac < bd for all a,b,c,d € S. If S is a band, then it
is called a normal band if the natural partial order is compatible
with the multiplication (this is equivalent to the usual definition:
see [11], page 141, Exercise 18). As a result of McAlister’s work
[20] the normal bands can also be characterised as those bands in
which every local submonoid is a semilattice.

Let (S,0) and (T, %) be semigroups. Then a function 6: S — T

is called a homomorphism if for all a,b € S,
O(aob) = 0(a)*6(b).

If S and T' are monoids with respective identities 1g and 17 then
a monotd homomorphism is required to map lg to lp. An injec-
tive homomorphism is called an embedding and a bijective homo-
morphism is called an isomorphism. If 8: S — T is a surjective

homomorphism we often say that S is a cover of T. If T' is a homo-



morphic image of a subsemigroup of S then we say that T' divides
S.

If X is a set then T'(X) denotes the set of all functions from X
to itself. It is a monoid with respect to the operation of functional
composition o. We call (T'(X),0) the full transformation monoid
on X. Observe that we compose functions ‘from right-to-left’ in
this thesis and so (« o §)(z) means a(B(z)). The following is the
semigroup-theoretic analogue of Cayley’s theorem in group theory.
The proof can be found in [11] (Theorem 1.1.2). We include it for

the sake of completeness.

Theorem 1 Every semigroup can be embedded in o full transfor-

mation monoid. [

1.1.2 The first isomorphism theorem

In this section, we outline the important properties of homomor-
phisms.

Recall that a relation p on a set X is said to be an equivalence
relation if it is reflexive, symmetric and transitive.

Let p be an equivalence relation on a set X. Then

p(z) ={y € X: (y,z) € p}

is called the p-equivalence class containing z. The set of p-classes
forms a partition of X, in the sense that they are pairwise disjoint
and their union is the whole of §. The set of p-classes is denoted
by S/p.

Let #: X — Y be a function. Then the kernel of 6, denoted by
ker(6), is defined by

ker(0) = {(z,y) € X x X: 0(z) =0(y)}.

It is easy to check that the kernel is an equivalence relation on X.
Let S be a semigroup. Then an equivalence relation p on S is

called a congruence if it is a subsemigroup of S x §. That is if

(a,b), (c,d) € p= (ac,bd) € p.



Sometimes it is convenient to split up the definition of a congru-
ence into two parts: we say that an equivalence relation p is a left
congruence if (a,b) € p implies (ca,ch) € p for all ¢ € S; and we
say that it is a right congruence if (a,b) € p implies (ac, bc) € p for
all ¢ € S. It is easy to check that an equivalence is a congruence if
and only if it is both a left and a right congruence.

Let p be a congruence on the semigroup S. Define a binary

operation x on S/p by

pla) * p(b) = p(ab).

Then it is easy to check that (S/p,%) is a semigroup. Observe
that the set product p(a)p(b) C p(ab) holds but that in general
equality does not. When it does the congruence is said to be perfect.
Congruences on groups are perfect. However, we shall not have
need of this notion in this thesis. We shall denote the product in
S/p by concatenation, but the reader should always take care to
remember how the product is defined to avoid confusion.

It is easy to check that if 8: S — T is a homomorphism be-
tween semigroups then ker(f) is a congruence on S. The function
ph: S8 — §/p given by s = p(s) is a surjective homomorphism called
the natural homomorphism. The following result, called the first

isomorphism theorem, describes the exact relationship between ho-

momorphisms and congruences.

Theorem 2 Let 0: S — T be a homomorphism between semi-
groups. Denote the natural homomorphism from S to S/ker(8) by
¢. Then there is a unique injective homomorphism : S/ker(8) —

T such that 8 = ¢. If 0 is surjective, then 9 is an isomorphism.m

The above result is proved in [11] (Theorem 1.5.2). It follows
that homomorphic images of S can be constructed, up to isomor-
phism, from congruences on S.

It is easy to check that the intersection of any family of congru-

ences on a semigroup S is also a congruence on S. Thus for every
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relation p on S there is a smallest congruence containing p called
the congruence generated by p. We denote this congruence by pf.
We shall now give a more explicit description of p!. Let ¢,d € S
and z,y € S' such that ¢ = zay and d = xby where either (a,b) € p
or (b,a) € p. We say that ¢ is connected to d by means of an
elementary p-transition. We usually write ‘c — d’. The following

result is proved as Proposition 1.5.9 of [11].

Proposition 3 Let p be a relation on a semigroup S, and let a,b €

S. Then (a,b) € p' if and only if either a = b or there is a sequence
A=z —+23— ...~ Z,=2b

of elementary p-transitions connecting a to b. u

1.1.3 Ideals

Ideals play an important role in ring theory. In semigroup theory
they are not as important, but they are still very useful.

Let S be a semigroup. A nonempty subset I of S is called a
left ideal if for all @ € I and s € S we have sa € I; a right ideal if
as € I; and an ideol if it is both a left and right ideal. It is clear
that S is an ideal of S and, if S has a zero, then {0} is an ideal of
S,

In ring theory, ideals are important because they can be used
to construct all congruences. This is no longer true in the case of
semigroups. However, it is true that ideals can be used to construct
some congruences. If I is an ideal in the semigroup S then the
semigroup S/I, called a Rees quotient of S by I, has as underlying
set (S\I)? and multiplication defined as follows: if a,b € S\ I and
ab € S\ I then the product is defined to be ab, whereas in all other
cases the product is zero.

If a € S, then the smallest left (respectively, right) ideal con-
taining a is S'a (resp. aS') called the principal left (resp. right)
ideal generaled by a. The principal ideal of S generated by a is
StaSt.

11



The principal ideals in a semigroup are used to define the impor-
tant Green’s relations, denoted £, R, H, D and 7, as follows. Let
S be a semigroup. The equivalence relation £ (resp. R) is defined
by a Lb (resp. aRb) if and only if S'a = S'b (resp. aS' = bS').
The relation H is the intersection of £ and R, and the relation
D is the smallest equivalence relation containing £ and R (this is
equivalent to saying: D is the intersection of all equivalence rela-
tions on S containing both £ and R). The equivalence relation J
is defined by a J b if and only if §'aS' = S'bS'. If K is one of
Green’s relations then the equivalence class containing a is denoted
by K,. It is easy to check that £ is a right congruence and that
R is a left congruence. The £- and R-classes can be ordered as
follows: we write R, < Rp if aS! C bS', and L, < Ly if S'a C S'b.
The following lemma is frequently useful. We provide a proof for

the sake of completeness.

Lemma 4 Let e and f be idempotents.
(i) Le < Ly implies fe is an idempotent, fe < f and feLe.

(i) Re < Ry implies ef is an idempotent, ef < f and ef Re.

Proof We prove (i); the proof of (ii) is similar. By definition,
L. < Ly means S'e C S'f. Thus e € §'f. It follows that
ef = e. Observe that (fe)? = fefe = fe; that f(fe) = fe and
that (fe)f = fef = fe and so fe < f; and finally, it is immediate
that feLe. (]

The H-relation is particularly important in locating groups in
semigroups. By a subgroup in a semigroup we mean a subsemigroup

which is a group with respect to the induced multiplication.

Proposition 5 An #H-class in a semigroup contains an idempo-
tent if and only if it is a group. FEvery subgroup in a semigroup is

contained in a unique H-class with an idempotent. ]

12



For a proof see Corollary 2.2.6 of [11].

A semigroup is said to be bisimple if it consists of exactly one
D-class; a semigroup with zero is said to be 0-bisimple if it consists
of exactly two D-classes. A semigroup S is simple if it has no proper
ideals. A semigroup S with zero is 0-simple if {0} is the only proper
two-sided ideal of S and S? # {0}; the second condition is only to
exclude the null semigroup of order 2.

A non-zero idempotent e of a semigroup S is said to be primi-
tive if f < e implies f = e or f = 0. A semigroup S is said to be
completely simple if it is simple and contains a primitive idempo-
tent; a semigroup is said to be completely 0-simple if it is 0-simple

semigroup and contains a primitive idempotent.

1.1.4 Rees matrix semigroups

In this section, we describe an important technique for constructing
semigroups. Let S be a semigroup, let I and A be sets, and let P
be a A x I-matrix whose entries are from S and are denoted py;
where (A,i) € A x I. The semigroup M = M(S;I,A; P) consists
of all triples I x S x A equipped with the product

(7:7 a, A) (71 b! Ju) = ('t'a aP,\jb, ,'_L)

It is easy to check that this really is an associative binary operation.
We say that M is a Rees matriz semigroup over S with sandwich

matriz P. If S is a semigroup with zero then the elements
I'={(3,0,A):(3,)) € I x A}

form an ideal in M. In this case, the Rees quotient M/I is de-
noted M°(S;1,A; P) and is called a Rees matriz semigroup over a
semigroup with zero.
Let S be a monoid. Then the sandwich matrix P is said to be
regular if each row and each column contains an invertible element.
In 1940, David Rees found a way of constructing all completely
0-simple and completely simple semigroups using Rees matrix semi-

groups. It is easy to check that a Rees matrix semigroup over a

13



group is completely simple, and that a Rees matrix semigroup over
a 0-group having a regular sandwich matrix is completely 0-simple.
The following result, known as the Rees Theorem, shows that the
converses also hold. Observe that for a Rees matrix semigroup over
a O-group, ‘regular’ means that each row and each column of the

sandwich matrix contains a non-zero element.

Theorem 6 FEvery completely 0-simple semigroup is isomorphic
to a regular Rees matriz semigroup over a 0-group; and every com-
pletely simple semigroup is isomorphic to a Rees matriz semigroup

over a group. [

The above theorem (proved as Theorem 3.2.3 in [11]) is the
basis of all investigations into the structure of completely simple
and completely 0-simple semigroups. It is also the starting point

for the main research in this thesis.

1.2 Regular semigroups

At the end of the last section, we described completely simple and
completely 0-simple semigroups. These are the first examples of an
important class of semigroups: the regular semigroups. Full trans-
formation monoids are also regular. Many of the deeper results
of semigroup theory are either known only for regular semigroups
or were first proved for regular semigroups. In this thesis, we shall
show how some results originally proved for regular semigroups can

be extended to some non-regular semigroups.

1.2.1 Basic definitions

Let S be a semigroup. An element s € S is said to be regular if
there exists an element ¢ € § such that sts = s. The semigroup S
is called regular if all of its elements are regular. More generally,
the regular elements in an arbitrary semigroup S are denoted by

Reg(S). An element s’ is said to be an inverse of an element s if

14



s = ss's and s’ = s'ss’. It is clear that an element with an inverse
is regular; however, the converse is also true. For if s = sts, then it
is easy to check that tst is an inverse of s. Thus regular elements
are precisely the elements which have inverses. We denote the set
of inverses of an element s by V(s).

The following contains important properties of inverses; see
Theorem 2.3.4 [11] for a proof.

Proposition 1 Let S be a semigroup.
(i) Let o' € V(a). Then aa' € Ry N Ly, and a'a € Ly N Ry

(i) If b is such that there exists e € R, N Ly N E(S) and f €
L, N Ry N E(S), then there exists ' € Hy, N V(a) such that

aa' =e and a'a = f. [

The following results are of great importance (see Proposi-

tion 2.3.5 and Proposition 2.4.1 [11]).

Proposition 2 Let S be a semigroup. Then

(i) If a and b are regular, then a Lb if and only if there exists
a' € V(a) and b' € V (b) such that a'a = b'b.

(i1) If a and b are reqular, then aR b if and only if there exists
b € V(b) such that aa’ = bb'.

(iii) Let e and f be idempotents. Then eD f if and only if there

erists a € S and o’ € V(a) such that d’la =e andad' = f. ®

It follows from Proposition 2, that in a regular semigroup each
L-class and each R-class contains an idempotent.

In an arbitrary regular semigroup, an element will have many
inverses. We say that a semigroup is inverse if each element has
a unique inverse. In inverse semigroups, the unique inverse of s

1

is usually denoted by s™*. Another way of characterising inverse

semigroups is as follows; for a proof see [11] (Theorem 5.1.1).

15



Theorem 3 A regular semigroup is inverse if and only if its idem-

potents form a commutative subsemigroup. o

The following result is well-known. We provide a proof for com-

pleteness.

Proposition 4 (i) The regular semigroups with a unique idempo-

tent are precisely the groups.

(ii) The regular semigroups with zero having ezactly one non-zero

idempotent are the 0-groups.

Proof (i) Clearly groups are regular semigroups with unique idem-
potents. Let S be a regular semigroup with unique idempotent e.
Let a € S. Since E(S) commutes, each element a € S has a unique
inverse @’ € S, and a’'a = e = aad’. It is evident that e is an identity
of §. Thus § is a group.

(ii) It is clear that O-groups are regular and have exactly one
non-zero idempotent. Let S be a regular semigroup with zero hav-
ing one non-zero idempotent. Since E(S) = {0, e} commutes, each
non-zero element a has a unique inverse a’, and a’'a = e = aa’. Thus
every element of S\ {0} is H-related to e. By Proposition 1.1.5,
this means that S\ {0} is a group. Thus S is a O-group. a

The idempotents of regular semigroups enjoy some nice proper-
ties which make them easy to work with. Let S be any semigroup.
If e and f are idempotents in S then the sandwich set S(e, f) is
defined by S(e, f) = fV(ef)e. Thus the sandwich set is non-empty
precisely when ef is regular. It is easy to check (or see Namboori-
pad [25]), that if S(e, f) is non-empty then

h e S(e f) < h*=h, fhe=h, and ehf = ef.
The proof of the following may be found as Theorem 2.5.4 in [11].

Proposition 5 Let s,t € S, where S is a regular semigroup. Let
g €V(s) andt' € V(t) and h € S(s's,tt"). Then t'hs’' € V(st). m

16



1.2.2 Local submonoids

Local submonoids have turned out to be of great interest in the
theory of regular semigroups. The following results are well-known;

we prove them for the sake of completeness.

Lemma 6 Let S be a semigroup.
(i) If S is reqular then every local submonoid of S is regular.

(ii) IfeD f, where e and f are idempotents, then eSe is isomorphic

to fSf.

(i) If S = SeS then every local submonoid of S is isomorphic to

a local submonotid of eSe.

Proof (i) Let eSe be a local submonoid. Let ¢ € eSe and let
a' € V(a) in S. Then o = ea’e € eSe and

aa"a = aea’ea = aa’a =a

and

a"aa" = (ed'e)a(ea’e) = ed'aa’e = ea'e = a”.

Thus eSe is regular.

(ii) By Proposition 1(iii), there exists a € S and o’ € V (a) such
that o'a = e and aa’ = f. Define 8: eSe — fSf by 6(z) = azd’. It
is easy to check that this defines an isomorphism.

(iii) Let f € S be any idempotent. Then f = aeb = (ae)(eb)
for some a,b € S. Put £ = ae and y = eb. Then f = zy. It
is easy to check that yf € V(fz). Put i = yfz, an idempotent.
Then i € eSe, and fzyf = f. Hence fDi € eSe. By (ii), fSf is

isomorphic to 157 C eSe, and 157 = i(eSe)i. o

Local submonoids provide a different way of characterising com-

pletely simple and completely 0-simple semigroups.

17



Proposition 7 Let S be a regular semigroup.
(i) S is completely simple if and only iof it is locally a group.

(i1) S is completely 0-simple if and only if it is 0-simple and locally
a 0-group.

Proof (i) By Theorem 3.3.3(4) of [L1], S completely simple is
equivalent to being a regular semigroup in which every idempo-
tent is primitive. But an idempotent e is primitive in a regular
semigroup if and only if eSe is a group: this is because e primitive
means precisely that e is the only idempotent in eSe; we have al-
ready proved that eSe is regular; and the regular semigroups with
a unique idempotent are the groups (Proposition 4(i)).

(ii) A semigroup is completely O-simple if it is regular and has a
primitive idempotent. By the Rees theorem, it is easy to check that
every idempotent is primitive. But in a semigroup with zero S, the
idempotent e is primitive if F(eSe) = {0, e}. But local submonoids
of regular semigroups are regular. The regular semigroups with zero
having exactly one non-zero idempotent are just the groups with
zero (Proposition 4(ii)).

Conversely, let S be a 0-simple regular semigroup in which all
local submonoids are O-groups. Then clearly, every non-zero idem-

potent is primitive. Thus S is completely 0-simple. ]

Homomorphisms between regular semigroups are just semigroup
homomorphisms. A notion intermediate between a homomorphism
and an isomorphism is the following: a homomorphism 6: S — T
between regular semigroups is said to be a local isomorphism if
the restriction of @ to each local submonoid of S is injective. The

following important result was proved in [20] as Lemma 1.3.

Lemma 8 If 6: § — T is a local isomorphism between regular
semigroups, then 8 is injective when restricted to every subset of S

of the form aSb where a,b € S. ]
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Let S be an orthodox regular semigroup. Define the relation
on S by
(a,b) € vy V(a) NV (b) # 0.

For a proof of the following see Theorem 6.2.5 of [11] and Propo-
sition 1.4 of [20]. Observe that locally inverse, orthodox, regular
semigroups are precisely the regular semigroups with a normal band
of idempotents because the locally inverse bands are precisely the

normal bands.

Theorem 9 Let S be an orthodoz regular semigroup. Then v is
the smallest congruence on S with the property that S/ is inverse.
The natural homomorphism +* is a local isomorphism if and only

if the idempotents of S form a normal band. |

1.2.3 The natural partial order

On every regular semigroup, a partial order can be defined in terms
of the algebraic properties of the semigroup. Let S be a regular
semigroup. Define a < b if and only if R, < Ry and a = eb for
some e € E(R,). It can be proved that this really is a partial
order, and it is easy to check that it coincides with the order al-
ready defined on the idempotents of S. It is called the natural
partial order on a regular semigroup. It was introduced indepen-
dently by Hartwig [8] and Nambooripad [26]. This order provides
alternative characterisations of completely simple and completely

0-simple semigroups.

Proposition 10 A regular semigroup without zero is completely
simple if and only if the natural partial order is equality. A 0-
simple reqular semigroup is completely 0-simple if and only if the
natural partial is equality when restricted to the non-zero elements.

For a proof see Theorem 1.4 of [26]. In both these cases, the

order is trivially compatible with the multiplication. The order
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is also compatible with the multiplication on inverse semigroups.
Nambooripad completely characterised those regular semigroups
with a compatible natural partial order in the following way. We
have already observed in Lemma 6(i) that every local submonoid
in a regular semigroup is regular. We say that a regular semigroup
is locally inverse if each local submonoid is inverse; by Theorem 3
this is equivalent to requiring the the idempotents in each local
submonoid commute. The proof of the following may be found in
[11] (Theorem 6.1.3).

Theorem 11 A regular semigroup has a compatible natural partial

order if and only if it is locally inverse. ]

1.3 The structure of locally inverse regular

semigroups

In this section, we describe the work which forms the inspiration for
this thesis; it is based around the theory of regular locally inverse
semigroups.

The Rees theorem describes the structure of a very special class
of locally inverse regular semigroups. From this perspective, it is
natural to ask to what extent the Rees theorem can be generalised
to arbitrary locally inverse regular semigroups.

By Theorem 1.1.6 and Proposition 1.2.7, completely simple
semigroups are precisely the regular semigroups which are locally
groups, and they can be described by means of Rees matrix semi-
groups over groups. Thus a natural starting point for studying
regular semigroups which are locally inverse is to study Rees ma-
trix semigroups over inverse semigroups.

The first problem is that Rees matrix semigroups over regular
semigroups are not, in general, regular. However, this potential

drawback was overcome by McAlister. Denote by

RM(S; I.A; P)
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the set of regular elements of the Rees matrix semigroup M (S; I, A; P).
Then we have the following result (Lemma 2.1(ii) [19], and Lemma 2.6

[21]).

Theorem 1 If S is regular then RM = RM(S; I, A; P) is a semi-
group, it s reqular, and every local submonoid of RM is isomorphic

to a local submonoid of S. [ ]

The semigroups RM(S; I, A; P) are called regular Rees matriz
Semigroups. ‘

Since local submonoids of inverse semigroups are inverse (they
are regular and it is immediate that their idempotents commute),
it follows that regular Rees matrix semigroups over inverse semi-
groups are regular locally inverse semigroups. It is now natural to
wonder how general this construction is. It would be nice if every
locally inverse regular semigroup was isomorphic to such a Rees
matrix semigroup; this is not the case, but it turns out that the
final answer is not too remote from this desirable situation.

The first step in answering this question was obtained by McAl-
ister [19] and had its origins in an earlier paper of Allen [1]. McAl-

ister proved what he called his ‘local structure theorem’.

Theorem 2 Let § be a regular semigroup, and suppose that S =
SeS for some idempotent e € 5. Then S is a locally isomorphic

image of a regular Rees matriz semigroup over eSe. u

We have already proved in Lemma 1.2.6(iii), that every local
submonoid of S is isomorphic with a local submonoid of eSe. Thus
if eSe is inverse then S is locally inverse. It follows that for locally
inverse regular semigroups of this type we can describe them in
terms of regular Rees matrix semigroups over inverse semigroups.
For example, if § is a bisimple locally inverse regular semigroup,
then S = SeS for every idempotent in S, and so S can be described
in the above way. In particular, every completely simple semigroup

is bisimple and regular and, in this case, all local submonoids are
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groups. However, in this case regularity is automatic because the
Rees matrix semigroup is over a group. Thus every completely sim-
ple semigroup is a locally isomorphic image of a Rees matrix semi-
group over a group. Thus the local structure theorem immediately
implies that completely simple semigroups are locally isomorphic
images of regular Rees matrix semigroups over groups. Thus the
local structure theorem alone almost enables us to prove the Rees
theorem: the Rees theorem converts that local isomorphism into

an isomorphism. In a subsequent paper, McAlister went one better

[20].

Theorem 3 Let S be a regular semigroup. Then S is locally in-
verse if and only if S is a locally isomorphic image of a regular

Rees malriz semigroup over an inverse semigroup. |

The above theorem is the best generalisation we have of the
Rees theorem to locally inverse regular semigroups.

In two subsequent papers, [21] and [22], McAlister brought the
work for regular locally inverse semigroups full circle. We have seen
that if T is regular, T' = T'eT and eTe is inverse then T is locally
inverse. Clearly, every regular subsemigroup of T' will also be locally
inverse. It is natural to wonder whether every locally inverse regular
semigroup arises in this way. If S is a regular subsemigroup of the

regular semigroup 7', it is said to be a quasi-ideal if ST'S = S.

Theorem 4 A regular semigroup S is locally inverse if and only if
it can be embedded as a quasi-ideal in a reqular semigroup T such

that T = TeT and eTe is inverse. ]

Theorem 3 and Theorem 4 are the starting points for this the-
sis. Indeed, Chapter 2 is devoted to generalising Theorem 3 and

Chapter 3 is devoted to generalising Theorem 4.

1.4 Category theory
We need only a few definitions from category theory.
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A partial binary operation on a set C is a partial function from
C x C to C, denoted by (z,y) — z-y. We shall write 3z - y to
mean that the product z -y is defined. An element e € C is said to
be an identity if Je- x implies ¢+ z = z and 3z - e implies z - e = z.
The set of identities of C' is denoted by C,. The pair (C,-) is said

to be a category if the following three axioms hold:

(C1) z - (y- 2) exists if and only if (z - y) - z exists, in which case

they are equal.
(C2) z-(y-2) exists if and only if z -y and y - z exist.

(C3) For each z € C there exist identities e, f € C, such that 3z-e
and 3f - z.

From axiom (C3), it follows that the identities e and f are uniquely
determined by z. We write e = d(z) and f = r(z), where d(z) is
the domain identity and r(z) is the range identity. Observe that
Jdz -y if and only if d(z) = r(y).

The elements of a category are called arrows. If e, f € C, then
hom(e, f) = {z € C: d(z) = e and r(z) = f},

the set of arrows from e to f.

A subset C' of of a category C is said to be a subcategory if
z € C' implies d(z),r(z) € C" and C" is closed under the partial
product. A subcategory C' of C is said to be full if e, f € C! and
z € hom(e, f) in C implies z € C’. Thus full subcategories are

determined by the identities they contain.
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Chapter 2

Rees matrix covers for
semigroups with locally

commuting idempotents

McAlister jroved that every regular locally inverse semigroup can
be covered by a regular Rees matrix semigroup over an inverse
semigroup by means of a homomorphism which is locally an iso-
morphism [20]. In this chapter, we generalise this result to the
class of semigroups with local units whose local submonoids have
commuting idempotents and possessing what we term a ‘McAlister

sandwich function’.

2.1 Introduction

McAlister’s work was solely concerned with regular semigroups.
However, the problems he solved are of interest for non-regular
semigroups as well. We shall now introduce the generalisation of
locally inverse regular semigroups with which this thesis will be
concerned.

In a regular semigroup S every element a € S has a left and
right identity: for example, if a’ is an inverse of a then ad’ is a left |

identity and a'a is a right identity. More generally, we say that
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a semigroup has local units if every element has a left and right
identity which is an idempotent. This is a much more general class
than the regular semigroups: all monoids have local units, and if S
is an arbitrary semigroup then E(S)SE(S) has local units.

A locally inverse regular semigroup is one in which the local sub-
monoids are inverse. However, local submonoids of regular semi-
groups are always regular, so an equivalent formulation is: the
idempotents in every local submonoid commute. A semigroup in
which the idempotents in each local submonoid commute will be
said to have locally commuting idempotents.

Our aim in this, and the next, chapter will be to generalise
Theorem 1.3.3 and Theorem 1.3.4 to semigroups with local units
which have locally commuting idempotents.

In the non-regular case, we have to be careful by what we mean
by a ‘local isomorphism’. In Lemma 1.2.8, we recalled that local
isomorphisms are in fact injective on every subset of the form aSb
where a,b € §. For semigroups which are not necessarily -egular,
the concept of a strict local isomorphism was devised in [18]; this
is a surjective homomorphism #: S — T which is injective on every
subset of the form aSbh where a and b are any elements such that
a € Sa and b € bS. Evidently, local isomorphisms between regular
semigroups are equivalent to strict local isomorphisms. It is easy
to check that a strict local isomorphism between semigroups with
local units is the same thing as a homomorphism which is injective
on all subsets of the form eSf where e and f are idempotents: this
is the form of the definition of ‘strict local isomorphism’ we shall
use in this thesis.

We now need to explain how we came to see semigroups with
local units as being a suitable class for which generalisations of
results for regular semigroups could be found.

The first step in generalising McAlister’s work to non-regular
semigroups was obtained by Marki and Steinfeld [18]. They gener-
alised the local structure theorem (Theorem 1.3.2) in the following

way.
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Theorem 1 Let S be an arbitrary semigroup such that S = SeS.
Then S is a homomorphic image of a Rees matriz semigroup over

eSe which is a strict local isomorphism. |

The local structure theorem was also generalised in the regu-
lar case by Lawson [12] with his introduction of the notion of an
‘enlargement’. Let S be a regular subsemigroup of a regular semi-
group 7. Then T is said to be an enlargement of S if § = ST'S
and T = T'ST. Observe that if T'= TeT" then T is an enlargement
of eTe.

Theorem 2 Let T be a reqular semigroup, and an enlargement of
the reqular subsemigroup S. Then T is a locally isomorphic image

of a regular Rees matriz semigroup over the subsemigroup S. [ ]

Subsequently, Lawson and Mérki obtained the following joint
generalisation of Theorems 1 and 2. We need the following def-
inition. Let #: A — B be a surjective homomorphism between
semigroups. We say that idempotents (resp. regular elements) lift
along @ if for every idempotent e € B (resp. for every regular el-
ement b € B) there exists an idempotent ¢’ € A (resp. a regular
element a € A) such that 6(e') = e (resp. f(a) =b).

Theorem 3 Let T be an enlargement of S and suppose in addition
that S* = S. Then T is a strict local isomorphic image of a Rees
matriz semigroup over S; furthermore, idempotents and regular el-

ements can be lifted along this local isomorphism. [ ]

Semigroups in which S% = § are said to be factorisable. Clearly,
semigroups with local units are factorisable. The above theorem
was the starting point for our work. It suggested that McAlister’s
work could be generalised to classes of non-regular semigroups. We
would have liked to generalise McAlister’s work to factorisable semi-
groups but we do not know how to do this. Instead, we decided
to concentrate on the more tractable problem of semigroups with

local units.
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Semigroups with local units and Rees matrix semigroups are
also the subject of the Morita theory developed by Talwar in [27];
and this theory is extended to factorisable semigroups in [28]. We
believe that the results we obtain in this thesis will ultimately turn
out to be contributions to the Morita theory of semigroups. We

have not pursued this connection here.

2.2 Properties of regular elements

Let S be an arbitrary semigroup. The set Reg(S) of regular ele-
ments of S will play an important role in our work, although it is
important to stress that it need not be a subsemigroup.

In Section 1.2.3, we recalled how Nambooripad [26] defined a
natural partial order on any regular semigroup; and that indepen-
dently Hartwig [8] showed that the regular elements of any semi-
group could be naturally ordered. We use Nambooripad’s form
of the definition, but follow Hartwig in applying it to the regu-
lar elements of any semigroup. Specifically, let S be an arbitrary
semigroup. A relation < is defined on the set Reg(S) as follows.
Let s,t € S. Then s < ¢ if and only if Ry < R; and s = ft for
some [ € FE(Rg). We include the proof of the following result for

completeness.

Proposition 1 Let S be an arbitrary semigroup. Then the relation

< is a partial order on the set of regular elements of S.

Proof Let s € Reg(S). Then by assumption, there exists s’ € V(s).
Thus s = (ss')s. Hence R; = R;, s = (ss')s and ss' € E(R;). It
follows that s < s, and so < is reflexive.

Suppose that s < ¢t and ¢t < s. Then Ry = R; and there exist
idempotents e, f € E(R;) = E(R;) such that s = ft and ¢ = es.
But f € R; = R; implies that ft = ¢. Thus s = ¢, and < is
antisymmetric.

Finally, suppose that s < t and ¢ < v. Then Ry, < R; and
R; < R, and there are idempotents f € F(R;) and e € E(R;) such

27



that s = ft and t = ev. Clearly, R; < R, and s = (fe)v. But by
Lemma 1.1.4(ii), Ry < R, and so fe € E(R;). Hence s < v, and <

is transitive. ™

The relation < is called the Hartwig-Nambooripad order [8],
[25] or the natural partial order defined on the regular elements.
Observe that if e and f are idempotents then e < f precisely when
e = ef = fe, which is the usual order on the idempotents of a
semigroup. There are a number of alternative ways of characteris-
ing this order; the proofs of the following can all be deduced from

[26]. Again, we include proofs for the sake of completeness.

Proposition 2 Let S be a semigroup and let s,t € Reg(S). Then

the following are equivalent:
(i) s <t.

(i) For each f € E(R:) there ezists e € E(R;) such that e < f

and s = et.

(iii) For each f' € E(Ly) there exists ¢ € E(L;) such that ¢ < f'

and s = te'.
(iv) There exist idempotents e and f such that s = et = tf. ]

Proof (i) = (ii). Let s < t. Then by definition, R; < R; and s = it
for some i € E(R;). Let f € E(R;). Then R; = Ry < Ry = Ry,
and so R; < Ry. In particular, fi = i. Put e = if. Then by
Lemma 1.1.4(ii), we have that e = e, e < f and i Re. It follows
that e € E(R;). Finally, et =ift =it =s.

(ii) = (iii). Let f' € E(L;). By Theorem 2.3.4(2) of [11], choose
t' e V(¢) N Rp. Then t't = f and t' € E(R;). Thus by (ii), there
exists e € E(R;) such that e < t#' and s = et. Put ¢’ = t'et. Then
s = et = t(t'et) = te’. It is easy to check that ¢ < f’. Also,
te! = tt'et = et = s and t's = t'et = €/, so that s L¢&'. Hence result.

(iii) = (iv). Let f' € E(L:), ¢ € E(Ls), where ¢’ < f" and
s = te'. Since f' € E(L,;) there exists t' € V() such that f' = t't.
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Thus s = te' = te'f' = (te't')t. But
(te't)? =te(t't)e't! = te fle't! =1,

and so te't’ is an idempotent.

(iv) = (1). Let s = et = tf where e and f are idempotents.
From s = tf we have that Ry < R;. Let s’ € V(s). From s = et
. Put i = ss’e. Then by

Lemma 1.1.4(ii), we have that i =4, s = it and i R s. ]

we obtain es = s and so ess’ = ss

We shall now derive some properties of the natural partial order

on semigroups with locally commuting idempotents.

Proposition 3 Let S be a semigroup with locally commuting idem-

potents.

(i) |S(e, f)| <1 foralle, f € E(S).

(ii) If z,y,u,v € Reg(S) and ¢ < u, y < v and xy,uv € Reg(S),
then zy < wv.

(iii) If z,y € Reg(S) and e is an idempotent such that ze = z and

ey =y then zy s regular.
Proof (i) Let h,k € S(e, f). We show that h = k. We have that
fhe=h,ehf =ef and fke=k,ekf = ef.

It is easy to check that eh, ek, hf, and kf are all idempotents.

Furthermore,
eh,ek € E(eSe) and hf,kf € E(fSf).

Thus ehek = ekeh and hfkf = kfhf since the idempotents in
every local submonoid commute. Hence ehk = ekh and hkf = khf.
But

ehk = ehfke = efke = ek.
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By the same token, ekh = eh. Thus ek = eh. Similarly, hf = kf.
Now
k = fke = fkek = fkeh = kh

and
h = fhe = hfhe = kfhe = kh.

Thus k = h.
(ii) Let u' € V(u) and v’ € V(v). By Proposition 2(ii) and (iii),

there exist idempotents e and f such that
e<vu,elLz,z=ueand f <vv', fRy, y= fu.

Thus zy = uefv. By assumption, zy is regular. But ey £Lzy and
so ey is regular, and ey Ref and so ef is regular. Hence S(e, f)
is non-empty. Let h € S(e, f). Then fhe = h and ehf = ef, and
so zy = uefv = uehfv = u(eh)(hf)v. Observe that he = h and

hu'vw = h and so
w'uh £ h, v'uh < u'u and eh L h, eh < e < v'u.

Thus u'uh L eh and v'uh,eh < v'u. But E(uv'uSu'u) is a commu-

tative semigroup, and so v'uh = eh. Similarly, hvv' = hf. Hence
zy = u(eh)(hf)v = u(v'uvh)(hvv')v = uhv.

Now
hv = (hvo") (v = (vo') (hvv")v = v(v'ho).

Thus

zy = uhv = uv(v'ho)
where v'hv is an idempotent. Similarly,
zy = uhv = (uhu')uv

where uhu' is an idempotent. Hence zy < uv by Proposition 2(iv).
(iii) Let ' € V(z). Then z'ze = z'z. Thus by Lemma 1.1.4(i),
ex'z is an idempotent and =’z Lex's < e. Hence z Lex'z. By

Proposition 1.2.1, there is #” € V(z) such that 2"z = ez’z. Thus
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we have proved that if ze = z then there is ' € V(z) such that
z'z < e. Similarly, if ey = y then there exists y' € V(y) such that

yy' < e. With these choices of inverses we calculate

zy(y'e)zy = z(yy') (2'z)y = z(z'z) (yy' )y = =y,

since z'z, yy' < e and so they commute. Thus zy is regular. ]

Property (iii) above will be used repeatedly in what follows to
show that certain products of regular elements are again regular.

The following lemma, and its left-right dual, will be needed in
Section 2.4.

Lemma 4 Let z,y € Reg(S) such that © <y and ey =y for some

tdempotent e. Then there exists an idempotent [ < e such that

i = fy.

Proof Let y' € V(y). Then eyy’' = yy'. By Lemma 1.1.4(ii), we
have that yy'e € F(S), yy'e < e and yy'eRy. Thus by Proposi-
tion 2(ii), there exists an idempotent f < yy'e such that z = fy.
Clearly, f <e. =

2.3 An associated semigroup

Let S be a semigroup with local units having locally commuting

idempotents. We may associate a category with S as follows. Put
C(S) ={(e,z,f) € B(S) x S x E(S): exf =z}

with product given by (e, z, f)(f,y,7) = (e,zy, j) and undefined in
all other cases.

Our aim is to convert C(S) into a semigroup with local units
with a normal band of idempotents. To do this, we need to intro-
duce a major assumption on the structure of the semigroup S.

A function p: E(S) x E(S) — Reg(S), where we write p, , =
p(u,v), is called a McAlister sandwich function if it satisfies the

following three conditions:
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(M1) pyp € uSv and pyy = u.
(M2) Puw € V(pu,'u.)-

(M3) pu,vpu,f < Pu,f-

To see that condition (M3) makes sense, we have to show that the
product py ,py s is always regular. To this end, observe that by
condition (M2), both p, , and p, ; are regular; by condition (M1),
we have that p, v = py, and vp, ; = py s; thus the regularity of
Puwpu,s follows from Proposition 2.3(iii). Observe that the above

argument implies that any product of the form

Pa bPb,cPed - - -

is regular.

All regular locally inverse semigroups have McAlister sandwich
functions by Lemma 2.2 of [20]. In Sections 2.6 and 2.7, we shall dis-
cuss ways of constructing such sandwich functions on non-regular

semigroups.

Proposition 1 Let S be a semigroup with local units with locally
commuting idempotents equipped with a McAlister sandwich func-
tion. Define a semigroup multiplication on C(S) which extends the

category product by

(E,ﬂ)‘,f) : (ivyvj) = (81 $Pf,iy,j)-

Then (C(S),-) is a semigroup with local units whose idempotents

form a normal band. If S is reqular then (C(S),-) is reqular.

Proof It is evident that (C(S),-) is a semigroup with local units.
We begin by locating the idempotents. Observe that (e, z, f)? =
(e,z, f) if and only if zps .z = x. Thus, in particular, z is regular.

Suppose that (e,z, f) is an idempotent. By condition (M2),

PfePe,fPfe = Pfe- Thus z = TPf ePe,fPfel- Now TPf e Pfel €
E(S), and zpse < e and py.r < f using condition (M1). The
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product zpj epe,; is regular by Proposition 2.3(iii) using condition
(M1). Thus by Proposition 2.3(ii) we have that

IPf.ePe,f < €Pe,f = Pe,f-

By Proposition 2.3(iii) and condition (M1) the product zpy epe, ;0 f,eT
is regular and so pf ePe fPf,eT < Pe,ff = Pe,f by Proposition 2.3(ii).
Hence z < pe f.

Conversely, suppose that z is regular and z < p.y. Then
z = f'De,y = Pe,se’ for some idempotents €', f' € S by Proposi-
tion 2.2(iv). Thus

IPf el = ffpe,fpf,epe,fef = .f,'pe,_fe‘r = .
We have therefore proved that
B(C(S),") = {(e,2,f) € O(S): & € Reg(S) and z < pe 7).

We now show that the idempotents form a band. Let (e, z, f)
and (k,y,!) be idempotents. Then by the result above

T < Pe,y and y < piy.

By definition (e, z, f)-(k,y,1) = (e, zpsry,!). By Proposition 2.3(iii)
and condition (M1), the product zpyy is regular as is pe fpy k-
Thus by Proposition 2.3(ii), p;x < pe,;psk- Similarly, zpspy and
De,fPf kPk, are both regular and so by Proposition 2.3(ii) zps iy <
De,fPfkPk)- But by two applications of condition (M3), we have
that pe,rprrpr,y < Pey. Hence (e, zpsy,!) is an idempotent.

Finally, to show that the band is normal, we check that the
idempotents in the local submonoids commute (using the fact that
a band is normal precisely when it is locally inverse; see [11],
page 141, Exercise 18). Observe that if (i,w,J) < (e, 2, f) then ¢ =
eand j = f. Let (e, 2z, f) be an idempotent and let (e, z, f), (e,y, f) <
(e, z, f) be idempotents. We prove that

(eaxaf)'(e?yaf) = (e,y,f)-{e,w,f).
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By definition,

(6,1‘, f)'(e>y1 f) = (61 mpf,eyaf) and (eayaf)'(c'lmaf) = (eaypf.emaf)'

Now y = ypy.ez and so

IPfeY = TPfeYPfeZ:

But zps. and yps. are idempotents, and using condition (M1)

we have that zps.,ypse < e. Thus zpsey = ypjseTpsez. But o =

27,07 V0 Ty = yp1en. Hence (€5, )(e,9, 1) = (e, F)(e, 5, f).
The fact that S regular implies (C(S),-) is regular is straight-

forward. =

We shall denote the semigroup (C(S),-) by C(S)P.

2.4 A semigroup with commuting idempo-

tents

The semigroup C(S)P has a normal band of idempotents. In this
section, we shall show that we can define a congruence § on this
semigroup in such a way that C(S5)?/d has commuting idempotents;
in addition, the natural homomorphism 6% will be a strict local
isomorphism. In the case of regular semigroups, this result follows
from Theorem 1.2.9. Recall that on an orthodox regular semigroup

T the minimum inverse congruence v on T' can be defined by
(a,b) ey & V(a)NV(b) # 0.

As a first step, we characterise v on the semigroup C(S)? in the

case where S is regular (and therefore locally inverse).

Proposition 1 Let S be a reqular locally inverse semigroup, and
let (e, ), (i,y,5) € C(S)P. Then (e, z,f) v (i,y,4) if and only if
T = PeiyPj,f and Y = pieTpy,;-

34



Proof We shall use Proposition 3(iii) repeatedly throughout this
proof.

Suppose first that (e, z, f) v (¢,5,7). Let (a,b,¢) € V(e,z, f) N
V(i,y,7). Then

= mpf,abpc,em and y = ypj,abpc,z'y

and

b= bpcexpyqob and b = bpc;ypj b

Also, because an element multiplied by an inverse is an idempotent,
and using the characterisation of idempotents in Proposition 2.3.1,

we have that

mpf,ab < Peyey bpc,ew < Pa,fs ypj,ab < Pies and bpc.iy < Pa,j-

By assumption,

bpe,expf,ab = bpeiypj,ab.

Thus
TP f,0(0Pc,ePf,ab)Pee® = TP 0 (bPeiYPj ab)Pe,et.
Now
mpf.a(bpc)empf,ab)}”c,em = Tpfabpeer = T.
Thus

5 = (2950 i005,6 (BP0 2).

It follows that
T < Pe,cPe,i¥YPj,aPa,f < PeilyPy,f-
Now
Pe,i¥Pjf = (Pe,iyPja)0(PeiyPy,f) = (Pe,i¥Pja)bPe,eTPf,ab(Pe,iyPy, 1)
which is equal to
De,i(YPj,ab)Pe,exPs 0 (bPe,i¥)Pjs < (PeibicPee)T(Df,0Pa,iPi,f)

and

(Pe,iPi,cPee)T(Pf,0Pa,iPif) < DeeTDf,f = .
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Hence = = pe;yp;j,f- We may similarly show that y = p; expy,;.

To prove the converse, suppose that z = pe;yp;; and y =
piezpy;. We shall show that V(e,z,f) NV (i,y,7) # 0. Observe
that

Y = Die®Pf,j = (PiePei)y(P),sPf5)
and, similarly,
T = (Pe,iPie)T(Df.iP5,1)-

Now x € eSf implies that thereis z’ € V(z)NfSe. Thus (f,z',e) €
C(S). Next observe that

Y(0),12'Dei)y = (DieTDf3)P5,f T De,i(DieTPfj) = Piert'apyj =y
and
(95,12 Pe,i) V(D). 12 Pesi) = 1T Pe,ili, TP, iP5, % Pesi = Pj,fT Pei
Thus pj sz'pei € V(y). It is now easy to check that
(f,z',e) € V(e,z, f) NV (i,y, 7).
Thus V(e,z, f) NV (i,y,5) # 0. [ ]
Now let S be a semigroup with local units with locally com-

muting idempotents, equipped with a McAlister sandwich function.

Motivated by Proposition 1, define the relation § on the semigroup
C(S)P by

(esz, f) 0 (i,y,5) € = = peiypj, s and y = p; Py ;.

Theorem 2 The relation & is an idempotent pure congruence on
the semigroup C(S)?, and the idempotents in the quotient semi-
group C(S)P/6 commute. Furthermore, &° is a strict local isomor-

phism.

Proof The proof is long and we have to be careful to manipulate

regular elements correctly.
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1. § is an equivalence relation
Both reflexivity and symmetry are straightforward to check. We

prove transitivity explicitly. Let

(e,:ﬂ,f)é(i,y,j) and (i7yaj) 0 (k: zsl)

We prove that
(e,z, f) 6 (k,2,1).

By definition,
T = Pe,iyPj,f and Y = Pi TPy,
and
Y = pi k2Pl and 2 = priyp;-
Now
T = PeilYPj.f = Pe,i(Pik?PLj)Pj.f-
By condition (M3), we have that

Pe,ilik < Pek and pypj s < puf-

Thus by Lemma 2.2.4 and its dual, there are idempotents a < e
and 8 < f such that

Pe,iPik = OPe and py ;pj ¢ = pi,fp-
Hence
T = Pe k2Pl fB = aPe k(Pk,iVP;1)PLIO = ODe kPk,i(PieTPf,5)P5,10L 5
In particular, az = z = z3. Now
Pe,kPk,iPie < Pee = €,
and a < e. But E(eSe) is a semilattice. Thus
o(Pe kP,iPie) = (De kPk,iPie) -

Similarly,

B(pspiaprys) = (gipiupLs)B-
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Hence

T = De kPk,iDi,cCTLD iDL f = PekPk,i(PieTPf,;)P51PLS
and

De kPk,i (Pi,e D f,i) D501, f = Pek(Pk,i¥Pi1)PLf = Pe,kZPlf-
We may show, in a similar way, that z = py .xps,. Hence

(e,z, f)d (k,2,1),

as required.
2. § 1is a congruence
We prove that ¢ is left compatible with the multiplication. The

proof that it is right compatible is similar. Let (e,z, f)d (i,y,7)
and let (a,b,c) be arbitrary. Then

((I,b, C)(E,.TJ, f) = (a'a bpc,ﬁm':f) and (G.,b, C)('E,y,j) = (a‘>bpc.iy7j)'

We prove that
(CL, bpc,ew; f) d (G., bpc.'iyaj)‘

To do this, we need to show that

bpe,e = bpeiyp;.p and bpe iy = bpeezpy ;-

We shall prove the former equality explicitly; the latter equality is

established in a similar way. By assumption,
T = Pe,iyPj,f and y = P cTpy,;.
Now
Pe,e®Pf,j = Poe(Pe,i¥Pj,f)Pf,i = Pe,cPe,iPi, TPy iP5, P f 5+

Now peepe,i = Ype,i for some idempotent v < ¢, and p¢ipie = Opee

for some idempotent o < ¢. Thus
pc,ewpf,j = ’Yapc,ewpf,jpj,fpf,_j
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Since o, € ¢Sc we have that ya = ay. Hence a(pcezps;) =

PeeTpf,;- We now have that

pC,iypj,f & pc,ipi,empf,jpj,f = a(Pc,ewpf,j)pj,f = pc!empf;jpj>f'

However
T = PeilYPy,f

and so by condition (M2) we have that zp; ;p; ; = x. Thus

Pe,ilyPj,f = Peel-

It follows that
bpe,e® = bpeiypj s

as required.

3. Idempotents in C(S)?/d commute
First of all, we characterise the idempotents in C(S)?/d. Suppose
that d(e,z, f) is an idempotent in C(S)?/d. Then
(6, TPfeT, f) d (e, T, f)
Thus
IPf el = PeelPf f = L.

Hence (e,z, f) is an idempotent in C(S)?. Thus d(e,z, f) is an
idempotent in C'(S)?/¢ if, and only if, (e, z, f) is an idempotent in
C(S)P. In particular, = is regular.

Let (e, z, f) and 6(4,y, j) be idempotents in C(S)?/d. We shall

prove that they commute. We therefore need to show that
d(e,zpyiysJ) = 0(6, ypje, f);
that is, we need to prove that
TP1iY = Pe,i(YP;je®)Ps,; and ypj.et = pie(2Pf,iy)Pj f-

We shall prove the former equality; the proof of the latter equality

is similar. Observe also that
T < Pe,yand y < pij
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from the proof of Proposition 2.3.1 and the fact that (e, z, f) and
(i,1,7) are idempotents in C(S)P.
We have that

zpriy = (2p1Y)Pje(2PfiY)

since (e,zpy;y,7) is an idempotent by Proposition 2.3.1. Thus

ap sy = (201, ypset(Psiy) < (Pe,rPsi)YPjeT(PfiPij)

which gives

TPy < Pei(Ypj )P, i

using Proposition 2.2.(ii),(iii) and the fact that all elements involved

are regular. Similarly,

YPieT < Pie(Eprit)ns s

Hence

£y < Pei(YPse®)Prj < Peilie(TP1iY)P05 P15 < PeeTDriV)P) 5

and so

apsiy < e(zpgiy)]
and this is equal to zpy;y. Thus

TPfiY = Pe,i(YPj,eT)Pf s

as required
4. C(S)P/d is a semigroup with local units
Let d(e, z, f) be an element of C'(S)?/d. Observe that (e, e, e) and
(f, f, [) are both idempotents of C(S)?, by condition (M1). Thus

d(e,e,e) and &(f, f, f) are both idempotents in C'(S)?/d, and clearly
ez, f)O(f, f, f) = d(e,z, f) and d(e, e,e)d(e, 2, f) = d(e, z, f).

5. 6% is a strict local isomorphism
Let (a,b,¢) and (d,e, f) be idempotents in C(S)P. Then elements
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of (a,b,c) - C(S) - (d,e, f) will certainly have the form (a, z, f) for
suitable z. Let

(e, 2, f), (a,y, f) € (a,b,¢) - C(S) - (d,e, f).

Then if 6(a, z, f) = 6(a,y, f), it follows that z = paypsy =y. ™

2.5 The covering theorem

Let .S be a semigroup with local units having locally commuting
idempotents and equipped with a McAlister sandwich function. We
may therefore construct the semigroup with local units C(S)?/§ =
U(S) which has commuting idempotents. The map 6%: C(S)? —
U(S) is a strict local isomorphism. Define ¢: E(S) x E(S) — U(S)
by q(v,u) = gyu = 6(v,vu,u). We may therefore form the Rees
matrix semigroup M = M(U(S); E(S), E(S); Q).

Put E' = {(e,d(e,e,e),e): e € FE(S)}). Then E' is a set of
idempotents of M. The semigroup E'ME' is a subsemigroup of

M and a semigroup with local units.
Lemma 1 E'ME' = {(u, §(u,z,v),v) € M}.
Proof Observe that
(u, 0(u, z,v),v) = (w0, (w0, u, w), w) (u, 6 (u, z,v),v) (v, 6 (v, v,v),v).

Thus {(u,é(u,z,v),v) € M} is contained in E' ME'. On the other
hand,

(e, (e, e,¢€),€)(u,0(4, 2, 5),v)(f,8(f, f, f), f)

which is equal to (e,d(e, eupyzp; v f, f), f), which is of the re-

quired form. ™
Put EM = E'ME'. Observe that in the regular case, EM =

RM the set of regular elements of M (see the proof of Theorem 2.1
at the foot of page 731 of [20]).
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Define 6: EM — S by 0(u, d(u, z,v),v) = z; this is well-defined
because if §(u,z,v) = d(u,y,v) then z = y by the last part of the
proof of Theorem 2.4.2.

Proposition 2 The function 0 is a surjective strict local isomor-

phism along which idempotents can be lifted.

Proof Let s € S. Then because S has local units, we can find idem-
potents e, f € S such that es = s = sf. But then 0(e, d(e, s, f), ) =
s, and so @ is surjective.

To show that 0 is a homomorphism, let
(u,6(u, z,v),v),(9,0(9,y, k), k) € EM.
Then

(u, 0 (u, 2,0),v)(9,0(g, 9, k), k) = (u,0(u, zy, k), k).

The result is now clear.
To show that @ is a strict local isomorphism, it is sufficient to
check that if

0(u, é(u, z,v),v) = 0(u, §(u,y,v),v)
then
(U,(S(U,:L‘,'U),U) = (%5(“,%9)1“);
but this is immediate from the definition.
Suppose now that e € E(S). Then f(e,d(e,e,e,),e) = e and
(e,d(e,e,e,),e) € BE(EM). Thus idempotents lift along €. o

We have proved the following covering theorem.

Theorem 3 Let S be a semigroup with local units having locally
commuting tdempotents. If S has a McAlister sandwich function,
then there exists a semigroup U with local units whose idempotents
commute, a square Rees matriz semigroup M = M(U; I, 1I;Q) over
U, and a subsemigroup T of M which has local units, and a surjec-
tive homomorphism 6: T — S which is a strict local isomorphism

along which idempotents can be lifted. =
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2.6 McAlister sandwich functions I

It is natural to ask when a semigroup S has a McAlister sandwich
function. In this section, we adapt results from [13] to prove that
if S possesses an idempotent e such that every element of eE(S)
is regular, then S has a McAlister sandwich function constructed
in the same way as the one in McAlister’s original paper [20]. In
particular, if the regular elements of S form a subsemigroup then
S has a McAlister sandwich function.

Let S be a semigroup with local units with locally commuting
idempotents. Suppose that S has an idempotent e such that every
element of eE(S) is regular. By Proposition 2.2.3, for every u €
E(S) the set S(e,u) contains exactly one element. Denote this
element by u°. It is straightforward to check that the element u®

has the following properties:

e 4° is an idempotent.

e cu’u = eu.

Define ¢: E(S) x E(S) — S by ¢g(u,v) = u if v = v and u°v
otherwise. Put ¢(u,v) = gy,». The following generalises Lemma, 2.2
of [20].

Proposition 1 With the above definitions we have:
(1) quu € uSv.

(ii) Guu € V(Qu,v)-

(iii) The product quuqy,s s regular, and QuuGy,f < Gu,f-

Proof (i) If v = v then gy, = u and so gy € uSv. If u # v then

Quy = u’v. But ugy, = wutv = u'v = gy and gy v = gue
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(ii) If w = » then the result is clear. Suppose that u # v. Then
Quouuduy = (uv)(v°u) (u’v) = u’v°u’v = u’(ev’e)(eu’e)v.

But ev®, eu® < e and so, by assumption, they commute. Thus

o

u’(ev’e)(eu’e)v = u’(eu’e)(ev’e)v = u’v°v
but
u’v®y = u®(ev®v) = uev = U = gy
Hence Gu,uqvuu,y = qu,v- By symmetry ¢y uqu.vqv,u = Go,u-

(iii) By (ii), both g, and ¢, s are regular, and by (i), we have
that qu.v = quyp and vgy,y = gy 5. Thus guuq, s is regular by
Proposition 2.2.3(iii). We now prove that quuqy,5 < qu,r. If either
u = v or v = f then the result is clear. Thus we may assume that
u # v and v # f. By definition

Quuu,f = uovvof = uovof-
Now
u’v® f = uutv°f = uleuev® f
and eu®, ev® < e. Thus eu’ev® = ev®eu’. Hence
Gupde,f =60 0" f = (Vv u)u’f.

Suppose that v = f. Then

GuuQu,f = Quudou,u <u= Qu, f

using (ii). If, on the other hand, u # f, then ¢, yq, ; = (u®v°u)qy ;-
But

uv u = (u)(v°u) = quaguu

is an idempotent less than u. It follows by Proposition 2.2.3(ii)
that

Quu,f = (Qu,UQU,u)QR,f < UGy, f = Qu,f-

As a result we have the following theorem.
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Theorem 2 Let S be a semigroup with local units having locally
commuting idempotents in which the regular elements form a sub-
semigroup. Then S divides a Rees matriz semigroup over a semi-

group with commuting idempotents. ]

2.7 McAlister sandwich functions II

In this section, we show that there is another way of constructing
examples of semigroups with McAlister sandwich functions. This
approach will form the basis of the work in the next chapter. Let
S be a subsemigroup of the semigroup 7. We say that T is an
enlargement of S if S = ST'S and T' = T'ST. We begin with the

motivating example of an enlargement; it is taken from [14].

Lemma 1 Let T = TeT', where e is an idempotent. Then T is an

enlargement of eTe.

Proof Firstly
(eTe)T (eTe) = e(TeT)eTe = e(TeT)e = eTe

and
T(eTe)T = Te(TeT') =Tel' =T,

as required. [

We now consider when such a 7" has locally commuting idem-

potents.

Lemma 2 Let T = Tel', where e is an idempotent. Then eTe
has commuting idempotents if and only if T has locally commuting

idempotents.

Proof Suppose that eT'e has commuting idempotents. Every lo-
cal submonoid of T' is isomorphic to a local submonoid of eT'e by
Lemma 1.2.6(iii). Thus T has locally commuting idempotents. The

converse is immediate. ]
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Lemma 3 Let T = TeT, where e is an idempotent. Suppose that
S is a subsemigroup of T such that § = STS. Then there is a
subsemigroup T" of T and a subsemigroup U = U? of eTe such
that T' is an enlargement of both S and U.

Proof Let U = TST NeTe and T = TST. We prove first that
U = eT'STe. Observe that

e(T'ST)e = (eT')S(Te) C TST,

and
e(T'ST)e C eTe.

Thus
e(T'ST)e C TST NeTe.

To prove the reverse inclusion, let z € TST NeTe. Then z = tst’
where ¢,¢' € T and s € S, and © = exe where z € T. Thus

x = etst'e = (et)s(t'e) € eT'STe.

Hence e(T'ST)e = TST NeTe.
To prove that U = U, observe that

U? = (eT'STe)(eTSTe) = eT'S(TeT)STe = eT'STSTe
since T' = T'el’. But then
eT'STSTe =eTSTe=U

since ST'S = S.

We now show that 7" is an enlargement of U. We have that
UT'U = UTSTU = (eT'STe)T ST (eT STe)
using the fact that TeT = T twice this is equal to
eT'STSTSTe =eTSTSTe=el'STe=U
using the fact that ST'S = S twice. Hence
Ur'u=uy.

46



Next we have that
T'UT' = (TST)U(T'ST) = TST(eT'STe)T ST,
and from the fact that T = TeT and S = ST'S we get
T =T8T =17

We have therefore shown that 7" is an enlargement of U.
We now show that 7" is an enlargement of S. First of all we

have to show that S is actually contained in 7'. Observe that
B = 8T8 = (STS)TS8 = (BTSITS) CTET =T".
Now we check the defining properties of enlargements:
ST'S = S(T8T)S = 8T5:=8
and
T'8T = (ESTYTST)=TST8T8T = TETST =T8T =T

The following is immediate.

Theorem 4 Let T be a semigroup with local units such that T =
TeT, where e is an idempotent, and eTe has commuting idempo-
tents. Let S be a subsemigroup of T with local units such that
S = STS. Then there is a semigroup with local units T' with
locally commuting idempotents which is an enlargement of the sub-

semigroups S and U, where U? = U has commuting idempotents.
m

We now come to the main result of this section. The inspiration

for it came from [21].

Theorem 5 Let S be a semigroup with local units and let U be a
semigroup with commuting idempotents such that U?> = U. If T is
a semigroup which is an enlargement of both S and U, then S has

a McAlister sandwich function.
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Proof By assumption, T is an enlargement of U and U? = U.
Thus by the proof of Proposition 2.1 of [14], every idempotent of
T is D-related to an idempotent of U. Thus, in particular, every
idempotent e of S is D-related to some idempotent in U. By Propo-
sition 1.2.1(iii), this means that there exists t. € T and &, € V (f.)
such that

tet, = e and t,t, € E(U).

Observe, in particular, that . is regular.
Define a function ¢: E(S) x E(S) — S by

Q(fu 6) =Qfe = tft’e

To show it is well-defined, we have to prove that g . € S. However,

qulee = f(tft'e)e = tftle =qfe

Thus
gte € fTe C8TS =8,

as required. We now prove that ¢ is a McAlister sandwich function
for S.
(M1) holds: observe that ge . = tet, = e and gy, = tst, where
F(trte) = (bptp)tste = tyt,
and
(trtl)e = tstltotl = t st

(M2) holds: we calculate

Ge,fqf,00e,r = (tety)(trte) (tety)

which is t(ttf)(t.fe)t;. Now the bracketed elements are both
idempotents in U and so commute. Thus we can rewrite the prod-
uct as te(t'etg)(t'}tf)t} which is just ge s. Interchanging e and f we
arrive at e € V(ge,5)-

(M3) holds: by definition

Ge.fqfi = telytsts.
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Now this is equal to
(tet’j‘tft,e)tet;'

using the fact that t’ft s and #,t, are idempotents in U and so com-

mute. However, it is easy to check that
a'=1tttyt, € S
is an idempotent. Thus
de,fqfi = Qe -

Similarly
Ge.f45i = Geil(titytrt;) = geif

where 3 € S is an idempotent. Hence by Proposition 2.2.2(iv),

Qe,f41; < Qei-

The proof of the following is immediate from Theorems 4 and 5.
It provides us with another way of constructing semigroups which

satisfy the main conditions of this chapter.

Corollary 6 Let T' be a semigroup with local units such that T =
TeT, where e 1s an idempotent, and eT'e has commuting idem-
potents. If S is a subsemigroup of T with local units such that
S = STS, then S has a McAlister sandwich function. [
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Chapter 3

An embedding theorem
for semigroups with
locally commuting

idempotents

McAlister proved that a regular semigroup S was locally inverse if
and only if it could be embedded in a regular semigroup T such that
T = TeT, for some idempotent e, and eT'e is inverse, and satisfying
S = 8TS [20], [22]. In this chapter, we show how this result can be
generalised to the class of semigroups with local units whose local
submonoids have commuting idempotents. Our characterisation
makes essential use of McAlister sandwich functions.

The constructions in Sections 3.1 and 3.2 were motivated by
constructions, originally for regular semigroups, to be found on
pages 168 to 181 of [22]. Our contribution has been to remove the
assumption of regularity and replace it by the existence of local
units, and to clarify the presentation of the main arguments by

phrasing them in terms of categories.
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3.1 Basic constructions

Let C be a category. We say that C is strongly connected if for any
pair of identities (e, f) the set hom(e, f) is non-empty.

Let C be a strongly connected category. A consolidation g for
C is a function ¢: C, x C, — C such that g(e, f) € hom(f,e), and
q(e,e) = e for every e € C,. We will write g, ; rather than g(e, f).
The pair (C, q), which we usually write as C'?, can be used to define

a semigroup structure on C as follows: define o on C' by

TOoY = Tqe,fY

where d(z) = e and r(y) = f. We will always denote products with
respect to consolidations by means of o. The following is easy to

prove.

Lemma 1 Let C be a category equipped with a consolidation gq.

Then CY is a semigroup with local units. |

We shall now define a special class of categories which we shall
later convert into semigroups with local units by means of consoli-
dations. The definition is not standard. Let C' be a category. We
shall say that it is bipartite if the following conditions hold:

(B1) There are full disjoint subcategories A and B of C, such that
Co = Ay U B,.

(B2) There is a set of isomorphisms A C C such that 4A~14 = A,
AA™! = B,, and B = AAA,

(B3) C=AUBUAAUAB.
Thus AA consists of all the arrows which start in A and finish
in B, whereas A~'B consists of all the arrows which start in B

and finish in A. We shall denote bipartite categories with these
ingredients by C(4, B, A).
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Lemma 2 Let C = C(A, B, A) be a strongly connected bipartite
category and let g be a consolidation on C. Then A? and BY are

subsemigroups of C?, and C? is an enlargement of both of them.

Proof It is clear that A7 and B? are subsemigroups of C9. We
shall prove that CY is an enlargement of A7; the proof that C? is
an enlargement of BY follows by symmetry.

To prove that Ao Co A C A, let a € A where a € hom(e, f);
and ¢ € C where ¢ € hom(3,j). Then aocoa = aqejcg;ja. But
age ;cq;, fa begins and ends in A and A is a full subcategory of C
and so age,jcgipa € A. Thus AoCo A C A. The reverse inclusion
is immediate.

To prove that and C C CoAoC, let ¢ € C where ¢ € hom(s, j).
Thenc€ AUBUAAUA™!B. If ¢ € A then clearly c € Co Ao C.
If ¢ € B then ¢ = yaz~! for some 2,y € A and a € A; thus
c€CoAoC. If c € AA then clearly ¢ € C o Ao C. Finally, if
ce€ A'B = AA~! then clearly ¢ € Co Ao (. Thus in all cases the

inclusion holds. The proof of the reverse inclusion is immediate. ®

Let C = C(A, B, A) be a strongly connected bipartite category
equipped with a consolidation 7. The two results which follow,
which are fundamental to our work, concern the behaviour of cer-

tain congruences on C".

Lemma 3 Let C = C(A, B, A) be a bipartite category, and let r
be a consolidation on C. Let p be the restriction of r to A, and let
q be the restriction of r to B. Let m; be a congruence on AP and

7o be a congruence on BY. Let w be the congruence generated by

m Umg on C". Then
TN(AxA)=m
if and only if the following conditions hold:
(1) (a,a') € m and z € A implies (zoa,z0d’) € m.

(2) (a,a’) € m and y € A implies (a0 y,a' oy) € m1.

52



(3) (b,b') emy andz € A andy € A implies (zoboy, zob oy) € .

(4) (b,b') € my and x € A~ and y € A implies (zoboy, zob oy) €

m.

(5) (b,b') € my and z € A™! and y € A implies (zoboy,zob oy) €

™.

(6) (b,b") € mp and x € A andy € A implies (zoboy,zob' oy) € .

Proof If # N (A x A) = =, then it is easy to check that all the
conditions hold. Conversely, assume that all the conditions hold.

We prove that
M (A X A) = 1.

Let (a1,az) € ™ where a;,ap € A. We shall prove that (ay,as) € .
From Proposition 1.1.3, there is a sequence of elementary m; U mo-
transitions

a) =21 = % —+ ... 2p = Gy,

where 2z; = 2; o u; 0 Y, 241 = ;0 v; 0y, and (uz,v;) € m U,
The crucial observation on which the proof of this part of the
lemma rests is the following. We can define a congruence p on C"

whose set of congruence classes is
{A,AA, AA™Y BY.

Clearly, m,m C p and so w C p. Since z; = a; € A then all the
2z € A. Thus z;ou;0y;,z;0v;0y; € A and (uz,v;) € m Umo.

We now work out the consequences of this observation. Let us
suppose first that (u;,v;) € 7. Then u;,v; € A. We now have to
find all possible ways of choosing z; and y; so that z; and 241 belong
to A. It follows that z; must come from either A or AA~! and y;
must come from A or AA. The cases involving 4 are immediate
since 7 is a congruence on A. Furthermore, the other two cases
can be dealt with independently since u; and v; both come from A.
It is now easy to see that conditions (1) and (2) are all we need to

deal with these cases.
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Now we turn to the case where (uj,v;) € ma. Then u;,v; € B.
We now have to find all possible ways of choosing z; and y; so that
z; and z;11 belong to A. It follows that z; must come from A or
A~1B, and vy; must come from A or B.A. It is now easy to see that
conditions (3), (4), (5) and (6) are all we need to deal with these

cases. B

We shall now strengthen Lemma 3 in the case where we have
more information about the consolidation. Let C' = C(A, B, A) be
a strongly connected bipartite category. Let p be a consolidation
on A and let g be a consolidation on B. Then we can construct a
consolidation r on C in the following way. Choose an isomorphism

a € A from ¢ to j. Define the consolidation r on C as follows:

Pe.f ife,f € A,
Qe,j D5, f ifee B, and f € 4,
pe,iailqj,f ifee A, and f € B,
Qe,f ife,f € By

Pe.] =

Thus r agrees with p and ¢ on A and B respectively and then does
the simplest thing otherwise. The consolidation r is determined by

p, q and the choice of a. Put r = r(p, q, @).

Lemma 4 Let C = (A, B, A) be a bipartite category. Let p be a
consolidation on A, and let ¢ be a consolidation on B. Let o € A
and let r = r(p, q, ) be the consolidation on C defined above. Let
m be a congruence on AP and mwo be a congruence on BY. Let w
be the congruence generated by m Ume on C7. Then we have the

following:

(i) TN (A x A) = m if and only if the following conditions hold:
(1) (a,a") € m implies (™t oa,a"  od') € 1.

(2)! (a,a’) € m implies (a0 a,a’ o ) € 7.

(3)r (b,b') € my implies (B~ 'obory, B~ 1ob oy) € m for all B,y € A.
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(ii) m N (B x B) = my if and only if the following conditions hold:

()11 (b,b') € my implies (o b, 0 b') € .
(2)rr (b,b') € 9 implies (boa™ !t/ o a™!) € ma.

(3) (a,a') € m implies (Boaoy ',foa oy~!) € my for all
B;v € A.

Proof (i) It is evident that conditions (1), (2)/ and (3) above are
special cases of conditions (1)—(6) in Lemma 3. It therefore is
enough to show that we can deduce conditions (1)—(6) from con-
ditions (1)1, (2)/ and (3).

(1) holds: let (a,a’) € m and let + € A~'. We prove that
(xoa,zod') € m. Let z € hom(n,m), a € hom(f,e) and o' €
hom(f’,e'). By (1), we have that

(@ toa,alod) €m.

But

aloa= a_lrj,ea = a"lqj,japi,ea,

and by the definition of a consolidation ¢;; = j. Thus

a~toa=p;.a.

=1

Similarly, o™ o @' = p; ¢2a’. Thus

(p‘i,eaapi,e’a) € my.

Now the element z o g, j o @ = zq, jo starts and ends in A and so
belongs to A by fullness. By assumption, m; is a congruence on A.
Thus

((zgn,ja) © (pi,ea), (xqn,;0) © (piea)) € m.

Using the fact that p;; = ¢ we obtain

(TGn,jOD; @, TGn jOP; @) € 1.
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But

T 0 G = TQn ;0P;eq

and
! !
roa = IQn jOD; G .
Hence
(zoa,zoa) €m,
as required.

(2) holds: let (a,a’) € m; and let y € A. We prove that (aoy,a’o
y) € 7. Let a € hom(f,e), a' € hom(f’,€') and y € hom(m,n).

By condition (2)/, we have that (a o a,a’ o @) € m;. But
aoq=aryo= a,pf,ia_lqj,ja
and so a o o = apy;. Similarly, a’ o @ = app ;. Thus

(apy.i,apy ;) € 1.

Observe that o= oy € A because it begins and ends in A, and A
is a full subcategory of C. Since m; is a congruence on A we have

that
((apyi) o (@™t oy), (apss) o (@ ' oy)) € mi.
But

aoy =ar;,y=apri0 'giny = (apsi) o (et oy)

and, similarly,
d' oy =app o giny = (app ) o (a ' oy).

Hence

(aoy,a oy) € m.

Thus (2) holds as required.

(3) holds: let (b,b') € m, z € A and y € A. We prove that
(toboy,zob oy) € m. Let b € hom(f,e), ¥ € hom(f',e),
z € hom(n,m) and y € hom(k,!). By condition (3)/, we have that

(o,:_loboy,aflob’oy) € 7.
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By assumption, £ € A and so since 7; is a congruence on A we
have that

(moa‘loboy,moaflob'oy)E‘rﬁ.

However, it is easy to check that
zoboy = orycbrpy = apaia” ¢ ebgry =z0a loboy

and

zoboy= :cpn,ia_lqj,erb'qff,fy =zoa loboy.

Thus (3) holds as required.

(4) holds: let (b,b') € mp, z € A™! and y € A. We prove that
(zoboy,zob oy) € m. Let b € hom(f,e), b € hom(f' ¢),
y € hom(n,m) and z € hom(k,!). By condition (3)/, we have that

(zoboa,zob oa) € m.
Now y € A and 7; is a congruence on A and so
(zoboaoy,zob oaoy) € 7.
But
zoboy = xrebrimy = 2qi bqr jopimy = zo0boaoy.
Similarly,
zob oy =zgebqp jopimy =zob oaoy.

Thus (4) holds.

(5) holds: this is just condition (3)/.

(6) holds: let (b,b') € w9, and z,y € A. We prove that (zobo
y,zob'oy) € my. Let b € hom(f,e), b’ € hom(f’,¢'), y € hom(n,m)
and z € hom(k,!). By condition (3)/, we have that

(@ loboa,atob oa)€m.
Now z,y € A and so since 71 is a congruence on A we have that

(roaloboaoy,zoatob oaoy) € m.
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But
zoa loboa oy = mrk‘ia_lrj,ebrf,jan,ny = xpk,ia_lqmbq;,japi’ny.
Whereas

zoboy =uaxry briny = Svpk,ia_lqg',ebl?f,japi,ny-

Thus

woa"loboaoy:—a:oboy.

Similarly

zoa toboaoy=zoboy.
Thus condition (6) also holds.
(ii) Observe first that the conclusions of Lemma 3 can be applied to
the congruence my with obvious modifications. We therefore have

the following six necessary and sufficient conditions for tN(Bx B) =

VPN
(1) (b, ') € m and = € A implies (z 0 b,z 0 b') € ma.
(2) (b,¥') € 7y and y € A~! implies (boy, b oy) € mo.

(3) (a,a') € 71 and z € B and y € A~! implies (zoaoy,zoa'oy) €

T
(4) (a,a’) € my and z € A and y € B implies (zoaoy, zoa’oy) € .

(5) (a,a') € m; and z € Aand y € A~! implies (zoaoy,zoa oy) €

9.
(6) (a,a’) € m and z € B and y € B implies (zoaoy, zoa'oy) € my.

It is evident that conditions (1), (2)#7 and (3)/ are special cases
of the above conditions so, as in (i), it remains to prove that (1)/,
(2)1 and (3)7 imply the above six conditions. The arguments used

are similar to the arguments employed in (i), and will be omitted.m
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3.2 The main theorems

Lemma 3.1.4 will now be applied to a particular class of bipartite
categories.

Let S be any semigroup with local units and let C(S) be the
category of Section 2.3. Then C(S) is strongly connected because
for any ordered pair of identities (e,e,e) and (f, f, f), the hom-set
hom((e, e, e), (f, f,f)) contains the element (f, fe,e). By defini-

tion, a consolidation for C'(S) is a function
£ C(8)o x C(S)o = C(9)
such that

g(e,e,e),(f,f,f) € hOIIl((f., f: f): (e: €, e)) and g(c,e,e),{e,e,e} = (Ga €, B).

Thus & ee),(r.7,7) 18 of the form (e, {é!f,f) where f;,f eeSf. It
follows that consolidations such as ¢ are completely determined by
functions ¢': E(S)x E(S) — § which satisfy £, , = e and €e,s € ESF.
We now make some notational alterations which will enable us
more easily to construct a bipartite category from S.
Put E = E(S) and let E = {&: e € E}. Put

W ={(gs,f) € ExSxE:seceSf},

regarded as a category in the above way. Consequently, W is noth-
ing more than C(S) with identities relabelled. Let ¢: £ x E — S
be any function which satisfies gzz = e and ¢, 7 € eSf. As above
this gives rise to a consolidation on the category W with elements
(e, ,f> f). We denote by W9 the semigroup with local units which
results from this consolidation.

Let d be a congruence on WY and put 7' = W4/§. We shall
assume that 6%: W9 — W9/J is a strict local isomorphism. Denote
the d-equivalence class of (&, s, f) by [g, s, f].

We shall now construct a bipartite category M from the semi-

group T'. Let
M = {(e,[e,s,f],8): a=coréand 8= f or f},
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where triples in M are multiplied in the obvious way. Put

A={(e[e,s fl,f) € ExT x E: s € eSf}

and
B=1{(¢&s,f],f): s €eSf}
Let
A= {(e,[e, e, é],&): e€ E}.
For notational convenience, put e = (e,[é,e,€|,e) and & =

(e [e, e, é€],e).

Proposition 1 With the above definitions, M = C(A, B, A) is a
bipartite calegory.

Proof If (o, x,3) and (v,y,€) are elements of M then their prod-
uct is only defined when § = - in which case it is (o, xy,€). It is
immediate from the form of the product in 7" that this multiplica-
tion is well-defined. It is easy to verify that M is a category with

respect to this partial product with identities
{e:e€ E}U{e: e€ E}.

It is clear that A and B are full disjoint subcategories; that A is a
set of isomorphisms; and that conditions (B1), (B2) and (B3) are

satisfied. u

We shall now define a consolidation on M of the type described

before Lemma 3.1.4.

e The consolidation p in A consists of elements of the form
Pef = (6‘, [éaefs f]a f)

e The consolidation q in B consists of elements of the form

Qe f = (€, [éwqé,fif]rf)'
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e Choose any element
a = (@, [4,u, 8], u)
of A.

Define the consolidation on M defined by r = r(p, q, ). We now
calculate the form of r explicitly:

re,? = peaua_lqﬁf = (E, [éaeQﬂ,,f: ])f)'l

and

I'sf = &, i%Pu,f = (é) [Ea QE.ﬂfv .ﬂa f)
A more succinct description of r can be obtained as follows. It is

Ta, = (Ot, [éa Ta,B) f]: ﬁ)

where

¢ UHa=candf=f
ef ifa=eand g=f
eqy, fa=eand B=f
geuf fa=ceand f=Ff

Tap =

Lemma 2 With the notation above we have the following.

(i) Define 8: A* — S by O(e,[e,s,f],f) = s. Then 0 is a well-

defined strict local isomorphism onto S.

(ii) Define ¢: B* — T by ¢(e,[e,s, f],f) = [é,s, f). Then ¢ is a

well-defined strict local isomorphism onto T'.

Proof (i) The restriction of the consolidation r to A takes the form
(e,[e,ef, f], f). Thus the product in A is given by

(e, &, f1, f) o (i, [i, 8, 51, 5)

which is equal to

(e'l [é’ S’Af_]?f)(f7 [f’ fz’.il'-]’E)(i?[:b‘?t?El?j)
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which simplifies to
(e! [él St1 5}13)'

Next we have to check that 8 is well-defined. Suppose that

(6, [éamaf]sf) = (8, [éiy?f]}f)'

Then z,y € eSf and 6(,z, f) = 6(&,y, f). By assumption, § is a

strict local isomorphism on W, and clearly

&=, f), (&Y, f) € Ee&oWio(f fJ).

Thus z = y. It follows that & is a well-defined homomorphism. It
is surjective because S has local units. It is easy to check that it is
a strict local isomorphism.

(ii) The restriction of the consolidation r to B takes the form

(&, [e, qé‘f,f], f). Thus the product in B is given by
& & s, f1, ) o (3, [5,8, 7, 7)
which is equal to
(& (&, F1, F)(F, [f a4, ) 6, [6, 8, 50, 9)
which simplifies to

(é, [‘éﬁs,f][g7t$5])5)'

It is now evident that ¢ is a well-defined homomorphism onto T,

and it is easy to check that it is a strict local isomorphism. =

Let ker(f) = m and ker(¢) = mp. We can now prove the main
result of this section, and the one on which our subsequent theory

depends.

Theorem 3 With the definitions above, let m be the congruence
generated by mUmg on M. Then nN(AxA) = m and tN(BxB) =

Ta.
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Proof To prove that 7N(Ax A) = 71, we verify that the conditions
(1), (2)r and (3)! of Lemma 3.1.4(i) hold.
(1)7 holds: let

(61 [évsa .ﬂa f)ﬂ'l(ia ﬁvsaﬂ’j)'

Direct calculation shows that

a_lo(e'l[éis?f]?f) = (u,[ﬁ,us,f],f)

and
oo (i, [i,5,4],7) = (u, [a,us, ], 5)-
Thus
alo(e[gs, fl, flma™ o (4,[i, 5, 7], )
as required.

(2) holds: let

(e? [é7 S’ f]’ f)wl(i’ [g! S’;]Tj)

Direct calculation shows that

(e, [éasa f]= floa= (e, {éa SU, ﬂ]v”)
and
(ii [Tt':ﬁ Sﬁj]ﬂj) o= (zl’ [g’ Su’ ﬂ]ﬂu)'
Thus
(e,[e,5, f], f) o = (i, [i,5,7],4) o c

as required.
(3)7 holds: let

(& [&,s, fl, Fma (i, [3, £, 51, 9)-

Thus by definition
[é: Sa.ﬂ = [E}t’j]
Let

B = (a,[a,a,a],a)
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and
1= (Ba [Ea b?B]s b)

both be elements of 4. Then
18_1 o (&, [éa 5, f]a f) oy = (a, [t_l, 9a,z54f b E], b),

and
plo (1, [i,t,51,3) oy = (a, [a, 9a,7q5 5 B]; b).

But

But by assumption, § is a local isomorphism on W7 and so
94,2597 5 = 9a,it9; 5

as required.

To prove that m N (B x B) = mg, we verify that the conditions
(1)r1, (2)71 and (3)77 of Lemma 3.1.4(ii) hold.

(1)7 holds: let

(&, [&. 5, f], )mal6, 8,2, 31, 5)-

Thus (&, s, f)é(i,t,7). Then

and
But (&, s, f)6(7,t, ) implies that (@, u, @) (&, s, f)0(@, u, @) (i,t, 7). Thus
[ﬁaqﬂ,ésa.f] = [ﬁaqﬁ,itu.ﬂ HEIICB
ao (& [e,s, fl, flmea o (1,11, 3], 7)
as required.
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(2)7 holds: let

(éa [éas?f]af)WQ(%v [ivta ],E)
Thus (&,s, f)d(i,t,7). Then
(e [é!s%fL f) oa ! = (€, [évsqf,ﬁiﬁ’]:ﬂ)

and
(E, [Ea t .ﬂai) pai™ = (E! [E: tQE,ﬁﬁ]vﬂ)'
But

(é1 S) f)é(g'i t? 5)
implies that
&5, ) (@,u, 8)8(,t, 7) (u, u,a).
Thus [&, sqf 5, %] = [, 1q; z4]. Hence
(é‘, [é’ S? f]? f) © a_1ﬂ2(31 [%_7 t! 5]33) © a_l

as required.
(3)1 holds: let

(81 [éa S,f], f)"'rl (2 [E:t:j]sj)'

Thus s = t. Let 8 = (a,[a,a,a],a) and v = (b,[b,b,b],b) be ele-
ments of A. Then

Bo(eles, ﬂvf) @ 7_1 = (a, [asaSbngB)

and
Bo(i,[it,4),5) o v~ = (a[a, atb,b], b).
But s = t. Thus (@, [a,asb,b],b) = (@, |[a,ath,b],b) which trivially

implies that these two elements are ma-related. ]

The following lemma will enable us to state our main theorem.

Lemma 4 Let 6: V —+ W be a surjective homomorphism.

(1) If V has local units so does W .
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(ii) If U C V is a subsemigroup such that U = UVU, then 0(U) =
QUYWO(U).

(iii) If V is an enlargement of the subsemigroup U, then W is an

enlargement of (U).

(iv) If e is an idempotent in V such that V = VeV, then W =
Wo(e)W.

Proof (i) Straightforward.

(ii) To prove 8(U)WE@(U) = O(U), it is enough to prove that
O(UYWO(U) C 6(U). Let 6(u),0(u') € O(U) and w € W. Since
 is onto W there exists v € V such that 6(v) = w. Now uvu' €
UWU = U. Thus 8(uve') € 8(U). Tt follows that the inclusion
holds.

(iii) Given (ii), it is enough to prove that W6(U)W = W; in
fact, it is enough to prove that W C W@(U)W. Let w € W. Then
since f is surjective there exists v € V such that 8(v) = w. But
V = VUV. Thus v = v'uv” for some v',v” € V and u € U. Thus
w = 0(v) = 0(v")0(u)f(v") € WOU)W.

(iv) Immediate. L

The key result which we deduce from Section 3.1 and the results

of this section is as follows.

Theorem 5 Let S be a semigroup with local units. Suppose that
the category C(S) is equipped with a consolidation q, such that
C(S)? admits a strict local isomorphism onto a semigroup T. Then
both S and T can be embedded in a semigroup with local units N

in such a way that N is an enlargement of both S and T.

Proof By Proposition 1, we can construct a bipartite category
M equipped with a consolidation r containing subsemigroups A"
and B*. By Lemma 3.1.2, M" is an enlargement of both A" and
B*. By Lemma 2, there is a surjective strict local isomorphism

f: A* — S and a surjective strict local isomorphism ¢: B* — T.
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Put m; = ker(f) and my = ker(¢). By Theorem 3, the congru-
ence m generated by m U my is such that 7 N (A x A) = m and
mN (B x B) = m. Put N = M"/n. Then S is isomorphic to
S§" = A" /n and T is isomorphic to 7" = B*/n. But by Lemma 4,
N is a semigroup with local units which is an enlargement of both
S’ and T'. (]

We can now provide our first characterisation theorem.

Theorem 6 Let S be a semigroup with local units in which each
local submonoid has commuting idempotents. Then the following

are equivalent:

(1) S has a McAlister sandwich function.

(ii) There is a semigroup N with local units which is an enlarge-
ment of both S and a semigroup with local units T' having

commuting tdempotents.

Proof (i)=-(ii). Let S a semigroup with local units in which each
local submonoid has commuting idempotents, which is equipped
with a McAlister sandwich function. By Theorem 2.4.2, the cate-
gory C(S) can be equipped with a consolidation ¢ in such a way
that C(S)? admits a strict local isomorphism onto a semigroup
T with local units and commuting idempotents. Theorem 5 now
delivers the desired conclusion.

(ii)=(i). Let S be a semigroup with local units in which each
local submonoid has commuting idempotents. Suppose that S can
be embedded into a semigroup with local units N satisfying the
stated conditions. Then § has a McAlister sandwich function by
Theorem 2.7.5. ]

The following is immediate by the preceding theorem and Sec-
tion 2.6.

Corollary 7 Let S be a semigroup with local units whose regular

elements form a subsemigroup. Suppose that the local submonoids
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of S have commuting idempotents Then S can be embedded in a
semigroup with local units N in such a way that N is an enlarge-
ment of S and N is an enlargement of a subsemigroup with local

units T having commuting idempotents. u

We conclude by refining our characterisation theorem using the
ideas described by McAlister in [22].

Theorem 8 Let S be a semigroup with local units having locally

commuting idempotents. Then the following are equivalent:

(1) S has a McAlister sandwich function.

(ii) There is a semigroup with local units P equipped with an idem-
potent e such that P = PeP and ePe has commuting idem-
potents into which S can be embedded so that S = SPS.

Proof The implication (ii)=>(i) follows from Corollary 2.7.6. We
may therefore concentrate on the implication (i)=>(ii). Thus S is
a semigroup with local units having locally commuting idempo-
tents and equipped with a McAlister sandwich function. By The-
orem 6(ii), we can embed S into a semigroup with local units N
which is an enlargement of S, and N is an enlargement of a sub-
semigroup T which has local units and commuting idempotents. If
T has an identity then there is nothing to prove. So we assume
that T does not have an identity. By Theorem 5, we have that
N = M*/w. We may now follow McAlister’s arguments in [22]
because they at no point use regularity. Consider the semigroup
M?*. Exactly as in Lemma 5.3 of [22] we may define a pair (A, p) of
linked left and right idempotent translations of M. Thus an idem-
potent w may be adjoined to M to obtain a semigroup M = MY
which contains M as an ideal. Evidently M has local units. The

semigroup M contains A as a subsemigroup; observe that
AMA = AMAU AwA = A

since A = AM A and AwA C A from the definition of w in [22] and

the form of the consolidation multiplication in M. Also wMw =
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B U w, which is essentially B with an identity adjoined, and M =
MwM exactly as in [22]. By Lemma 5.4 of [22], p = 71U {(w,w)} is
a congruence on M. Let P = M /p, and let e = p(w). By Lemma 4,
both § = SPS and P = PeP. It is clear that ePe is isomorphic to

T and so has commuting idempotents. ]
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Chapter 4

Variants of regular

semigroups

This chapter is independent of the preceding chapters, and is con-
cerned once more with regular semigroups. Let S be a regular
semigroup, and let a € S. Then a variant of S with respect to a
is a semigroup with underlying set S and multiplication o defined
by z oy = zay. In this chapter, we characterise those elements
a such that (S,o) is also regular, and show that the set of such
elements can function as a replacement for the unit group when S
does not have an identity. We also investigate the structure of arbi-
trary variants of regular semigroups concentrating on how the local
structure of S affects the structure of its variants. We raise a num-
ber of questions concerning the properties of regularity-preserving

elements.

4.1 Introduction

Let S be a semigroup and a € S. A new product o may be defined
on S by putting zoy = zay. It is clear that (S, o) is a semigroup; it
is called a wariant of S. We usually write (9, a) rather than (S, o)
to make the element a explicit.

Variants of abstract semigroups were first studied by John Hickey
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[9], although variants of concrete semigroups of relations had ear-
lier been considered by Magill [16]. It is natural to wonder whether
variants have applications to semigroup theory in general; the an-
swer is in the affirmative, and here are three examples. First of all,
variants arise naturally in connection with Rees matrix semigroups.
Let M = M(S;1,A; P) be a Rees matrix semigroup, let ¢« € I and
A € A, and put
M ={(i,s,)): s € S}.

Then it is easy to check that M; ) is a subsemigroup of M iso-
morphic to (S,py;). Indeed, M is a disjoint union of such semi-
groups. Secondly, Hickey showed (Theorem 5.1 of [9]) that variants
could be used to provide a natural interpretation of the Hartwig—
Nambooripad order (see Section 1.2.3). Thirdly, and the applica-
tion which forms of the substance of this chapter, variants can be
used to generalise the unit group of a semigroup. We now explain
what this means.

Although every semigroup S can be converted into a monoid
S' by adjoining an identity, this is not always a useful process. For
example, if § has the property that every local submonoid belongs
to some class of semigroups C then the same will only be true of S!
if S itself belongs to the class C. Another example applies when S
is a Rees matrix semigroup: S' will itself not in general be a Rees
matrix semigroup. Hickey suggested the following generalisation of
the unit group in the case of regular semigroups S. An element
a € S is said to be regularity preserving if (S, a) is regular. De-
note the set of all regularity-preserving elements of S by RP(S).
When the set RP(S) is non-empty it forms a completely simple
subsemigroup of S (Theorem 4.4 of [9]): this is the sought-for gen-
eralisation of the unit group. We develop this suggestion further in
Section 4.2. We relate this work to the paper of Loganathan and
Chandrasekaran [15] and discuss applications to the local structure
of regular semigroups.

The remainder of this chapter, Section 4.3, is given over to
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determining what we can say about the structure of variants of
regular semigroups in general. Our point of departure here was
Hickey’s result (Lemma 3.4 of [9]) that every variant of a completely
simple semigroup is isomorphic to a rectangular group; we show
that in a number of cases local structure of a semigroup becomes
global in variants.

Let C be a class of semigroups. Then S is said to be locally C if

each local submonoid of S belongs to C.

4.2 Regularity-preserving elements

In Section 4.1, we defined the set of regularity-preserving elements
RP(S) of a regular semigroup S, and noted that this set is sup-
posed to generalise the unit group in monoids. Our first two results

provide evidence for this idea.

Proposition 1 Let S be a regular semigroup.

(i) If S is @ monoid, then a € S is regularity-preserving if, and

only if, a is invertible.

(ii) If S is inverse, then a € S is reqularity-preserving if, and only

if, S is a monoid and a is invertible.

Proof (i) This result follows from Theorem 4.7 of [9]. We give
a direct proof for the sake of completeness. Let S be a monoid.
Suppose first that a is regularity-preserving. Then 1 is regular in
(S5,a) and so there exists z € (5,a) such that 1 = 10z 0 1. That
is 1 = lazal. Thus 1 = aza. Now a(za) = 1 and la = a, so that
aR1; and (az)a =1 and al = a, so that a L1. Hence aH 1. But
H; is just the group of units of S, and so a is invertible.

Conversely, suppose that a is invertible. We show that a is
regularity-preserving. Let b € S. Then b = bzb for some z € S,
and so

b= blzlb = baa 'za"'ab = ba(a*za"!)ab,

that is b= bo (e 'za™!) o b. Thus b is regular in (5, a).
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(ii) Suppose that the inverse semigroup S has a regularity-
preserving element a. Let b € S be an arbitrary element. By
assumption, b is regular in (S,a). Thus there exists an element
z € (S,a) such that b = boxob and z = zoboz. That is b = bazab
and z = zabaz. Multiplying the first equation by a on the left and
right we obtain aba = (aba)z(aba) and z = z(aba)s. Thus, since
S is inverse, we have that # = (aba)~!. Hence b = ba(aba) ' ab.
Thus

b=ba(a b a"")ab = blaa" )b (¢ a)]

and so using the fact that idempotents commute in an inverse semi-

group, we obtain
b=bb"'(a " a)b)(aa"t) = (") (a 'a)blaa™t) = (¢ a)blaa™t).

Thus b = a~'abaa™!. A special case of this equation is obtained by
putting @ = b. Hence a = (a™'a)a(aa™'). Thus (a~'a)a = a, and
so (a7'a)(aa™) = aa™!; and a(aa™') = a, and so (a~'a)(aa"!) =
a~ta. It follows that ag™! = a~la = e, say. But we proved that
b = ebe for all b € S, so it follows that S = eSe. Thus S is a
monoid with identity e, and so a is invertible.

The converse is immediate by result (i). =

Lemma 2 Let S be a reqular semigroup. If a is regularity-preserving
then SbS C SaS for every b € S. In particular, S = SaS.

Proof Let a be regularity-preserving. Then any element b € § is
regular in (S,a). Thus there exists z € S such that b = boz o b.
Thus b = bazab. It follows that b € SaS and so SbS C SaS, as

required. The fact that S = SaS is now immediate. =

Lemma 2 implies that all regularity-preserving elements are
J-related, and belong to a maximum J-class. Thus the set of
regularity-preserving elements of S is at the ‘top’ of the semigroup.
Furthermore, Proposition 1 shows that when the semigroup S is

a monoid, the set RP(S) is the unit group. This constitutes our
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motivation for regarding RP(S) as a reasonable generalisation of
the unit group to semigroups.

If the completely simple semigroup RP(S) is to be of any use,
we need to be able to locate its elements reasonably easily. The

following three results provide some solutions to this problem.

Proposition 3 Let S be a regular semigroup. Then a € S is

regularity-preserving if and only if ba R b L ab for every b € S.

Proof Suppose that ba R b L ab for every b € S. We show that a
is regularity-preserving. By assumption, there exist =,y € S such
that baz = b and yab = b. Let &' € V(b). Then

b = bb'b = (baz)b' (yab) = bo (zb'y) o b.

Thus b is regular in (S, a). The converse is proved in Lemma 4.2 of
[9]. L]

The following result telis us that in fact we need only locate the

regularity-preserving idempotents.

Lemma 4 Let S be a reqular semigroup. Then a € S is reqularity-
preserving if, and only if, aH e where e is a reqularity-preserving

idempotent.

Proof Let a be a regularity-preserving element in S. We have by
Lemma 4.3(i) of [9], that the H-class of a is a group and so a H e for
some idempotent e in S. Now, a € eSNSe and so by Lemma 4.3(ii)
of [9] the idempotent e is regularity-preserving.

Conversely, suppose that a H e where e is a regularity-preserving
idempotent. Then Sa = Se and aS = eS so that e € eS N Se =
a5 N Sa. Thus a is regularity-preserving by Lemma 4.3(ii) of [9].m

Our main result on characterising regularity-preserving idem-

potents is the following.
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Theorem 5 Let S be a regular semigroup, and let e € E(S). Then

the following are equivalent:

(i) e is reqularity-preserving.

(ii) feR f Lef for every f € E(S).

(iii) V(f) NeSe # O for every f € E(S).
(iv) V(a) NeSe # 0 for every a € S.

Proof (i) = (ii). This is immediate from Proposition 3.
(ii) = (iii). Let f € E(S). Then by assumption, there exist
elements z,y € S such that fez = f and yef = f. Observe that

flezfye)f = (fex)f(yef) = ff = [

and

(exfye)f(exfye) = exf(yef)exfye = ex(fex)fye = exfye.
Thus ez fye € V(f) NeSe.

(iii) = (iv). Let @ € S and o' € V(a). By (iii), there are
elements u € V(aa') NeSe and v € V(a’'a) N eSe. Consider the

element va'u. Observe that

a(va'u)a = a[(a'a)v(a'a)a’ua = aa’ua = (aa’)ulaa’)a = a
and
(va'u)a(va'v) = va'[(aa’)u(aa’)]a(va'v) = v[(a'a)v(d'a)]a’u = va'u.

Thus va'u € V(a). But ue = u and ev = v. Hence V(a) NeSe # 0.
(iv) = (i). Let a € S. Then by assumption, there is a' €
V(a) NeSe. Thus a = aa’a = a(ed’e)a = aoa' oa. Thus a is

regular in (S, e). Hence e is regularity-preserving. ]

Property (ii) above provides a link between this paper and the
one of Loganathan and Chandrasekaran [15]. If e is a regularity-
preserving idempotent of the regular semigroup S, then the func-

tion B,: S — eSe defined by 6.(s) = ese is an example of a ‘split
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map’. Furthermore, split maps of this type play an important role
in the general theory (Theorem 1.8 of [15]). The following result
is just a reinterpretation of Example 1.4 and Lemma 1.5 of [15] in
the light of our Theorem 5.

Proposition 6 Let S be a regular semigroup and e an arbitrary

idempotent. Put
S, = {a € S: V(a) NeSe # 0}.

Then S, is the largest reqular subsemigroup U of S containing e

such that (U, e) s regular.

Proof The set S, is non-empty because it always contains e. Let
a,b € S,. Then there exists ' € V(a) NeSe and b € V(b) N
eSe. Let g € S(a'a,bb’), the sandwich set of a’a and bb'. Then
by Proposition 1.2.5, we have that b'ga’ € V(ab). Thus b'ga’ €
V (ab) NeSe. 1t follows that S, is closed under multiplication. Now
let @ € S,. Then there exists a' € V(a) N eSe. Observe that
eae € eSe and o (eae)a’ = a'aa’ = o' and (eae)d’ (eae) = e(aa'a)e =
eae. Thus eae € V(a') NeSe. It follows that o' € S,. Hence
S, is a regular subsemigroup of S containing e. To show that
(S, e) is regular, let a € Se and choose o’ € V(a) NeSe. Then
a=aa'a = aea'ea =aoa oain (See). Thus (Se,e) is regular.
Now let T' be any regular subsemigroup of § containing e such
that (T,e) is regular. Let @ € T. Then by assumption a is reg-
ular in (T,e). Thus there exists z € T such that a = aoczoa
and £ = zoaox. Thus a = eezea and © = zeaex. Multi-
plying the second equation on the left and right by e we obtain
ere = (exe)a(exe). Thus exe € V(a) NeSe. Hence a € S,, and so
TS, a

It is immediate that the idempotent e is regularity-preserving
if and only if S, = S.
A number of different classes of regularity-preserving idempo-

tents have been considered in the literature. Before examining
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them, we need some definitions. Let S be a regular semigroup. An
idempotent e is said to be medial if aea = a for each a € (E(S)); it
is said to be normal medial if it is medial and e(F(S))e is a semi-
lattice; it is said to be a mididentity if aeb = ab for all a,b € S. The
following result is trivial but makes the connection with regularity-

preserving elements.

Lemma 7 Let S be a regular semigroup. Then both medial idem-

potents and mididentities are regularity-preserving.

Proof Let e be a medial idempotent. Let f € E(S). Then fef =
f. It follows that feR f Lef. Thus e is regularity preserving by
Theorem 5(ii).

The result concerning mididentities follows from Theorem 4.7
of [9]. We give our proof for the sake of completeness. Let e be
a mididentity. Then fef = f once again. Thus e is regularity-

preserving,. ]

Blyth and McFadden [3] show how to construct all idempotent-
generated regular semigroups containing a medial idempotent, and
all regular semigroups containing a normal medial idempotent. Our
result Lemma 7 implies that these results can be interpreted as de-
termining the structure of classes of regular semigroups equipped
with various kinds of regularity-preserving idempotents. If S con-
tains a mididentity then RP(S) is an orthodox completely simple
semigroup by Corollary 4.8 of [9]; this result suggests studying the
relationship between the existence of special kinds of regularity-
preserving elements of S and the structure of RP(S), although we
shall not pursue this question here.

We noted in the introduction that semigroups with local proper-
ties are a natural class in which to investigate regularity-preserving
elements. We consider one example of this now. Let S be a regular
semigroup and let T' be an inverse subsemigroup of S. Following
[23], we say that T is an inverse transversal of S if for each s € S

the set V(s) NT contains exactly one element.

(e



Theorem 8 Let S be a locally inverse regular semigroup. Then
the idempotent e € S is regularity-preserving if and only if eSe is

an inverse transversal of S.

Proof Let e be a regularity-preserving idempotent. Since S is
locally inverse eSe is an inverse semigroup. By Theorem 5(iv), the
set V (s)NeSe contains at least one element for each s € S. We shall
prove that it contains exactly one element. Let u,v € V(s) NeSe.
Then

§ = sus,u = usy and s = svs,v = VSv.

Observe that esu, esv € F(eSe). Since eSe is inverse, (esu)(esv) =
(esv)(esu), and so e(sus)v = e(svs)u. But s = sus and s = svs,
and so esv = esu. Multiplying on the left by v and using vsv = v
we obtain v = vsu. Next observe that use,vse € E(eSe), and so
(use)(vse) = (vse)(use). It follows that u(svs)e = v(sus)e, and so
use = vse. Multiplying on the right by u, we obtain usu = vsu,
and so u = vsu. Hence u = v, as required.
The converse is immediate by the definition of an inverse transver-

sal and Theorem 5(iv). [

If S is a regular subsemigroup of a regular semigroup 7', then
we say that it is a quasi-ideal if S = ST'S. Observe that the locally
inverse semigroups above have the further property that eSe is also
a quasi-ideal of S. Theorem 2.2 of [23] can now be stated as follows:
a regular semigroup S contains a quasi-ideal inverse transversal if
and only if S can be embedded as an ideal in a locally inverse
semigroup with a regularity-preserving idempotent; furthermore,
Theorem 3.2 of [23] can be stated as: the regularity-preserving
idempotent in question is a normal medial idempotent if and only
if S in fact contains a multiplicative inverse transversal.

We put the above results in a more general context. From
Lemma 1.2.6 and Theorem 1.3.4, a regular semigroup S is locally
inverse if and only if S is a quasi-ideal of a locally inverse semigroup

T such that T = TeT. If we strengthen ‘quasi-ideal’ to ‘ideal’,
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require that the idempotent e be regularity-preserving, and require
S to contain a quasi-ideal inverse transversal, then we have the
first of McAlister's two results above. Thus regularity-preserving
elements can lead to special cases of the main results of this thesis.

Given that regularity-preserving elements are useful, it is nat-
ural to enquire into the structure of regular semigroups possessing
them: we would expect that they should be constructed from reg-
ular monoids. One approach to this question may be deduced from
[15): particularly, Theorem 3.1 and Corollary 3.2. Another ap-
proach, which we set up here, is based on Rees matrix semigroups.

Let S be a regular semigroup and e a regularity-preserving
idempotent. Then by Lemma 2, S = SeS. By the Local Structure
Theorem (Theorem 1.3.2), the semigroup S is a locally isomorphic
image of a regular Rees matrix semigroup over eSe; thus there
is a surjective local isomorphism ¢: RM(eSe; I, A; P) — S. The
relationship between the regularity-preserving elements of RM =
T M(eSe; I, A; P) and those of S is described by the following re-

sult.

Lemma 9 Let 8: T — S be a surjective local isomorphism between
reqular semigroups. Then t € T is reqularity-preserving in T' if,

and only if, O(t) is reqularity-preserving in S.

Proof Let t € T be regularity-preserving in . Let s € S be
arbitrary. Since @ is surjective there exists u € T such that 6(u) = s.
By assumption, u is regular in (T',t). Thus there exists a € T' such
that © = uoaou = utatu. Hence s = s6(t)0(a)f(t)s. That is,
s =so00(a)osin (S,0(t). It follows that s is regular in (5,6(t))
and so @(t) is regularity-preserving in S.

Conversely, let s € S be a regularity-preserving element, and
let t € T be any element of T such that 6(t) = s. We shall prove
that ¢ is regularity-preserving in T'. Let a € T be any element.
By assumption, f(a) is regular in (S,s). Thus there exists z € -
such that 6(a) = 6(a) o z 0 8(a). That is 8(a) = 0(a)szsb(a). Let
y € T be such that A(y) = 2. Then 6(a) = 0(a)0(t)0(y)0(t)0(a)
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Thus 6(a) = 6(atyta). Let a' € V(a). Then a,atyta € aa'Td'a.
But 6 is a local isomorphism between regular semigroups. Thus by
definition, we have that a = atyta. Thusa =aoyoa in (T,t). It

follows that ¢ is regularity-preserving. o

From the calculation preceding Lemma 9, and from Lemma 9
itself, we have that RP(RM) = §~'(RP(S)). This result suggests
that we investigate the regularity-preserving elements of regular
Rees matrix semigroups. To do this, we shall need the following
definitions. Let S be a monoid. We say that a € S is left invertible
if there is an element a* such that a*a = 1; we say that a is right

invertible if there is an element a' such that aa! = 1.

Theorem 10 Let S be a regular monoid and let
RM =RM(S;1,A; P)

be a regular Rees matriz semigroup over S.

(i) Let (i,a,A) € RM be such that a is invertible, every element in
the ith-column of P is right-invertible, and every element in
the Ath-row of P is left-invertible. Then (i,a, \) is a reqularity-

preserving element of RM.

(i1) If each row and each column of P contains an invertible el-
ement, then every element of M = M(S;1,A; P) is regu-
lar and the regularity-preserving elements of M are precisely
those of the form described in (i).

Proof (i) Let (7,b, ) be an arbitrary element of RM. We show
that (7, b, p) is regular in the variant (RM, (i,a, A)). Let b’ € V (b).
By assumption, py; is invertible with inverse p;z.l, the element p,;
Li’ and py; has a left inverse pij. Consider the
element (i,z,A) where

has a right inverse p
—1.—1 ~1,.-1
T=P e Pzz'bipija Py -
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Firstly, (i,z,A) € RM because

(i, 2, \) (i, apxjbpia, N) (i, 2, A) = (4, Zpriapr;bpuiaprit; A)

and
TP aPrjbpuiap T = T

as direct computation shows. Secondly, in (RM, (i,a, A))
(5, b, 1) © (3,3, X) © (4, b, 1) = (5,0, p) (6, @, A) (i, 2, M) (3, 6, A) (3, b, 1)
which is equal to (7, bpuiaprizpaiapasb, p). But
bpiapriTPriaprb = bb'b = b.

Thus (z,a, A) is regularity-preserving.

(ii) Suppose now that each row and each column of P con-
tains an invertible element. By Theorem 4 of [17], the semigroup
M(S; 1, A; P) is automatically regular. Let (i,a,A) be a regularity-
preserving element of M(S; I, A; P). We prove that (i, a, A) satisfies
the conditions of (i) above. Firstly, we show that a is invertible.
By assumption, there is j € I such that p; is invertible. Also by
assumption, (j,1,) is regular in (M, (i,a,A)). Thus there exists
(k,b,v) € M such that

(j1 13 A) = (j’]'))\) o (k;?b?U) Q (J?lﬁA)
which is equal to
(j’ 17A)(?:, a’? A)(k:’ b'l U)("ha’ A)(j.SliA)

which gives 1 = py;aprkbpriapy;j and so 1 = (py;priaprkbpyi)a using
the fact that py; is invertible. Thus a has a left inverse. Similarly,
there is w € A such that p,; is invertible and (4,1,w) is regular
in (M, (i,a,))). A similar argument to the above leads to the
conclusion that @ has a right inverse. It follows that a is invertible.

By Lemma 4, (i,a,)) is H-related to a regularity-preserving
idempotent. This will be of the form (¢, ¢, A) where ¢H a. Thus ¢ is

invertible. It follows that ¢ = p;il. In particular, py; is invertible.
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We now prove that every element in the Ath-row of P is left-
invertible, and every element in the ith-column of P is right-invertible.

Let k € I. We prove that py; has a left inverse. By assumption,
(k,1,A) is regular in (M,(i,p;il, )). Thus there exists (m,d,£)
such that (k,1,A) = (k,1,)) o (m,d,€) o (k,1,A). That is

(k,1,A) = (k,1,\) (4, p5, A (m, d, &) (6, py;' ) (K, 1, A).

It follows that 1 = (pxmdpfip;il )Pk, and so pyx has a left inverse.
Let p € A. We prove that p,, has a right inverse. By as-

sumption, (z,1,p) is regular in (M, (i,p;il, A)). Thus there exists

(m,d, €) such that (i,1,p) = (3,1, p) o (m,d, &) o (i,1, p). That is

(i, 1,0) = (i, 1, ) (&, py;'s N (m, , €) (i, p3; N (0, 1, p).-

It follows that 1 = pp,-(p;l.lp,\mdp&), and so pp; has a right inverse.
[

It is a simple consequence of the above result that the elements
(z,a,A) in a completely 0-simple semigroup which are regularity-
preserving are precisely those for which the Ath-row and ith-column
of P contain no zeros. This also provides a simple visual proof of
the fact that every element of a completely simple semigroup is
regularity-preserving.

We can now provide some examples of naturally occurring reg-

ular semigroups possessing regularity-preserving elements.

Examples

(i) The four-spiral semigroup [4] is the Rees matrix semigroup
M(T;{1,2},{1,2}; P)

where T' is the bicyclic monoid generated by elements a and

b subject to ab = 1 and

(31}
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By Theorem 10, the four-spiral semigroup has the following

regularity-preserving elements: namely, (1,1,1) and (1,1,2).

(ii) The semigroup M°({0,1};{1,2},{1,2}; P) where

(1)

is the smallest non-orthodox regular semigroup [3]. By The-
orem 10, it has exactly one regularity-preserving element:

namely, (1,1,1).

(iii) The semigroups M°({0,1}; I, A; P) and M°({0,1}; I, A; Q) where
I={1,2} and A = {1,2,3} and

s Ry P

1 0 0
P=]11 |and Q= 1
11 0

were used to construct counterexamples in the theory of amal-
gamations [7]. The former has two regularity-preserving ele-

ments, the latter has one.

(iv) The semigroup M°({0,1};{1,2,3},{1,2,3}; P) where

|

]
— = =
—_ O

1
1
0

has exactly one regularity-preserving element; it generates

the variety of combinatorial strict regular *-semigroups [2].

4.3 The structure of variants

In [9], Hickey proved (Lemma 3.4) that every variant of a com-
pletely simple semigroup is a rectangular group. Rectangular groups
are precisely the orthodox completely simple semigroups (see, for
example, page 139, Exercise 10(a) of [11]). Clearly, completely
simple semigroups are locally orthodox. Thus Hickey’s result shows
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that in the case of completely simple semigroups local orthodoxy of
the semigroup becomes orthodoxy in any variant of the semigroup.

In this section, we shall generalise this result.

Lemma 1 Let S be a semigroup, let a € S, and let i be an idem-
potent such that ai = a. Let e € E(S,a). Then iea € E(iSi).

Proof Observe that (iea)? = (iea)(iea) = ieaca = iea, since ai = a

and eae = e. Also (iea)i = iea and i(ica) = iea. =

A band B is said to be normal if zyzz = zzyz for all z,y, z € B;

a band is said to be rectangular if z = zyx for all z,y € B.

Proposition 2 Let S be a semigroup, let a € S, and let ¢ be an

idempotent such that ai = a.
(i) If E(iS7) is a band then E(S,a) is a band.
(ii) If E(iSi) is a normal band then E(S,a) is a normal band.

(iii) If E(iS?) is a rectangular band then E(S,a) is a rectangular
band.

Proof (i) Let F(iS7) be a band, and let e, f € E(S,a). Then eoe =
eand fof = f. Thus eae = e and faf = f. We show that eof is an
idempotent of (S,a). Thus we shall show that eafaeaf = eaf. By
Lemma 1, we have that iea,ifa € E(iS7). Since iS% is orthodox
it follows that (iea)(ifa) = ieafa is an idempotent of S. Thus
(ieafa)(ieafa) = ieafa; that is ieafaeafa = ieafa. Multiplying
this equation on the left by ea, we obtain eacafaeafa = eacafa.
But eae = e and so eafaeafa = eafa. Multiplying this equation
on the right by f we obtain eafaeafaf = eafaf. But faf = f
and so eafaeaf = eaf, as required.

(ii) Let E(2S7) be a normal band, and let e, f,g € E(S,a). We
shall prove that eo fogoe =eogo foe. By assumption, eae = e,
faf = f, gag = g. By Lemma 1, ‘ea,ifa,iga € E(i5i). Since

E(iS7) is a normal band, we have that
(tea)(ifa)(iga)(tea) = (iea)(iga)(ifa)(iea).

84



Using ai = a this equation simplifies to
i(eafagae)a = i(eagafae)a.
Multiplying on the right by e and using eae = e we obtain
i(eafagae) = i(eagafae).

Multiplying the equation on the left by a and using ai = a we
obtain

a(eafagae) = a(eagafae).

Multiplying on the left by e and using eae = e, we obtain
eafagae = eagafae

as required.

(iii) Let E(iSi) be a rectangular band, and let e, f € E(S,a).
Then ece = e and fo f = f. Thus eae = e and faf = f. We
show that eo f o e = e. ""hus we shall show that eafae = e. By
Lemma 1, we have that ica,ifa € E(iSi). Since E(iSi) is a rect-
angular band, we have that (iea)(ifa)(iea) = iea. Using ai = a
we obtain ieafaea = iea. Multiplying on the left by ea we obtain
eafaea = ea. Multiplying on the right by e we obtain eafae = e,

as required. |

The reader might have been expecting a result which said that
if F(iS1) is commutative then E(S,a) is commutative. The follow-

ing example shows that this result is not true.

Example
We use Example 2.2 from [19]. Let S = {1 > a > b > 0} be the
four-element chain regarded as a semilattice with respect to the

operation of greatest lower bound. Let I = A = {1,2} and let P

-(i3)
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Let RM = RM(S;I,A; P) be the regular Rees matrix semigroup
constructed from S, I, A and P. This semigroup has 11 elements

namely:

RM = {(1,1,1),(1,a,1),(2,a,1),(1,b,1),(1,6,2),(2,b,1),(2,6,2),
(1,0,1),(1,0,2),(2,0,1),(2,0,2)}.

The semigroup RM is a regular semigroup each local submonoid
of which is inverse. We show that the idempotents of the variant
(RM, (2,b,2)) do not commute. It is easy to check that

(17 03 2)1 (]‘J 07 l) E E(RM? (23 b‘! 2))!

but that
(1,0,2) o (1,0,1) # (1,0,1) o (1,0,2).

Before proving our next result we need some preparation. In

[10], Hickey defines the congruence 6 on the variant (S, a) by
(z,y) € 0° & aza = aya.

A semigroup is locally orthodoz if all local submonoids are or-
thodox.

Theorem 3 Let S be a regular semigroup.

(i) All variants of S are orthodoz if, and only if, S is locally or-
thodoz.

(ii) All variants of S have normal bands of idempotents if, and
only if, every local submonoid of S has a normal band of

idempotents.

(iii) All variants of S have rectangular bands of idempotents if, and
only if, every local submonoid of S has a rectangular band of

idempotents.

Proof We prove (i); the proofs of (ii) and (iii) are similar. Suppose

that S is a regular locally orthodox semigroup. Let a € S. Then
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there is an idempotent i such that ai = a (for example, i = d'a
where a’ is any inverse of a). By assumption, 5% is orthodox and
so (9, a) is orthodox by Proposition 2.

Conversely, suppose that all variants of S are orthodox. Let
e € E(S). By Lemma 3.2 of [10], the local submonoid eSe is iso-
morphic to (S, e)/d¢. The function 1): S — eSe given by ¢(z) = exe
is a homomorphism from (S, e) onto eSe whose kernel is §¢. Let
i,7 € E(eSe). Then i,j € (S,e) and 9(i) = ¢ and 9(j) = j. Now
in (S,e), we have that i 0 ¢ = iei = ¢ and similarly j o j = j. Thus
both 7 and j are idempotents in (S, e). By assumption, (5, e) is an
orthodox semigroup. Thus 4o j is an idempotent in (S, e). Since 9
is a homomorphism (i j) is an idempotent in eSe. But i0j =17,
and v(ij) = 1j. Thus ij is an idempotent in eSe. Hence eSe is

orthodox. u

Finally, we address the following question. Variants of regular
semigroups are not in general regular, but what can we say about
the properties of such variants? We need some definitions before
we an answer this question.

An element b such that b = bab is said to be a weak inverse
(or post-inverse) of a, whereas an element b such that a = aba is
said to be a preinverse of a. The set of weak inverses of a will be
denoted by W (a), and the set of preinverses of a will be denoted
by P(a). Observe that V(a) = W(a)NP(a). A semigroup S is said
to be E-inversive if for each a € S there exists z € S such that
az is an idempotent (see [24] for background references). Fountain
et al [5] prove that a semigroup is E-inversive precisely when for
each a € S there exists b € S such that b = bab. Thus E-inversive
semigroups are just those semigroups in which every element has
a weak inverse. The class of F-inversive semigroups contains both
regular semigroups and finite semigroups. The following simple

result contains part of Lemma 3.1 of [9].

Proposition 4 Let S be an E-inversive semigroup, and let a € S.
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Then (S, a) is E-inversive, and E(S,a) = W (a).

Proof Let S be an E-inversive semigroup and let a be an arbitrary
element of S. Let z be an element of the variant (S, a). The product
aza has a weak inverse b in the semigroup S and so b = b(aza)b.
But then b = boz ob and so b is a weak inverse of z in (S, a). Thus
(S,a) is E-inversive.

The element b € (8, a) is an idempotent if, and only if, b = bob,
which means precisely that b = bab. Hence E(S,a) = W (a). =

We now turn to the properties of variants of regular semigroups.

Proposition 5 Let S be a regular semigroup, and let a € S. Then
(S,a) is E-inversive, and the regular elements of (S,a) form a reg-

ular subsemigroup.

Proof Let S be a regular semigroup and let a € §. We proved in
Proposition 4 that (S,a) is E-inversive. To show that the regular
elements of a semigroup form a subsemigroup it is enough to prove
that the product of any two idempotents is regular (Result 2 of [6]).
Let b,c € E(S,a). Then bab = b and cac = c¢. We prove that bocis a
regular element in (S,a). Consider the product abaca in S. Since S
is regular there is an element z such that (abaca)z(abaca) = abaca.
Multiplying this equation on the left by b and on the right by c,
we obtain b(abaca)z(abaca)e = b(abaca)c. But bab = b and cac = ¢
and so (baca)z(abac) = bac. Thus (boc)ozo(boc) =boc, and so

bo c is regular in (S, a). L]

In Lemma 3.1 of [9], the mididentities of (S, a) are characterised
as the preinverses of a, and the idempotent mididentities of (S, a)
are precisely the inverses of a. We now turn to the properties of

variants of inverse semigroups.

Proposition 6 Let S be an inverse semigroup and let a € S. Then
E(S,a) is a commutative band, and the mididentities are the ele-

ments above a~ ! in S.
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Proof We begin by locating the idempotents of (5,a). Suppose
that b € E(S,a). Then bob = b and so bab = b. Thus b~*(bab)b™"' =
b=1pp~! = b~!. Hence b=! = b~lbabb~! < @, and so b < a™ .
Conversely, suppose that b < a~!. Then b~' < a. Thus b~ =
b~ lbabb~1. It follows that b = bab and so b = bob. Thus b is an
idempotent of (S,a) if, and only if, b < a™'.

Now let b, c € E(S,a). We prove that boc = cob. Thus we need
to prove that bac = cab. By the result above we have that b,c <
a~!. Thus b = bb~la~' = a 0" and ¢ = cc'a™! = a"lcle
Hence

bac = (a *b"'b)ac = (a b b)a(a" e te)

which gives bac = a~1(b~'b)(c"¢). On the other hand
cab = (a"'¢"'e)ab = (a ‘¢ e)a(a™ D7) = a e te) (b7 D).

Thus bac = cab as required.

Finally, we locate the preinverses of a. Suppose that b is a
preinverse of a. Then a = aba. Thus a is a weak inverse of b, and
so by the calculations above a < b~!. Thus the mididentities of
(S,a) are the elements above a™'. =
We summarise our results on variants of inverse semigroups in

the following theorem.

Theorem 7 FEvery variant of an inverse semigroup is an E-invers-
ive semigroup with commuting idempotents. The idempotents of
(S,a) are the elements of S beneath a™', the mididentities of (S,a)
are the elements of S above a™', and the element a~ ! is the unique
idempotent mididentity. The variant (S,a) is regular if, and only

if, S is a monoid and a is invertible. u
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