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Summary of Thesis

We introduce notions of homotopy and cohomology for ordered groupoids. We show
that abstract homotopy theory can be used to define a suitable notion of homotopy
equivalence for ordered groupoids (and hence inverse semigroups). As an application of
our theory we prove a theorem which is the exact counterpart of the well-known result in
topology which states that every continuous function can be factorised into a homotopy
equivalence followed by a fibration. We show that this factorisation is isomorphic to
the one constructed by Steinberg in his ‘Fibration Theorem’, originally proved using a
generalisation of Tilson’s derived category. We show that the cohomology of an ordered
groupoid can be defined as the cohomology of a suitable small category, in doing so we
generalise the cohomology of inverse semigroups due to Lausch. We define extensions
of ordered groupoids and show that these provide an interpretation of low-dimensional

cohomology groups.
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Introduction

The aim of this thesis it to apply methods from algebraic topology to inverse semi-
groups.

An important feature of our theory is that it lives not in the category of inverse
semigroups, but in the category of ordered groupoids. A formal definition of an ordered
groupoid is given in Chapter 3, but roughly it is a groupoid in the sense of category theory
equipped with an order on the set of morphisms. It is well-known that the category of
inverse semigroups is isomorphic to a subcategory of the category of ordered groupoids
(the construction is given in Section 3.2). The existence of an isomorphism may suggest
that we should work in the category of inverse semigroups rather than ordered groupoids,
since the former are better known and easier to handle than the latter. However, in [15],
Lawson argues persuasively that many constructions involving inverse semigroups can
best be carried out by working in the larger category of ordered groupoids. Thus this
thesis is an application of the ‘ordered groupoid approach’ to inverse semigroups.

In Part I of this thesis we give the necessary background material from inverse semi-
group theory and category theory. In Chapter 1 we quote the necessary definitions and
results concerning inverse semigroups. Chapter 2 is devoted to background material on
category theory. In Chapter 3, we examine the category of ordered groupoids and give
details of the relationship between inverse semigroups and ordered groupoids.

In Part II of this thesis we set up the framework needed to define the homotopy
theory of ordered groupoids. To show that our theory has some teeth we are easily able
to reprove Steinberg’s Fibration Theorem [28] using only ideas from homotopy theory.

Two observations served as motivation for this part of the thesis:

e Steinberg’s Fibration Theorem, which states that every ordered functor between or-
dered groupoids factorises into an enlargement followed by an ordered star surjective
functor. This is strongly reminiscent of the result in topology which states that ev-
ery continuous function can be factorised into a homotopy equivalence followed by
a fibration (see Theorem 2.8.9 of [27]).

e Philip Higgins pioneered the idea of using groupoids in topology, and of interpreting
groupoid-theoretic ideas in topological terms. An account of his work can be found
in his book [7]. In particular, in Chapter 6, he introduces the idea of homotopy
equivalence for groupoids, although this is nothing other than natural equivalence.

Higgins approach was developed by Brown [4].

Putting these observations together, we show that Steinberg’s Fibration Theorem is a

consequence of the fact that the category of ordered groupoids can be endowed with a



cocylinder in such a way that we can do homotopy.

In Chapter 4, we describe the relevant homotopy theory in its original topological
setting. In Chapter 5, we outline the necessary homotopy theory of categories; we describe
how to define a cylinder and a cocylinder on a category, and examine the cubical conditions
a category must satisfy so that a sensible notion of homotopy exists. In Chapter 6, we
develop the homotopy theory of ordered groupoids; we examine the notions of homotopy
equivalence and fibrations of ordered groupoid, as an application we deduce Steinberg’s
Fibration Theorem.

The cohomology of inverse semigroups was introduced by Lausch [11], who used it
to classify extensions of inverse semigroups. In [19], Loganathan showed that the coho-
mology of an inverse semigroup can be derived as the cohomology of a suitable small
category. Independently, Renault [25] generalised the cohomology of groupoids to in-
verse semigroups, in doing so he obtained a cohomology different to that of Lausch and
Loganathan.

In Part III of this thesis we develop a cohomology of ordered groupoids which gener-
alises that of Lausch and Loganathan. Following Loganathan’s approach, we show that
we can define the cohomology of an ordered groupoid G to be the the cohomology of a
small category C(G). We introduce extensions of ordered groupoids and show that these
may be used to characterise first and second cohomology groups. Finally, we generalise
Renault’s cohomology of inverse semigroups to ordered groupoids. We also generalise
Renaults extensions of inverse semigroups and show that these are special types of the
extensions already constructed. In this way we show that Renault’s second cohomology
groups are subgroups of those of Lausch.

Part IIT is divided into five chapters. In Chapter 7, we outline the cohomology of
abelian categories that we will use. In Chapter 8 we show how to calculate the coho-
mology of small categories. In Chapter 9 we show that the cohomology of an ordered
groupoid G can be defined as the cohomology of the small category C(G). In Chap-
ter 10, we define extensions of ordered groupoids. We define derivations and factor sets
for ordered groupoids and show that these classify extensions, we then show that low
dimensional cohomology groups can be interpreted in terms of extensions. In Chapter
11 we examine Renault’s cohomology in an ordered groupoid setting, we show that his
extensions are special extentions having an order-preserving transversal, in this way we
show that Renault’s second cohomology groups are subgroups of the cohomology groups

obtained by Lausch.



Part 1

Background on inverse
semigroups, categories and

groupoids



Chapter 1

Inverse semigroup theory

We begin by giving some basic definitions and results from inverse semigroup theory. Our
principal sources are books by Howie [8], Lawson [15] and Petrich [23] to which we refer

the reader for further details.

1.1 Inverse semigroups

A set S with a binary operation which we denote by concatenation is a semigroup if the
operation is associative; that is if (zy)z = z(yz), for all z,y,z € S. An element e € S
is called an idempotent if e - e = e. We denote the set of idempotents by E(S). If a
semigroup S contains an element 1 such that 1z = 2 = z1 for all x € S, then S is called
a monoid. A monoid S is a group if for all z € S, there is an element z=' € S such that

ly =1 =2z2"L

z

A subset T of a semigroup S is said to be closed under multiplication if a,b € T implies
that ab € T. A non-empty subset 7" of a semigroup 7" that is closed under multiplication
is called a subsemigroup of S. If S is a monoid, then 7" is a submonoid of S if it contains
the identity element of S. A subsemigroup of S which is a group with respect to the
multiplication inherited from S is called a subgroup of S.

A function 6 : § — T, where S and T are semigroups, is called a semigroup ho-
momorphism if 0(zy) = 6(z)0(y), for all z,y € S. If S and T are monoids, then 6 is a
monoid homomorphism if it satisfies the additional condition #(1) = 1. A homomorphism
is called an isomorphism if the function 0 is bijective. In this case, we say that S and T
are isomorphic.

Wagner [29] first defined inverse semigroups (under the label of ‘generalised groups’)

as follows:

Definition A semigroup S is an inverse semigroup, if



(IS1) S is regular, this means to each s € S there is an element ¢ € S, called an inverse,

satisfying s = sts and t = tst.
(IS2) The idempotents of S commute.

Shortly afterwards, Liber [18] showed that Wagner’s definition is equivalent to the
requirement of uniqueness of inverses. We refer the reader to Lawson [15] for proof of

this result.

Theorem 1.1 Let S be a reqular semigroup, then the idempotents of S commute if, and

only if, every element of S has a unique inverse.

A subset of an inverse semigroup S is called an inverse subsemigroup of S if it is an
inverse semigroup with respect to the multiplication inherited from S.
The relationship between groups and inverse semigroups is given by the following

standard result.

Proposition 1.2 Groups are precisely the inverse semigroups with exactly one idempo-

tent.

Let S be an inverse semigroup. If S has an identity which we wish to distinguish,
then we say that S is an inverse monoid. If it has an element 0 such that sO = 0 = 0Os, for
all s € S, then we say that S is a semigroup with zero. Every (inverse) semigroup may
be converted into an (inverse) monoid or an (inverse) semigroup with zero by adjoining
an identity or a zero, as follows. Define S* = S U {1} and extend the product to S by
defining 1s = s = s1, for all s € S, and 11 = 1. Then S! is a monoid. Similarly, we may
form a semigroup with zero S® = S U {0}, with extended product given by 0s = 0 = s0,
and 00 = 0.

We now list a few properties of inverses in semigroups, for proofs see Proposition 1.4.1
of [15].

Proposition 1.3 Let S be an inverse semigroup.
(i) For any s € S, both s™'s and ss™! are idempotents.
(i) (s7)"t=s, forallseS.

(iii) For any s € S and e € E(S), s~ les is an idempotent.

10



(iv) Ife € E(S), then e~! =e.

(v) (s1...8n) L =s;t...87%, for all s1,...,5, € S.

Proposition 1.4 shows that homomorphisms between inverse semigroups are simply
semigroup homomorphisms — we do not require any extra conditions. Proving these

results is straightforward, but details can be found in [15].

Proposition 1.4 Let S and T be inverse semigroups, and 8 : S — T a semigroup

homomorphism. Then

(i) 0(s7Y) =0(s)7L, for all s € S.

(ii) Ife € E(S), then 0(e) € E(T).
(iii) If s € S and 0(s) is an idempotent, then there exists e € E(S) such that 6(e) = 0(s).
(iv) Im(0) is an inverse subsemigroup of T.

(v) IfU is an inverse subsemigroup of T, then 0=1(U) is an inverse subsemigroup of S.

We conclude this section by describing an example of an inverse semigroup.

Let G be a group and J a non-empty set. Define
B(G,J) = (J x G x J)U{0}.
Define a partial product on B(J, G) as follows:
(,9,9)(k, h,1) = (i, gh,1)

if 7 = k and all other product are equal to 0. It is easy to show that B(G,J) is an inverse
semigroup. Note that

E(B(G,J)) ={(i,1,2) | i € J} U {0},

where 1 is the idempotent in G. The semigroups B(G, J) are called Brandt semigroups.
When J has cardinality n, we write B(G,n) instead of B(G,J), and when the group is
trivial, we write B, = B({1},n).

11



1.2 The natural partial order

In this section we show that every inverse semigroup has an order structure. We begin
by defining posets.

Let X be a set and < a binary relation on X satisfying the following conditions:
1. The operation is reflexive; that is a < a, for all @ € X.

2. The operation is anti-symmetric; that is a < b and b < a implies a = b, for all
a,be X.

3. The operation is transitive; that is @ < b and b < ¢ implies a < ¢, for all a,b,c € X.

Then X is called a partially ordered set or poset, and < is called a partial order on X. A
partial order with the extra property that a < bor b < a for all @ and b in X is called a
total order on X. A poset is said to be totally unordered if the partial order is equality.

Any subset of a poset will be regarded as a poset with the induced order. If X is a
partially ordered set and S is a subset of X such that, for allz € X and s € S, z < s
implies that € S. Then we say that S is an order ideal of X.

Let X be a poset and z,y € X. If z € X with z < z and z < y, then z is said to be a
lower bound of x and y. If the greatest lower bound of two elements exists, we denote it
by z A y and call this element the meet of z and y. Similarly if z < z and y < 2, then z
is an upper bound of z and y. We denote the least upper bound of z and y by z V y (if it
exists) and call it the join of z and y. A meet semilattice is a poset in which every pair
of elements has a meet. A join semilattice is a poset in which every pair of elements has
a join. A poset which is both a meet semilattice and a join semilattice is called a lattice.

Let X and Y be partially ordered sets. A function f : X — Y is order-preserving
if a < b implies f(a) < f(b), for all a,b € X. A bijection of X onto Y is an order
isomorphism if both f and f~! are order-preserving.

We can define a partial order on every inverse semigroup S. Let s,t € S. Define
st << s=te

for some idempotent e. The following result is proved in [15], Proposition 1.4.7 and

Proposition 1.4.8.
Proposition 1.5 Let S be an inverse semigroup.
(i) The relation < is a partial order on S.
(ii) For alle, f € E(S), e < f if, and only if, e = ef = fe.

(iii) If s <t and u < v, then su < tv.

12



(iv) If s <t, then s~'s < t7t and ss~t < ¢t~ L.
(v) E(S) is an order ideal of S.

(vi) E(S) is a meet semilattice.

The order defined above is called the natural partial order on S. The next result gives
some different characterisations of the natural partial order. In particular the side on

which the idempotent is written is irrelevant. Proof is given in [15] Lemma 1.4.6.

Lemma 1.6 Let S be an inverse semigroup. The following are equivalent
(i) s <t.

(ii) s = ft, for some f € E(S).

(iii) s~ €4t

(iv) e=a8s""%

(v) s=ts"1s.

13



Chapter 2
Category Theory

In this section we outline the category theory that will be used throughout. Most of the
theory that we require is given here, for further information we refer the reader to Mac

Lane’s book [21].

2.1 Categories

A ‘category’ comprises of ‘objects’ and ‘morphisms’ between objects. Morphisms can be
composed and composition is associative. Furthermore, every object possesses an identity

morphism. The following formal definition is taken from [22].
Definition Let C be a class of objects A, B,C,... together with two functions, as
follows:

(i) A function which assigns to each pair of objects (A, B) of C a set homc(A4, B). An
element f of homg(A, B) is called a morphism of C, with domain A and range B,

we write f : A — B.
(i1) A function assigning to each triple of objects (A, B, C) of objects of C a function
homc (B, C) x homc (A, B) — homc (4, C).

For morphisms f : A — B and g : B — C, this function is written as (g, f) —

go f, and the morphism go f : A — C is called the composite of f and g.
C is called a category if the following axioms hold:

Associativity: If f € homc(A4,B), g € homc(B,C) and h € homc(C, D) are mor-
phisms in C, then
ho(gof)=(hog)of.

14



Identity: For every object A of C there is a morphism Id4 : A — A called the identity

morphism such that

foldy

Il
~

for any object B and f € homg(A4, B)
Idpog = g for any object C and g € homc(C, A).

If there is no risk of confusion, we write hom(A, B) rather that homc(A4, B). We also
denote composition by concatenation.

A category is small if the class of its objects is a set. This is a subtle distinction
and we refer the reader to [21] for explanation. We shall mainly be concerned with small
categories.

Examples

1. A category is discrete when every morphism is an identity. A discrete category
is determined by the set of its objects, alternatively, given a set one can form a
discrete category by attaching an identity morphism to each element. Thus, discrete
categories are sets. All sets together with all functions form a category, denoted
Set.

2. All (inverse) semigroups together with all homomorphisms of such form a category.

3. A monoid is a category with one object. All monoids together with all monoid

homomorphisms form a category.

4. A group is a category with one object, in which every morphism has a (two-sided)
inverse under composition. All groups together with all homomorphisms form a

category, denoted Grp.
Let C and D be categories, we say that D is a subcategory of C if
(SC1) Each object of D is an object of C.
(SC2) For all objects A and B in D, homp (A4, B) C homc(A4, B).
(SC3) Composition of morphisms in D is the same as that for C.
(SC4) For each object A of D, the identity in homp (A, A) is the identity in homc(A4, A).

Given any category C, there is a category C°P, called the opposite category obtained

by reversing all the morphisms of C, thus C°P is defined by:

e CO°P has the same objects as C.

15



e For each morphism f : A — B of C, there is a corresponding morphism fP :
B — A of C°P.

e The composite fPg°? = (gf)°P is defined in C°P exactly when the composite gf is
defined in C.

If a concept, definition or result involves purely categorical conditions and methods, then
there is a dual concept obtained by reversing all morphisms, with valid dual results. For
a formal statement of the duality principle see Section I1.2 of MacLane [21].

Since the objects of a category correspond exactly to its identity morphisms, it is
possible to dispense with the objects and deal only with the morphisms. The category C
is then thought of as a set equipped with a partial binary operation. From this ‘arrows-

only’ viewpoint a category is defined as follows:

Definition Let C be a set equipped with a partial binary operation, denoted by con-
catenation. If z,y € C and the product zy is defined we write dzy. An element e € C is
called an identity if Jex implies ex = x and Jze implies ze = z. C is a category if the

following axioms hold:

(C1) z(yz) exists if, and only if, (zy)z exists, in which case they are equal.
(C2) z(yz) exists if, and only if, zy and yz exist.

(C3) For each z € C there exist identities e and f such that Jze and Ifz.

From axiom (C3), it follows that the identities e and f are uniquely determined by z.
We write e = d(z) and call it the domain identity, and f = r(z), the range identity. Note
that Jzy if, and only if, d(z) = r(y). The set of identities of C is denoted C,, observe
that C, is a discrete subcategory of C.

We do not use either definition of a category exclusively, instead at any time we will
use whichever definition seems to suit our purpose best. The first definition is most ap-
propriate when we are dealing with structures and the morphisms between them, whereas
the arrows-only approach is best when we wish to regard categories as algebraic structures
in their own right, generalising monoids.

We now define a few special types of objects and morphisms in categories. A morphism

m: A — B in C is monic if given any two morphisms f,g: C — A as shown below

C___A-T+B
g

then mf = mg implies f = ¢g. In the category Set monics are precisely the injective

functions. A morphisme: A — B in C is epi if given any two morphisms f,g: B — D

16



as shown below

£
A—>B_ D
g

then fe = ge implies f = g. In the category Set epis are precisely surjections. If
g: A— B and h: B — A are morphisms in a category C such that hg = Id4, then
h is called a split epimorphism and g is called a split monomorphism. Morphisms f with
the property that f2 = f are called idempotents.

An object T in C is a weak terminal object if for every object A in C there is at least
one morphism A — T, if this morphism is unique, then T is said to be terminal. An
object S is a weak initial object in C if for every object A, there is a morphism S — A,
if this morphism is unique then S is initial. A zero object in C is an object which is both
initial and terminal. If C has a zero object, then for any objects A and B in C there
are unique morphisms f : A — Z and g : Z — B, the composite gf is called the zero
morphism from A to B, and is written Og or 0. Any composite with a zero morphism is

itself a zero morphism.
0
7 __—»
A 7 Z—>B
If the category C has a zero object then a kernel of a morphism f : B — C'is a morphism

k : A — B such that fk = 0 and every morphism h : A’ — B with fh = 0 factors

uniquely through k, as shown in the commutative diagram below

Dually, a cokernel of f is a morphism ¢ : B — D which is universal with respect to
having if = 0. It is easy to see that every kernel is monic and every cokernel is epi.
2.2 Functors

Let C and C’ be categories. A functor T : C — C’ is a pair of functions:
e An object function which assigns to each object A of C an object 7 (A) of C'.

e A mapping function which assigns to each morphism f : A — B of C, a morphism
T(f): T(A) — T(B) of C'.

17



These functions must satisfy

T(Ida) = Idy(a for each identity morphism Id4 in C,
T(gf)=T()T(f) whenever the composite gf is defined in C.

It is easy to show that from the arrows-only viewpoint, functors are defined as follows: a

function 7 : C — D between categories is a functor if
T(d(z)) =d(T(z)) and  T(r(z)) =r(7(z))

for all z € C, and T (zy) = T (2)T (y) for all z,y € C for which 3 zy.

All (small) categories together all functors between them form a category, denoted
Cat.

A functor 7 : C — C' is an isomorphism of categories if both the object and mapping
functions are bijective. Equivalently, a functor is an isomorphism if, and only if, it has a
two sided inverse. A functor 7 : C — C' is said to be full if to every pair A, B of objects
in C and every morphism g : 7(A4) — T (B) of C/, there is a morphism f: A — B in
C such that g = T(f). Clearly the composite of two full functors if full. A subcategory
D of a category C is a full subcategory if the inclusion of D into C is a full functor, in
which case, for all objects A and B of D, we have homp (4, B) = homc (A4, B). A functor
T : C — C'is faithful (or an embedding) if for every pair A, B of objects in C and
to every pair fi, fo : A — B of parallel morphisms in C, we have that 7(f1) = T (f2)
implies f1 = fy. Clearly, composites of faithful functors are faithful. We say that a
functor 7 : D — C is dense if, for every object A in C, there is a morphism g in D
with range A whose domain is an object in 7 (D). A subcategory D of a category C is
called a dense subcategory if the inclusion functor + : C — D is dense.

Let A be an object in the category C, the set of all morphisms f of C which have A
as domain is called the star of C at A, denoted Stc(A). If T: C — D is a functor, then
T induces a function T4 from Stc(A) to Stp (7 (A)). We say that T is star injective, star
surjective, star bijective according as T4 is injective, surjective, bijective, for all objects
A of C.

Important examples of functors that we shall use later are ‘hom-functors’. Let C be
a category with small hom-sets, thus every hom-set of C is an object in Set. For each

object A of C there is a functor, called a covariant hom-functor
homg(4,—) : C — Set

which sends each object B to the set hom(A, B) and each morphism k : B — B’ to the

function

hom(A, k) : hom(4, B) — hom(A, B') defined by hom(4,k) : f — kf.

18



For each object B of C, the contravariant hom-functor is a functor
homg(—, B) : C°® — Set

which sends each object A to the set hom(A, B) and each morphism g: A" — A of C to

the function

hom(g, B) : hom(A, B) — hom(A4’, B) defined by hom(g, B) : f — fg.

2.3 Natural transformations

Let 8,7 : C — C' be two functors. A natural transformation 7 : S — T is a function
assigning to each object A of C a morphism 74 : S(A) — T (A4) in C’ such that for any

morphism f : A — B in C we have T(f)74 = 78S(f) as in the commutative diagram

below.
A S(4) 2~ T(4)
f S(f)l T(f)
B S(B) —>T(B)

We also say that 74 : S(A) — T (A) is natural in A.

Let B and C be categories. We describe the category whose objects are functors from
B to C and whose morphisms are natural transformations.

Let S,7,R : B— C be functors and let 7: S — 7 and ¢ : T — R be natural
transformations. We define a composite o7 with component morphisms (cgo7)4 = 0474

To see that o o7 is natural, let f : A — B be a morphism in B and consider the diagram

s(4) —_, s(B)
o -
o] T — 2 1B e
» -
R(4) —— R(B)

Since 7 and o are natural, both the smaller squares commute, therefore the whole diagram

commutes. We call o o 7 the wvertical composite of o and .

-

Ir
lo

_

B

C
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Since the composition of morphisms in C is associative, this composition of natural trans-
formations is associative. Also, for any identity functor Z : B — B, there is a natural
transformation 17 : Z — Z with components (17)4 = Id4. Hence the set of functors
from B to C, together with the natural transformations between them form a category,
called their functor category, it is denoted CB.

We now look at a different way of composing natural transformations. Suppose we
have three categories B, C and D, with functors §,S’, 7, 7' and natural transformations

7 and 7', as shown below.

S s’
B + C__ & D
T T

If A is an object of B, the square below commutes since 7’ is natural.

Ts(4)

S'S(A) T'S(A)
&' (14) T'(14)
S'T(A) - T'T(A)
TT(A)

The horizontal composite 7' -7 of 7 and 7' is then defined as this diagonal, that is
(7" T)a =T (74)75a) = T7(4)S (T4).

The proof that 7" - 7 is indeed natural is well-known (see MacLane [21]), as is the verifi-

cation of the following law
v o= (T 7)o (- 8) = (' T)o (S 7).

This law is in fact a special case of the Godement interchange law, relating horizontal and
vertical composition of natural transformations, which states that given three categories

and four natural transformations

Ir !
B o C e D

we have that

(ot - (coT)=(c"-0)0 (7' T).

2.4 Products and pullbacks

Suppose that B and C are categories, the product category of B and C, denoted B x C,

is constructed as follows:
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e The objects of B x C are ordered pairs (B, C), where B is an object of B and C'is
an object of C.

e A morphism in B x C is a pair (f,g), where f is a morphism in B and ¢ is a

morphism in C.
If (f,g) and (f',¢') are morphisms in B x C such that
(f,9):(B,C) — (B,C") and  (f',g):(B,C") — (B",C")
then the composite (f', ¢')(f, g) is defined in terms of the composites within B and C as
(1,90, 9) = (f'1.9'9).

It is straightforward to show that B x C is a category.
There are two special functors P and Q on B x C, called the projections of the product

P:BxC—B Q:BxC—C
such that for any object (B,C) of B x C
P:(B,C)— B and Q:(B,C)—C
and for any morphism (f,g) in B x C

P:(f,g)—f and  Q:(f,g)—g.

Definition Given a pair of morphisms f: A — B and g: C — B in a category C, a

commutative square

D h C
k g
A - B

is called a weak pullback of (f,g) if given any other commutative square

h/

D’ C
K 9
A 7 B

involving (f, g), there is a morphism ® : D’ — D such that h® = A’ and k® = k'
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If the morphism @ is unique with this property, then the weak pullback is a pullback.
If in a category C, any pair (f,g) of morphisms with common range has a (weak)
pullback, then we say that C has (weak) pullbacks.

Lemma 2.1 Pullbacks preserve split epimorphisms. Thus if g is a split epimorphism in

the pullback square below, then so is k.

D L o
k g
A——F—B

PROOF. Since ¢ is a split epimorphism there is a morphism v : B — C with gy = Idp.

Consider the square
vf

A C
Id 4 g
A 7 B

which commutes since gyf = f. Hence there is a unique morphism x : A — D such
that kk = Id 4.

2.5 Adjoints

Let C and D be categories and let S : C — D and 7 : D — C be functors. An

adjunction of S to T is a family of bijections
a = oy, : homp(S(A), B) = homc(A4, T (B))

of the sets of morphisms, defined for all objects A of C and B of D, which is natural in
A and B. Given such an adjunction, the functor S is called a left adjoint of T, and T is
a right adjoint of S.
This definition requires some explanation. Recall that for each object A of C, homg(A, —)
and homp (S(A), —) are covariant hom-functors. Also, for each object B of D, homc(—, 7(B))

and homp (—, B) are contravariant hom-functors. Naturality of & means that

a : homp(S(A),—) — homc (4, —)
and a : homp(—,B) — homg(—, 7 (B))
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are natural transformations, for all objects A of C and B of D. Thus for all morphisms

g: B' — B of D the diagram:

B homp (S(A), B) — =~ homg(4, T(B))
g homp (S(A),9) homc (4,7 (9))
B homp (S(A), B') ——4——homc (4, T(B"))

Gy B

must commute, and for all morphisms f : A — A the diagram below must commute.

A homp (S(A4), B) e home (4, T(B))
f homp (S(f),B) homg(f,7(B))
Al homp (S(A"), B) ————= homg(4', T(B))

The most frequently cited example of an adjoint pair is the forgetful functor which
takes a group to its underlying set, this has as right adjoint the functor which assigns to

any set the free group on that set.
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Chapter 3

Ordered groupoids

3.1 The category OG

In this section we shall examine the category of ordered groupoids. Ordered groupoids
are important because they provide a categorical framework in which to study inverse
semigroups. We shall therefore be treating each ordered groupoid as an algebraic structure

and so the arrows-only definition is most appropriate.

Definition A category G is said to be a groupoid if for each x € G there is an element
z~! € G such that 27!z = d(z) and zz~! = r(z).

A groupoid with one identity is a group. If G is a groupoid, and e an identity in G,
then G(e) = {z € G | d(z) = r(z) = e} is a group, called the vertez group at e.

A morphism between two groupoids is simply a functor. The category of groupoids is
denoted Grpd.

Definition Let (G,-) be a groupoid, and let < be a partial order defined on G. Then
(G,-, <) is an ordered groupoid if the following axioms hold:

(0G1) z < y implies z7! <y~ !, for all 2,y € G.

(OG2) For all z,y,u,v € G, if x <y, v < v, Izu and Fyv, then zu < yv.

(OG3) Let z € G and let e be an identity such that e < d(z). Then there exists a unique

element (z|e), called the restriction of = to e, such that (z|e) < z and d(zle) =e.

(OG4) Let z € G and let e be an identity such that e < r(z). Then there exists a
unique element (e|z), called the corestriction of z to e, such that (e|z) < z and

r(e|z) =e.
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An ordered groupoid is said to be inductive if the partially ordered set of its identities

forms a meet semilattice.

Proposition 3.1 provides some standard properties of ordered groupoids, for proofs see
Lawson’s book [15].

Proposition 3.1 Let (G,+,<) be an ordered groupoid.

(i) If z < y, then d(z) < d(y) and r(z) < r(y).

(ii) If z,y € G, with x < y, d(z) =d(y) and r(z) =r(y), then z = y.
(iii) Aziom (OG4) is a consequence of azioms (OG1) and (OG3).

(iv) The set of identities G, is an order ideal of G.

(v) If z,y € G and e € G, such that 3zy and e < d(y), then (zyle) = (z|r(yle))(yle).

Let (G,+,<) and (H, -, <) be ordered groupoids, with  : G — H a functor. Then @ is
said to be an ordered functor if for all g1, go € G with g1 < g2 we have that 6(g1) < 0(g2).
An ordered functor between two inductive groupoids is said to be inductive if it preserves
the meet operation on the set of identities. It is easy to show that ordered groupoids to-
gether with ordered functors form a category, which is denoted OG. Inductive groupoids
and ordered functors between them constitute a subcategory of OG, as does the category
of inductive groupoids and inductive functors. If an ordered functor 6 : G — H is just
subset inclusion, then we say that G is an ordered subgroupoid of H. An isomorphism
of ordered groupoids is a bijective ordered functor whose inverse is an ordered functor.
Ordered functors can also be star injective, star surjective and star bijective.

We now provide some simple examples of ordered groupoids and ordered functors.

Examples

1. Every groupoid can be viewed as an ordered groupoid whose partial order is de-
fined as the equality relation. An ordered functor between such groupoids is just a

groupoid functor.

2. Given a partially ordered set X, we can form a discrete ordered groupoid Xp by
defining a partial multiplication Jzy if and only if z = y, in which case zz = z. An

ordered functor between such ordered groupoids corresponds to an order preserving
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function between posets. Conversely, if G is an ordered groupoid, then G can be
viewed as a partially ordered set by forgetting the multiplication, and we write Gp

for the discrete ordered groupoid obtained from G viewed as a partially ordered set.

3. If G is an ordered groupoid with one identity then G is just a group (G is totally
unordered since by Proposition 3.1(ii) the order restricted to hom-sets is trivial).

An ordered functor between two such ordered groupoids is a group homomorphism.

The following useful result is proved in [15], Proposition 4.1.2.

Proposition 3.2 Let 8: G — H be an ordered functor between ordered groupoids.
(i) If (z|e) is defined in G, then (6(z)|0(e)) is defined in H and 0(z|e) = (6(z)|0(e)).

(i) If (e|z) is defined in G, then (6(e)|0(x)) is defined in H and §(e|z) = (0(e)|0(x)).

Let 6 : G — H be an injective ordered functor such that

a<gp = 0(g)<(g),

for all g1,g2 € G. Then @ is called an ordered embedding.

Definition Let G be an ordered subgroupoid of the ordered groupoid H. We say that

H is an enlargement of G if the following axioms hold.

(GE1) @G, is an order ideal of H,.

(GE2) If z € H and d(z),r(z) € G, then z € G.

(GE3) If e € H,, then there exists z € H such that r(z) = e and d(z) € G.

Enlargements were introduced by Lawson [13].

Note that the condition (GE2) is equivalent to the requirement that G is a full sub-
groupoid of H. The condition (GE3) is equivalent to saying that G is a dense subgroupoid
of H.

Observe that if H is an enlargement of G and ¢ € G, h € H with h < g, then
d(h) < d(g) and r(h) < r(g), by Proposition 3.1(i). So, by (GE1), d(h),r(h) € G,, but
then h € G, by (GE2). Hence G is an order ideal of H.

Let G be an ordered groupoid and let A be an ordered subgroupoid of G. Then A is

called a normal ordered subgroupoid of G if the following conditions hold:
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(i) G, = A, and d(a) =r(a) for all a € A.
(ii) gag=t € Afor all g € G and a € A with d(g) = d(a).

We describe the quotient groupoid G//A, following Higgins approach [7].

The elements of G/A are the equivalence classes of the equivalence relation given by
u~v<=u=avb forsome a,b€ A

We denote the equivalence class containing u by [u]. For each a in A, [a] is the group
containing ¢ and we can choose a unique identity representative for [a]. Clearly if u ~ v,
then d(u) = d(v), so write d[u] = [d(u)], and similarly r[u] = [r(u)]. If u,v € G with
d(u) = r(v), then the product [u][v] is defined an equal to [uv]. See [7] for proof that this
is well defined and associative. Now G/A is a groupoid with [u]~! = [u~!]. Comparison
with Section 3 of Lawson’s paper [12] reveals that G /A is precisely G/p, where p is an
identity-separating ordered congruence. By Theorem 11 of [12], u ~ v if, and only if,
uv~! exists and is in A. Also proved in [12] is the fact that G/A is an ordered groupoid
under the Joubert order defined as follows: [u] < [v] if, and only if, for each v" € [v] there
exists v’ € [u] such that v’ < v'.

An example of an ordered normal subgroupoid is the ‘kernel’ of an ordered functor.

If 0 : G — H is an ordered functor, and e is an identity of H. Then the fibre of 0 at e is

67 () ={g€G |b(g) =¢}

which is easily seen to be an ordered subgroupoid of G. The kernel of 6 is the disjoint
union of the fibres 6~ !(e) taken over all e € H, and so is an ordered subgroupoid of G.
We denote the kernel of § by Ker (). It is straightforward to show that Ker(6) is normal.

Proposition 3.3 The category OG, of ordered groupoids and ordered functors has all
products of pairs of ordered groupoids and all pullbacks.

PRrROOF. Let G and H be ordered groupoids. On the set G x H define
d(g,h) = (d(g),d(h)) and r(g,h) = (r(g),r(h))
and define a partial product by
(9,h)(g', 1) = (99, )

if d(g,h) = r(g’,h'). One then has that (g,h)~ = (g%, h7'). It is easy to check that

G x H is an ordered groupoid. Define a partial order on G x H as
(9:h) < (¢,h) <= g<g andh<hH.
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It is straightforward to show that G x H is an ordered groupoid. The projection functors
m:GxH-—G and m:GxH—H

are ordered functors. It is routine to verify that G x H with the above definitions is the
product of G by H.

Let G, H and K be ordered groupoids, and let § : G — H and ¢ : K — H be
ordered functors.

Define a subset of G x K by

GR K = GyRy K = {(9,k) € G x K | 0(g) = ¢(k)}

Then it is easy to check that GX K is an ordered subgroupoid of G x K. The only
non-trivial verification being the condition (OG3): if (¢9,k) € GR K and (e, f) € G,K K,
with (e, f) < d(g,k) then, by Proposition 3.2

0(gle) = (0(g)l0(e)) = (¢(K)|p(f)) = p(kIf)

and so ((gle), (k|f)) € GR K. It is routine to check that the restrictions of the projection
functors m; : GR K — G and my : GR K — K are such that

GeRy K2 > K
SRR
F—a+H

commutes. It is straightforward to check that this is a pullback.

3.2 Inductive groupoids and inverse semigroups

We shall now describe the correspondence between inverse semigroups and inductive
groupoids.

Let S be an inverse semigroup. We define a partial product - on S. Let s,t € S. The
restricted product s -t exists only when s~'s = t£~!, in which case it is equal to st. For
s € S, we write

d(s) =s"'s and r(s)=ss"l.

See Proposition 3.1.4 of [15] for proof of the following.

Proposition 3.4 FEvery inverse semigroup S is a groupoid with respect to its restricted

product, we call it the associated groupoid of S. O
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Recall that for an inverse semigroup S, the natural partial order is defined as
s<t<= s=te, forsome e€ E(S5).

The importance of the restricted product and the natural partial order to the structure of
an inverse semigroup leads to a generalisation of semigroup homomorphisms. A function
6 : S — T between inverse semigroups is said to be a prehomomorphism if 6(st) <
0(s)0(t) for all s, € S. The following result implies that every prehomomorphism between
inverse semigroups induces a functor between their associated groupoids, see Theorem
3.1.5 of [15] for proof this result.

Theorem 3.5 Let 6 : S — T be a function between inverse semigroups. Then 0 is
a prehomomorphism if, and only if, it preserves the restricted product and the natural

partial order; the composite of two prehomomorphisms is a prehomomorphism. |

Inverse semigroups together with prehomomorphims form a category.
The following result shows how the usual product can be reconstructed from the

restricted product and the natural partial order (proof in [15], Theorem 3.1.2).

Theorem 3.6 Let S be an inverse semigroup.

(i) Let s € S and e € E(S) such that e < s~'s. Then a = se is the unique element of

S such that a < s and a " la =e.

(ii) Let s € S and e € E(S) such that e < ss™t. Then a = es is the unique element of

S such that a < s and aa™! = e.

(iii) Let s,t € S, then st = s’ -t' where s' = se, t' = et and e = s~ Lstt™ .

Proposition 3.4, Lemma 1.6, Proposition 1.5 and Theorem 3.6 can be combined to

give the following result.

Proposition 3.7 Let S be an inverse semigroup, then the groupoid associated with S is

an inductive groupoid with respect to the natural partial order.

The inductive groupoid associated with an inverse semigroup S is denoted by G(.5).
As an example, consider the Brandt inverse semigroup By = B({1},2), this has ele-
ments

€= (]-a 1)7 U= (1a2)a u = (23 ]-)’ f= (2’ 2) and 0.
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The ordered groupoid G(Bs) is the groupoid with two non-identity mutually inverse mor-
phisms v and ©~!, and three identities e, f, 0 where d(u) = e and r(u) = f. The order is
given by 0 < e, 0 < f and equality otherwise. Put I = G(By) \ {0}, I is illustrated below

Ceéfi)

This groupoid will play a crucial réle in the theory developed in Chapter 6.
Now let G be an ordered groupoid, and let g,h € G be such that e = d(g) A r(h)

exists. Put
g®h = (gle)(elh)

and call g ® h the pseudoproduct of g and h. It is immediate from the definition that the
pseudoproduct is everywhere defined in an inductive groupoid. See Proposition 4.1.7 of

[15] for proof of the following result.

Proposition 3.8 Let (G,-, <) be an inductive groupoid.
(i) (G,®) is an inverse semigroup, which we will denote by S(QG).
(i) G(8(G)) =G.

(iii) For any inverse semigroup S we have that S(G(S)) = S.

The following crucial result is proved by showing that S and G give rise to bijective

functors, see [15] for details.

Theorem 3.9 (Ehresmann—Schein—-Nambooripad) The category of inverse semi-
groups and prehomomorphisms is isomorphic to the category of inductive groupoids and
ordered functors; and the category of inverse semigroups and homomorphisms is isomor-

phic to the category of inductive groupoids and inductive functors.
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Part 11

The homotopy theory of inverse

semigroups
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Chapter 4

Classical homotopy theory

In this chapter we will outline some homotopy theory in its original topological setting.
All the definitions and results in this section are standard, our main references are the
books by Brown [3] and Spanier [27].

4.1 Some basic topology

Algebraic topology is largely concerned with finding structures to model the geometric

properties of spaces.

Definition Let X be a non-empty set. A topology on X is a collection of subsets of X,

called open sets, such that
(OS1) @ and X are open sets.
(OS2) The arbitrary union of open sets is open.
(OS3) The intersection of finitely many open sets is open.
The set X together with the collection of its open sets is called a topological space. The
elements of X are called the points of the space.
Given a set X, there are two obvious ways of defining a topology on X:
e Only the sets () and X are open.
e Every subset of X is defined to be open, this is the discrete topology.
The wusual topology on the real line R is given by unions of the open sets
(6;0) ={zeR |a<z< b}
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If A is a subset of a topological space X, then a topology is induced on A by defining
the open sets in A to be all the sets A N U, where U is an open set in X. This is the
subspace topology on A and we say that A is a subspace of X. Let I denote the closed
unit interval [0, 1], we shall see later that the space I given the induced subspace topology
plays a pivotal réle in homotopy theory.

If X and Y are topological spaces, a function f : X — Y is called a continuous
map if, for every open subset V of Y, the set f~*(V) = {z € X | f(z) € V} is open in
X. Topological spaces together with the continuous maps between them form a category,
denoted Top.

Given a point z in a topological space X, we call a subset N of X a neighbourhood of
z if there is an open set U C N such that z € U.

Let X and Y be topological spaces, a function f : X — Y is called a homeomorphism
if it is bijective and, for all z € X, N is a neighbourhood of z if, and only if, f(N) is a
neighbourhood of f(z).

Let p: X — X be a continuous map. An open subset U of X is said to be evenly
covered by p if p~(U) is the disjoint union of open subsets of X each of which is mapped
homeomorphically onto U by p. We call p a covering projection if each point z € X has
an open neighbourhood evenly covered by p, in which case X is called the covering space
and X the base space of the covering projection.

Suppose that X is a topological space and S is a subset of X. A cover of S is a set
of subsets A = {U; | j € J} of X such that S C (J;c;U;. If the indexing set J is finite
then A is said to be a finite cover. If each U; is an open subset of X then A is an open
cover. If X is a topological space and A is a cover of a subset S of X, then a subcover of
A is a subset B of A such that B covers S. A subset S of a topological space X is said to
be compact if every open cover of S has a finite subcover.

A standard result is that the unit interval I C R is compact. Proofs are given (for
example) in [3, 10].

Let X and Y be topological spaces and let Y denote the set of continuous maps
from X to Y. If A and B are subsets of X and Y respectively, then write

(A:B)={feY™ | f(4) C B}
and
S={(K:U) | K is a compact subset of X and U is an open subset of Y'}.
We define a topology on Y with open sets
{VvcyX|iffeV, then3 F,F,...,F, €Ssuch that fe FNFKN---NF, CV}
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this is called the compact-open topology on Y~ first introduced by Fox [6].
The problem is to find ways of classifying topological spaces and continuous maps up
to some sort of ‘topological equivalence’. An important ingredient in this is obtained by

considering ‘paths’.

Definition Let X be a topological space, a path w in X of length r is a continuous map
w:[0,7r] — X.

The origin of the path is the point w(0) and the end of the path is the point w(r).

One can use paths to make precise the intuitive idea of what it means for a space to
be connected. A topological space X is path connected if for any x and y in X, there is
a path in X with origin z and end y.

Let w:[0,7] — X and o’ : [0,7'] — X be two paths, the path sum '+ w is defined

if and only if w(r) = w/(0) in which case

w(t if 0

<
(W+w):[0,r"+7r] — X  with (W +w):tr—
Jt—r) ifrg

A point z in X determines a unique constant path of length r with value z, which we
denote 7. If r = 0 this path is called the zero path at z. If w: [0,7] — X is a path,
then w + 0,y = w and 0,y + w = w, so that the zero paths provide a set of left and
right identities for the sum operation on paths.

If w, ' and w" are paths in X of length r, " and 7" respectively. Then v’ + (o' 4 w)

is defined if and only if (w"” + ') + w is defined, and both paths are given by

w(t) ifo<t<r,
t—q W(t—r) ifr<t<r+r,
W= (r+r))  Hr+r<t<rHr "

Hence, for any topological space X, there is a category of paths, denoted Px.

It is usual to consider only paths of length 1. Since, given a path w : [0,7] — X,
there is a path ' of unit length, with '(t) = w(rt), t € [0,1]. Such a path is called
normalised. Given two normalised paths, w and «' if their sum ' + w is defined then
it has length 2, however, we can define their normalised sum to be the normalised path
W' @ w with

— N

(w'@w):tt—%{

w(2t) if 0 <
w(2t—1) ifig

VAR

Clearly any interesting space will contain very many paths. It is therefore desirable

to be able to classify paths.
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Definition Let w and w’ be (normalised) paths in a space X, with w(0) = w'(0) = z

and w(l) = W'(1) = y. A fized-end-point homotopy from ' to w is a continuous map
p:IxI—X

such that
#(s,0) = '(s) #(s,1) = w(s) for sel,

gl.f) == o(1,t) =y for tel.

We can think of ¢ as a ‘deformation’ of w' into w, see Figure 1.

0.1) 1,1) .
¢ = X le
(0,0) (1,0) !

Figure 1

The concept of fixed-end-point homotopy arises out of the construction of the funda-
mental groupoid. One can show that fixed-end-point homotopy is an equivalence relation,
the resulting equivalence classes are called roads. The fundamental groupoid of a space
X has objects the points of X, and morphisms its roads, see Section 6.2 of Brown [3] for

details.

4.2 Cylinders and cofibrations

So far we have looked at homotopies of paths, but more generally, one can also consider

homotopies of maps.

Definition Let X and Y be topological spaces. A continuous map ¢: X x [0,q] — Y

is called a homotopy of length q. Given such a map, there are maps

f: X —Y with  f: 2+ ¢(z,0)
and ¢g: X —Y with  g:z+—— ¢(z,q)
called the initial and final maps of ¢, respectively.

We say that ¢ is a homotopy from f to g, and write ¢ : f ~ g.

Again, we think of a homotopy as ‘deforming’ one map into another: If we define

¢t X — Y by ¢i(z) = ¢(z,t), then the homotopy ¢ gives a one-parameter family of
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continuous maps deforming f into g. One thinks of ¢; as describing the deformation at
time ¢.

As before, it is sufficient to consider only homotopies of length 1, because it can be
shown that there is a continuous surjection A : I — [0, ¢], and if we let 6 = ¢(Idx x \)
then 0 is a homotopy of unit length with the same initial and final maps.

Note that fixed-end-point homotopies of paths are more restricted since the end points
of the paths are fixed during the homotopy.

If f: X — Y and g:Y — X are maps such that fg ~ Idy, then we say that g is
a right homotopy inverse of f, and that f is a left homotopy inverse of g. If g is both a
left and right homotopy inverse of f, then g is called a homotopy inverse of f, and f is

called a homotopy equivalence, we then write f: X ~ Y.

Proposition 4.1 The homotopy relation ~ is an equivalence relation.

PROOF. To show that it is reflexive, let f : X — Y be a continuous map and define
p: X xI—Y by ¢: (z,t) — f(x)

the constant homotopy on f. Clearly ¢: f ~ f.
To show that ~ is symmetric, let ¢ be a homotopy from f to g, then define

Pp: X XTI —Y by P (z,t) — $(z,1 —1t)

it is then easy to check that ¢ : g ~ f.
To show that ~ is transitive, suppose f,g,h : X — Y are continuous maps, and
¢, : X x I — Y are homotopies with ¢ : f ~ g and ¢ : g >~ h. Then define

2 gt
P: X xI—Y by O (z,t) —> ¢(z,2¢) & 2
P(z,2t—1) figigl

which is continuous, since ¢(z,1) = 9(z,0), and is a homotopy @ : f ~ h.

Given a space X, we can think of X x I as a ‘cylinder’ with top face (X, 1) and base
(X,0). We can then define maps eg( and e}, which map X onto the base and top of X x I

respectively, as follows:

er i X — Xxl with €% : z+— (z,0)

and e : X = XxI with ey : x+— (z,1).
There is also a collapsing map from X x I to X

ox: XxI—X with ox : (z,t). — z.
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Figure 2

The situation is illustrated in Figure 2.

Given a continuous map f: X — Y we can define a continuous map
fxIT: XXI—YxI by fxI:(z,t)— (f(z),1).
It is straightforward to show that there is a functor
() xI:Top — Top

which assigns to a space X the space X x I and to a map f the map f xI. Now ifz € X,
then e) f(z) = (f(z),0) and (f x I)é%(z) = (f x I)(z,0) = (f(z),0), so the diagram

below commutes.
0

X X X xI

f fxI

Y Y x1I
Sy

Thus the maps eg\, give rise to a natural transformation
e :1d — () x I
Similarly, there are natural transformations
el:Id— ()xI and o:()xI—Id.

We shall use the notation
I=(()x1Iéelo)

and call T a cylinder on Top. We can use the concept of a cylinder to redefine the notion

of homotopy.
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Definition If f,g: X — Y are continuous maps of topological spaces, then f is ho-
motopic to g, written f ~ g, if there is a continuous map ¢ : X x I — Y with ¢eg{ =f

and ¢e§{ = g. We call ¢ a homotopy between f and g.

Given a continuous map f : X — Y, the constant homotopy on f is given by
fox: f~f.

We shall use the cylinder construction to describe some properties of subspaces. Let
A be a subspace of a topological space X, and let i : A — X, with i(z) = z, be the
inclusion map. We consider whether such a map has left, right or two-sided inverses.

A subspace A of X is called a retract of X if the inclusion map ¢ has a left inverse in
the category Top; that is a map r : X — A, such that i = Id4. Such a map is called a
retraction of X to A.

A subspace A of X is called a weak retract of X if the inclusion map ¢ has a left
homotopy inverse; that is a map r : X — A, such that i ~ Id4. Such a map is called a
weak retraction of X to A.

Note that an inclusion map ¢ :— X never has a right inverse, except in the trivial
case A = X. However, a subspace A of a space X is called a weak deformation retract of X
if the inclusion map 7 is a homotopy equivalence. A subspace A is called a a deformation
retract of X if there is a retraction r of X to A such that Idx ~ ir.

Clearly, a weak retract need not be a retract, however these concepts do coincide
when A is a suitable subspace of X. This occurs frequently enough to demand special
consideration. In order to examine this situation we shall consider the conditions which

A must satisfy in order that a homotopy on A can be extended to a homotopy on X.

Definition If A is a subspace of X, we say that (X, A) has the homotopy extension
property with respect to a space Y if for all maps f : X — Y, any homotopy of the
restriction f|4 of f to A extends to a homotopy of f.

Let u= fla: A— Y, thus u = fi. A homotopy of v isamap ¢: Ax I — Y such

that u = (]5631. If A has the homotopy extension property with respect to Y, then there
is a map ® : X x I — Y which is a homotopy of f, that is f = ®e%, and ®|axs = ¢.
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Hence for given f and ¢ there exists ® making the diagram below commute.

Ax1T

P N
\//

Of particular importance is the case when (X, A) has the homotopy extension property
with respect to any space, if this happens then we say that the inclusion mapi: A — X

is a cofibration.

Proposition 4.2 If (X, A) has the homotopy extension property with respect to any
space, then A is a weak retract of X if, and only if, A is a retract of X.

PROOF. Let i: A — X be the inclusion map and r : X — A be a weak retraction.
Then ri ~ Id4. Let ¢ : A x I — A be a homotopy from ri to Id4; then ¢e% = ri.
Because (X, A) has the homotopy extension property with respect to A, there is a map
®: X x I — A such that ®(i x I) = ¢ and ®e% = r. If we define v’ : X — A by

r’ = ®el., we have ir =Id4. So 7' is a retraction of X to A, and ® : 7y ~ /.
|

While it is true that the concept of a cofibration arises out of the examination of
inclusion maps, it is not the case that only inclusions can be cofibrations. The definition
can be generalised as follows: A continuous map g : X' — X is a cofibration if the

commutative square below is a weak pushout.

e,

X! X'x T
9 gxI
X X x1I

4.3 Cocylinders and fibrations

In the previous section, we dealt with situations in which homotopies can be extended.
In this section we consider whether homotopies can be ‘lifted’ along a map. Generally,

ifp: E — Band f: X — B are continuous maps. The [lifting problem for f is to



determine whether there is a map g : X — Y such that f = gp. That is, whether the

dotted arrow in the diagram below

E
£
2

X—f>B

corresponds to a continuous map making the diagram commute. If such a map exists
then we call g a lifting of f to E. If the map g is unique with this property, then p is said
to have the unique lifting property.

Applying the lifting problem to homotopies, we obtain an analogue of the homotopy
extension property called the ‘homotopy lifting property’ defined as follows.

Definition A map p: F — B issaid to have the homotopy lifting property with respect
to a space X if, given maps f: X — F and ¢ : X x I — B such that ¢e9\, = pf, there
is a map ® : X x I — E such that ®e% = f and p® = ¢. The situation is pictured

below
X L B
A
e(}).r <I> P
X xI p B

The map p is a called fibration if it has the homotopy lifting property with respect to
every space. For each b € B, p~1(b) is called the fibre over b.

We have seen that paths play an important réle in algebraic topology. There is a

useful class of maps which have the property that they ‘lift’ paths.

Definition Let p: E — B be a continuous map, then p has the path lifting property
if for any path w in B and point a in F with w(0) = p(a), there is a path @ in F with
origin a such that pw = w. Furthermore, p is said to have the unique path lifting property

if given paths w and ' in E such that pw = pw’ and w(0) = '(0), then w = W',

The next result shows that the path lifting property is a special case of the homotopy
lifting property.

Proposition 4.3 If a continuous map is a fibration, then it has the path lifting property.
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PROOF. Suppose that p: E — B is a fibration and that w : I — B is a path in B such
that w(0) € p(E). Let P denote a one-point space, and let ¢ : I — P x I be the inclusion
map. Then w can be regarded as a homotopy w* : P x I — B, where w = w*i. A point
a of E such that p(a) = w(0) corresponds to a map f : P — E with pf(P) = w*(P,0).
It then follows from the fact that p has the homotopy lifting property with respect to
P, that there is a map @ : P x I — E such that e%® = f and p& = w*. Therefore
@t : I — E is a path in E with @¢(0) = @(P,0) = a and pw. = w*t = w. Hence p lifts w

to we.
[ |

The following result establishes the unique lifting property of covering projections, see

Theorem 2.2.2 of Spanier [27] for proof.

Proposition 4.4 Let p : X — Xbea covering projection and let f,g 1 Y — X be
continuous maps such that pf = pg. Thus f and g are both liftings of the same map. If

Y is connected and f agrees with g on some point of Y, then f = g.
O

It follows from the above result that a covering projection has unique path lifting. Propo-
sition 4.4 is also used to prove the following result, see Theorem 2.2.3 of Spanier [27] for
details.

Theorem 4.5 FEwvery covering projection s a fibration.
[ |

From the above results, a covering projection is a fibration with unique path lifting. In
Theorem I1.4.10 of [27] it is shown that if the base space satisfies some ‘mild hypotheses,’
then any fibration with unique path lifting is a covering projection.

We have been examining the paths within a space, we shall now consider spaces which
themselves consist of paths. Let X be a space, then X! denotes the space consisting of
paths in X equipped with the compact-open topology. We can construct maps 69\, and

6}‘{ assigning to a path w in X its origin and end points respectively

e : X — X with €% :wr— w(0)

ex XTI — X with ehiw—rw(l).
For any map f: X — Y, we can define a map on path spaces
Faxt ¥ with  Fre—s fu
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We thus obtain a functor ( )! : Top — Top. Given such a continuous map f, and an
element w of X7, then e3 f/(w) = fe%(w) = f(w(0)), and so if €° is the function which
assigns to each space X the map €%, then €° is a natural transformation €° : ( )/ — Id.

1

Similarly there is a natural transformation ! : ( )/ — Id. There is also a continuous

map which takes a point in a space to the constant path at that point,
sX:X—>XI with Sx x> 1.

If s is the function taking a space X to the map sx then it is easy to show that s is a
natural transformation s : Idtep — (). We write P = (( )7,€%¢!,s) and call P the
cocylinder on Top.

We shall use the cocylinder to reformulate the definition of the path lifting property
in terms of path spaces. Let p : E — B be a map with the path lifting property. Then
for any w € B! with £} (w) € p(E), there exists @ € E such that pe%(©) = e%(w) and
w = p! (@), that is pe% (@) = % p! (@). If P is a one-point space, then a map ¢ : P — BY
picks out an element w of B!, and a map f : P — E picks out an element a of E. If
w(0) = a; that is €%¢ = pf. Then the path lifting property requires that there exists
& € ET such that €% (w) = f(P) and p’(©) = ¢(P). Thus the path lifting property is
satisfied by p if there exists a map ® : P — E! picking out an element @ of E! such

that the diagram below commutes

This is a special case of an alternative description of the homotopy lifting property.

Given a continuous map ¢ : X x [ — Y, for each z € X define
¢ I —Y by ¢p:t— ¢(z,t)

observe that there is a continuous map 1, : I — X x I with 1,(¢) = (z,t), and ¢y = ¢lz;
it follows that each ¢, is continuous. Thus each ¢ is an element of Y. We can therefore
define a function

a¢:X—>YI by ag¢:z+— ¢g.

By Theorem 11.1 of Rotman [26], o is continuous. Now define

axy :hom(X x I,Y) — hom(X,Y?) by a:¢r— ay
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which is clearly injective. Furthermore, if ¢ : X — Y7 is a continuous map with

(z) = wy, then the pair (z,t), where ¢ € I, determines a point w,(¢) of Y. Hence obtain

a function X x I — Y which has image v under axy. Hence axy is bijective. The

family of bijections o can be shown to provide an adjunction between ( ) x I and ( )7.
If $: X x I — Y, then ¢el(z) = ¢(z,0) and

eV ax,y(4)(z) = eV bz = $2(0) = ¢(,0).

Similarly el ax y (4)(z) = ¢ek(z) = ¢(z,1). So the maps e’ and £, are related by the
formula

ehaxy(d) = e i€ {0,1}.

Also we have that ox and sy are related by axy(fox) = syf. If f,g: X — Y are

continuous maps with ¢ : f ~ g; that is
ge=f and ey =g.
There is a continuous map 1) = a(¢) : X — Y such that
evp=f and Y=g

We think of 4 as a homotopy from f to g with respect to the cocylinder on Top, we write
Y:f=g
We now use the adjunction « to reformulate the homotopy lifting property in the

cocylinder.

Proposition 4.6 A continuous map p: E — B s a fibration if, and only if, the square

pictured below is a weak pullback.

gl — i
ek b
E———B

PROOF. Let p: E — B be a fibration and let f : X — E and ¢ : X — B’ be

continuous maps such that pf = 5%1/). Since
a = ax g : hom(X x I, B) — hom(X, X7)

is a bijection, there is a unique continuous map ¢ : X x I — B such that a(¢) = .

Furthermore €% = ¢el, since e%a(¢) = ¢pel. Now pf = ¢e’, so the solid arrows in the
B X B X X
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diagram below commute.

X ! E
e% <I> p
Xx1 B

But p is a fibration so there is a continuous map ® : X x I — E such that @eg( = f and
p® = ¢. Let
U =qd): X — EL.

Then e ¥ = % a(®) = el = f. Now since « is natural play g(®) = ax g(p®), but

a(p®) = a(p) = 1, therefore p! U = 1). Hence the diagram below commutes.

X

Conversely, let p: E — B be a continuous map and suppose that the square below

is a weak pullback.

B B!
2 e5
BE———*B

We show that p is a fibration. Let f: X — E and ¢ : X x I — B be continuous maps

making the diagram below commute

X A E
69( p
X x1I 5 B

Define ¢ = a(¢) : X — B!. Then
ey = a($)ep = ex ¢ = pf.
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So the diagram below commutes,

but the inner square is a weak pullback, so there is a continuous map ¥ : X — E!
such that p! ¥ = ¢ and EOEq) = f. Since « is bijective, there is a unique continuous map
®: X x I — E such that

Bele =gl =

and
a(p®) = p'a(®) = p'¥ = ¢ = a(¢),

so p® = ¢. Hence the diagram below commutes and p is a fibration.

X i E
eg( /<I>/ p
X x1I B
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Chapter 5
Abstract homotopy theory

In this chapter we describe cylinders, cocylinders, homotopies, cofibrations and fibrations

in general categories. The main reference for this chapter is Kamps and Porter [9].

5.1 Homotopy theory in categories
Definition Let C be a category. A cylinder I on C consists of a functor
()xI:C—C

called the cylinder functor. Together with three natural transformations

el :ldc— ()xI and o:()xI—Idc

such that ge? = ge! = Idc.

Given a cylinder on a category C we can then define a homotopy in C

Definition If f,g : X — Y are morphisms in C then f is homotopic to g, written
f =~ g, if there is a morphism ¢ : X x I — Y in C with qSeg( = f and qﬁe}< =g. We call
¢ a homotopy between f and g.

Note that for any morphism f : X — Y, the morphism foy : X xI — Y is a
homotopy, fox : f =~ f, called the constant homotopy of f. So =~ is reflexive, however
it need not generally be symmetric or transitive. Later, in section 5.2, we shall see what

conditions need to be imposed on a cylinder in order that ~ is an equivalence relation.

Definition A morphism f : X — Y of C is a homotopy equivalence if there is a
morphism g : ¥ — X of C such that

gf ~1dx and fg~Idy
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such a morphism g is called a homotopy inverse of f. If in addition, gf = Idx, then we
say that g is a deformation retraction and that X is a deformation retract of Y.
Given a category with a cylinder, cofibrations are defined as those morphisms along

which homotopies can be extended.

1

Definition Let C be a category with a cylinder I = (( ) x I,e%e!,0). A morphism

1: A — X of C has the homotopy extention property with respect to an object Y of C
if for any pair of morphisms of C, ¢: A x [ — Y and f : X — Y such that qSe% = fi,
there is a morphism ® : X x I — Y of C such that ®(i x I) = ¢ and ®e% = f.

P N
\//

A morphism of C which has the homotopy extention property with respect to any object

A X

~

of C is called a cofibration.
By dualising the notion of a cylinder on a category, we obtain the concept of a co-

cylinder. By definition, a cocylinder on a category C is a cylinder on the dual category
P,

Definition Let C be a category. A cocylinder P on C consists of a functor
[ i@ —C
called the cocylinder functor, together with three natural transformations
¢t : () —1de and s:Idec — ()!

such that % = els = Idc.
Homotopy and homotopy equivalence in a cocylinder is defined in much the same way

as it is in a cylinder.

Definition Given a cocylinder P = (( )!,€%¢!,5) on a category C, two morphisms
fyg: X — Y in C are said to be homotopic, written f ~ g, if there is a morphism
$: X — Y!in C with 59,(/5 = f and 5%/¢ = g. We call ¢ a homotopy between f and g.

Dual to cofibrations (with respect to a cylinder) one has fibrations (with respect to a

cocylinder) defined by the homotopy lifting property.
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Definition Let C be a category with cocylinder P = (( )!,€% ¢!,5). A morphism
p: E — B in C has the homotopy lifting property with respect to an object Y of C if

for any pair of morphisms of C
$:Y — B  and f:Y—E

such that eong = pf, there is a morphism ® : Y — E! of C such that p’® = ¢ and
0 P =
ep®=f.

A morphism of C is a fibration if it has the homotopy lifting property with respect to
any object of C.

We have seen in the category Top that a category may possess both a cylinder and a
cocylinder. In general, if a category C is equipped with both a cylinder I and a cocylinder
P then there are potentially two notions of homotopy. We now describe a situation where

these notions coincide

Definition Let C be a category, let I = (( ) x I,e% e',0) be a cylinder and let P =
((),€%¢el, s) be a cocylinder on C. We say that I is left adjoint to P if the functor
() x I is left adjoint to the functor ( )! and if the family of bijections

axy :homg(X x I,Y) — home (X, YY)

which demonstrate the adjunction also satisfy the following two conditions: for all mor-

phisms ¢: X x I — Y and f: X — Y, and for ¢ = 0,1 we have that

ehaxy(d) = pe and axy(fox) = syf.

We refer the reader to Kamps and Porter [9], Proposition I1.3.6, for proof of the

following result.

Theorem 5.1 Let C be a category equipped with a cylinder I and a cocylinder P such
that I us left adjoint to P. Then two morphisms of C are homotopic with respect to 1 if,
and only if, they are homotopic with respect to P.



Although we have defined fibrations with respect to a cocylinder, we have seen that in
the category Top fibrations can be defined with respect to the cylinder and the notions

are equivalent. In the abstract we have that following result (Proposition I1.3.7 of [9]).

Theorem 5.2 Let C be a category equipped with a cylinder I and a cocylinder P such
that I s left adjoint to P. Then a morphism p: E — B is a fibration with respect to P
if, and only if, the following homotopy lifting property with respect to the cylinder I holds:

in each commutative diagram of solid arrows

!

; 4 E
.':4

ey <I> P

Y xI 3 B

there is a morphism @ : Y x I — E such that p® = ¢ and @eg)/ = i,

We shall not make explicit all the relationships between cocylinders and cylinders. It
will suffice to mention the heuristic principle known as Eckmann-Hilton duality which
assigns to a theorem involving homotopy equivalences, cofibrations and fibrations a dual

statement obtained as follows:
e Invert all arrows.
e Replace fibrations by cofibrations and wvice versa.
e Leave homotopy equivalences unchanged.

Note that Eckmann-Hilton duality is not exactly equivalent to categorical duality. The
Eckmann-Hilton dual of a result is not necessarily true, and if it is then a separate proof
may be required.

The following result is the Eckmann-Hilton dual of Proposition 1.2.7 of Kamps and
Porter [9].

Proposition 5.3 If in the pullback diagram in C,

Z—=X

|

C—— A

i is a fibration and ()T preserves pullbacks, then j is a fibration.
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PROOF. Suppose that we have morphisms ¢ : Y — Cl and f: Y — Z with E%QZ) =jf.
Now f is a morphism to a pullback, therefore it is uniquely determined by its components
jf and vf; that is if g : Y — Z is a morphism such that jg = jf and vg = vf, then
g = f. Consider the diagram below

f

Y —

Z
'
C

Y
c o
c

_>X

.

._)A

0 v

Since ¢” is natural we have us% = e%ul, so the diagram below commutes

v, %

ulo iz

j —
A )
A

s

Since 4 is a fibration, there is a morphism ® : ¥ — X!, such that u/¢ = /® and
of =&},

Now, since ()’

is assumed to preserve pullbacks, the diagram below is a pullback

and since ul¢ = i!®, we have that there is a unique morphism ¥ : ¥ — Z’ such that
v! WU = ® and j/U = ¢. Consider the diagram below

\
&/

to show that this commutes, it only remains to verify that 6%\11 = f. However

(GeX) U = (250 =edp=jf and (ved)T = (%) = 4@ = vf.

Hence, by uniqueness of f, 502\11 = f and j is a fibration.



5.2 Cubical enrichment and Kan conditions

In a category equipped with a cylinder (respectively, cocylinder) we have defined what
it means for morphisms to be homotopic. In the category Top this is an equivalence
relation, but in general all that we can assert is that this relation is reflexive. In order to
do homotopy in a category with a cylinder (respectively, cocylinder) we therefore need
extra structure. This is achieved by making explicit a cubical structure induced by a
cylinder (respectively, cocylinder), we can then impose extra structure by demanding
that certain conditions — called ‘Kan conditions’ — are satisfied. To explain this cubical
enrichment we need to study cubical sets.

In the category Top consider an element (t1,ts,...,t,_1) of I"! (so t; € I). There

is a continuous map
0L : ™1 — 1" with 0% :(t1,...,tne1) — (b1,..+stiz1,0,8i ... tn_1)

inserting a 0 in the " position. Similarly, there is a map 1%, which inserts a 1 in the i*?

position. If X and Y are topological spaces, then for £ = 0,1 we can form maps

€ :hom(X x I")Y) — hom(X x I""1Y)  with  ¢&:f+— f(Idx x &).
There is also a continuous map

Gt — 1 with i (f1,e s tn) = (Bl e s b1ty e Eng)
omitting the j™ coordinate, we can then form induced maps

¢J ihom(X x I"Y) — hom(X x "™ Y)  with  ¢:f+— f(Idyx x ¢7).

This example motivates the definition of a cubical set.

Definition A cubical set () consists of a sequence of sets Q),,, where n € N, together

with three families of functions

0:,1% : Qn — Qui1 where i € {1,2,...,n}
called face operators, and

o) 1 Qn — Qnyt where j€{1,2,...,n+1}

called degeneracy operators such that, for w, e € {0,1}, the following identities are satis-
fied:

Q1)  eywh = willdh i<
(Q2) afl_Ha,J; = af;illafl 1< ]
(Q3) eﬁlHU% = Uf;llefl 1< g
(Q4) €10 = Idg,

(Q5) e%+10731 = (7%_16%-1 1. > 9
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The elements of Q),, are called n-cubes.
It is easy to check that the continuous maps & and ¢ above satisfy the axioms (Q1)-
(Q5).

The following notation will be useful:

¢y =vi(¢) where ¢€Q1, ve{0,1},
YL =ei(y) where 9 €Qn, e€{0,1}, i€{1,2,...,n}.

If ¥ € @, is an n-cube, then

Dt = (g, %1, %8, 92, ..., 4G, ¥7)

is called the boundary of 1.

Let Q,Q" be cubical sets. A morphism f : Q@ — Q' is a sequence of maps, f, :
Qn — Q,, commuting with face and degeneracy operations, such a morphism is called
a cubical map. Thus we get a category Cub of cubical sets.

Cubical sets can best be regarded as expressing the geometric relationships between

points, line segments, cubes, etc. To see how, let () be a cubical set. The two maps
01,11 : @1 — Qo

mean that we can regard (); as a set of edges and @) as a set of vertices, thus obtaining
a directed graph with source function 0} and target function 13. We represent ¢ € Q;
pictorially as follows:

do o——F——e

If a is a O-cube, we can use the degeneracy operator o} to form a 1-cube of(a). However
condition (Q4) requires that elof(a) = a for e € {0,1}, and so we think of o} (a) as being

a loop at a.

g (a)

We call o} (a) a degenerate 1-cube.

Let 1 be a 2-cube with boundary (1§, 1,42,4?%). Then by (Q1) we have (¢2); =
(4})o. Thus the source of ] is the target of %3. In the same way (¥3)o = (¥?)o,
(¥3)1 = (¥3)o and (¥%)1 = (1)1. Thus the 1-cubes that form the boundary of ¢ fit
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together to form the edges of a square.

P2
e— @
wé| (0 Jw%
®o—H— 0
%3

Consequently, we can regard the elements of (2 as being squares, and the four face maps
0%) 1%7()%) 1% : Q? — Ql

as assigning to each square the edges on its boundary.
Let ¢ be a 1-cube. Then there is a degenerate 2-cube o}(¢). By (Q4), esol(¢) = ¢,
for e = 0,1, and by (Q5) e3oi(d) = o}(de), for e € {0,1}. So oi(¢) has boundary

(¢, ¢, 080, ohb1), which we can depict as follows:

a§(¢1)

¢+ a1 () {»

a4(%0)

|

|

Similarly, there is a degenerate 2-cube o4 (¢), as shown below.

Ué(%)\ U%(Qﬁ)

Let P = (( )!,€%¢!,s) be a cocylinder on a category C. For each pair of objects

~ﬂ

o——H——0

o (1)

|

X and Y in C we shall construct a cubical set Qp(X,Y),, making essential use of the
cocylinder. First define the iterated cocylinder functor ( )I" by Y/ ‘=Y, Y!" =Y and
YI" = (YI"7"). Let X and Y be a pair of objects in C. Put

Qp(X,Y), =hom(X, Y.

We shall show that the sequence of sets Qp(X,Y) = {Qp(X,Y), | n € N} is a cubical

set, to do this we need to define the face and degeneracy operators in Qp(X,Y). For
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e=0,1and i€ {1,...,n} define functions

() : Y Y™ by (V)= (5 ,.n)
and od(V): Y — ¥ by oY) = (symoin)? .

In Qp(X,Y) define
eil :Qp(X,Y), — Qp(X,Y),—1 by e;(f) = efl(Y)f

and
0, : Qp(X,Y)n — Qp(X,Y)np1 by oh(f) =ch(Y)f.

Proposition 5.4 Let C be a category equipped with a cocylinder P, and let X and Y be
objects of C. Then with the above definitions, the functions e, and ol satisfy the axioms
(Q1)-(Q5). Thus Qp(X,Y) is a cubical set.

PROOF. We need to show that e} and ol satisfy the axioms (Q1)-(Q5), to do this, we
use the Godement interchange law
(Q1): Suppose we are given the functors and natural transformations, shown below
() ()f

C le¥ C e C
Idg Idg

By the interchange law, we have that for any object A of C
eqeqr = €a(ed)’,
from this we have that, for ¢ < j

j—2 i—1 i-1 i-2
(€ )7 €pmicty T = (i) (n-0) PN,

. j—2 i—1 i—1 j=1 < . s .
that is (6“}jm_j)lj (5;m_i)1 = (E;In_i_l)l (6;1n_j)ﬂ Hence wfl—lﬁf% = @k i
(Q2): Similar to (Q1).
(Q3): Applying the interchange law to the situation pictured below
ldc Of
C | C &€ C
() Ide
we have that, for i < j
Ij~2 Ii—-l I‘i~1 Ij—2 I
(syrmeit) 7 € net) ™ = (€ mmiy ) (yammsin) ),
. i—2 i i— j— i1 . 3 ;i
that is (s n—j+1)" (si,m_i)[ f= (E;In_i+1)l l(syjn—j+1)lj ', Hence ol e = ek 10,

and (Q3) holds.
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(Q4) (E;In—i+l )Ii—l (SYIn—i+l )Ii_l == (E;In_i+1 SYIn—i+l )Ii_l = (Idyln—i—i—l )Ii—l = Idy]n

and so e}, 107, = ldg,(x,v)
(Q5): Similar to (Q3).

.

In a similar way it is possible to construct cubical sets Q¥(X,Y") on a category which

has cylinder I. This dual construction is described in Section 1.5 of Kamps and Porter [9].

If a category C has a cocylinder P, and f: X — X', g: Y — Y’ are morphisms in
C then define

Qp(fP,9)n: Qp(X,Y)n — Qp(X",Y')n by  Qp(f®,9)n:nr—>g" nfr.

If X and Y are objects of C, then clearly Idg, (x,y) = @p(Idx,Idy). If f1 : X1 — Xo,
fo: Xo — X3, 91 YT — Yy and g9 : Yo — Y3 are morphisms in C and 7 €
Qp(Xl,}/i)n, then

Qp(fs?, 92)Qp(f P g1)(m) = g5 (g1 nfi®)fsP
= (g201)" " n(faf1)®
= Qp((f2/1)°%, 9291)(n)-

Hence there is a functor
Qp : C? x C — Cub.

In what follows, we will mainly be concerned with 0-cubes, 1-cubes and 2-cubes. We
make the above definitions explicit in these cases. The 0-cubes and 1-cubes in Qp(X,Y)
have simple interpretations. A 0-cube f is simply a morphism f: X — Y.

If f €Qp(X,Y); is a 1-cube, then

fo=0lf)=€¥(f) and fi=1}(f) =} (f).

Thus a 1 cube f with boundary Df = (fo, f1) is nothing other than a homotopy f :
X — Y from fo =€%(f) to f1 = e} (f). Given a 0-cube, or morphism, f: X — Y, a
degenerate 1-cube is the constant homotopy sy f.

If f €Qp(X,Y)s, then

0 = 05(f) =e%(f),
¢ = 03(f) = (),
o= 13() = ep(f),
o= 13() = ()'(F)



As illustrated below.

4)__

17}

We shall be interested in those cylinders where the corresponding cubical sets satisfy

.+
EY)I

certain conditions known as ‘Kan conditions’. To define these conditions we need first

the notion of a (n, v, k)-box.

Definition Let @ be a cubical set and let (n,v, k) be a triple of natural numbers with
ve€{0,1} and k € {1,2,...,n}. An (n,v,k)-boz 7 in @ is a tuple

(Vile=0,1, i=1,2,...,n, (i) # (v, k))
of elements of @,,—1 satisfying

1

el 1yl = wf;llfyi, for i<j and (e1),(w,7) # (v, k).

An (n,v, k)-box v will be denoted by

Y= (7(%17%7"')")"'778’7?),

4 7

where the ‘—’ occurs in the (v, k) position. We write Q(y ) for the set of all (n,v,k)-
boxes in Q.

An n-cube A € Qy, is called a filler of v € Q) if A =4t for all (e,i) # (v, k). A
cubical set @ is said to satisfy the Kan condition E(n,v,k) if every (n,v,k)-box has a
filler. If @ satisfies E(n,v, k) for a fixed n and all v = 0,1 and k € {1,...,n}, then we
say that @ satisfies the Kan condition E(n).

We impose extra structure on a cocylinder P by demanding various Kan filler condi-
tions on Qp(X,Y). A cocylinder P on a category C is said to satisfy the Kan condition
E(n,v,k) (v € {0,1} and k € {1,...,n} ) if for any objects X and Y of C, the cubical
set Qp(X,Y) satisfies the Kan condition E(n,v, k).

The two results in the theorem below are obtained by dualising Propositions 1.5.8 and

1.5.6 respectively of [9].

Theorem 5.5 Let P = (( )!,€% ¢l,5) be a cocylinder on a category C. Then

(i) If the cocylinder satisfies the Kan condition E(2,1,1), then the homotopy relation

~ s an equivalence relation.
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(ii) If the cocylinder satisfies the Kan condition E(2), then for each object Y in C the

morphisms ag)/ and 5%, are fibrations and sy is a homotopy equivalence.

PRrROOF. (i) Any morphism is homotopic to itself via its constant homotopy. Thus =~ is
reflexive.

To show that the ~ is symmetric. Let f,g : X — Y be morphisms in C and
¢ : X — YT be a homotopy from f to g; that is eg’,¢ = f and 5%,¢ = g. We show that

(SYfa ™ ¢7 SYf)
is a (2,1,1)-box. To do this we need (sy f)o = (syf)1 and ¢g = (sy f)o. But

(syflo=eysyf=Ff (syfh=eysyf=[ and ¢o=¢3¢= /.
So (sy f,—,¢,syf) is a (2,1,1)-box. Since E(2) holds, this box has filler A : X — Y71*,
Put ¢/ = A} = e},;(A). We have
(¢)0 = 011 = 0115(3) = 1305(3)
by the cubical condition (Q1), therefore

(o =LA =1i¢=e3(8) =9,

as we have a box. Hence (¢')g = ¢1 = el (¢) = g. Similarly,

(@ =(syfh =eysyf="F
Thus ¢’ is a homotopy from g to f as required. The various maps involved are illustrated

in the following diagram:

sy f
4)7

e
A |¢’
B —

¢
To show that ~ is transitive, let f,g,h: X — Y be morphisms in C such that there

sy f

o—H——@©

is a homotopy ¢ from f to g and a homotopy ¥ from g to h. It is easy to check that

(¢7 ) SYfa w)
is a (2,1,1)-box. Thus there is a filler A : X — 12

b
P R—
¢{ A
T ——
sy f

o7



It is easy to check that (A1) = f and (A1); = h. Thus A} is a homotopy from f to h as
required.

(ii) We prove explicitly that &) is a fibration; the proof that e} is a fibration is
similar. Let ¢, f : X — Y be morphisms such that 5g),¢ = sg),f. Then, together with
3 (syel f) = e} f, the 4-tuple

(fa ) ¢7 SYE%/f)
is a (2,1,1)-box in Qp(X,Y);. Thus by E(2) there is a filler A\ : X — Y?* such that

€%, A = f and (e, )/ = ¢. It follows that ) is a fibration.
To show that sy is a homotopy equivalence, we only need to prove that 3y5§), ~ Idy.
It is easy to check that
(IdYI ) SY{':%)/’ SY‘C:(})” _)
is a (2,1,2)-box in Qp(Y!,Y);. Thus there is a filler X : Y1 — YT* such that 62,1)\ =

Idy: and a%ﬂ/\ = 3y6€,. Thus sye?, and Idys are homotopic as required.

5.3 The mapping cocylinder factorisation

In Theorem 5.7 we shall use the Kan conditions introduced in the previous section to
examine properties of the ‘mapping cocylinder factorisation’ which we now define.
Let C be a category equipped with a cocylinder P. Let f : X — Y be a morphism

in C and suppose that the pullback diagram of f and £ illustrated below exists

Mf Lf_)Y[

1

X — Y
Then M/ is called a mapping cocylinder of f. Now the diagram below commutes

XS—YJ;}/J

Idxl lsg,
X —Y

f

Consequently, there is a unique morphism pf : X — M7 such that ©/p/ = sy f and
jifpf =1dx. Put if = 5%/7rf. Then i/ pf = 6%/7Tfpf = 5%,5yf = f. It follows that we have



constructed the following factorisation of f

Jvei

X

It is called the mapping cocylinder factorisation.

The Eckmann-Hilton dual of the mapping cocylinder is the ‘mapping cylinder’ which is
constructed using pushouts. The dual of the following result can be found in [9] (Theorem
1.5.11).

Proposition 5.6 Let C be a category, with cocylinder P = (( )1,€% ¢!, s), and let f :
X — Y be a morphism of C which has the mapping cocylinder factorisation pictured
above. Suppose that ()| preserves pullbacks and P satisfies E(2). Then

(1) p! is a homotopy equivalence with homotopy inverse j7 ; in particular, X is a defor-

mation retract of MY.
(ii) i/ is a fibration.

PROOF. (i) We show that p/j/ ~1d,,;.
Define the following three elements of Qp(M/,Y);

v =flsxif, R =syfil and =n'

Since flsx = sy f, we have that flsxjf = sy fj/. Also

()1 = ex(syfil) = (evsy)fil = fi7
(Mo = eynf =fj/

(W) = eV(svfil) = (Ysv)fil = i
(W)o = ¥ (1) =e¥(%) = (%)o-

Puty = (v8, 7,78, =) = (flsxj?,n/, sy fj/,—). Then we have shown that yisa (2,1,2)-
box in Qp(M/,Y). By assumption, P satisfies E(2). Thus there is a filler A : MY —s YT°
such that

M=elid=flagi, M=cid=a and X} =())A=svfi = flaxs’.
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By assumption ( )! preserves pullbacks. Thus the inner square in the diagram below is a

pullback. But it is easy to check that the solid arrows commute.

Consequently, there is a unique morphism 1 : M/ — (M5)! such that
(W)p=x and ()19 =sxj’.

We shall prove that 1) is a homotopy from pfj/ to Idpys.

We prove first that ¢ = pfjf. Consider j71py = jf(sg’wzﬁ). The diagram below

0 is a natural transformation.

(Mf)I _LXI

commutes since &

Thus we have that
3o = e ()19 = eksxs? = Idxs! = jIp/ 5/

Next consider m/45. Again using the fact that €° is a natural transformation we have
that
wlpy = mlef p =0 (1)) 9 = i X = floxgl = sy fi7 = nlplj7.

Hence the diagram below commutes.

60



But the inner square is a pullback. Thus 1 is unique making the diagram commute.
Hence )y = pf 5/, as required.

We now prove that ¢; = Id;,;r. By definition 9; = E}VI 7. We calculate the composites
jf4p1 and 7f1p; much as before. We have that

) = exsxs? =57

el s = ekl

P
and mlapy

Il

ﬂ_fa}v[f’lp = &‘%/IA = 7Tf

Thus 91 : M/ — M/ is the unique morphism so that the pullback diagram below
commutes.

Mt ot

Hence i = Id;;s as required.

(ii) To prove that i/ is a fibration we now need to show that the diagram below is a

0

weak pullback. We know that it commutes because " is a natural transformation.

@'

(M) v!
E0f £y

1

Let V be an object in C, and let g : V — M/ and ¢ : V — YT be morphisms satisfying
)¢ =1ilg (= ¢o). Let

w=n'9, % =Flsxi’g and i =¢
Then it is easy to check that

(nfg) =ifg = ¢,

()1 = eb(n
()o = e¥(nfg) = filg,
and ()0 = ¥ (flsxilg) = filg.
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Consequently, (7§, —,78,7?) is a (2,1,1)-box in Qp(V,Y). Since P satisfies F(2), there
is a filler A: V — Y1 satisfying

o= (@) A=%=flsxi'g,
/\(1] = 62,1/\ = 7& = 7rfg,
and A = () A=1i=¢

From the above results and the fact that ( )! preserves pullbacks, the solid arrows in the

diagram below commute.

Thus there is a unique morphism ® : V — (M)’ such that
()@ =sxj’g and (7)) ® =X

We can now prove that ® is the morphism we required. Using the fact that € is a natural

transformation we obtain

erg/[fi' = E?/](?Tf)lq):éi(})n)\:ng
and  jlef @ = k()@ =cksxifg=3'g

By assumption, the following diagram is a pullback.

MfW_f>YI

s

X—f>Y

It is straightforward to show that fj/g = 69/7Tf g. It follows that 6(]]W® = g. It is easy to
check that
id = (ehah) @ = (e}) A = ¢.
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Consequently the diagram below commutes

Hence result.

Theorem 5.7 Let C be a category which has a cocylinder P = (( ),€%, ¢!, s) satisfying
the Kan condition E(2). Suppose that C has pullbacks and that ()! preserves them. Then
there is a functorial factorisation of each morphism of C into a homotopy equivalence
followed by a fibration.

PrOOF. Since C has a cocylinder and pullbacks, every morphism f of C has mapping
cocylinder factorisation f = i/p/. By Proposition 5.6, i/ is a fibration and p/ is a homo-
topy equivalence with homotopy inverse j/. It remains to show that this factorisation is
functorial. Let f; : X; — Y7 and f : X9 — Y5 be morphisms of C and suppose that

there are morphisms v and v such that the diagram below commutes.

X; —> X
fll lfz
=¥

To show that the mapping cocylinder factorisation is functorial we shall construct a unique
morphism « from the mapping cocylinder of f; to the mapping cocylinder of f, making

the diagram below commute
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Now
f2ujf1 - Uf1jf1 — Uagflﬂ-fl _ E9/2,017].)”1

and so the solid arrows in the diagram below commute

vinf1

X

f2 Y2

Since the inner square is a pullback there is a unique morphism v : M1 — M/ such
that

jf2’y = ujf and 7rf2'y =olgh,
The second condition implies that 5%,27sz’)/ = E%,2vl7rf1 and so 2y = vs%,l nh = yift,

It remains to show that yp/t = pf2u. Now
vinfiph = vlsy fi = syvfi = sy fou

and so 69,201 i pf L = 6?,23y2 fou = fou. It follows that the solid arrows in the diagram
below commute

v17rf1pf1

Y

0
EYZ

X

f2 Y

The inner square is a pullback and so there is a unique morphism
p X, — MP?2

such that

7rf2p = UIﬂ-flpfl and ijM _——

However, m/2ypft = vlxhiph and jP2qph = wjfiph = u, thus p = vp'. We have
nhepfr = Y, ff, therefore

7rf2pf2u _ sz,),ph — ,Ulﬂ-flpfl,
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but j/2p2u = u, hence u = p2u. Therefore yp/t = p/2u, as required.
[ |

The above result implies that in the category Top every continuous map can be
factorised into a homotopy equivalence followed by a fibration (proved directly as Theorem
2.8.9 of [27]).

Since j/pf = Idx we have that j/ is a split epimorphism and p/ is a split monomor-
p

I

phism. By Proposition 5.5(ii) ) is a fibration and since ( )! is assumed to preserve

pullbacks, 5/ is a fibration by Proposition 5.3.
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Chapter 6

The homotopy theory of ordered

groupoids

In this chapter we shall apply some of the abstract homotopy introduced in the previous
chapter to the category of ordered groupoids, thus obtaining notions of homotopy equiv-
alence and fibration for inverse semigroups. We begin by constructing an adjoint cylinder
and cocylinder satisfying the Kan condition E(2). We then obtain some results about
homotopy equivalence and fibrations in the category OG and consider some special cases
and examples. Finally we construct the mapping cocylinder factorisation of an ordered
functor and show that this is equivalent to the factorisation that appears in Steinberg’s

‘fibration theorem’.

6.1 The cylinder and cocylinder on the category of ordered

groupoids

We have seen in Section 4 that in the category of topological spaces and continuous maps,
the unit interval I can be used to construct an adjoint cylinder and cocylinder. We shall
now show how the groupoid I, consisting of two identities 0, 1 and two non-identity mu-
tually inverse morphisms v and u~! with d(u) = 0 and r(u) = 1, plays the role of unit

interval in OG, in that it can be used to define a cylinder and cocylinder on OG.

We begin with the cylinder. For each ordered groupoid G, we can form the direct
product ordered groupoid G x I by Proposition 3.3. If § : G — H is an ordered functor,

then there is an ordered functor

OxI:GxI— HxI givenby 0 x1:(g,%)— (6(g),%).
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It is now evident that
()xI:0G— OG.

is a functor. Define ordered functors eX, el : G — G x I by
e& : g — (g,1do) e g — (9,1du).
It is easy to check that these functors give rise to natural transformations
0 1.
e,e :Idog — () x I.

One can show that the projection onto the first factor og : G X I — G yields a natural
transformation o : () x I — Idog. It is straightforward to check that in this way we

have constructed a cylinder I = (( ) x I,€% ¢!, 0).

We shall now describe a cocylinder on the category OG. To do this we need to examine
category G! whose objects are the ordered functors from I to G, and whose morphisms are
the natural transformations between such functors. There is a more convenient description
of G!. Each ordered functor § : I — G is completely determined by its effect on u, and
so determines an element of G. Conversely, every element of G determines an ordered
functor from I to G. Thus the objects of G! can be identified with the elements of G;

that is each @ in G! corresponds to the element

of G. Now let ¢ : I — G be another ordered functor, and let a be a natural transforma-
tion from 6 to ¢. Then a1¢(u) = 6(u)ag. Conversely, any elements g and oy of G such
that a1¢(u) = 0(u)ag determine a natural transformation « from ¢ to 6. Consequently,

we can regard G! as consisting of commutative squares

which we represent by 4-tuples (g4, 93,92,91) satisfying the commutativity condition

9492 = g3g1. Clearly
d(94,93,92,91) = (91,r(91),d(g1),91)  and  r(94,93,92,91) = (94,7(g4),d(gs), g4).

If g = (94,93, 92,91) and g’ = (g4, g3, 95, 91) are elements of G7, satisfying r(g) = d(g’),
then ¢f = g4 and their product is

(94: 95+ 95, 91) (94, 93, 92, 91) = (94, 9593, G2 g2, G1)
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which can be represented pictorially by

94 91=94 91

gé g3

Lemma 6.1 Let G be an ordered groupoid. Then the functor category G' is also an

ordered groupoid.

PROOF. Given an element (g4, 93,92,91) of GI, we can form the commutative square
93,92,9 q

(91, 93—1,92_1, g4) as pictured below

91 94

We may then form the products

(94,93, 92,91) (91,95 ", 95 94) = (94,9395 "> 9295 ', 94) = x(94, 93, 92, 91)
and
(91,95 %595 ", 94) (94, 93, 92, 91) = (91,95 ' 93,95 92, 91) = d(94, 93, 92, 91)-
Thus (g4,93,92,91) "' = (gl,ggl,ggl,g4) and G' is a groupoid.
Define an order on G! by
(94,93, 92, 91) < (94, 93, 95, 91)

if, and only if, g; < g; for 1 <7 < 4. It is easy to check that (OG1) and (OG2) hold. To
prove that (OG3) holds, let (g4,93,92,91) be an element of G! and let (g, f,e,g) be an
identity in G’ such that

(g7 f7 evg) < d(g4793592591) = (glvr(gl)ad(gl)agl)-

Now e is an identity in G, and e < d(g1) = d(g2). Thus (go|e) is defined. Also f <
r(g1) = d(g3). Thus (g3|f) < g3 is defined. We can now form the square

(g2le)
(93l F)g(g2le)? g

(g3lf)
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which is commutative, is less than (g4, g3, 92, 91) and has domain (g, f, e, g). It is easy to

see that it is the unique element of G! with these properties.

Let 8 : G — H be an ordered functor. Define

0" . GT — H' by 0%(g4,93,92,91) — (0(94),6(g3),0(g2),0(g1)).

It is easy to check that 6 is a well-defined ordered functor. It follows that we have defined
a functor

()!:0G — OG.

Let (g4, 93,92,91) be an element of G'. Define the ordered functors
e¢:G'— G by e&:(94,93,92,91) — g2

and

e¢:G'— G by & :(g4,93,92,91) — gs-

It is straightforward to check that €%, ¢! : ( )/ — Idpg are natural transformations.

Define the ordered functor
sg:G— G by  sg:g— (r(9),9,9,d(9)),

then s : Idog — () is a natural transformation. Hence we have constructed a cocylin-
der P = (()!,e%¢!,5) on OG.

Proposition 6.2 In the category of ordered groupoids and ordered functors, the cylinder
1 is left adjoint to the cocylinder P.

PROOF. Let G and H be ordered groupoids. We begin by constructing a bijection
Q¢.g : hom(G x I, H) — hom(G, HY).

Let 6 : G x I — H be an ordered functor. Then for each g € G, we have that
(r(g),u)(9,0) = (g,u) = (9,1)(d(g),w).

It follows that we can define a function ' : G — H' by

6(g,0)

¢ :g— H(r(g),u)l l9(d(9)7u)
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It is easy to check that ¢’ is an ordered functor. Define Q¢ m(6) = ¢'. It is clear that
Qg m is injective. To see that Qg g is surjective, let ¢ : G — H' be an ordered functor.
Put ¢(g) = (h,hd, hd, h]) and define

hg ifi=0
hRg if§ =
$:GxI—H by ¢ (gi)—s{ 4% nre=u
h3 =1

h(h9)~t  ifi=u"!

We show that ¢* is a functor. Let g € G, we shall show that d(¢*(g,7)) = ¢*(d(g,1)) for
all s € I. Since ¢(d(g)) = (hY,r(h{),d(hY),h]), we have

d(hd) ifi=0

RI ifi=u
*(d ,i = 1
¢*(d(g),%) r(hg) ifi=1
hd if i =wu"L.
Consequently,
d(hd) ifi=0,u
*(d(g,7)) = ¢*(d(g),d(s)) =
¢*(d(g,1)) = ¢*(d(g),d(7)) {r(h?) ifi=1,u""
However
d(hd) if1=0
_ d(hf) ifi=u
d(¢*(g,1)) =
(¢*(9)) Pk,
dhf) fi=w?
[ amd)  iti=0,u
r(h) ifi=1u7

Similarly ¢*(r(g,)) = r(¢(g,1)).
Next suppose that there exists (g,7)(¢’,7') in G x I, we shall show that ¢*(g,4)¢*(¢',7') =
¢*(gg’,i1"), these exist only if 77’ is defined, in which case

;

hihg if (i,4) = (0,0)
hIhdhg if (3,4') = (u,0)
h3hd hg if (4,4') = (1, )
Sty = | BEDTRR 6 = @
hihs if (4,4") = (1,1)
Bg(h9) = hg if (5,1') = (™}, 1)
WRY (W)Y i (4,i') = (0,u™Y)
IRERE (Y)Y if (6,4') = (w,uY)
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hihg if (i,4) = (0,0), (u™!, u)
) ngngng if (i,4') = (,0), (1)
| néRg if (i,4) = (1,1), (u,u")
KRS (W)~ if (i,4) = (u™1, 1), (0,u"L)
However ,
h9hd if i’ = 0
IR B 1 4 if i1’ = u
] = hihg if 1! =

hhg (RS~ ifii = ul,
Thus ¢* is a functor as required. It is clear that ¢* is ordered, and that Qg g (¢*) = ¢.
To show that 2 is an adjunction, we need to prove that it is natural in G and in H.
To show that {)g g is natural in H we need the diagram below to commute for all ordered
functors ¢ : H — H'.

Q
H hom(G x I, H) s hom(G, H)
" hom(Gx1,¢) hom(G,¢")
H' hom(G x I, H') — hom(G, H'')
G,H'!
However for any # € hom(G x I, H) and g € G
#0(g,0)
Qg hom(G x L#O)(s) = Qe (¢0)(o) = | wctom| | eotator)
#6(g,1)

it is easy to verify that this is equal to (hom(G, ¢7)Qa 1(0))(9) = (¢'Qc.1(0))(g). Hence
Q is natural in H. To show that  is natural in G we need to prove that for any ordered

functor 1 : G' — G the diagram below commutes.

Qc,m

& hom(G x I, H) hom(G, HY)

P hom(yxI,H) hom(y,HT)

el hom(G' x I, H) hom(G’, H)
G!' \H

Now for § € hom(G x I, H) and g € G,
(R, mhom(y x I, H))(0))(9) = (Qo,m(0( x1)))(9)
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0(¥x1)(g,0)
= 9(¢XI)(r(9),U)l lﬂ(wxf)(d(g),U)

0(pxI)(g,1)

Gw)
= e(w(r(g)),U)l lﬁ(w(d(g))m
0(%(9).1)
and
QM)
(om(y, H)0,1(6))(9) = (Rea(O))(9) = | sttvionm|  [oatvtona
600(9),1)

so Q¢ g is natural in H. Consequently € is an adjunction Q: () x I — ().
It remains to verify that for ¢ € {0,1}, and any ordered functors ¢ : G x I — H and
§ : G — H, the function §2g g satisfies

€iHQG’H(7,[)) = I,bezg and QG,H(QUG) = SHQ.

If g € G then
¥(9.0)
€% Q0 u () (g) = €% ¢<r<g),u>l lw(«ﬂ(g),u) = 9(g,0) = e (9)
W)

and similarly €5, Q¢ 1 (1)(9) = (g, 1) = veg(g). As for the second condition:

foc (g,O)

-~

Q6.1 (606)(g) = eacmg),u)l lammmu) — (0r(9), 0(9), 6(9), 6d(g)) = 50(g).

-~

GUG(Q,l)

It follows from the above result and Theorem 5.1, that the two notions of homotopy
defined by the cylinder and cocylinder are equivalent. It follows from Theorem 5.2 that
fibrations can be defined either by the cylinder or the cocylinder. Later we shall examine
the notions of homotopy and fibration in the category of ordered groupoids, but first we

need the following key result.

Proposition 6.3 Let P = (( )!,€% ¢l,5s) be the cocylinder on the category of ordered

groupoids and ordered functors. Then
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(1) P satisfies E(2).
(ii) The cocylinder functor ( )! preserves pullbacks.

PROOF.
(i) We prove explicitly that every (2,1,1)-box has a filler; the remaining cases are proved
similarly. We shall use the following notation: If § : G — H' is an ordered functor then

write

0(g) = (hf,n§,hS, %) = p°.

Let 6,¢,9 : G — H' be ordered functors such that (¢, —,0,%) is a (2,1,1)-box in
Qp (G, H). By definition

a%w = 5}{¢ and 5(}{9 = 6(}{¢,

as illustrated in the diagram below.

o—H——©
0
From the definition of the cocylinder in OG it follows that
hY =h? and h=hg,

and this is illustrated in the diagram below.

0 ps o
I R R S A I I
" nf g

We construct a filler for this box. Such a filler will be an ordered functor

©:G— H”  ©:9+—> (hy,b3,b2,b1)  where by = (b}, b}, hi, hi) € H'
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such that hsho = hsh1. It follows that ® maps g into the commutative cube

in such a way that
e%:0=¢, (})0=0 and (e})'0 =79,
Now €9,,0(g) = %1 (D4, b3, b2, 1) = a2, s0 let hy = ¢(g), and
(€3)70(9) = (€5) (04, b3, b2, b1) = (e3r(ha), €3 (h3), 7 (), €3 (1)) = (h3, b3, B3, hs)

so we want the top face of our cube to be 6(g). Similarly, (¢},)7©(g) = ¢(g) implies that
the bottom face of the cube O(g) is ¥(g).
It follows that we should define ©(g) to be the cube

Ho=h%
v

ha/
T
hd’

where
h=hYhS(RG)™T and A =hVR(R))L.

To show that ©(g) commutes, it is enough to show that the front face

0
h3
e O o

RO BUHG

commutes. But
R (WY RS (R ™D (RE) ™ = (h§hY)hS (R§RS) !
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= hy (h$h{
= hYRG(RS

(
).

It is easy to check that © defined in this way is an ordered functor, and by construction
it is a filler for the (2,1,1)-box (¢, —,0,%). In a similar way we can show that any two

dimensional box has a filler, and so our cocylinder in OG satisfies F(2).

(ii) That the ordered functor ( )! preserves pullbacks is in fact immediate from Propo-
sition 3.3, Proposition 6.2 and standard results in category theory (Theorem V.5.1 of [21]).
However, we give a direct proof. Let 6 : G — H and ¢ : K — H be ordered functors,
and let

GoRy K — 2 K
T ¢
G 5 H
be their pullback. The square
(GoRy K)! e KT
i ¢!
lels 7 I

commutes since ( )! is a functor. We prove that it too is a pullback. The ordered groupoid
(GyRy K)' has elements ((g4,k4), (93, k3), (92, k2), (91, k1)), where 6(g;) = d(k:), g: € G
and k; € K, such that (g4,k4)(g2,k2) = (g3,k3)(91,k1). It follows that (gsgo, kske) =
(9391, k3k1), therefore (g4, 93, g2,91) € G! and (ky, k3, ko, k1) € KT. We also have

0(94, 93, 92,91) = (0(94),0(g3),0(g2),0(g1))

and
B(ka, k3, ko, k1) = (¢(ka), d(k3), p(k2), d(k1))

Let o : L — GT and 8: L — K be ordered functors such that §7a = ¢’ 3. Write
o(l) = (94,95, 95,91) and  B(1) = (kg, Kb, k), kY).
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Thus 6(g!) = @(k!). Define

i L— (GoRy K)' by o:lr— ((dh, kL), (g4, Kh), (b, Kb), (gh, &%)

It is easy to check that ¢ is an ordered functor satisfying 7{¢ = « and wly = B.
Furthermore, it is straightforward to show that 1 is the unique such functor. It follows

that ( )! preserves pullbacks.

6.2 Homotopy equivalence of ordered groupoids

The r6le of Theorem 6.3 is to guarantee that we have the foundations for a reasonable
homotopy theory of ordered groupoids. In this section we examine homotopies of ordered
groupoids and construct a few examples.

Let ¢,0 : G — H be ordered functors, then ¢ is homotopic to 6 with respect to the

cylinder on OG if there is an ordered functor
®:GxI— H suchthat ®(g,0) =¢(g) and @(g,1) =6(g)

for all g in G.
Equivalently, a homotopy between 6 and ¢ with respect to the cocylinder is given by

an ordered functor

¢(9)
©:G — H' suchthat ©:g+—s g4l lyl

(9)

for all g € G and some g4, 91 € H such that g4¢(g) = 0(g)g:1-

Theorem 5.5 and Theorem 6.3 guarantee that this notion of homotopy equivalence is
an equivalence relation. We shall say that two ordered groupoids G and H are homotopy
equivalent if there is a homotopy equivalence between them. By Theorem 3.9 the category
of inverse semigroups and prehomomorphisms can be embedded as a full subcategory
of OG, and therefore we can also talk about two inverse semigroups being homotopy
equivalent.

In Proposition 6.4 we shall show how to characterise homotopy equivalence in a purely
algebraic way, but first we need a definition.

Let G be an ordered groupoid. An order preserving function « : G, — G is said to

be r-coherent if r(a(e)) = e for each e € G,.
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Proposition 6.4 Let 6 : G — G be an ordered functor on the ordered groupoid G. Then
0 ~ Idg if, and only if, there is an r-coherent order-preserving function o : G, — G
such that 8(g) = a(r(g))~‘ga(d(g)) for each g € G.

PROOF. Suppose first that 6§ ~ Idg, then from the definition of the cocylinder on OG,
there is an ordered functor ® : G — GT such that e4® = 0 and e, ® = Idg. Let g € G.
Then

where g1, 94 € G are such that gg; = g46(g). For any identity e in G, write
@(6) = (xea €, 6(6)7 xE)'

Define
a:G,— G by ale) =z,

If e < f then ®(e) < ®(f) and so z. < zy. It follows that « is order preserving. It
is immediate from the definition of G' that r(z.) = e and so r(a(e)) = e. Now since
®(g) = P(9d(g)) = ©(9)®(d(g)) we have that «(d(g)) = g1, and similarly a(r(g)) = g4.
Therefore

0(9) = g5 '991 = (a(r(9))) " ge(d(9)).

Hence « is the required r-coherent function.
To prove the converse, let o : G, — G be an order-preserving function such that
0(g) = a(r(g))tga(d(g)) for each g € G. We prove that § ~ Idg. Define

®:G— Gl by ®:g+— (a(r(9)),9,0(9),x(d(g))).

This satisfies e® = 6 and ;% = Idg, so we only need to show that ® is an ordered
functor. It is immediate that ¢ is a well-defined function. The fact that & is order
preserving follows from the fact that § and « are order-preserving. It remains to show
that @ is a functor. Let g € G, it is clear that

and  ®(r(g)) = (a(r(g)),r(9),0(r(9)),a(r(g))) = r(2(g))

since 6 is a functor. If gh is defined in G, then d(g) = r(h) and so ®(g)®(h) is defined
and is is easy to see that ®(g)®(h) = (a(r(g)), gh, 0(gh),a(d(h))) = @(gh).
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The proof of the following is immediate from the above result and the definition of

homotopy via the cocylinder on OG.

Proposition 6.5 Let G and H be ordered groupoids. Then G and H are homotopy

equivalent if, and only if, there are ordered functors
0:G—H and ¢:H—G
and r-coherent order-preserving functions
a:G,—G and [f:H,— H
such that for each g € G and each h € H we have that

$9(9) = a(r(9))'ga(d(g)) and 0¢(h) = B(r(h)) " hA(d(h)).

The next result provides some simple necessary conditions for two ordered groupoids

to be homotopy equivalent.

Proposition 6.6 Let 0 : G — H and ¢ : H — G be ordered functors such that
¢0 ~ Idg and 0¢ ~1Idy. Then 0 (respectively ¢) is full, faithful and dense.

PROOF. By definition, f¢ ~ Idy means that there is an ordered functor ® : H — H'
such that €%, ® = 0¢ and e}, ® = Idy. Let h € hompy (e, f). Then, using the same notation

as in the proof of Proposition 6.4, we can write
CI)(h) = (:Ufa ha 0¢(h')> .’Ee).

By the same reasoning ¢f ~ Idg means that there is an ordered functor © : G — G

such that for each g € homg(4,7), we can write

O(9) = (y5,9,#0(9), vi)-

The functor 6 is faithful: to see this let a,b € homg(4, 7) and suppose that 6(a) = 6(b).

Then ¢f(a) = ¢p0(b). However ©(a) is a commutative square and so

a = y;j¢0(a)y; .

Likewise ©(b) is a commutative square and so
b= y;40(b)y; .
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Hence a = b as required.

The functor 6 is dense: to see this let e € H,. But then . is an element of H satisfying
d(ze) = 0¢(e) and r(z.) = e, as required.

By symmetry it is clear that ¢ is also faithful and dense.

The functor 6 is full: to see this let A € hompg(0(e),0(f)). We shall find an element
in homg(e, f) which maps to h. Consider the element z = zy¢p(h)z,

O(z) commutes and so z = z7¢f(z)z; . It follows that ¢(h) = ¢0(z). But ¢ is a faithful

functor and so h = 0(z), as required.

l'in G. The square

Recall from Section 3 that the categories Grpd of groupoids and groupoid functors,
and Grp of groups and group homomorphisms, are all full subcategories of the category
OG. Hence the adjoint cylinder and cocylinder on OG give rise to notions of homotopy
on the categories Grpd and Grp. In the following result we obtain some properties of

homotopy equivalence in these special cases.

Proposition 6.7 (i) Let G be a group regarded as an ordered groupoid with a unique
identity and let 0 : G — G be a group homomorphism. Then 0 ~ Idg if, and only

if, 0 is an inner automorphism.

(ii) Let G be a connected (unordered) groupoid, then G is homotopy equivalent to each

of its vertex groups.

PROOF. (i) Recall that an inner automorphism of a group G is the group homomorphism

obtained by conjugating each element of G with an element z € G
g+ a:_lga:.
Suppose that 6 ~ Idg, then there is an ordered functor
d:G— G with ®:9+— (94,9,0(9),91)

for some g4, g1 € G such that g46(g) = gg1. Since d(g) = r(g), we have d(®(g)) = r(®(g))
and so g = g4 = x, say. Hence z0(g) = gz, thus 8(g) = 27 'gz. Now let ¢’ be another

element of G. By the above argument we have
0(¢") =y gy

for some y € G. To show that 6 is an inner automorphism it remains to show that z = y.

Since ¢'g is defined it follows that ®(g')®(g) is defined, but this is only the case if z = y.
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The converse is immediate.

(ii) This result is just Corollary 1 to Theorem 6.2 of [7]. However we give a direct
proof.

Let e be an identity in G and let + : G(e) — G be the inclusion functor. We shall
construct its homotopy inverse. Since G is connected, for any identity f € G, we can

choose gy € hom(f,e), in particular g, = e. Define

p:G—G(e) by p:g— gr(g)g(gd(g))_l

which is clearly a functor and its restriction to G(e) is Idg(e). It remains to show that

Idg =~ tp, however, the functor
Dl —> G' with @: gr—= (gr(g)7p(g)aga gd(g))

provides the required homotopy.
O

In the next result we obtain two further examples of homotopy equivalence. First we
need a definition. In topology a space is called contractible if it is homotopic to a space
with only one point (see Section 1.3 of [27]). By analogy, we define an ordered groupoid G
to be contractible if it is homotopic to an ordered groupoid consisting of just one identity.

Thus contractible groupoids are homotopically as simple as possible.

Proposition 6.8 (i) If an ordered groupoid is contractible, then it is connected and

has trivial vertex groups.

(ii) The Brandt semigroup B(G,J) is homotopic to G°, the group G with a zero adjoined.

PROOF. (i) Let G be an ordered groupoid which is homotopic to the ordered groupoid
P consisting only of an identity *. Thus G is contractible and there is a homotopy
equivalence 6 : G — P with homotopy inverse ¢ : P — G. Clearly 6(g) = * for all
g € G and ¢(x) = e for some identity e in G, therefore ¢ = Idp. Since ¢ ~ Idg, there

is an ordered functor
®:G— G with ®:9+— (9¢,9,e,9)

for some ¢’ € G. It is evident that G is connected. To see that it has trivial vertex
groups, let f be an identity and suppose that ¢ € G(f). Now @(f) = (h, f,e,h) for
some h € hom(e, f), and ®(g) = (gh',g,e,h') for some h' € hom(e, f). Since gf is
defined ®(gf) = ®(9)P(f) is defined, and so h = h'. Similarly, since fg is defined,
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®(fg) = ®(f)®(g) implies gh' = h. Therefore h' = gh' and so g = r(h’) = f. Hence G(f)
is trivial.

Note that by Proposition 6.7 the converse of this result holds in the category Grpd.

(ii) Recall from Section 1 that B(G,J) = (J x G x J) U0, where J is a non-empty set
and G is a group. The product of (7, g,7) and (k, h,l) is zero unless j = k in which case
it is (7, gh,l). Consider the natural partial order on B(G, J). Suppose that (i,g,k) and
(k,h,l) are elements of B(G, J) such that (i,g,7) < (k, h,[), then

(t,9,9) = (k,h,1)(1,1,1) = (k, h,1) or (7.4,7) = 0.

So the element 0 is beneath every element and the order is equality on B(G, J)\ {0}. The
set of idempotents of G? is E(G®) = {0,1}. Under the natural partial order 0 is beneath
every element and the order is equality on G. We shall henceforth view B(G,J) and G°
as ordered groupoids under the natural partial order.

Choose n € J and keep it fixed. Define a function 1 : G — B(G, J) by

¥(g) = (n,g,n) and 4(0) =0,

and define a function ¢ : B(G,J) — G° by

#(i,9,5) =g and ¢(0) =0.

It is straightforward to check that both 1 and ¢ are ordered functors. Observe that
¢ = Idgo. We prove that ¢¢ ~ Idp(g,s). To do this we need to define an ordered
functor @ : B(G,J) — B(G,J)! such that ® : ¢¢ ~ Idp(g,s). Let (i,9,5) € B(G,J),
then ¥¢(i,9,7) = (n,g,n). It follows that we should define ® by

(n,g,n)
\Thd)

B3 13, 2.7] 1—5 (m,ml l(]’,l,n) and  ®(0) = (0,0,0,0).

D

(1,9,9)

We show that @ is an ordered functor. Let (i, g, j), (4, h,k) € B(G,J), then

(n,g,n) (n,h,n) (n,gh,n)
. |
®((4,9,5) (4, h, k) = (iyl,n)l (j,lyn) l(k,l,n) = (i,l,n)l l(k,l,n)
Gogd) Gihok) (Ggh k)

Which is equal to ®(i, gh, k). As for identities,

®(d(i,g,7)) = ®(5,1,5) = (j,l,mj lmm =d(®(i, 9,7)),
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and similarly ®(r(¢,g,7)) = r(®(i,9,7)). It is clear that ® is order preserving. Hence @
is the required homotopy. Thus B(G, J) is homotopic to G°.

The final result in this section can be deduced from Proposition 6.6 and Corollary 2

to Theorem 6.2 of [7]. However we give a direct proof.

Proposition 6.9 If G and H are homotopy equivalent ordered groupoids, then there is
a bijection between the sets of connected components of G and H such that corresponding

components have isomorphic vertex groups.

PROOF. Denote by GY the connected component of G containing the element g. Let G¢
denote the set of connected components of G. An ordered functor § : G — H induces a
function

9¢ . ¢ — HC with 6°(@9) = H?W
which is clearly well-defined since 6 is a functor.

Suppose that 0 is a homotopy equivalence from G to H with homotopy inverse ¢. By

definition of the cocylinder on OG there is an ordered functor
©:G— G' with O(g) = (94,9, 0(9), 91)

where g4, 91 € G are such that gg; = g4¢0(g). Hence G9 = G%%(9). Similarly, H" = H?¢()
for all h € H.

We show that 6 is bijective. To see that #¢ is injective, let ¢,¢' € G be such
that 0°(GY) = 6°(GQY). Thus H'@ = HO), Since ¢C is well-defined, we then have
¢C (HO9) = $C(H?Y)), that is G#9) = G99), Hence G9 = GY. To see that 6C is
surjective, let b € H. Then ¢¢(H") = G**) and §¢(G*(M)) = Ho*(h) = ",

We now consider the effect of § and ¢ on vertex groups. Let e be an identity in G.

The restriction of 6 to G(e) is a group homomorphism
G(e) — H(O(e)) with g+ 0(g).

We show that this restriction of 6 is bijective. One can perform a similar operation for ¢.

Using the same approach as for Proposition 6.7(ii), it is easy to show that for all a € G(e)
#0(a) =z laz
where z € homg(¢0(e), e) is fixed. We show first that 0]g(.) is injective. Let a,b € G(e) be

such that #(a) = 0(b). Then ¢0(a) = ¢0(b), thus z~lax = bz and so a = b. To see that
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0)c(e) is surjective, let h € H(0(e)). We know that ¢(h) € H(¢0(e)) and 6¢(h) = y~hy
for some fixed y € hompy (0¢f(e),0(e)). In particular 0¢p(0(e)) = y~10(e)y, but

0(¢0(e)) = 0(z Lex) = 0(z) " 10(e)0(z).
Therefore y = §(z). Put g = z¢(h)z~! € G(e), then

0(9) = 6(x)0¢(h)8(z)™"
= 0(z)(6(2)) " h8(z)(6(x)) ™"
= b,

Hence 0|y is bijective.
|

In the case of inverse semigroups S and 7', the above result translates into the follow-
ing: there is a bijection between S/D and T'/D such that corresponding D-classes have

isomorphic H-classes. See Howie [8] for the necessary definitions.

6.3 Fibrations of ordered groupoids

In this section we establish some properties of fibrations in the category of ordered
groupoids, we also introduce ordered covering functors and obtain some properties of
such. By Proposition 6.2 and Theorem 5.2, the cylinder definition of fibration is equiva-
lent to that on a cocylinder, so for each result we shall use the definition which gives the
easiest proof.

We saw in Section 4.3 that in the category of topological spaces and continuous maps,
fibrations are defined using the homotopy lifting property, and the path lifting property
is a special case of this.

If G is an ordered groupoid, then ordered functors I — G are bijective with elements
of G. By analogy with the topological case we think of ordered functors I — G as being
paths in G. Star surjectivity of an ordered functor # : H — G can thus be interpreted as
a path lifting property. The following result is therefore the counterpart of the topological

result Proposition 4.3.
Proposition 6.10 Every fibration in the category of ordered groupoids is star surjective.

PROOF. We shall use the cylinder definition of fibrations.

Let 6 : G — H be an ordered functor which is a fibration. Let e be an identity in G
and let h € H be such that 6(e) = d(h). We shall show that there is an element g € G
such that d(g) = e and 6(g) = h.
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Let P denote the ordered groupoid consisting of exactly one identity *. Clearly there
is an isomorphism v : P x I = I. The set of ordered functors from P to G is in one to
one correspondence with the set of identities G, since a functor P — G picks out an
identity in G. Similarly there is a bijection between the set of ordered functors I — H
and the non-identity elements of H. Hence there is a unique ordered functor f : P — G,
with f(x) = e, and there is a unique ordered functor ¢ : I — H such that ¢(u) = h.

The diagram of solid arrows below commutes.

| .

.'.4
<k 7% @ 0
PxI I p H

Since 6 is a fibration, there is an ordered functor ® : I — G such that ®(0) = e and
0P (u) = ¢(u). Put g = ®(u),then d(g) = ®(d(u)) = e and 6(g) = h. Therefore 6 is star

surjective as required.
|

In the following result we prove that the converse of Proposition 6.10 holds in the

category of groupoids.

Proposition 6.11 Let G and H be groupoids (regarded as ordered groupoids with trivial
ordering) and let 0 : G — H be functor. Then 0 is a fibration if, and only if, it is star

surjective.

PROOF. This result is easiest to prove using the cocylinder definition of a fibration, see
Proposition 2.1 of Brown [4] for a proof using the cylinder.
Suppose that @ is star surjective. Let X be a groupoid and let ¢ : X — H' and

f : X — G be functors making the diagram below commute.

\
&/

We shall construct a functor @ as illustrated above. Let z € X and write ¢(z) =
(hZ, h%, h%, h?). Thus ¢(d(z)) = (h¥,r(h¥),d(h?),h?), so d(h¥) = % ¢(d(z)), but since
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0f = %, we have hf € Sty (0f(d(z))). Since 0 is star surjective there is an element a,
of Stg(f(d(z))) such that 6(a,) = hf. Similarly, there is an element b, of Stg(f(r(z)))
such that 6(b;) = hf. Define ® : X — G, to be the function which assigns to each

z € X the commutative square in G shown below.

be f(z)ag !

The fact that @ is a functor is immediate once we have noted that we can choose aq(;) =
az = bg(g) and ar(z) = by = bq(z). It is also immediate that 61 = ¢ and €0G<I> = f. Hence

0 is a fibration.
O

On the basis of Proposition 6.11, the terms ‘fibration’ and ‘star-surjective’ are used
synonymously in the category of groupoids. See [4] for a detailed examination of fibrations
of groupoids. By analogy, Steinberg [28] uses these terms interchangeably in the category
of ordered groupoids. However the functor ® constructed in the proof of Proposition 6.11
need not be an ordered functor and therefore we see no reason to suppose that all star
surjective ordered functors are fibrations.

Recall that in topology there is an important class of fibrations called coverings, and
for spaces satisfying various connectivity conditions, these correspond exactly to fibrations
with unique path lifting. By analogy we make the following definition in the category
OG.

Definition Let 6 : G — H be a fibration of ordered groupoids. We call 6 an ordered
covering functor if for any ordered functor w : I — H and identity e in G with w(0) =
O(e), there is a unique ordered functor w such that w(0) = e and 6w = w. Thus 0 lifts the

‘path’ w to the unique path @ in G.

. &

7=

H

w

Proposition 6.12 An ordered functor is an ordered covering functor if, and only if, it

s star-bijective.
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PROOF. Let #: G — H be an ordered functor.

Suppose first that 6 is an ordered covering. Thus 6 is a fibration and by Theorem
6.10 it is star surjective. We show that 6 is star injective. Let e be an identity in G and
let =,y € Ste(e) be such that (z) = 6(y) = h, say. Since the set of ordered functors
from I to H is bijective with the set of elements of H, there is a unique ordered functor
w : I — H such that w(u) = h. Since 0 has the unique path lifting property, there
is a unique ordered functor @ : I — G such that 6w(u) = h and w(u) € Stg(e). But
6(z) = 0(y) = h and so z = y = w(u). Thus 6 is star bijective.

Now suppose that @ is star bijective, we show first that it is a fibration. This is easiest
using the cocylinder definition of fibration, an alternative proof using the cylinder method
is given as Proposition 4.8 of [17]. Let ¢ : X — H' and f : X — G be ordered functors
such that 0f = 59{¢>. Proceeding as in the proof of Proposition 6.11, we write ¢(z) =
(h%,h%, k%, hT) and since h{ € Sty (0f(d(z))), there is a element a, € Stg(f(d(z))) such
that 6(a;) = hy. Similarly there is en element b, € Ste(f(r(z))) such that 6(b;) = hj.
We have seen that

d: X — G givenby ®:z+—— (by,bof(z)a;l, f(2),as)

is a functor satisfying 67® = ¢ and e%@ = f. To prove that 6 is a fibration, it remains
to show that ® is ordered. This will be achieved by proving that if z < y in G, then
az < ay and by < by. Since ¢ is ordered, ¢(z) < ¢(y) and thus hY < h{. Since f is
ordered, d(a;) = f(d(z)) < f(d(y)) = d(ay). Therefore by (OG3), there is a unique
element (ay|f(d(z))) € G which is less than a, and has domain d(a;). By Proposition
3.2(1)

0(ay1 (d(2))) = (0(a,)I07(d(2))) = (W107 (d())).

Thus, by uniqueness of restriction (h{|0f(d(z))) = hf. Put gz = (ay|f(d(z))), then
az, 9z € Stg(f(d(z))) and 0(g;) = 6O(ay) = h{. Therefore a; = g, since 6 is star-
injective. But g, < ay, thus a; < ay. In a similar way we can show that b, < b,. Hence
0 is a fibration.

It remains to show that 6 has the unique path lifting property. Let w: I — H be an
ordered functor such that w(0) = 6(e) for some e € G,. Let P be the ordered groupoid
consisting only of one identity *. We saw in Proposition 6.10 that there is a unique

ordered functor f : P — G with f(x¥) = e and an obvious isomorphism v : P x [ = .
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The diagram of solid arrows below commutes.

T

P G
ved E; 0
- H

w

We have seen that 6 is a fibration so, by the definition of fibration in the cylinder, there is
an ordered functor @ : I — G such that @(0) = e and 0w = w. Suppose that o : I — G
is an ordered functor such that «(0) = @w(0) and A = w. Then, a(u),w(u) € Stg(e) and
O(a(u)) = 0(w(u)), so by star injectivity of 0, a(u) = @(u), hence o = @. Therefore @ is

the unique lifting of w.
[ |

On the basis of the above result the terms ‘ordered covering’ and ‘ordered star bijec-
tion’ are used synonymously.

The following result is taken from [4], Propositions 1.2 and 2.3.

Proposition 6.13 A fibration is an ordered covering functor if, and only if, it has dis-

crete kernel.

PROOF. Let 8 : G — H be a fibration.

Suppose first that € is star injective (we know that it is star surjective by Proposition
6.10). Let f be an identity in H, and suppose that g is an element of G such that 6(g) = f.
We show that ¢ is an identity. Clearly 6(d(g)) = f, thus 6(g) and 6(d(g)) are elements
of Sty (f). By star injectivity g = d(g).

Conversely, suppose that 6 has discrete kernel. By Proposition 6.10 we only need show
that 6 is star injective. Let e be an identity in G and suppose that a and b are elements
of Stg(e) such that 6(a) = 8(b). Then (8(b))~! = 0(b1), so 8(a)(8(b))~* = O(ab?) is an
identity in H. Hence ab~! € ker . But ker @ is discrete and thus ab~! is an indentity in
G. Therefore a = 0.

6.4 Enlargements and deformation retracts

Enlargements of ordered groupoids were introduced by Lawson [14] as corresponding to
enlargements of semigroups. In this section we examine the relationship between defor-

mation retracts and enlargements in the category OG. Higgins [7] studied deformation
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retracts of unordered groupoids. In Theorem 6.5.13 of [3] Brown shows that deforma-
tion retracts of unordered groupoids correspond to full, dense subgroupoids, although his

approach differs somewhat from ours.

Proposition 6.14 Let 0 : G — H and ¢ : H — G be ordered functors such that
¢0 = Idg and 0¢ ~ Idg. Thus G is a deformation retract of H. Then 6 is an ordered

embedding and H is an enlargement of 6(G).

PrOOF. We begin by showing that 6 is an ordered embedding. It is clear that 6 is an
injective ordered functor because ¢0 = Idg. Suppose that 6(g) < 6(¢') for some g,¢' € G.
Then ¢0(g) < ¢0(g'), since ¢ is an ordered functor. Thus g < ¢’, and so 6 is an ordered
embedding.

Before proving that H is an enlargement of 8(G) we make two observations.

Firstly, since 6 is an ordered embedding, 6(G) is an ordered subgroupoid of H iso-
morphic to G. In particular, (G) is closed under restriction and corestriction. We prove
the former; the proof of the latter is similar. Let 6(e) be an identity in 6(G) such that
6(e) < d(f(g)), for some g € G. Then 6(e) < 6(d(g)). Hence e < d(g), thus (gle) is
defined. But by 0(gle) < 6(g) and d(f(gle)) = 6(e). It follows that 6(gle) = (0(g)|6(e)),
as required.

Secondly, because 8¢ ~ Idy, there is an ordered functor ® : H — H' such that
€% ® = 0¢ and £};® = Idy. Let h € hom(e, f), then we can write

0¢(h)

D:hr— zfl lze

-~

h

where z.,zs € G are such that z;0¢(h) = hz,.

Now let f € G, be any identity; we prove that z4(s) € 6(G). Note that since ®(0(f))
is an identity in H!, we deduce immediately that Ty(s) is a loop at 6(f). Now observe
that ®(zg(s)) is a commutative square and that writing down the maps in this square we
obtain 0¢(zg(s)) = zg(s), and so zg(y) € 0(G) as required.

We can now show that H is an enlargement of (G). Condition (GE2) holds because
0 is a full functor by Proposition 6.6. Also by Proposition 6.6, the condition (GE3) holds
since 0 is dense. It remains to show that the condition (GE1) holds. Let e < 6(f), where
f € G,. We shall prove that e € 8(G). By assumption, ® is an ordered functor, and so
®(e) < @(0(f)). Thus ze < wy(p). Also d(ze) = 0¢(e). It follows that

ze = (Tg(5)|0¢(€))-
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But we have proved that z,) € 6(G). Hence z. € 6(G). But r(ze) = ¢, and so e € §(G),
as required. ]

The next result shows that in the category Grpd the converse of the above result
holds.

Proposition 6.15 Let G and H be (unordered) groupoids. Then G is a deformation
retract of H if, and only if, there is an injective functor 8 : G — H such that H is an
enlargement of 0(Q).

PROOF. Suppose that 6 is an injective functor and H is an enlargement of 8(G). To
show that 6 is a homotopy equivalence, we shall define its homotopy inverse. Let f be an
identity in H, by (GE3) we can choose an element = € H with d(z) € §(G) and r(z) = f.
Let I' : H, — H be a function which assigns such an element to each identity in H,
with the requirement that the restriction of I' to the set 8(G,) is the identity on 6(G,).
If h € H write z, = ['(d(h)) and y, = [(r(h)). Thus y; ‘hay, has domain d(z) € 6(G)
and range d(y,) € 0(G). Hence by (GE2), y; 'hzp, € 0(G). Define

v:H—0G) by :hr—y; hay

note that the restriction of 9 to 0(G) is the identity on 6(G).

We show that v is a functor. If h € H, then ¢(d(h)) = d(z) = d(¢(h)) and
p(r(h)) = d(yn) = r(1(h)). If the composite h'h is defined in H then r(h) = d(h’) and so
Yp = Tpr, also Ty = xp, and ypp = yp, it is now easy to show that (h')y(h) = ¢ (h'h)
Hence 1 is a functor. Since @ is injective, there is a functor 6~! : §(G) — G. Consider
the composite 671 : H — G, we shall show that this is the homotopy inverse of 6.
Now, for any g € G, 07 190(g) = 670(g) = g so (0~'4)0 = Idg. Since (0~ ) = 1, it

remains to show that 9 ~ Idy. The required homotopy is given by the ordered functor

U:H— Hf defined by W :h— (zp, % (h), h,yp).

The natural question to ask at this point is whether or not the above result holds in
the general category of ordered groupoids. This problem was essentially considered by
Lawson [12] without the topological framework provided here. The key point is that the
functor ¢ defined above need not be ordered, although in Lemma 16 (iv) of [12] some

limited order-preserving properties were established.
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6.5 The mapping cocylinder factorisation of an ordered func-

tor

We can now prove the direct analogue of the theorem in topology which states that every
continuous map can be factorised into a homotopy equivalence followed by a fibration
(Theorem II.8.9 of [27]).

Theorem 6.16 Let 0 : G — H be an ordered functor between ordered groupoids. Then

there is a functorial factorisation of 6

G

2 H

and an ordered functor §° : MY — G such that §%p° = Idg, p?5? ~ Id,e and i? is
a fibration. In particular, MY is an enlargement of p’(G) and i° is an ordered star

surjection.

PrROOF. By Proposition 3.3, the category OG has all pullbacks. By Theorem 6.3,
the cocylinder P satisfies the Kan condition F(2) and the cocylinder functor preserves
pullbacks. Thus by Proposition 5.6 and Theorem 5.7, every ordered functor has a mapping
cocylinder factorisation 6 = i’p? which is functorial, where j%p? = Idg, p?5¢ ~ Id e and
0

i? is a fibration. By Proposition 6.14, M? is an enlargement of pe(G), and by Proposition

6.10, 1? is star surjective.
|

We shall now describe the ordered functors involved in the mapping cocylinder fac-
torisation. By definition, M? is the pullback of the ordered functors  : G — H and
oy H' — H in the diagram below.

0

MG HI
# ey
G H

Thus from the construction of the pullback given in Proposition 3.3, we have that

M° = GoR,o H' = {(g, (h4,h3,h2,h1)) e Gx HI | 8(g) = h2}
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with order and product inherited from G x H', and we have that

M — HY s given by nf (g, (h4,h3,9(g),h1)) — (ha, h3,0(g), h1)
and j19 M — @G is given by j9 : <g, (h4,h3,0(g),h1)> — g.
Define
a:G— M by aigr (g,(8(x(9)),6(9),6(9),0(d(9))))-

It is easy to check that « is an ordered functor, j%a = Idg and 7%« = sy#. But these are

the properties which characterise p?. Thus a = p?. By definition ¢ = 5}{7r6 . Thus

i*(g, (s, hs,0(9), 1)) = ely(ha b, 6(g), bn) = h

6.6 Steinberg’s construction
In Theorems 5.2 and 5.3 of [28], Steinberg proves the following result.

Theorem 6.17 (Fibration Theorem) Let  : G — H be an ordered functor, then
there is an ordered enlargement v : D — Der(0) x H (with a right inverse) such that

0 = 1), where 1) is the semidirect product projection and is star surjective.

In this section we show that this factorisation and the mapping cocylinder factorisation
of an ordered functor described in the previous section are equivalent. We first need to
recall some definitions from [28]. The reader should be alerted to the fact that whereas
we compose functions from right-to-left, Steinberg composes from left-to-right. We have
therefore modified his definitions and results accordingly.

Let G and H be ordered groupoids, a left action (w, A) of H on G consists of two
ordered functors

m:G — Hy and A: HpgK, G — G

where we write A(h,g) = "g, and 3% if d(h) = 7(g). These ordered functors must satisfy

the following conditions:
(A1) If 3%, then n("g) = r(h).
(A2) If 3hohy and Mg, then h2(Mg) = hahig,

(A3) ™99 =g.
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Given a left action (m, A) of an ordered groupoid H on an ordered groupoid G. Their

semidirect product is defined as the set
GxH=G;R. H={(g9,h) € Gx H | w(g9) =r(h)}.

There is a partial product on G x H defined as follows: if (g1, h1), (g2, h2) € G x H, and
there exist hohy and go("2g1), then

(92, h2)(91,h1) = (g2("g1), hoha).

If (g,h) € G x H then it is straightforward to show that d(g,h) = (" '(d(g)),d(h))
and r(g,h) = (r(g),r(h)). By Proposition 3.3 of [28] one has that G x H is an ordered
groupoid with the order inherited from G x H.

Let 6 : G — H be an ordered functor. The derived ordered groupoid Der(6) of @ is
the set

Der(6) = HeMga G = {(h9) € H x G | r(h) = r(6(9))}
endowed with the following ordered groupoid structure (for proofs see [28]). The partial
order is the one inherited from H x G. We describe the groupoid structure. Let (h,g) €
Der(6), then
d(h,g) = (hb(g),d(g)) and r(h,g) = (h,r(g)).

So if (h,g), (W', g") € Der(6) with d(h, g) =r(h',g¢'), then A’ = hO(g) and r(g') = d(g). In

which case the product is defined as

(h,g) (W, g") = (h,g9').

Let 6 : G — H be an ordered functor. Steinberg defines a left action of H on the
ordered groupoid Der(8) as follows:

7 : Der(6) — H, by m(h,g) =r(h)
and A: Hpg®, Der(§) — Der(0) by A(KW,(h,g)) = (h'h,g).

As aresult of this action, we can define a semidirect product ordered groupoid Der(8)

H. The underlying set is

Der(¢) x H = Der(0)«%: H = {((h,9),) | w(h,g) =x(k'),d(h) =x(6(g))}



We examine the product in Der(0) x H. Let ((h1,91), h}) and ((he, g2), hb) be elements
of Der() x H. For ((hg,g2),hb)((h1,91),h}) to be defined we need FhHh) in which case
d(hy) = r(h}) = r(h1) = m(h1,g1) and so A(hh, (h1,91)) = "(h1,g1) is defined. We
also require 3(ha, g2)(">(h1,91)), that is, I(ha, g2)(hhh1,g1) in Der(d), for this we need
hbh1 = h26(g2) and 3g2g1, in which case

(ha, g2)(hyhi, g1) = (ha, g2g1).
Thus
((h2,92), h9)((h1,91), 1) = ((h2, g291), hahy).

So given ((h1,91),h}) and ((ha, g2),hS) in Der(f) x H such that the diagram below com-
mutes
g2 g1

0(g2) 6(g1)

-

| |m

-~ e

Wy bl
then the composite is defined and is illustrated by the diagram below.

9291
PP i

6(g291)

hzl
hyhl
We now define three functions linked to this semidirect product as follows
v: G — Der(0) x H  with «(g) = ((6(r(9)), 9),0(9)),
¥ :Der(d) x H— H with ((h,g),h") =1,
and 7:Der(d) x H— G with 7((h,g9),h') =g.
Steinberg shows that ¢ is an ordered embedding and that Der(f) x H is an enlargement of
6(G) in Propositions 3.8 and 4.9 respectively, of [28]. In Proposition 4.7 Steinberg shows

that the projection 1 is an ordered star surjective functor. Clearly 7. = Idg and 6 = 1)1,

this is Steinberg’s factorisation.

Der(6) x H

G 7 H

We now show that our factorisation is isomorphic to Steinberg’s.
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Proposition 6.18 There is an isomorphism of ordered groupoids ' : Der(6) x H —s M?
such that
To=p% #T=v and ;T =7

PROOF. Define
T Der(9) x H— M? by T:((hg),k) — (g, (h 5, 0(9), k™ h8(g)))-

This function is pictured below.

9 9
0
or(e) | r 8.8
hl hl lk‘lhe(g)
k k

It is easy to check that I' is well-defined. We show that T is a functor. Let ((h,g),k) €
Der(6) x H, then

D(d((h,g),k) = T(*(d(h,g)),d(k))
= T(*(h(9),d(9)), d(k))
P((k™1h6(g), d(9)), d(k))
= (d(9), (57 h6(g), A(k), 0(d(9)), A(K) " k" h(9)0(d(9))) )
(

(k)
d(g), (k™" h0(9), d(k), 0(d(9)), K~ h8(9)) )

and

d(T((h,9),k)) = d(g,(h,k,0(9), k~'h6(9)))
= d(d(g), (K" ho(g), d(k), d(0(9)), k' h6(9)))

so d(T'((h,g),k)) =T(d((h,g),k)). Now for the range identities,

L(r((h,g),k)) = T

can easily be shown to be equal to r(I'((h,g),k)). Now examine the effect of T' on

composites. Let ((hg2,g2),k2) and ((h1, 1), k1) be elements of Der(0) x H, their composite
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exists if Igog1, Fkok1 and kahy = hob(g2), in which case
D (((h2, 92),k2) (b1, 9),k1)) = T(he, g2g1)kakr)

= <9291, (h2, kak1,0(g291), (k2k1)_1h29(9291)))
= (9291, (ha, kak1,0(g291), kfl(k{1h29(g2))9(g1))>
= (9291, (ha, kak1,0(g9291), kf1h19(91))),

but I'((h2, g2), k2)T'((h1,91), k1) is equal to

(925 (k. k2, 0(92), i *20(2)) ) (g1, (ha, K, 6(0n), K a6(91)) ).
Thus

L ((h2,92),k2)T((h1,91), k1) = <9291, (h2,k'2k1,9(92)9(91),kf1h19(91))>

which is equal to F(((hg, 92),k2)((h1, gl),k1)>. Therefore I' is a functor. It is clearly

ordered and injective. To see that I' is surjective, let m = (g, (h4,h3,0(g),h1)> € MY,
then it is easy to check that ((h4,g),hs) € Der(0) x H with T'((h4,g),h3) = m. Thus T

has inverse
I'_‘_l : Mg — Der(e) x H with F_l : (gv (h47h370(g)3h1)) — ((h4ag)7h3)a

which is also clearly an ordered functor. Consequently Der() x H and M? are order
isomorphic.

To complete the proof, observe that

Iu(g) = T((0(r(9)),9)0(9))
= (g, (9(1‘(9)),9(9)9(9),9(9)"19(r(9))9(9)))

for any g € G. Also
i’T((h, 9), k) = i* (g, (h, £,0(9), K" h6(3)) ) =k = w((h, 9), k)

and
3Tk, 9), k) = 5° (9, (h, k. 0(9), k™ 18(9))) = g = 7((h, 9), k),

for any ((h,g),k) € Der(6) x H.

95



Part 111

Cohomology of ordered groupoids
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Chapter 7

Background on cohomology

Homology, like homotopy theory, arose out of attempts at constructing topological invari-
ants for spaces, but was adapted to classify other mathematical objects such as groups.

In this chapter we outline some of the theory we will use.

7.1 Abelian categories

We shall describe some homology in abelian categories. Later we shall apply these meth-
ods to the category of actions of ordered groupoids. For more on abelian categories we
refer the reader to [5, 21, 24, 31].

In this section we shall think of categories in terms of objects and morphisms.

A category A is called an Ab-category if every hom set homa (A, B) in A is an additive
abelian group and if f, f': A — B, g,¢' : B — C are morphisms in A then

e+ W+ =gf+af' +9F+ofF.

An additive functor ¢ : A — B between Ab-categories A and B is a functor such
that each induced function homa (A4, A') — homp (B, B’) is a group homomorphism.

An object Z of a category A is called a zero object if for any objects A and B of A,
there are unique morphisms f: A — Z and g : Z — B, the composite gf is called the
zero morphism from A to B and is written Og or 0. Any composite with a zero morphism
is itself a zero morphism.

An additive category is an Ab-category A with a zero object and direct sums, that is

for every pair A, B of objects in A there is an object A @ B and four morphisms forming

a diagram
11 19
A A® B B
pP1 P2
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with p1i; = Ida, poie = Idp and i1p; + i9p2 = Idagp. We say that A is complete if the
product of any set of objects exists in A.

In a category A which has a zero object, a kernel of a morphism f: B — C is a
morphism k : A — B such that fk = 0, and k is universal with this property; that is, for
any morphism h : A’ — B with fh = 0, there exists a unique morphism A’ : A’ — A

such that h = kh/, as shown in the commutative diagram below

Dually, a cokernel of f is a morphism ¢ : C — D, which is universal with respect to
ef =10,

Lemma 7.1 Let f: B — C be a morphism in a category C and let k : A — B and
k' : A" — B be kernels for f. Then A and A’ are isomorphic objects. The dual result

holds for cokernels.

PROOF. Since k is a kernel there exists a unique morphism h : A” — A such that
k' = kh, similarly there is a unique b’ : A — A’ such that k = k’h’/. Therefore k = khh'.
But since k is a kernel Id4 is the unique morphism with & = kId4. Hence hh' = Id4.
Similarly A'h = Id 4. Hence A is isomorphic to A’.

The dual result for cokernels is proved similarly.
[ |

We now examine monics and epis an additive categories A. Recall that a morphism
m : A — B is monic if given any two morphisms f,g : C — A, mf = mg implies

f = g. Clearly if m is monic, then
fif =0 = =10

Conversely, let m : A — B be a morphism in A, and suppose that mf = 0 implies
f = 0. We show that m is monic. Let f,g: A — B, and suppose that mf = mg. Then
mf —mg=0. So m(f —g) =0, since A is an Ab-category. Therefore f —g =0, so m is
monic.

Similarly, an epi e : A — B in an additive category is a morphism such that he = 0

implies A = 0, for every morphism h : B — B’ of A.
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Monics and epis allow us to define sub- and quotient objects. Let f : X — Y and
g : X' — Y be monics, we write g < f if there exists a morphism f’: X’ — X such
that ¢ = ff’. If ¢ < f and f < g then we write f = g, it is easy to show that this
is an equivalence relation. The corresponding equivalence classes are called subobjects
of Y. For convenience we shall say that a particular equivalence class representative is
a subobject. These subobjects correspond to the usual subobjects in Ab, Grp, Grpd
etc. For example, let S be a subgroup of a group G, the inclusion ¢+ : S < G is monic.
If o : T — @ is another monic and there exist homomorphisms 6 and ¢ making the

diagram below commute.
- R S ;

=

Then ¢+ = pf = 1P, but ¢ is a monomorphism so ¢ = Idp. Similarly ¢ = Idg.
Therefore S = T', that is any subobject equivalent to ¢ has domain isomorphic to S.
Dually, a quotient of an object X is the obvious equivalence class of epis having domain
X. Let X be a subobject of Y, that is there is a monic m : X — Y. The quotient of X
and Y is an epi e : Y — @ such that em = 0, we call QQ the quotient object and often
write Q = X/Y. This definition is consistent with the familiar quotients in Grp, Grpd,
etc.

Let A be an Ab-category. Suppose that f: X — Y and g : X’ — Y are subobjects
of an object Y of A. Suppose further that ¢ < f. Let ¢ : Y — @ be a quotient for
X and Y; that is an epi. We say that ¢ is the quotient of f and g if qg = 0, we write

q=f/g.

Definition An abelian category is an additive category A satisfying the following addi-

tional conditions:
1. Every morphism in A has a kernel and a cokernel.
2. Every monic in A is the kernel of its cokernel.
3. Every epi in A is the cokernel of its kernel.
The most commonly used abelian category is the category of abelian groups.

Proposition 7.2 The category Ab of abelian groups is an abelian category.

PROOF. Let A and B be abelian groups. Addition in hom(A, B) is defined pointwise.
Thus for group homomorphisms 6, ¢ : A — B, the homomorphism

0+¢: A— B isgivenby (6+ ¢)(a)=06(a)+ ¢(a).

99



It is immediate that this addition is associative and commutative. The homomorphism
0:A— B given by 0(a) =0p, where Op is the identity in B

has the property that § +0 = # = 0 + 0. For each homomorphism § : A — B, define
—0: A — B by (=0)(a) = —0(a). It is clear that 6 — 6 = 0 = —0 + 6. Hence each
hom(A, B) is an additive abelian group. For group homomorphisms, 6,6’ : A — B and
¢,¢' : B— C, and each a € A, we have

(¢ + ¢")(0(a) + 6'(a)

$(0(a) + 6'(a)) + ¢'(6(a) + 6'(a))
= ¢0(a) + ¢0'(a) + ¢'0(a) + ¢'0'(a).

(¢+¢)(0+06(a)

Il

Hence Ab is an Ab-category.

The zero object in Ab is the group consisting only of an identity. The zero homomor-
phism from a group A to a group B is the homomorphism 0 defined above. The direct
sum of two abelian groups A and B is the cartesian product A x B with the canonical
inclusion and projection maps. Hence Ab is an additive category.

The kernel of a homomorphism 6 : A — B is the inclusion s : Ker(d) — A
where, as usual, Ker(6) is the subgroup of A consisting of those elements which # maps
to the identity in B. The cokernel of # is the projection p : B — B/Im(#). Let
0 be monic. In Ab, monics are precisely the monomorphisms, therefore there is an
isomorphism 6* : A = Im(€). But Ker(p) = Im(6). Hence every monic is the kernel of its

cokernel. A dual argument shows that every epi in Ab is the cokernel of its kernel.

The following important result is well-known.

Proposition 7.3 Let A be an abelian category and C an arbitrary small category. The

functor category AC is an abelian category.

PROOF. Let 6 and ¢ be functors from C to A and let Nat(,¢) denote the set of
natural transformations o, 8 : 6 — ¢. Let X be an object in C. There are morphisms
ax, fx :0(X) — ¢(X) in A. Since A is abelian, hom(6(X), (X)) is an abelian group.

We can therefore define

(a+B)x :0(X) — ¢(X) by (a+B)x =ax + Bx.

To see that av+ [ is a natural transformation, let f : X — Y be a morphism in C. Then

d(f)la+PB)x = o(f)(ax + Bx)
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= ¢(flax + ¢(f)Bx
= ay0(f) + By6(f)
= (Oéy + ﬁy)e(f)

Hence the addition is well-defined in Nat(f,¢). It is immediate that this addition is
associative and commutative. The identity in Nat(0, ¢) is the natural transformation 0
which has each 0x the identity in hom(0(X),$(X)). For functors 0,¢,9 : C — A,
natural transformations «, 8 € Nat(6, ¢) and ~,d € Nat(¢p, 1), and any object X of C,

we have

(v+8)(a+B)x = (v+d)x(a+hx
= (vx +dx)(ax + Bx)
= yxax +7xPx +dxax +xPx
= (va)x + (vB)x + (6a)x + (68)x-
Hence (y+ 6)(a + ) = ya + vB + 6o + 63, making A€ an Ab-category.
We now show that A€ is an additive category. Let 0 denote the functor from C to A
which maps every object of C to the zero object of A, and every morphism of C to the
identity at the zero object. It is easy to show that 0 is a zero object for A€. To see that

AC has direct sums, let #,¢ : C — A. Since A is abelian, we may define the sum of 6

and ¢ component-wise, that is
(0@ ¢)(X) = 0(X) ® ¢(X)
for every object X of C and

0@ ¢)(F)(X) = (0@ ¢)(f(X)) = 6(f(X)) ® $(f (X))

for every morphism f: X — Y of C. To see that 0 @ ¢ is a functor, let g : Y — Z be

another morphism in C. Then

O ®¢)(gf)(X) = (00 ¢)(9f(X))

Hence AC is an additive category.
To show that A€ is an abelian category we need to define kernels and cokernels for
each natural transformation o € Nat(f, ¢). For each object X of C, let kx : Kx — 6(X)
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be a kernel for the morphism ayx. Let f : X — Y be a morphism in C. Since « is a

natural transformation the diagram below commutes.

Kx —2 > §(X) — 2%~ ¢(X)

Ky ————0(Y) —— 4(Y)

Thus ay0(f)kx = ¢(f)axkx, but axkx is the zero morphism, and every composite with
a zero morphism is zero, therefore ay0(f)kx = 0. Since ky is a kernel for ay, it follows

that there is a unique morphism sy : Kx — Ky such that §(f)kx = kyxy. Define
p:C— A by 9(X)=Kx and o(f) =~y

for objects X and morphisms f of C. To see that % is a functor, let f : X — Y and
g 'Y — Z be morphisms in C. There is a unique morphism %(gf) = k4 such that
0(gf)kx = kzkgr. Now

kzkgry = 0(9)kyry = 0(9)0(f)kx = 0(g9f)kx,

hence kgrp = kyy, that is ¥(gf) = ¥(g9)¥(f). It is now clear that 9 is a functor. It is
immediate that the morphisms kx : ¥(X) — 6(X) define a natural transformation &
from ) to 6. We shall show that k is a kernel for a. Let 9’ : C — A be a functor and
suppose o € Nat (¢, 0) is such that ac = 0. For each object X of C the solid arrows in

the diagram below commutes

¢'<X>\ 0

i 0(X) — X ¢(x)
kx

B(X)

Since kx is a kernel for ax, there is a unique morphism o'y : ¢'(X) — 9(X) in A making
the diagram commute. To see that the morphisms o’y define a natural transformation,

let f: X — Y be a morphism in C. It is required to show that the left-hand square in
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the diagram below commutes

D(X) —E s (X)) — 2 §(X)

6(Y) ——> $(Y)

Now ayf(f)ox = ¢(f)axox = 0. Since ky is a kernel for ary, there is a unique morphism

h: ' (X) — 9(Y) making the diagram below commute

W(:X) .
0(f)ox

3!h§ oY) °r $(Y)
ky

P(Y)

Now kyy(f)o’y = 0(f)kxo’y = 0(f)ox, so h = ¢(f)o'y. But kyol o' (f) = oy (f) =
0(f)ox. Hence h = (f)o’y = oy 4'(f), so o' € Nat(y',4). It is clear that ' is unique,
since each morphism vy is unique. We have therefore proved that & is a kernel for c.

Similarly, for each object X of C we can choose a cokernel cx : ¢(X) — Cx for a.
A dual construction to that above shows that the morphisms cx define a morphism in
AC which is a cokernel for a.

We have therefore shown that every morphism « in A€ has a kernel and a cokernel.

Now let 7 € Nat (6, ¢) be monic in A€ and let o € Nat (1, 0) be such that na is the
zero morphism from 9 to ¢. Then « is a zero morphism. But then for each object X of
C, nxax =0in A, and ax = 0. Hence each nx is monic in A. Let ¢ € Nat(¢, ¢') be a
cokernel for 7, that is each cx : ¢(X) — ¢'(X) is a cokernel for nx : 6(X) — ¢(X) in
A. But A is an abelian category and nyx is monic, so nx is a kernel for cx. Hence 7 is a

kernel for ¢ in AC. Similarly every epi in A€ is the cokernel of its kernel.
O

Recall from Lemma 7.1 that kernels and cokernels are unique up to isomorphism. For
every morphism f: X — Y in an abelian category we pick a kernel which we denote by
ker(f) : Ker(f) — X. Thus ker(f) denotes a morphism and Ker(f) an object. We use
the similar notation coker(f) : Y — Coker(f) for the cokernel of f.

The following result is well-known, and is proved in Proposition VIII.3.1 of [21].
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Proposition 7.4 In an abelian category A, every morphism f: X — Y has a factori-

sation f = me with m monic and e epi; moreover,
m = ker(coker(f)) and e = coker(ker(f)).

Furthermore, such a factorisation is unique up to isomorphism.

|
From the above factorisation, the image of f is defined as m = im(f) : Im(f) — Y,
similarly, e is called the coimage of f.
7.2 Exact functors

Let f: X — Y be a morphism in an abelian category A. In the previous section, we
discussed the kernel ker(f), cokernel coker(f) and image im(f). Given another morphism

g:Y — Z, we can form the sequence
g-tsy Lop

We say that such a sequence is ezact at Y if ker(g) = im(f). The following sequence is

exact at X if, and only if, f is a monic
f—X—Y.

Dually, f is epi if, and only if, the following sequence is exact at Y’
X - Y —=0,

We shall say that the sequence

0 X Y Z 0 (7.1)

is a short ezact sequence if it is exact at each object of the sequence. Equivalently, if X
is a subobject of Y and Z =Y/ X.
Let F': A — B be an additive functor between abelian categories, we say that F' is

an ezact functor if for each short exact sequence (7.1) in A, the sequence

F(g)

F(Z)—0

is exact in B.

104



Exact functors represent the ‘ideal’ against which we measure other functors that fail
to be exact to some extent. We now define two examples of functors which are ‘nearly
exact’. An additive functor F' : A — B between abelian categories is said to be left

ezact if, for each short exact sequence (7.1) in A, the sequence

0 — F(X) F(Y) F(Z)
is exact. We say that F' is right ezact if the sequence
F F
x) 29 pivy 29 p(z) 0

is exact. Clearly an additive functor is exact precisely when it is both left and right exact.
The above definitions apply to covariant functors but can also be applied to con-
travariant functors. For example, if F' is contravariant from A to B, we say that F is

exact if for each short exact sequence (7.1) in A, the sequence

F(foP F(g°P
0 FX) L) pyvy 297 pz)

is exact in B.

The following result gives two examples of left exact functors, one covariant and the
other contravariant. Proofs are given, for example, in Weibel [31] Proposition 1.6.8 and
Corollary 1.6.9.

Proposition 7.5 Let A be an abelian category.

(i) The covariant hom functor hom(X, —) is a left exact functor for every object X of
A.

(ii) The contravariant hom functor hom(—, X) is a left exact functor for every object X
of A.
[ |

It can be proved that an additive functor F' : A — B is left exact if whenever
0 X ¥ 7 is exact in A, then 0 — F(X) — F(Y) —= F(Z) is
exact in B. (Exercise 1.6.3 of [31]). With a dual result for right exact functors.

7.3 Complexes
In the previous section we discussed pairs of morphisms
f g
X—Y—>=2Z, (7.2)
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over an abelian category A, which are exact at Y. In particular, this means that the
composite gf is the zero morphism. This leads us to study sequences (7.2) such that
gf = 0 but which need not be exact. In this case gim(f) = 0, so there is a unique
morphism h such that im(f) = ker(g)h, that is im(f) < ker(g). One can therefore form
the quotient object Ker(g)/Im(f).

In an abelian category A, a complex C* is a sequence of composable morphisms

d° d! d?

=
1d

Cc~ 0 ct c? c?

with d"*1d” = 0. The morphisms d" : C*~! — O™ are called differentials. The sequence
need not be exact. A measure of how the complex fails to be exact at each object C™ is
the n't cohomology object Ker(d®)
er
H™Q) = W

We call Ker(d") an n-cocycle object and Im(d"~!) an n-coboundary object. Observe that
C'* is exact precisely when every H"(C) = 0.

If C* is a complex and C™ = 0 for all n < 0, then C* is called a positive complex. If
C™ =0 for all n > 0, then C* is called a negative complex. A positive complex is called a
cochain complex, a negative complex is called a chain complez. For chain complexes the

following notation is used:
C =0y, d " =g, 0 < n.

Let C*® and D*® be two complexes over an abelian category A. We denote the differ-
entials of C and D by df, and dY, respectively. A morphism of complezes u : C* — D*
is a collection of morphisms u" : C"* — D™ such that u"*1d% = d},u", for all n. That

is, such that the diagram below commutes

00> 01 205 2 70, s

Al e e e e

b5 D° D! D? D3

G Ty

If u: C* — D°* is a morphism between chain (respectively cochain) complexes, then we
call u a chain (respectively cochain) map.

Complexes over an abelian category A, together with their morphisms form a category,
denoted Ch(A). It can be shown that this category is abelian (Theorem 1.2.3 of Weibel
[31])-

We refer the reader to Section 7.1 of [5] for proof of the following.
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Proposition 7.6 Let C°® and D°® be complexes over an abelian category A, and let
u: C* — D*® be a morphism of complexzes. For all n, there is a morphism H™(u) :
H"(C) — H™(D) in A, so that H" : Ch(A) — A is a functor.

In order to classify morphisms of complexes, there is a notion of homotopy. Let
u,v : C* — D*® be morphisms in an abelian category A. A homotopy s from u to v is a

family of morphisms s™ : C® — D"~ L, one for each dimension n, such that
y p - )
A ts™ 4+ " dE = u™ — o™

or, dropping the superscripts for clarity, ds + sd = v —v. We write s : u ~ v. The

situation is illustrated below

n—1 dn.
5t (54 n C
L = el

sTl
n n

Dt oo D e D
dp D

We say that a morphism of complexes u : C* — D°® is an equivalence if there is a
morphism @ : D®* — C°, and homotopies s : Tu ~ Idge, t : ut =~ Idpe. If such an
equivalence exists, then we say that C* and D*® are homotopic. See Proposition 7.1 of [5]

for proof of the following.

Proposition 7.7 Let u,v: C* — D® be morphisms of complezes in some abelian cate-

gory. If there is a cochain homotopy s : u ~ v, then

H"(u) = H"(v) : HY(C) — H"(D).

We let 0° denote the zero complex

Let C*° be a complex. Define 0 : C* — C°, where
0" :C" — C™ isgiven by 0"(c) =0,

for all c € C™.
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We say that a complex C*° is contractible if it is homotopic to the zero complex 0°,
or equivalently, if Idce >~ 0. Thus C*® is contractible if there is a family of morphisms
s" : C® — C™ ! such that

d*1s" 4 "t = Idcn.

We call the homotopy s a contracting homotopy. The following is immediate from Propo-

sition 7.7.

Proposition 7.8 If a complex C* is contractible, then it is ezact.

This result is useful because in order to show that a complex C* is exact, it is sufficient

to construct a contracting homotopy for C°.

7.4 Resolutions

Let A be an abelian category. An object P of A is called projective if it satisfies the
following universal lifting property: given a morphism o : P — C, and an epi g: B —
C, there is at least one morphism § : P — C such that « = ¢gB8. The situation is
illustrated below
P
p l
a
p

B—>C—>0

We say that the category A has enough projectives if for every object A, there is an epi
P — A with P projective. Dually an object I is said to be injective if, for every monic
f: A — B, and morphism v : A — I, there is a morphism § : B — I, such that

0f =7, as illustrated below
= g T
i
B===A~——)

We say that A has enough injectives if for every object A of A, there is a monic A — I
with I injective.

The following is immediate.

Lemma 7.9 Let I be an object of an abelian category A. Then I is injective in A if,
and only if, I is projective in A°P. O
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See Example 2.3.13 of Weibel [31] for a proof of the following.

Proposition 7.10 Let A be an abelian category and C a category. If A is complete and

has enough injectives, then AC has enough injectives. A dual result holds for projectives.

Let A be an object of A. A left resolution of A is an exact sequence

d d

2 P By—= A 0.

If each P; is projective then it is called a projective resolution of A. We write P, —— A .

Dually, a right resolution of an object A is an exact sequence

12

If each I* is injective then it is called a injective resolution of A. We write A =l e .
The first part of Lemma 7.11 is proved as Lemma 2.2.5 of [31], the second part is the

dual case.

Lemma 7.11 Let A be an abelian category.
(i) If A has enough injectives then every object in A has an injective resolution.

(ii) If A has enough projectives then every object in A has a projective resolution.

Theorem 7.12 (Comparison Theorem for injective resolutions) Let A e
be an injective resolution of an object A in an abelian category A, and let f': A — B be
a morphism in A. Then for every right resolution E° — 5 of B, there is a cochain
map f* : E* — I* lifting f' in the sense that f' = fOn. The map f* is unique up to

cochain homotopy equivalence.

0 B EP E! E?
f’l ETCINN E VS FT
Y \% \
0 I\ 2
0 A—r[0—>l—>]

There is a dual result for projective resolutions. (See Theorem 2.2.6 of [31]).
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7.5 Derived functors

Let F': A — B be a left exact functor between two abelian categories. We assume that
A has enough injectives. For every object A of A we may, by Lemma 7.11, choose an

injective resolution

0 A=A 4.1 4.2

Now F(d"*!1)F(d") = F(d""'d™) = F(0) = 0, hence the sequence

F(d)

F(d)
F(I3) —=F(I})

is a cochain complex, which we shall denote by F(I4)°.
We construct a sequence of functors from the category A to the category B. For each
n > 0, define
(R"F)(4) = H™(F(I4)).

We now show how to define R™F on morphisms. Let f': A — B be a morphism in
A. By the Comparison Theorem, we can choose a cochain map f°®: I3 — Ip. Hence
there is a cochain map
F(f)*: F(I4)* — F(Ip)°®.

By Proposition 7.6, there are morphisms H"(F(f)) : H"(F(I4)) — H"(F(Ip)), for all
n > 0. Thus we may define

(R*F)(f') = H"(F(f)) : (R"F)(A) — (R"F)(B).

If ¢ : A — B is another morphism of A, then by the Comparison Theorem the cochain
maps f* and ¢g° are homotopic. It is then evident that the cochain maps F(f)® and F(g)*
are homotopic. Thus by Proposition 7.7 H"(F(f)) = H"(F(g)); that is (R"F)(f') =
(R"F)(g")-

It is immediate that (R"F)(uv) = (R"F)(u)(R"F)(u). Hence each R"F is a functor
from A to B. These functors are called the right derived functors of F.

The definition of the functors R"F' appears to be dependent on the choice of injective
resolution. However, with the help of the Comparison Theorem, it can be proved that
if a different injective resolution is chosen, then each resulting functor R F is naturally
isomorphic to R™F. Thus the definition of R™F is independent of the choice of injective

resolution used.

Proposition 7.13 Let F' : A — B be a left exact functor and let A have enough

injectives. Then
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(i) ROF = F.
(ii) If Q is an injective object in A then (R"F)(Q) =0, for alln > 1.

(iii) If F' is ezact then (R"F)(A) =0, for all objects A of A and all n > 1.

PRrROOF.
(i) By definition (R°F)(A) = HO(F(I14)) = Ker(F(d®))/Im(F(d~')), but F(I4)® is a
cochain complex, so d~! = 0. Hence (R°F)(A) = Ker(F(d®)). Now

0— 441951

is exact and F is a left exact functor. Hence the sequence

0
0 — F(A) F(EA)F(I%) #(d°)

F(I})

is exact. Therefore Ker(F(d°)) = Im(F(ey4)), but Im(F(e4))
(ROF)(A).

(ii) For an injective object @ one has that

1%

F(A). Hence F(A) =

Idg

0 Q Q 0 0 0

is an injective resolution of Q. It is immediate that this resolution yields (R"F)(Q) = 0,
for all n > 1.

(iii) If F' is exact, then the whole sequence

Fea) F(d) F(d)
0 — F(4) —> F(I3) F(I}) PlIg)— ¢~
is exact, therefore every Ker(F(d"*1))/Im(F(d")) = 0. [

Dual to right derived functors are ‘left derived functors’. Let F': A — B be a right
exact functor between two abelian categories and suppose that A has enough projectives.
For each object A of A, choose a projective resolution PA L A . Applying F to P,
yields a chain complex F(P4),. Define

(LnF)(A) = Ho(F(P?)).

For each morphism f' : A — B in A, there are chain maps f, : PA — PP and
F(f)e : F(P4), — F(P4),. Define

(LnF)(f') = Hn(F(f)) : (LaF)(A) — (Lo F)(B).

These functors are called the left derived functors of F.
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Let FF: A — B be a left exact functor, where A has enough injectives. We can
construct right derived functors R"F. Now F' also defines a right exact functor F°P :
A°? — B° and A°P has enough projectives. Thus we can construct left derived
functors L, F°P. An injective resolution A — I°® of A in A is a projective resolution of
Ain A°P. Thus

(R™F)(4) = (Lo F) (4).

Therefore all the results about right derived functors apply to left derived functors. In
particular, the objects (L, F)(A) are independent of the choice of projective resolution,
LoF =2 F, and (L, F)(P) = 0 whenever P is projective and n # 0.

Let A and B be abelian categories. For objects A and B of A, we have seen that the
covariant hom functor hom(A, —) is a left exact covariant functor and the contravariant
hom functor hom(—, B) is a left exact contravariant hom functor. Let us assume A has

enough injectives. We may construct the right derived functors
R"hom(A,—) and R"hom(—,B)

where R™ hom(A4, —)(B) and R™ hom(—, B)(A) are isomorphic. (Remark: there is a pre-

cise sense in which this isomorphism is natural, see Weibel [31]). Define
Ext" (A, B) = R"hom(A, —)(B) & R" hom(—, B)(A).
We may compute Ext™ (A, B) in two ways:
1. via an injective resolution of B.

2. via a projective resolution of A; that is an injective resolution of A in A°P.

7.6 Simplicial sets

One way of constructing cochain complexes is via simplicial sets.

Definition A simplicial set K is a family of sets K, n € N together with functions
di : Kn — Kn—l and 8; . Kn e Kn—H
for each 1 < 7 < n, which satisfy the following conditions:

(SSl) didj = dj—-ldi for 1 < g,
(SS?) diSj = Sj-ldi for 1 < 4,

(SS3) d;s;j =Idg, fori=jori=j5+1,
(S54) d;sj = s;di1 fori>jg4+1
(SS5) 8485 = 844184 for i < 4.
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We picture K as shown below.
33— — Ky
—— —

The elements of K, are called n-simplices. The functions d; are called face maps, and
the functions s; are called degeneracy maps. If each of the K, and each of the d; and s;
are in a category C, then K is called a simplicial object over C.

We describe two examples of simplicial sets.

1. A simplicial set arising from a poset Let X be a partially ordered set, and
let PNer,(X) denote the set of totally ordered sequences of n elements of X. If x €
PNer, (X), we write

di: (21 € ST < S Tp) — (21 < - < Ti-1 € Tip1 € - < Zn).
The " degeneracy map s; : PNer, (X) — PNer,41(X) repeats the element z;; that is

GBS EHBE €)M L LHEHE & Ty

2. The nerve of a category Let C be a small category. Define Nery(C) = C, and
Ner,(C) = {(an,an-1,-..,01) | a; € C and d(ai+1) = r(ai)}.

Thus Ner, (C) is the set of composable sequences of n elements of C. An n-simplex in

Ner,, (C) may be pictured as

an an—1 a2 a1

The face maps dy, d; : Ner;(C) — Nerg(C) on 1-simplices are given by
do(a) =r(a) and di(a)=d(a).

For n > 1, the i*® face map is

(B Qg5+ 5+ 5 B3 ) for 1 =0,
i 5 (Bry By e o4 B1) —F & [y Bt 05 Gipl By s~ o561 )y TOX =100, ,m—1,
(Br—is50.0,01) for i = n.

The degeneracy maps s; : Ner, (C) — Ner,,+1(C) are given by

St (CL An—1 al) . (an,an_l,...,al,d(al)) for 1 = 0,
g ¢ Mg Cmy—ly s m ey .
(aman_1,...,r(ai),ai,...,al) forzzl,”_’n_
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7.7 A cochain complex from a simplicial set

Let K be a simplicial set. We shall construct a cochain complex over the category Ab
of abelian groups. Let A be an abelian group. Let X™(K, A) denote the set of functions
from K, to A, where A is regarded as a set.

Consider the face maps d; : K1 — Ky, @ =0,...,n. These give rise to functions
d?: X"(K,A) — X"TYK,A) with d(¢) = ¢d;.

Define

n
d": X™(K,A) — X"THK,A) by ) (-1)'d}(g).
1=0
Proposition 7.14 For any abelian group A and simplicial set K, we have that X* (K, A)

18 a cochain complex over Ab.

PrOOF. It is straightforward to show that each X" (K, A) is an abelian group under
pointwise addition. We show that each d" is a homomorphism. It is clear that d™(0,) =
Opt1. Let ¢, € X"(K, A). Then for i =0,...,n, and z € K, 41

di (¢ + ) (2)

(¢ +9)di(z)

= $(di(z)) + ¥(di(2))

= di'(9)(z) + di' (¥)(z)
(di () + di (¥)) ().

It follows that d™(¢ + ) = d"(¢) + d*(¢p). To see that d"t1d" = 0, let ¢ € X"(K, A).
Then

(
)

g = d (Y (D)

n—+1 Z:_O n )

= Y a ()
j=0 i=0
n+l n o

= > > (=)Tdtdap(e)
7=0 =0
n+l n o

= > Y (1) ¢did;
7=0 i=0

n+l n A n

= > 3 () Hedid; + Y3 (-1 pdid;
Jj=i+11=0 j=0 i=0

n+l n ) n

= > D (D)Mediadi+ Y > (1) did; by (SS1)

j=i+1i=0 §=0 i=0
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in
(—1)+F+pd, d; + (_1)i+j¢didj where k =35 —1
/=0 i=0

<
Il
.
Il

Z(—l)i+k¢dkdi ok (_1)i+j¢didj
0

3

e
I

<~
Il
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Chapter 8
Cohomology of categories

In this chapter we shall describe the standard cohomology of categories. In Section 8.1,
we define the cohomology of groups, this will motivate the definition of cohomology of

categories given in Section 8.2.1.

8.1 Cohomology of groups

We use shall use the machinery outlined in Chapter 7 to define cohomology groups
H"(G, A) where G is a group acting on the abelian group A.
Let G be a group. A right action of G on an abelian group A assigns to each pair

(a,g9) € A x G an element a - g in such a way that the following conditions are satisfied.
(i) a-1=a.
(ii) a-(gh) = (a-g) - h.

(iii) (a+b)-g=a-g+b-g.

Note that 0-g=(0+0)-g=0-¢g+0-g. Hence g-0=0. If G acts on abelian groups A

and B, we say that a homomorphism o« : A — B is a G-morphism if
ala-g) =ala)-g forall a € A.

It is easy to show that G-actions and G-morphisms form a category.

Alternatively, an action of G on A can be thought of as a collection of homomorphisms
0(g) : A— A, with 0(g)(a) = g - a. Note that 8(1) = Id4. Thus an action € is a functor
from G to Ab, where G is regarded as a category with one object *. Let 6,¢: G — Ab

be functors. A natural transformation from € to ¢ is a homomorphism a : 6(x) — ¢(x)
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such that the diagram below commutes for all g € G

O(x) ——— ¢(%)

6(9) ¢(9)

0(x) ——¢(%)

That is a(6(g)(a)) = ¢(9)(a(a)), for all a € O(x). Hence a(g-a) = g - a(a). Therefore
for any group the category of G-actions and G-morphisms is the functor category Ab®,
which we also denote by A.

By Proposition 7.2, Ab is an abelian category, but then by Proposition 7.3, A4 is an
abelian category.

In order to calculate cohomology groups in 4 we need to show that this category has
enough injectives.

See Theorem 3.3 of Popescu [24] for proof of the following.

Proposition 8.1 The category Ab has enough injectives.

Hence A has enough injectives by Proposition 7.10.
We now construct a left exact functor from A to Ab. Let G act on A. Define

AS={acA|a g=a,Vg€G}
It is immediate that A% is a subgroup of A. Let o : A — B be a G-morphism. Define
ag” ¢ A% —s go

to be the restriction of o to AY. This is clearly well-defined because for a € A® and

g € G we have
a(a) - g=ala-g) = a(a).

It is easy to check that (—)¢ is a functor. We show that it is left exact. Let

0 A B & 0

be a short exact sequence in A. It is required to show that the sequence

af ge

BG CG

0 AC
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is exact. Since a is a monomorphism, we have that a® is a monomorphism, so the
sequence is exact at AY. We need to show that Ker(8%) = Im(a®). Let b € Im(a®).
Then b = a(a) for some a € A%, therefore 3(b) = Ba(a), but Ba = 0, hence B(b) = 0.
Thus Im(a®) C Ker(8%). Now let b € Ker(8%). Then B(b) = 0, that is b € Ker(), hence
b € Im(c). Therefore b = a(a) for some a € A, it remains to show that a € A®. Let
g € G. Then

afa-g)=afa)-g=b-g=b,

since b € BC. But b = a(a), hence a(a-g) = a(a). But « is a monomorphism, so a-g = a.
Hence a € AC. It follows that Im(a®) = Ker(8%). We have therefore constructed a left
exact functor (—)¢ : A — Ab.

We are now able to define cohomology groups of G. Let G act on A. Since A has
enough injectives, there is an injective resolution A4 —==I% . Applying the left exact
functor (—)% to I% yields a cochain complex which in turn yields cohomology groups.

Hence we define

H™(G, 4) = (R*(-)%)(4)

to be the nth cohomology group of G with coefficients in A.

By Proposition 7.13(i), R%(—)% = (=)%. Therefore H(G, A) = AC.

To explicitly compute cohomology groups one must construct appropriate resolutions.
The standard resolution is the ‘bar resolution’. The construction is given in [2, 20]. Tt

can be proved [2] that:

e The first cohomology group H'(G, A) is isomorphic to the group of functions d :
G — A such that

d(gh) = d(g) - h+d(h), forall g,h € G,

modulo the subgroup of functions G — A of the form g — a — a - g, for some
fixed a € A.

e The second cohomology group is the group of functions f : G x G — A such that
f(g,h) - k+ f(gh,k) = f(h,k) + f(g,hk) for all g,h,k € G,
modulo the subgroup of functions dc : G x G — A of the form
dc(g, h) = c(g) - b+ c(h) — c(gh),

where ¢: G — A is a function.
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We shall now look at the definition of group cohomology from a different angle that
will be useful in generalisation.

Let G be a group and A an abelian group. Let T'(A) denote the abelian group A
with the trivial action of G on A, that is a-g = a for all ¢ € G and a € A. For any

homomorphism 6 : A — B define

T@):T(A) — T(B) by T(0)(a) =6(a).
It is immediate that T : Ab — A is a functor. Note that (T'(4))¢ = A.
Proposition 8.2 The functor (=)¢ is right adjoint to T.

PrROOF. Let A be an abelian group and B a G-module. Let a : T(A) — B be a
G-morphism. For a € A and g € G we have

afa) g = afa-g) = ala),
so a(a) € B®. Hence we can define a function
74,5 : hom4(T(A), B) — homap (4, B%) by 74 p(a)(a) = a(a).

It is immediate that 74 g is bijective. It remains to show that 7 is natural in A and
B. Let f: B — C be a G-morphism and 6§ : A — A’ a group homomorphism. It is

straightforward to show that the conditions

Tac(Ba) = BCTapa and 7o p(aT(0) = T4 p(c)d

hold. It follows that 7 is natural.

O
If we put A equal to the group of integers Z with the trivial G-action. Then
hom 4(Z, B) ~ homay(Z, B®) ~ B,
Hence we obtain the following result.
Proposition 8.3 The left ezact functor (—)€ is naturally isomorphic to hom4(Z, —).
O
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8.2 Cohomology of categories

8.2.1 Definition of the cohomology functor

In this section we generalise the cohomology of groups given in the previous section to
obtain a cohomology of categories. The cohomology of small categories is due to Watts
[30], for more on the cohomology of categories, we refer the reader to [1]. Let J be a small
category. We can form the functor category Ab?, since Ab is abelian so too is Ab? by

Proposition 7.3. Consider the diagonal functor
A: Ab — AbY

which sends each abelian group A to the constant functor A(A); the functor which has
the value A at each object of J and the value Id4 at each morphism of J. A limit for a
functor F : J — Ab consists of an abelian group L = Lim(F') together with a natural
transformation v : A(L) — F which is universal among natural transformations. Since
A(L) : J — Ab is the functor with constant value L, the natural transformation v
assigns to each object J of J a homomorphism vy : L — F(J) so that the triangle below
commutes
L 2 F(J)

By F(j)
J

F(J)
for any morphism j : J — J’. The universal property means that for any other abelian

group A and natural transformation 7 : A(A) — F, there is unique homomorphism «

such that vyu = 7y, for all objects J of J. The situation is pictured below.

B LI

F(J")

We now show how to define Lim on the morphisms of Ab?. Let F,G : J — Ab
be functors and o : F — G a natural transformation. There are universal natural

transformations v : A(Lim(F)) — F and n : A(Lim(G)) — G such that the diagram
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below commutes

Limn{ ¥} —=2 F(J) = G Y Lim(G)
F(j) G(j) -
F(J) ——;—G(J)

for any morphism j : J — J' of J. Now av : A(Lim(F)) — G is a natural trans-
formation, so by the universal property of 7 there is a unique homomorphism Lim(«) :
Lim(F) — Lim(G). By uniqueness of Lim(c) it is easy to show that Lim : AbY — Ab
is a functor. Furthermore Lim is right adjoint to A, see page 88 of MacLane [21] for
details. By the dual of Theorem IV.1.3 of [21], Lim is an additive functor. By Theorem

2.6.1 of Weibel [31], Lim is left exact. Hence we arrive at the following result.

Proposition 8.4 Lim: Ab? — Ab is a left ezact additive functor which is right adjoint
to the diagonal functor A.

Let A be an abelian group and F : J — Ab a functor. By adjointness we have
hom 3 (A(A), F) = homay (A, Lim(F)).
Let A =7. Then
hom,,3(A(Z), F) = homap(Z, Lim(F)) = Lim(F).
Hence we have the following result.

Proposition 8.5 The left exact functor Lim(—) is naturally isomorphic to hom s, 3 (A(Z), —)..

Proposition 8.5 generalises the group case, Proposition 8.3.

Definition Let C be a small category. A left C-module is a (covariant) functor from
C to Ab. A right C-module is a contravariant functor from C' to Ab; that is, a functor
from C° to Ab. So a right C-module is a left C°P-module. If A and B are two left
(right) C-modules, a left (right) C-morphism « from A to B is a natural transformation

a: A— B. Let Modp,(C) denote the category of left C-modules and left C-morphisms
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and let Modg (C) denote the category of right C-modules and right C-morphisms. Thus
Mody,(C) is the abelian category A® and Modg(C) is the abelian category AC®.
The functor Lim : A®”” — Ab is an additive left exact functor. We define

H™(C, A) = (R"Lim)(A)

to be the n' cohomology group of C with coefficients in A.

8.2.2 Free right C-modules

In this section we shall define free objects in the category AbC” of right C-modules.

Let X be a set viewed as the discrete category. An X-set is a functor.
T:X — Set.

We can view T as a disjoint union of sets

T = |_| Tlx).

zeX

IfT,R: X — Set are two X-sets, an X-morphism from T to R is a natural transfor-
mation

a:T — R.

Since X is a discrete category, « simply assigns to each element z of X a function

az : T(z) — R(z). The category of X-sets and X-morphisms is the category Set*.
For a small category C, any (right or left) C-module is clearly a C,-set. Given a

C,-set T the problem is to construct C-module which is ‘free’ over T' in some sense.

We begin with free objects in Set®””. The starting point is the forgetful functor
U: Set®” — Set®

which assigns to each C-module, its underlying C,-set. We need to define a functor in
the opposite direction which is left adjoint to U. Let T': C, — Set be a C,-set. We
shall construct a functor F(T') : C°? — Set. For each e € C, define

F(T)(e) = {(t,z) | z € C such that d(z) = e, and t € T(r(z))},
and for each element f — e of C, define a function

F(T)(a) : F(T)(e) — F(T)(f) by F(T)(a) : (¢,z) — (¢, za).
This is a well-defined function.

Proposition 8.6 F(T) : C°°? — Set is a functor, for any C,-set T.
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PROOF. Ife € C, and (¢,z) € F(T)(e), then F(T)(e)(t,z) = (¢, ze) = (z,t), so F(T)(e) is
an identity. If Jab in C and r(b) = e, then

F(T)(a)F(T)(b)(t,z) = F(T)(a)(t, zb) = (t,zba) = F(T)(ba)(t, z).

So F(T) : C°? — Set is a functor. [ |
Let T be a C,-set. We shall define a C,-morphism 7y from T to F(T), where we
regard F(T) as a C,-set. Define

nr: T — F(T) by nr(t) = (te)
where ¢t € T'(e).

Theorem 8.7 Let F' : C°°P — Set be a functor together with a C,-function v from T
to F', where F is regarded as a C,-set. Then there is a unique natural transformation y

from F(T) to F such that the following diagram commutes in the category of Cy,-sets.

F(T) —> F

T
PrROOF. For each e € C, define a function
Ye : F(T)(e) — F(e) by 7e(t,z) = F(z)(r(z)(t))-

It is immediate that each . is well-defined. We show that  is a natural transformation.

Let f —% e be an element of C, we need to show that the diagram below commutes.

e BT (8] —= F(e)
o F(T)(a) F(a)
f F(T)(f) —; F(f)

Let (¢,z) € F(T)(e), then

Fa)ve(t, ) = F(a) F(2)(te(z) (1) = F(za)(tr() (1))

and
VF(T)(a) (¢, z) = 7 (t, ma) = F(za)(tr()(t))-
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Hence 7 is a natural transformation. Furthermore, for e € C, and t € T, we have

Tenr (t) = (8 e) = F(e)(ee(t)) = te(?),

in the category of C,-sets. Hence ynr = ¢.

It remains to show that 7y is unique. Let o : F(T') — F be a natural transformation
such that ony = . Let e — f in C and t € T(f); that is (t,z) € F(T)(e), also
nr(t) = (¢, f) € F(T)(f) and F(T)(z)(¢, f) = (t,z). The diagram below commutes since

o is a natural transformation.

f F(T)(f) —L— F(f)
i F(T)(z) F(z)
e F(T)(e) F(e)

Thus F(2)oy(t, f) = 0eF(T)(@)(t, f) = oe(t,a). But os(t,f) = ogmr(t) = 17(t), by

assumption. Therefore

e(t, x) = F(x)oy(t, f) = F(T)(z)(ef (t)) = ve(t, 7).

By part (ii) of Theorem IV.1.2 of MacLane [21], it follows that F is the object part of
a functor
F: Set® —s Set®”

which is left adjoint to U. The functor F is defined on morphisms as follows. Let T and
R be Cy-sets and G : T — R a Cy-function. The natural transformation

F(B) : F(T) — F(R) is given by C-morphisms F(f). : (¢t,z) — (6(t), z).
Now consider the forgetful functor
V: Ab®" — Set®”.

This has a left adjoint G which assigns to each e € C, the free abelian group on F(e),
where F : C°P —» Set is a functor. For a morphism e — f of C, G(F)(z) is the
homomorphism induced by F(z) and for a natural transformation o : F — G in Set®”
each G(a), : G(F)e — G(G)(e) is the homomorphism induced by .
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We thus have the following diagram of forgetful functors U, V and left adjoints F, G.

\4 U

SetC” _____ Set®
G F

AbBC”

Let
W =1UV : Ab®” — Set® and Z = GF : Set® —s Ab®”,

by Theorem IV.8.1 of MacLane Z is left adjoint to W.

Definition Let F : C°° — Ab be a functor and T' : C, — Set a C,-set. Let
n: T — F be a C,-morphism, regarded as a C,-set. We say that F' is a free right C-
module on T if for any functor F' : C°? — Ab, and C,-morphism 7’ from T to F’, there
is a unique natural transformation « : F — F’ such that the diagram below commutes

in the category of C,-sets.

F'.

05
Let T be a C,-set. The functor Z(T') = GF(T) : C°? — Ab assigns to each identity
e of C the free abelian group generated by the set F(T')(e), and to each z in C the
homomorphism induced by the function F(T')(z).

The following is immediate from Theorem 8.7 and properties of free groups.
Proposition 8.8 The functor Z(T) : C°P — Ab is a free right C-module over T, for
any Cy-set T'.

|

Corollary 8.8.1 Let C' be a category, T a C,-set, F' a C-module and 8 : T — F a
Cyo-morphism. The unique C-morphism « : Z(T) — F such that an = [ is defined on
the generators of Z(T') by

a(t,z) = F(z)(6(1)).

Corollary 8.8.2 Let C be a category, T a Cy-set and F a C-module. Define
w homAbcop (Z(T), F) —F homsetcw (T, F)
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to be the function which assigns to each C-morphism « : Z(T) — F, the C,-morphism
w(a): T — F given by w(a):t— a(t,e)

where t € T'(e). Then w is bijective.

PrOOF. The C,-morphism
nr: T — Z(T) is defined by 7nr(t) = (¢,e),

where t € T'(e). So w(a) = an. Since Z(T) is free over T', every C-morphism « : T(T') —

F' is uniquely determined by w(«), so that the diagram below commutes

Z(T) —= F.

T

With this information it is straightforward to show that w is injective and surjective.

Proposition 8.9 Free right C-modules are projective in AbC”.

PROOF. Let P be a free C' module over a C,-set T', and let  : T' — P be a C,-morphism,
where P is regarded as a C,-set. Suppose that A, B : C°? — Ab are right C-modules,
g: A — B is a C-epimorphism and v : P — A a C-morphism. We need to construct
a C-morphism from P to A. Since g is a C-epimorphism, the functions g, : A. — B,
are surjective for every e € C,. Therefore we can choose functions ¢, : B, — A, such
that gee. = Idp,. Hence there is a C,-morphism € : B — A in the category of C,-sets,
with ge = Idg. Let ' = e7yn which is a C,-morphism from T to A, regarded as a C,-set.
Since P is free over T there is a unique C-morphism « : P — A such that an = 7'. It

remains to show that the diagram below commutes in Ab®"”
V|
-
A —g) B

Since P is free over T, v is the unique C-morphism from P to B making the diagram

below commute in Set®

BP—lxp,

n /
m

T
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But
gan = gn' = geyn =,

hence v = ga. [ |

8.2.3 Computing the cohomology of categories

The aim of this section is to construct a cochain complex for a category C', which will
enable us to calculate cohomology groups.

An example of a C-module is the constant module over Z, given by the diagonal
functor AZ : C°? — Z. This has value Idz at every element of C. Thus AZ(e) = Z for

all e € C,. We write n, for elements of AZ(e), and for each element z of C, we have
AZ(z) : AZ(r(z)) — AZ(d(z)) given by AZ(z)(ny(g) = Nd(z)-

For any small category C, we can form the simplicial set Ner(C), introduced in Section
7.6. The set Nerg(C), is the set of identities of C. For n > 1, elements of Ner,(C) are
composable sequences of elements of C, denoted (z,,Zn—1,...,21). For each integer
n > 0, Ner,(C) is a C,-set with

Netn(C)(e) = {(&,- . -»1) € Nera(C) | d(z1) = }.
We shall construct the free C-module on the C,-set Ner,(C). The functor
F(Ner,(C)) : C°? — Set
is defined on objects by
F(Ner,(C))(e) = {((zn, . ..,21),y) € Nern(C) x C' | d(y) = ¢, d(z1) =r(y)}

but then (z,,...,z1,y) € Ner,4+1(C)(e), so F(Ner,(C))(e) = Nerp4+1(C)(e). We shall

write elements of F(Ner,,(C))(e) as (zn,...,21,x). For e = f in C, we have
F(Nery, (C))(y) : F(Nery,(C))(f) — F(Ner,(C))(e)

given by
F(Ner,,(C))(y) : (n, ..., z1,%0) —> (ZTn, ..., Z1, ToY).

F(Ner,(C)) is a functor with the universal property of Theorem 8.7. The functor
Z(Ner,(C)) : C°* — Ab

assigns to each e € C, the free abelian group generated by F(Ner, (C))(e), and to each
e =% f the homomorphism induced by F(Ner,(C))(y). The C,-morphism

Nn ¢ Nerp,(C) — Z(Ner,(C)) is given by n,: (zn,...,z1) — (Zn,...,2z1,d(z1)),
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where Z(Ner, (C)) is regarded as a C,-set.
For each integer n > 0, the face maps Ner,,1(C) — Ner,,(C) give rise to C,-functions
dy : Ner, +1(C) — Z(Ner,(G)) given by

3

dp (:En_|_1, o o ,561) — (mn—f-l, . ,:1,‘1) + (—I)J (:Cn_H, cee s TG 1Ty e o ,Il,d(iBl))
=

—1)"H(d(zn+1), @ns - - -, 21, d(21))

S

-+

Since Z(Ner,+1(C)) is freely generated by Ner,;(C), there is a unique C-morphism d,
from Z(Ner,11(C)) to Z(Ner,(C)) such that the diagram

Z(Netp11(C)) —2—~ 7,(Ner, (C))
TNn il
dn
Nery,11(C)

commutes in the category of C,-sets. By Corollary 8.8.1, d,, is defined on the generators
of the free abelian group Z(Ner,(C)) by

dn(Tpy1,---,71,20) = Z(Nerp41(C))(zo)(d(znt1,---,21))

n
= (Pryl;--221%0) + Z(—l)](l‘nﬂ, vew s Bt By o v 5805 E)
J=1
+ (—1)n+1(d($n+1), Tpyeeey L, IL‘()).
That is
n .
A (Bniiy s> %0) = Z(—l)J(mnH, vy BARLBy v v o ig) T (—1)"+1(d(a:n+1), B o555 B s
i=1

Define a C,-function
€:Nerg(C) — AZ by €:er— 1.
This gives rise to a C-morphism ¢ : Z(Nerg(C)) — AZ such that en, = €.
Proposition 8.10 For any category C, the sequence
. — Z(Nery(C)) —2> Z(Ner; (C)) —2> Z(Nerg(C)) —> AZ —>0  (8.1)

s a projective resolution of AZ in the category of right C'-modules.

128



PRrROOF. The C-modules Z(Ner, (C)) are free by construction, so by Proposition 8.9, each
Z(Ner,,(C)) is a projective object in AbC®”. Tt is routine to show that dpdpi1 = 0; the
calculation is similar to that given in the proof of Proposition 7.14. By uniqueness of the
C-morphisms d,, it is immediate that d,d,+; = 0. Hence 8.1 is a chain complex.

We need to show that the sequence 8.1 is exact. By Proposition 7.8, to show that a
sequence is exact, it is enough to construct a contracting homotopy. Define C,-morphisms
oy : F(Ner,(C)) — Z(Ner,+1(C)) by

O (zn,-..,21,20) — (Zn, ..., T1, Zo, d(z0)).

Now F(Ner,(C)) generates Z(Ner,(C)) freely as an abelian group. Hence 7, extends
uniquely to a C,-morphism oy, : Z(Ner,(C)) — Z(Ner,+1(C)), such that each o|(Z(Ner, (C))(e))
is a group homomorphism.

In addition, we define a C'-morphism
T : AZ — Z(Nerp(C)) by 7:mner— n(e).
To show that ¢ and 7 define a contracting homotopy, it is required to show that
eT =Idaz, Te+dooo =IldzNen(c)) and dnop + on—1dn—1 = ldzNer,(c))>

for all n > 1. The first condition is immediate. Let (z) be a generator for Z(Nery(C)).
Then

(7€ + dooo)(2) = 7(la(a)) + do(z,d(2)) = (d(z)) + (zd(z)) — (d(z)) = ().

So Te + d10¢ = Idz(Ner(c))- Let (Zn,--.,T0) be a generator for Z(Ner,(C)). Then

|
i

n

Un—ldn—l(a:n)"'axO) = U( (—1)z($n""a$i+1$i7-"7$0)

%

+(=1)"(d(®n), Ba-1, -, 70)
1

n

[l
o

= Z(—l)i(xn,...,xi+1mi,---,wo,d($0))
1:0(_1)”((1(1;”),3:”_1,...,xo,d(xo))
and
datalBng - %0) = Gulln, ... 2o, d{z))
= (2n,...,71,z0d(z0))

n—1
+ Z(_l)]+1($na <oy Tip1T45 - - -5 20, d(‘IO))
1=0
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+(=1D)""(d(zn), Zn_1,...,20,d(z0))

= {®5y-.+20)
n—1 _
By S
=0
_(_l)n(d(mn—la <5 X0, d(‘TO))
== (an,...,CL'()) _o-n—ldn(xna"'aa:O)'

Hence dynopn + on—1dn—1 = Idz(Ner, (¢))-
B

Let A be a right C-module. We apply the right exact functor hom(—,.A) to the

projective resolution constructed above. This yields a cochain complex

0 1
KO(C,A)LKI(C,A)LKQ(C,A)——) L.

where K"(C, A) = hom(Z(Ner,(C)),.A) and d? is defined by d?(¢) = ¢d,,.
The n'™ cohomology group of the category C with coefficients in A is defined to be

the group Kex(d®)
er(d?
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Chapter 9
Cohomology of ordered groupoids

In this chapter we show that the cohomology of an ordered groupoid can be defined as

the cohomology of a small category.

9.1 Actions of inverse semigroups

The material in this section provides motivation for the definition of actions of ordered
groupoids.

Let S be a semigroup. A right action of S on a set X is a function
X xS — X denoted (z,8)—z-s

satisfying z - (st) = (z - s) - t, for all s,t € S and z € X. If S happens to be an inverse
semigroup, then we get left actions of inverse semigroups. However this definition is often
not sufficient for inverse semigroups because it doesn’t respect all the extra structure;
in particular, we require the action to take account of the natural partial order and the
structure of the associated groupoid. In this section we define a special class of left actions

which will be the basis for our definition of left actions of ordered groupoids.

Definition Let (X, <) be a poset regarded as a category in which there is an arrow

x — yif z <y. A presheaf on X with values in a category C is a functor
¢: XP — C.

If z < y then we write
¢z : ¢(y) — ¢(2).

Clearly, ¢¢ = Idx(e) and ¢Z%¢% = ¢%, for w < z < y.
e (e) w
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Let S be an inverse semigroup. Then E(S) is a meet semilattice with respect to the

natural partial order. Let F' be a presheaf of sets over E(S). Put

X= || Fle= |] X

ecE(S) ecE(S)

For e,k € E(S) with k£ < e there is a function ¢$ : X, — Xj;. A partial right action of
k

S on the presheaf X is a family of functions
fs 2 Xes) — Xas),
one for each s € S, satisfying the following conditions
(SA1) If e € E(S), then fo =Idx,.
(SA2) If s,t € S with d(s) = r(t), then fifs = fq.
(SA3) If 5,t € S with ¢t < s then ¢30) fs = fudhy-
If we write z - s = fs(x), then the conditions (SA1) and (SA2) become
z-e=z and z-(st)=(z-s)-t

respectively. The condition (SA3) amounts to the square pictured below being commu-

tative,
Kty
d(s) = “*r(s)
] I U7
Xat) s Xr(t)

that is qﬁggf)) (#-8) = ¢:gf))(z) -t. This condition shows that the action is compatible with
the natural partial order.
It is important to notice that each element of S acts partially on X. In fact fs :

Xr(s) — Xq(e) 18 bijective, this is because

fsfs—l = fd(s) = IdXd(z) and  fo-1fs = fr(s) = Ier(z)-

Hence each f; is a partial bijection of X.

Our definition does not look much like a semigroup action. However, it can be ex-
tended so that each s € S acts on all of X. Let z € X be arbitrary, say z € X,. Put
f=r(s)Ne=r(s)e, then r(fs) = f and ¢%(z) € X;. We can therefore define

zos=¢5(z)- (fs),

note that fs = es.
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Proposition 9.1 Given a partial right action of a semigroup S on a presheaf X, the

action of S on X defined above is a right action in the usual semigroup sense.
PROOF. We show that (zos)ot =zo(st). Let z € X.. Then
T o5 = g (s)(x) - (es),
an element of Xg(es). Now z o (st) = qﬁer(st)(x) - (est), and
(z05) ot = 5o, 1) (Ees) (3) - (e5)) - d(es)t. (9.1)
Observe that
A 0 By @) - (€8) = G (e (@) - (e5))

= B ) (B () - (esr(®)) by (SA3)
= Gr(ese(t)) () - (esr(t)) since ¢ defines a presheaf,

now
rlesr(t)) = (esr(t))(esr(t))_1
= esr(t)r(t)sle
= estt st
= er(st),
hence

Bty (Do) (@) - (€9)) = Buqy (2) - (e5T(2).
We substitute this into (9.1) to get
(zos)ot = (Persy(z) - (esr(t))) - d(es)t
= Ber(st)(7) - (esr(t)d(es)t)
= ¢e est)(x) (eSt)
= xo(st),
as required.

Thus actions of inverse semigroups on presheaves of sets are special kinds of actions

on sets in the usual sense.

133



Example Let S be an inverse semigroup. Recall that the £-class at an idempotent e
of S is the set
Le={e€ 5| dix) = e}

We write L = L]eeE(S) L.. If e, f € E(S) with f < e and z € L, then zf € Ls. So we
can define

¢5:Le —> Ly by ¢f:izr—af.

This makes the set of L-classes a presheaf over E(S). We shall define a left action of S
on L. Let s € § and z € Ly(5). Then zs € Lg(s), we can therefore define

fs i Lgs) — Lagsy by fs:3— zs.

It is immediate that this action satisfies the conditions (SA1) and (SA2), to see that
(SA3) holds let t < s and = € Lg,), then

ft<i5:§:))(x) = fi(zr(t)) = zr(t)t = =t

and ¢g§f))fs(m) = ¢g§j))(xs) = ged(f} = #i.

Hence S acts on the presheaf L. We now examine the corresponding global action. Let

z € Le, and s € S be arbitrary. The action of s on z is

T 08 = Pey(s)(z) - (€5) = (wr(s))es = zs.

Therefore the global action is simply right multiplication.

9.2 The category C(G)

In [16], Lawson proved the following result. From each inverse semigroup (with zero)
S a left cancellative category C(S) can be constructed together with a right action of
C(S) on a set X which satisfies a number of conditions. From the pair (C(S),X) an
isomorphic copy of S can be constructed. Thus inverse semigroup theory becomes the
study of certain types of category actions. In [19], Loganathan showed that a cohomology
of an inverse semigroup S can be calculated as the cohomology of the category C(S). We
shall therefore examine the category C(S) from an ordered groupoid perspective.

Let G be an ordered groupoid. Put
C(G) ={(e;9) € Go x G | r(g) < e}
We shall define a partial product making C(G) into a category. Define
d(e,g) = (d(g),d(g)) and r(e,g) = (e,€)

134



for all (e,g) € C(Q). If (e, g), (f,h) € C(G) with d(e,g) = r(f,h), that is d(g) = f then
define the product
(e,9)(fh) = (e, (g]r(h))h)

this is illustrated below.

. e
1
. <_g_ - f
fr
R N
(gr(R)) A
-—
where 1+ indicates that A < g.
h

Proposition 9.2 C(G) is a left-cancellative category. If G has a mazimal identity, then
C(G) has a weak terminal object

PROOF. It is easy to see that C'(G) is a category, and that the identities are as indicated.

To show that it is a left cancellative category, suppose that
(e,9)(f,h) = (e, 9) (', ).
Thus d(g) = f = f' and (e,g®h) = (e,g®h'),s0 g® h =g ®h'. That is
(glr(h))h = (glr(R"))A.

It follows that r(g|r(h)) = r(g|r(h')), therefore

(r(glr(h))lg) = (glr(h)) = (glr(h)),

by uniqueness of corestriction. Hence (g|r(h))h = (g|r(h))h', and so h = h/, as required.
Now suppose that G has a maximal identity 1. Let e € G,. Then (1,e) is an element
of C(G) with
d(l,e) = (e,e) and r(l,e) =(1,1).

Thus (1,1) is a weak terminal object in C(G).

9.3 Abelian ordered groupoids

Let A be an abelian ordered groupoid. For all a € A, d(a) = r(a), thus each connected
component of A is an abelian group.

Abelian ordered groupoids are examples of presheaves which we discussed in Section
9.1.
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Proposition 9.3 Let (X, <) be a poset. Presheaves on X with values in the category
of additive abelian groups are precisely those abelian ordered groupoids whose poset of

identities 1s X.

PROOF. Let ¢ : X — Ab be a presheaf on X, having values in Ab. For each z € X,
let A, denote the abelian group ¢(z) and put

A=|_|Az

zeX

Let z,y € X with < y. Define an order on A as follows: if a € A; and b € Ay, then
agh < oa=41h).

We show that this relation is indeed a partial order. Since ¢ is a functor ¢% = Ida,, so
the relation is reflexive. It is clearly anti-symmetric. For z,y,z € X with z < y < 2,
we have qﬁqﬁz = ¢Z, since ¢ is a functor, this condition implies that the order relation is
transitive. To show that A is an ordered groupoid, it remains to show that the conditions
(OG1)—(0OG3) of Section 3 hold. The conditions (OG1) and (OG2) follow from the fact
that each ¢% is a homomorphism. It is easy to see that (OG3) holds with (a|y) = ¢%(a),
for any z <y and a € A,.

Conversely given an abelian ordered groupoid A, define for each e € A, ¢(e) = {a €
A| d(a) = e}, for each e € A,. For e, f € G, with e < f, define

¢(f,e) : ¢ — ¢ by ¢(f,e)(a) = (ale).

It is immediate that ¢ : G, — Ab is a functor. Hence ¢ is a presheaf of abelian groups
over GG,,.

We have therefore shown that every presheaf of abelian groups determines, and is
determined by an abelian ordered groupoid. It is straightforward to show that this cor-

respondence is bijective.
B
Let X be a poset and A an abelian group. We let A(A) denote the presheaf of abelian
groups given by A(4)(z) = A, for all z € X, and A(A)j(a) =aforall z <y in X. We
call A(A) a constant abelian ordered groupoid.

9.4 Actions of ordered groupoids

Let G be an ordered groupoid and A an abelian ordered groupoid, such that there is an

order-isomorphism 0 : G, =2 A,. The components of A are abelian groups, one for each
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identity in G. We write A, = {a € A | d(a) (e)}. We call A a (right) G-module if
for each pair (a,g) € A x G such that d(a) = 9(r(g)), there is an element a - g of A with
d(a-g) =0(d(g)). This operation must satisfy the following axioms:

(GM1) If 3gh in G and Ja - g, then (a-g) - h =a- (gh).

(GM2) If a and b are elements of the same component of A, and Ja - g, then (a+b)-g =
(a-g)+(b-9g).

(GM3) If e is an identity in G, then a - e = q, for all a € A,.

(GM4) For all g in G, 0(r(g)) - g = 0(d(g)).

(GM5) If 3a-g, b-h where a < band g < h, thena-g<b-h

Comparing this definition with the inverse semigroup actions defined in Section 9.1, it is
clear that ordered groupoid actions generalise action of inverse semigroups.
Where there is no risk of confusion we write 0, instead of 0(e).

The following properties of G-modules will be useful.
Lemma 9.4 Let A be a G-module.
(i) If Ja- g, then I(—a) - g and (—a) - g = —(a- g).
(ii) If3a-g and h < g, then (a - g|04(n)) = (alOxm)) - A
ProOF. If Ja- g, then d(a) = Oy(y), but A is abelian so d(a) = r(a) = d(—a). Hence
d(—a) = 0Oy therefore 3(—a) - g. Now (a —a)-g = a g+ (—a) g by (GM2), but

a—a = 0yy), 50 (a—a) g =0y g =0qq) by (GM4). Hence a- g+ (—a)-g = 04,
that is (—a) - g = —(a - g).

We now show that (ii) holds. Since Ja - g, we know that d(a) = r(a) = Oy(y). We also
know that Oy(x) < Op(g), because h < g. Therefore there exist (a[0yx)) and (alOy(n)) - h.
Since (al0y(n)) < a, we have (a|0y))-h < a-g, by (GM5). The result follows by uniqueness

of restriction.
&3]

Let G be an ordered groupoid, let A and B be G-modules with order-isomorphisms
0:G, =2 A, and ¢ : G, = B,, respectively. An ordered functor o : A — B is called a

G-morphism if is satisfies the following conditions:
(i) a(8(e)) = ¢(e) for all e € G,.
(ii) af(a-g) =ala) - g, for all a € A and g € G with d(a) = 0(r(g)).
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Note that the condition (i) implies the existence of a(a) - ¢ in (ii).

It is straightforward to show that G-modules together with G-morphisms from a
category, which we denote by Mod(G).

Recall from Section 9.2 that each ordered groupoid G gives rise to a small category
C(G). The following correspondence between G-modules and right modules of the small
category C(G) is the generalisation to ordered groupoids of Lemma 2.6 of Loganathan
[19].

Theorem 9.5 Let G be an ordered groupoid. There is an isomorphism between the cat-

egory of left G-modules, and the category of right C(G)-modules.

PROOF. Let A be a left G-module. Define A : C(G)°® — Ab as follows: for e € G,,
A(e) = A, for each (e, g) € C(G) define

Ale, g) : Ale) — A(d(g)) by Ale,g):ar— (alOyy) - g.
We show that Ale, g) is 2 homomorphism.
A(e,9)(0e) = (0e|Or(g)) - 9 = Org) - 9 = O4g(q)
and for g, BE A,
Ale, g)(a +b) = (a+b|0x(g)) - g = (alO(g)) - g + (b]0r(g)) - 9 = Ale, g)(a) + Ale, 9) (b).

We now prove that A4 is a contravariant functor. Let (e,g) € C(G) with d(g) = f, for
a € Ay we have

A(d(e, 9))(a) = A(f, f)(a) = (al0f) - f = a

so A(d(e,g)) = Id4,. Similarly A(r(e,g)) = Ida,. Now let (e, g),(f,h) € C(G) with
d(g) = f, for a € A, we have

A((e, 9)(f,h))(a) = Ale,g ® h)(a) = (alOy(gen)) - (9 ® h),

and

A(f,h)Ale,9)(a) = A(f,h)((al0xg)) - 9

= (((al0r(g)) - 9)[0x(n)) - A
= ((a]O¢(gpr(ny)) - (glr(h))) - h by Lemma 9.4 (ii)
= (alOrgr(ny)) - ((glr(h))h) by (GMI).

(

a’lor(g®h)) : (g ® h)

Hence A is a contravariant functor; that is A is a right C(G)-module.
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Conversely, let A : C(G)°® — Ab be a right C(G) module. We shall construct a left
G-module A. For each e € GG, define

Ife, f € G with e < f, define

pLip(f) —>ple) by pl:ar— A(f,e)(a).

It is immediate that p : G, — Ab is a functor, where the poset G, is regarded as a
small category. That is, p is a presheaf of abelian groups. By Proposition 9.3, p defines
an abelian ordered groupoid A where A, = p(e) = A(e) for e € G,, and

(al0¢) = A(f,e)(a), wherea € Af and e € G withe < f.

To make A into a G-module we need to define an action of G on A. Let a € A and
g € G with d(a) = 0,(4). Define

a-g=A(r(g),9)(a)

The conditions (GM1)-(GM4) are immediate from the fact that A is a functor. To show
that A is a G-module it therefore remains to show that (GM5) holds. Let a,b € A and
g,h € G such that 3g- a,h - b. Suppose that b < a and h < g. From the definition of the
order on A we have b = A(r(g),r(h))(a). Now

b-h = A

(r(g),r(h))(r(h),h))(a) since A is a contravariant functor
(

= A((r(9),9)(d(g),d(h)))(a)
= A(d(g),d(h))(A(r(g),9)(a))
= A(d(g),d(h))(a-g)

that is b-h < a-g. Thus A is a G-module.

We have therefore shown that every G-module determines and is determined by a
C(G)-module. Let I' : Mod(G) — Mod(C(G)) assign to each G-module A the corre-
sponding C(G)-module A constructed above. Let o : A — B be a G-morphism, and let
A =T(A) and B =T'(B). Define

INa): A— B by I'(a):a+— afa).
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We show that I'(«) is a C'(G)-morphism. Let a € A(e) and let (e, g) € C(G). Then

B(e,9)(I'(a)(a)) = B(e, g)(a(a)) = (a(a)l0x)) - 9,

and

[(a)(Ale, 9)(a)) = T(a)((al0x)) - 9)
= a((a’lor(g)) : g)
= a(a|0r(g)) g
= (a(a)|0xg)) - 9-
Hence the diagram below commutes

()

Ale) B(e)
A(eyg)l JB(e,g)
Ald(9)) T Bld(9)

so I'(«) is a C(G)-morphism. It is easy to check that I' : Mod(G) — Mod(C(G)) is a
functor.

Conversely, for each C'(G)-module A, let I'(A) = A, the G-module constructed above.
Let ¢ : A — B be a C(G)-morphism, and let A =T"(A) and B = I''(B). Define

I'(¢): A— B by T'(¢):a+— ¢(a).

We show that I"(¢) is a G-morphism. Suppose that e, f € G, with e < f, let a € A, and
b€ Ay with a < b; that is a = A(f,e)(b) in A. Then

I'(¢)(a) = p(A(f,€) (b)) = B(f,e)(¢(b)),

that is IV(¢)(a) < IV(#(b)). It is immediate that IV(¢(0e)) = O, for all e € G,. Now let
g € G and a € Aq(y). Then

(T'(¢)(a)) - g = Alr(9),9)(¢(a)) = ¢(B(r(9), 9)(a)) =T"(¢)(a-g).

Hence I''(¢) is a G-morphism.
It is straightforward to show that IV : Mod(C(G)) — Mod(G) is a functor, and
that it is inverse to I' : Mod() — Mod(C(Q)).
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9.5 The cohomology of an ordered groupoid

By Proposition 9.5, the category of G-modules is isomorphic to the abelian category
Mod(C(@)) = Ab®@% of right C(G)-modules. In Section 8.2 we showed how to com-
pute the cohomology of modules of small categories. We therefore define the cohomology
of a G-module to be the cohomology of the corresponding C(G)-module.

Explicitly, let A be a G-module and let .A-denote the corresponding C(G)-module.
In Section 8.2.2, we constructed projective modules of categories. Therefore, by Lemma
7.11, we can construct a projective resolution of A. Also there is a left exact functor
Lim : Ab®(®™ — Ab which is is naturally isomorphic to hom(A(Z),—). Applying
this functor to a projective resolution of A enables us to compute cohomology groups
H"(A,C(G)). We define the n'" cohomology group of the G-module A to be the nt"
cohomology group of the corresponding C(G)-module A; that is

H™G, A) = H*(C(G), A).

141



Chapter 10
Extensions of ordered groupoids

In this section we shall work towards an interpretation of the first and second cohomology

groups of an ordered groupoid.

10.1 Definitions

We introduce extensions of ordered groupoids which generalise the notion of extensions
of inverse semigroups due to Lausch [11].
We say that an ordered functor ¢ : G — H is an identity-separating if it induces an

order-isomorphism between G, and H,.

Definition Let G be an ordered groupoid and A an abelian ordered groupoid. An
extension of A by G is a triple €& = (¢, U, o) where

e U is an ordered groupoid.
e 0:U — G is a surjective ordered functor, which is identity-separating.

e ,: A — U is an injective ordered functor, such that the image of ¢ is isomorphic
to the kernel of o; that is t(A) = Ker(o).

We picture the extension £ as shown below

AC - U &,

It is clear that ¢(A) is a wide subgroupoid of U. Furthermore ¢(A) is a normal ordered
subgroupoid of U because if a € A and u € U with d(v(a)) = d(u), then
o(ut(a)u™t) = o(u)or(a)o(u)™ = o(u)o(u) 7},

because o(a) € G,. Thus w(a)u! € Ker(o).

142



We can therefore form the quotient groupoid U/i(A). Recall that the elements of

U/u(A) are the equivalence classes of the equivalence relation given by
u~v <= u=1(a)ve(b) for some a,be€ A.

If Juv in U, then 3[u][v] in U/t(A), and [u][v] = [uv]. The order in U/.(A) is defined as
!

[u] < [v] if, and only if, for each v’ € [v] there exists v’ € [u] such that v’ < v'.

Proposition 10.1 Let A= —Z» G be an estension of an abelian ordered groupoid
A by an ordered groupoid G.

(i) The groupoid L(A) is an ordered normal subgroupoid of U.

(ii) There is a unique isomorphism v : U/1(A) = G such that o = 1p", where pt : U —
U/u(A) is the natural map defined by p*(u) = [u].

We have already dealt with (i).

Condition (ii) can be obtained from the First Isomorphism Theorem for ordered
groupoids (Theorem 7 of [12]), but we give a direct proof. It is straightforward to show
that p% is a functor. To see that p? is ordered, let u,v € U with u < v and let v/ € [v];
that is v' = (a)ve(b), for some a,b € A. Then (v'|d(u)) < v' and

(v'|d(u)) = («(a)|r(w) (v]d(w))(e(b)|d(w)) = (e(a)|r(w))u(s(b)|d(u))
so (v'|d(u)) ~ u, hence [u] < [v]. It is straightforward to show that p? is identity-
separating and surjective. Define v : U/t(A) — G by 9[u] = o(u). This is well-defined
because if v’ = t(a)uc(b) for some a,b € A, then o(u') = ou(a)o(u)ow(b) = o(u). To see
that 1) is injective, suppose that o(u) = o(v) for some u,v € U. Then o(d(u)) = o(d(v)),
but ¢ is identity-separating, so d(u) = d(v). Thus uv~! is defined and

o(uww™) = o(u)o(v™) = o(w)o(v™!) = o(r(v))

hence uv~! € A and so [u] = [v]. Since o is surjective so also is 1. The condition p* = o

is immediate.
O

Let A be an abelian ordered groupoid and G an ordered groupoid. Two extensions
& =(,U,0) and & = (/,U’,0’) are said to be congruent if there is an ordered functor

p: U — U’ such that pe =/ and o0 = o'y as shown in the commutative diagram below.



We write u: £ =2 &',
Lemma 10.2 If u: £ =2 E" as above, then p is an isomorphism.

PROOF. To see that u is injective, let u,v € U and assume u(u) = pu(v). Then o' p(u) =

o'u(v), and so o(u) = o(v). Since o is identity separating d(u) = d(v), so Juv~!. Now
o(uww™) = o(u)ow)™! = o(u)o(u) !,

so uv~! € Ker(o), thus uv=! = 1(a) for some a € A. Now

so p(t(a)) is an identity. But u(i(a)) = i/(a), so a € A, since ¢/ is an isomorphism. It
follows that t(a) € U,, that is uv™! € U,, hence u = v.

To see that yu is surjective, let ' € U’ and write g = o’(u'). Since o is surjective, there
is an element u of U with o(u) = g. Clearly o(d(u)) = d(g) = o'(d(u')). Since d(u) is
an identity, there is an e € A, such that t(e) = d(u), then J/(e) = pu(e) = p(d(u)). Now
o'/ (e) = o'pu(d(u)) = o(d(u)), but then o'(d(u')) = o’(V/(e)). So d(u') = ¢/(e) since ¢’ is
identity separating, thus d(v') = u(d(u)). Hence Iu(u)u'~!. Now

o' (') = u(w)o’ () = o(u)o’ (W) = 997",

so p(u)u' "t € J/(A). Write /(a) = p(u)u'~!, then

Hence p is surjective as required.

Corollary 10.2.1 Congruence of extensions of ordered groupoids is an equivalence rela-

tion.

Let &€ = (1,U,0) be an extension of an abelian ordered groupoid A by an ordered
groupoid G. Since o is surjective, for each g in G we can choose an element [(g) of U
with o(I(g)) = g. Thus for each extension £ = (¢,U, o) of A by G, we can pick a function
l: G — U satisfying

ol = Ide.

We call such a function a transversal for the extension.

The following results on transversals will be useful.
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Lemma 10.3 Let [ be a transversal for an extension € = (v,U,0) of A by G. Suppose
that g,h € G with r(h) < d(g). Then r(lI(h)) < d(l(g)).

Proor. Counsider

o(d(i(g))) = d(ol(g)) =d(g) and o(r(i(h))) =r(ol(h)) = r(h).

Therefore o(d(I(g))) > o(r(l(h))). But o is an order-isomorphism on identities, so
d(l(g)) = r(l(h)).

Corollary 10.3.1 If 3gh in G, then 3l(g)l(h).

Lemma 10.4 Let £ = (1,U,0) be an extension of an abelian ordered groupoid A by an
ordered groupoid G, and let | : G — U be a transversal for £. Let u € U and put
g = o(u). Then there is a unique a € A such that u=1(g)¢(a).

PROOF. Let g = o(u). Consider
o(r(l(g))) =r(ol(g)) =x(g) and o(r(u)) =r(o(u)) =r(g),
but o is identity-separating, so r(u) = r(i(g)), hence JI(g) ~'u. Now
a(l(g)"u) = (0l(g)) ' (u) = g~'g = d(g),

s0 1(g)~'u € Ker(o). Thus Ja € A, such that ¢(a) = I(g)"'u. Clearly a is unique, since ¢

is injective.
|

Proposition 10.5 Let £ = (:,U,0) be an extension of an abelian ordered groupoid A by
an ordered groupoid G, and let | : G — U be a transversal for €. For each element (g, a)
of G x A satisfying ou(d(a)) = r(g), define a-g by

va-g) =1(g)" u(a)l(g).

Then this gives A the structure of a G-module which is independent of the choice of

transversal [.
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ProOOF. If ou(d(a)) = r(g), then «(d(a)) = r(l(g)), by Corollary 10.3.1. So the groupoid
product I(g)~'¢(a)l(g) exists. Define

0:G, — A, by 6(e) =" a|Uy,) ().

It is clear that 6 is an order-isomorphism, since o is identity-separating. If a € A and
g € G with d(a) = 0(r(g)), then I(g)~'c(a)l(g) is an element of .(A), since +(A) is an
ordered normal subgroupoid of U by Proposition 10.1 (ii). To prove that the definition
is independent of the choice of transversal, let I’ : G — U be another transversal. By

Lemma 10.4, there is a unique element b of A such that I(g) =1'(g):(b), so

Ug) ™ (a)i(g) = ('(9)u(b) ™ e(a)l' (9)e(b) = e(B) ™M (9) ™ e(a)l/ (g)e(D),

but I’(g) " u(a)(l'(g)) € t(A) by normality, and A is abelian so

To see that (GM1) holds, let g, h € G such that 3gh. Let a € A with «(d(a)) = 0(r(g)).
By Corollary 10.3.1, I(g)l(h) is defined. Now o(l(g)l(h)) = gh = ol(gh), so by Lemma
10.4, there is a unique element f(g,h) of A with [(g)l(h) = I(gh)vf(g,h). Hence

(a-g)-h) = (UgUh) ™ (a)l(h)I(g)
= (Ugh)ef(g, 1)) e(a)l(gh)ef (g, h)
= uf(g,0) " U(gh) " e(a)l(gh)ef (g, h)
= of(9,h) 7" ef (g, W)i(gh) ™ e(a)l(gh)
= U(gh)""e(a)l(gh)
= (a-gh).
To see that (GM2) holds, let g € G and a,b € A such that (a + b) - g exists. Then

((a+b)-g)=1(9) " e(a+b)i(g) = I

To see that (GM3) holds, let a € A and write e = o(¢(d(a))). Then

t(a-a) =0(e) " i(a)f(e) = (a).
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To see that(GM4) holds, Let g € G. Then
4(6(d(9)) - 9) = U(g) " (o|Uo) " (d(9))i(9) = d(i(g))-

So 6(d(g)) - g = 0(d(g)).

To see that (GMS5) holds, let g,h € G with g < h. Let a,b € A, such that a < b, Ja-g
and 3b- h. We need to show that a-g < b-h. We cannot assume that [(g) is beneath
I(h), however, there is an element (I(h)|d(I(g))) < {(h). Furthermore

a(r(l(r)|d(i(9)))) = r(al(h)|o(d(i(g)))) = r(hld(g)) = r(h),

and o(r(l(g))) = r(g). Hence r(I(h)|d(I(g))) = r(l(g)), since o is identity-separating. The

situation is illustrated below

heb e b
(I(h)1d(L(9)))
gl N B

Define a function

I(z) ifakg

I':G— U by l':mf—){
(L(M)ld(i(9))) ifz=g

which is clearly a transversal for £. Since the action is independent of the choice of

transversal, we have

Wa-g) =U(9)" e(a)l'(9) = (U(A)IA(U(9))) " e(a)(I(R)|d(1(g))) < L(A)"bi(h) = o(b- ).

For each e € G, we write 6(e) = 0, as before.
The following result is essentially Proposition 7.2 of Lausch, generalised to ordered

groupoids.

Proposition 10.6 Let £ = (1,U,0) and & = (/,U’,0') be congruent extensions of an
abelian ordered groupoid A by an ordered groupoid G. The arising G-module structures

defined above are identical.
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PROOF. Since £ and £’ are congruent, there is an order-isomorphism p : U = U’. Let [ and
I' be transversals for the extensions £ and &' respectively. Let g € G and write u = I(g),

uw' = 1'(g). Now o'(u') = g = o(u) = ¢'(u(u)). Therefore d(u(u)) = d(u'), since o' is

identity-separating. So Ju'p(u)~!. Furthermore, o’(u'pu(u)™t) = o'(v)o(u)™! = gg7 1,
(

thus w'~'p(u) € ' (A). Let a € Ay, we will show that p(u='(a)u) = w'//(a)u’. Now

plu @) = plw) ™t (a)u(u)

— u/—lul

as required.

Now let & = (¢,U, o) be an extension of an abelian ordered groupoid A by an ordered
groupoid G. Let [ : G — A be a transversal for £. The following result tells us that the

ordered groupoid U can be recovered from A, G and (.

Proposition 10.7 Let & = (¢,U,0) be an extension of A by G and let | be a transversal.
Define
G+ A={(g,a) € GxA|d(a) =0}

Then there is a bijection
GxA— U given by (g,a) — l(g)i(a).
If g,h € G with r(h) < d(g), then there is a unique ((g,h) € A such that
K(g,h) =Ug® )~ ®(g) ®(h).
Furthermore
(i) Ifu=1(g)t(a), v=1(h)(b) and Fuv. Then

wv = l(gh)t(¢(g,h) +a-h+Db).

(i1) Let u=1(g)t(a) and v =1(h)c(b). Then v < u if, and only if,

h<g and b=(al0an))+<(g,d(h)) — C(d(h),d(h)).
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PrOOF. By Lemma 10.4, every u € U can be uniquely written as a groupoid product

u = l(g)t(a), where (g,a) € G * A. Therefore the assignment (g,a) — [(g)i(a) is a

bijection from G * A to U.

Now if g,h € G and r(h) < d(g), then 3g ® h and, by Lemma 10.3, 3i(g) ® (k). Now

ol(g®h)=g@h=0c(l(g) I(h)).

So by Lemma 10.4, there is a unique (g, h) € A such that I(g) ® (k) = (g ®h)c({(g, h)).
To prove (i), suppose that u = I(g)¢(a), v = I(h)c(b) and Juwv; that is Igh. Then

uv

So (i) holds.

It remains to show that (ii) holds. Let u = I(g)u(a), v = I(h)¢(b) and v < u. Then
o(v) < o(u); that is h < g. Furthermore,

so (ii) holds.

(W)~ ®(g)

l(g@d(h)™" @ g)

((1(g) ® Ud(h))e(C(g,d(r) ™) @ U(g)
U(¢(g,d(R))) @ U(d(Rh) T @ ()" @ (9)
1(¢(g,d(R))) ® U(d(R)) ™
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10.2 Split extensions

In this section we study the simplest class of extensions, but we begin by reviewing
semidirect products of ordered groupoids.
Let A be a G-module. We construct the semidirect product of A by G.
Put G x A= {(g,a) € G x A|d(a) = 0g(y)}- Let (a,9),(b,h) € G x A. If Igh, then
define the product
(g,a)(h,b) = (gh,a - h+D).

Proposition 10.8 Let G be an ordered groupoid and A a G-module. Then G x A is an

ordered groupoid with the above product and order inherited from G x A.

PROOF. We begin by locating the identities of G x A. Suppose that (g,a) € G x A
and 3(g,a)(g,a) = (g,a); that is (9g,a - g +b) = (a,g). Then g is an identity, thus
a-g+a=a,that is a +a = a. So the identities of G x A are of the form (e, 0,), where
e € G,. There is an obvious bijection between (G x A), and G,. It is easy to check that
for (g,a) € G x A, (d(g),0q(g)) and (r(g), Or(y)) are respectively left and right identities
for (g,a). We therefore define

d(gaa) = (d(g)aod(g)) and r(a,g) . (r(g)vor(g))'

We show that the product in G x A is associative. Let (g1,a1), (g2, a2), (93,a3) € G X A,
and suppose that 3g1gog3. Then

((91,a1)(g2,02))(g3,a3) = (9192, a1 - g2 + a2) (a3, g3) = (919293, (a1 - g2 + az) - g3 + a3)

and

(g1,a1)((g2,a2)(g3,a3)) = (91,a1)(9293,a2 - g3 + a3)
= (919293,a1 - (g293) + a2 - g3 + a3)
= (919293, (a1 - g2 + a2) - g3 + a3).
Hence G x A is a category.

To see that G x A is a groupoid, let (g,a) € G x A. Then 3(—a) g%, so (¢7!, —(a-
g 1)) € G x A. Furthermore

1

(9,a)(g " —=(a-g7") = (997 a g7 = (a-g7")) = (r(g),0n(p)
il

and (g%, —(a-g7"))(g,a) = (97'g,—(a-g7") g+a)=(d(g),04)

Hence G x A is a groupoid with (g,a)™ = (g7, —(a - ¢g71)).
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We show that G x A is an ordered groupoid. Let (g,a), (h,b) € G x A with
(g,a) < (h,b) thatis a<bandg<h.

Then a=! < b~ ! and g~ < A~L. So by (GM5), (—a)- g~ < (=b) - h~L. Hence (g,a)"! <
(h,b)~1, and (OG1) holds. To see that (OG2) holds, let (g,a) < (h,b) and (¢',a’) < (W, V')
in G x A, and suppose dgg’, Jhh’. By Lemma 94, a- ¢ < b-h',soa-g +a' <b-h +1V,
thus (g,a)(¢’,a') < (h,b)(R',V'), and (OG2) holds. Now let (g,a) € G x A and e € G,
with e < d(g); that is (e,0.) < d(g,a). It is easy to see that (OG3) holds with

((9,a)l(e, 0c)) = ((gle), (al0¢))-

The semidirect product, provides an example of an extension. Let A be a G-module,
and let m: G x A — G be the canonical projection onto G. Clearly 7 has kernel G, x A.
Define i : A — G x A by i(a) = (e,a), where e is the unique element of G, with
d(a) = 0. It is immediate that

Aty T G

is an extension of A by G.

An extension £ = (¢,U, o) of an abelian ordered groupoid A by an ordered groupoid
G splits if o has a right inverse; that is, if there is an ordered functor 7 : G — U with
o1 = Idg. Such a functor 7 is called a splitting for the extension £.

The semidirect product above splits with splitting
7:G— Gx A given by 7(g) = (9,0:())-

The following result tells us that semidirect products are precisely split extensions.

(o3

Proposition 10.9 Any split extension £ : A~“—=U_ . G is congruent to the semidi-
T
rect product extension arising from the G-module A.

PROOF. Recall from Proposition 10.5 that the G-module structure of A is given by
0. = ¢t Ho|U,)"t(e) and i(a - g) = 7(9)" e(a)T(g). We need to construct an ordered

functor i : U — G x A making the diagram below commute.
/ ' \
|
A pi G
[
; [
X

G

U
|

h
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Let u be an element of U. Then 7o (u=!)u € t(A), by Lemma 10.4. Define p: U — Gx A
by

piu— (o(u), (o (u™)u)).
Let a € A and write e = oi(a). Then
pi(a) = (ou(a), v (rou(a™)e(a))) = (e, a),

so put = 1. It is clear that mu = 0. Hence the diagram above commutes. It remains to

show that u is an ordered functor. Let u and v be elements of U with d(u) = r(v). Then

pwp() = (o(u),  (ro(u)u))(o(v), " (ro(v™h)v))
= (o(u)o(v),e  (ro(u™u) - o(v) + 17 (ro(v™)v))
= (a(uw,r1<m(u>—1m<u~1)m()) L (ro(v))
= (o(w), i (ro () tro(u " uro(w)ro(v1)w)
= (o(w), H(ro(u v )uw))
e

Hence p is a functor. Since 7 and ¢ are both order preserving, so also is u.
O

The above result tells us that there is only one split extension of G by A (up to
equivalence) associated to the given action of G on A. Nevertheless, there is a classification
problem involving split extensions: given that an extension splits, classify all possible

splittings.

Definition Let G be an ordered groupoid and A a G-module. A derivation of A is an

order-preserving function ¢ : G — A such that
(D1) #(g) € Aqy), for all g € G.
(D2) ¢(gh) = ¢(g) - h + ¢(h), for all g,h € G such that Igh.
Note that if e € G, then by (D2)
p(e) = p(ee) = d(e) - e + ¢(e).
So ¢(e) =0,

We shall now show that derivations may be used to classify splittings.

Lemma 10.10 Ewvery splitting of a split extension determines, and is determined by, a

derivation.
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PROOF. By Proposition 10.9 we may assume that the split extension in question is the
semidirect product extension (i,G X A, 7). Let 7: G — G x A be a function such that
77 = Idg. Then 7(g) = (9,7(g)), where T(g) is an element of A such that d(7(g)) = Oq(y),
thus 7 satisfies (D1). To see that (D2) holds, let g, h € G such that 3gh. Then

so 7 will be an ordered functor if, and only if, 7 is order-preserving and satisfies (D2).
Conversely, if ¢ : G — A is a derivation, then (¢(g),g) € A x G by (D1). Define

¢*:G— AxG by ¢*(g9) = (6(9),9),

it is easy to check that ¢* is a splitting.

Let Z'(G, A) denote the set of all derivations of a G-module A.
Lemma 10.11 ZY(G, A) is an abelian group under pointwise addition.
PROOF. Let ¢, € Z'(G, A). Then 1) + ¢ is defined by

b+ g p(g) +¢l9), ¢ € Z(G,A).
To see that this is well-defined, suppose dgh in G. Then
(¥ +¢)(gh) = (gh) + ¢(gh)
= P(9) - h+ (k) +¢(g) - h+ H(h)

P(g) + 6(9)) - b+ ($(h) + &(h))

(
(¥ +¢)(9) - h+ (b + ) (h).

Thus ¥ + ¢ is a derivation. The operation + is clearly associative and abelian. The

identity in Z'(G, A) is the function 0 : G — A defined by 0(g) = Oq(g)- As for inverses,
let ¢ € Z}(G, A) and g € G. Define

—¢:G— A by (—¢)(9) =—a(9)

To see that —¢ is a derivation suppose that dgh in G. Then

(—=¢)(gh) = —=((9) - h + ¢(h)) = —(8(g) - h) — ¢(h) = (—=¢(g)) - h — $(h).

It is immediate that ¢ — ¢ = 0 = —¢ + ¢. Hence Z!(G, A) is an abelian group.
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The following result provides an important class of derivations.

Lemma 10.12 Let A be a G-module and § : G, — A an order-preserving function such
that 6(e) € Ae. The function

00 :G— A defined by 096 :g+— d(r(g))-g—d(d(g))
18 a derivation.

PROOF. It is immediate that (D1) holds. To see that (D2) holds, suppose that 3gh in G.
Then

93(g) - h+93(h) = (3(r(g)) - g —d(d(g))) - b+ (8(r(h)) - h —6(d(h)))

= 0(r(g)) - (gh) —6(d(g)) - h + 6(r(h)) - h — &(d(h))
= 0(r(g)) - (gh) — 4(d(h))
= 04(gh)

We call derivations of the form 9§ principal derivations. Denote the set of all principal
derivations of a G-module A by B'(G, A).

Lemma 10.13 BY(G, A) is a subgroup of Z'(G, A).

PROOF. To see that the sum of principal derivations is principal, let d,e : G, — A
be order-preserving functions such that d(e),e(e) € A.. The function § +¢: G, — A
defined by (§ + ¢)(e) = d(e) + €(e) is order-preserving and 0 + € € A,. It is routine to
check that 9(6+¢) = 96+ Oe. To see that the identity derivation 0 is principal, let g € G.
Consider
90(g) = Ox(g) * 9 = Oagg) = Oag) — Oua(g) = Oa(y),

so 80 = 0. For any principal derivation 89, define —0 : G, — A by (=6)(e) = —d(e), it
is immediate that 9(—d) = —0dd.

Derivations provide an easy way of characterising splittings. In order to classify split-
tings we introduce the notion of ‘A-conjugation’. Let £ be a split extension of A by G
and let 7 and X be two splittings of £ with corresponding derivations 7 and X respectively.
We say that 7 and X\ are A-conjugate if there is an order-preserving function ¢ : G, — A
such that é(e) € A, and

7(g) = 8(r(9)) - g+ X(g) — d(d(9))

for all g € G. The following result is immediate.
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Lemma 10.14 Two derivations correspond to A-conjugate splittings if, and only if, their

difference is a principal derivation.

Theorem 10.15 For any ordered groupoid G and G-module A, the A-conjugacy classes
of splittings of the split extension

I SN G

are in one-to-one correspondence with the elements of the quotient group of derivations

modulo principal derivations.

PrOOF. By Lemma 10.10 there is a bijection between the set of splittings of a split
extension and the group Z'(G, A) of derivations of A. By Lemma 10.13 the set B*(G, A)
of principle derivations is a subgroup of Z!(G, A). By Lemma 10.14 two splittings are A-
conjugate precisely when the corresponding derivations are in the same coset of B(G, A)
in Z1(G, A).

10.3 Factor sets

In this section we shall classify extensions of ordered groupoids by defining factor sets for
G-modules.

Let G be an ordered groupoid, and n > 1. An n-staircase over G is an n-tuple
(gns---,92,91), where g; € G and r(g;) < d(gi+1), for i =1,...,n—1. We denote the set
of n-staircases over G by S, (G).

Definition Let G be an ordered groupoid. A factor set for a G-module A is a function
¢:5(G) — A
satisfying the following conditions:
(FS1) ((g,h) € Aqqn), for all (g,h) € S2(G).
(FS2) For all (g,h,k) € S3(G), (C(g,h)|0ck)) -k + (g ® R, k) =((g,h ®k) + ((h, k).
The following result will be useful.

Lemma 10.16 Let ¢ be a factor set for a G-module A. Then

155



(i) ¢(d(g),d(g)) = ¢(g,d(g)), for all g € G.

(ii) ¢(r(9),r(9)) - g =((x(9),9), for all g € G.

(i) ¢(g,97") - g +<(r(9),9) = ¢(9,d(g)) +<(g7",9), forallge G

(iv) Ife, f € G, with f < e, then (((e,€)|0f) = ((e, f).

(v) If g,h € G with h < g, then ({(g,d(9))0acn)) = ¢(d(g),d(h)).

(vi) If g,h € G with h < g, then ((g,d(h)) - h™' +C(h,h™1) = (g, h71) +¢(d(h), R 7).
(vii) Ifg,h € G withh < g, then (C(g,97")|0xn))+¢(x(g), x(R)) = ¢(g: A1) +¢ (g7, x(R)).
(viii) If g,h,k € G with k < h < g, then

(¢(g,d(h))[0aek)) + (R, d(k)) = ((g,d(k)) + ¢(d(h),d(k)).

(ix) If g,4',h,h' € G are such that 3g¢’', 3hh', h < g and b’ < ¢'. Then

(¢(g,9")10q(n)) +¢(gg’s d(R")) = (g, ') +¢(g',d(h)).
(x) If g,¢',h,h/ € G are such that 3g¢', 3hh', h < g and h' < ¢'. Then

C(g,x(h) - W'+ C(h, B) = C(g, b') + ((x (M), ).

PROOF. To show that (i) holds, apply the condition (FS2) to the 3-staircase (g,d(g),d(g)).
This gives
((g,d(g)) +¢(g,d(9)) = C(g,d(g)) + ¢(d(g),d(g)),

as required. To prove (ii), apply (FS2) to the 3-staircase (r(g),r(g),g). To prove (iii),
apply (FS2) to the 3-staircase (g,g7',g). To prove (iv), apply (FS2) to the 3-staircase
(e, e, f). To prove (v), apply (FS2) to the 3-staircase (g,d(g),d(h)). To prove (vi), apply
(FS2) to the 3-staircase (g,d(h),h™!). To prove (vii), apply (FS2) to the 3-staircase
(g,97 %, r(h)). To prove (viii), apply (FS2) to the 3-staircase (g,d(h),d(k)). To prove
(ix), apply (FS2) to the 3-staircase (g,¢',d(h’)). To prove (x), apply (FS2) to the 3-
staircase (g,r(h'),h’).

Suppose that £ is an extension of an abelian ordered groupoid A by an ordered
groupoid G. Let [ be a transversal for £ and let (g,h) € S2(G). By Lemma 10.3, the
products I(g) ® [(h) and I[((g® h)~!) ®[(g) exist. By Corollary 10.3.1, 3l(g®@h)~ ' ®1(g).
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Proposition 10.17 Let £ = (1,U,0) be an extension of an abelian ordered groupoid A

by an ordered groupoid G, and let |l : G — U be a transversal for €. Define
(:8(G) — A by uC(g:h) =Ug®h)T @I(g) ®LH).
Then ( is a factor set.

PROOF. The function ¢ is well-defined since, by Proposition 10.7, each ((g,h) € A is
unique. (FS1) is immediate. To see that (FS2) holds, let (g, h, k) € S3(G). We compute
I(g) ® I(h) ® I(k) in two ways. Consider

(l(g) ®I(h) ®L(k) = U(g®h)® (g, h)®L(K)
= l(g®h)®@r(l(k)) ® «((g,h) ® (k)
= I(g@h)RI(k) Ik ®u(g,h) ®I(k)
= I(g®h®k)®uU(g®h k) ®I(k)™L®il(g,h) ®I(K)
= U(g@h@k)(g® h,k)I(E)~"1(C(g, B)|Or(ry)L(K).

On the other hand
l(g)® (I(h)®I(k)) = l(9) l(h®EK)®((h,k)

— Wg®h®K) ®ul(g,h®k)®i(h,k)
= l(g®h®Kk)l(g,h®Kk)(h,k).

Since both factorisations of [(g) ® I(h) ® [(k) are equal, we have

(9 ® hy k)I(K) " (¢ (g, B0 () )L (K) = (g, h @ k)il (h, k).
That is ¢({(g ® h, k) + (C(g, h)[0r()) - k) = ¢C(g,h® k) + ((h,k)). The result follows, since
¢ is injective.
|
Note that if the transversal [ is an ordered functor, then I(g ® h) = I(g) ® [(h). Thus

we can think of the factor set constructed above as a measure of how [ fails to be an

ordered functor. This idea is made precise in the following Lemma.

Lemma 10.18 Let £ be an extension of an abelian ordered groupoid A by an ordered
groupoid, let | be a transversal for £ and let ( be the factor set defined by l(g) ® (k) =
(g ® h)e(C(g,h)). Then I is an ordered functor if, and only if, ((g,h) = Oq4(g), for all
(9,h) € S2(G).
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PROOF. Suppose that [ is an ordered functor and let (g,h) € S2(G). Then

l
=

(g®h)

(910x(ny) )

glr(h))I(h) since [ is a functor

(
(
= (l(g)|i(x(h)))l(h) since [ is a order-preserving

= Ug) ®(h).

Hence ((g,h) = Og(n)-

Conversely, suppose that (g, h) = Oq(y) for all (g,h) € S2(G). Let g,h € G where 3gh.
Then I(g)l(h) = I(gh){(g,h) = l(gh), so [ is a functor. To see that [ is order-preserving
let g,h € G with h < g. Then

I(gld(R)) = l(g ® d(h)) = l(g) ® I(d(h))e((g, d(h)) = l(g) ® l(d(h)) = (I(g)[l(d(h))
as required.
|

Proposition 10.17 tells us that an extension together with a transversal determines a
factor set. We now consider the relationship between the factor sets given by different

transversals.

Proposition 10.19 Let £ = (1,U,0) be an extension of an abelian ordered groupoid A
by an ordered groupoid G and let l,1' : G — U be transversals for £. Consider the factor
sets (,(": So(G) — A defined by

K(g,h) =g @) ®U(g) ®I(R) and ('(g,h) =V(9@h)T ®@U(9) ®U(R).
There is a function € : G — A defined by 1e(g) = 1(g) " '(g), and
¢('(9,h) = ((g,h) — e(g ® h) +e(h) + (e(9)[0x(n))

PROOF. Let g € G. Since o(I(g)) = o(I'(g)), by Lemma 10.4, there is a unique element
e(g) of A such that

Let (g,h) € S2(G). Then

(g ®U(h) = Ug) ®e(g)) @ I(R)u(e(h))
= U(g) ®(elg)) @ U(h) ®I(h) (h) ® v(e(h))
= 1(g) ®U(h) ®U(h)™ ® u(e(g)) ® U(h) ® e(e(h)
= 1(9) ®1(h) ® u(e(h)) ®UR) ™! ® 1(e(g)) ® I(h)



= l(g®h) ®l(g,h) ®u(e(h)) ®I(R) ™" ® 1(e(g)) ® I(R)
= (g ® h)iC(g, h)e(e(R))i(R) ™" (1(e(9))0c(ny)E(R)

= (g ®h)i((g,h)e(e(h))e((e(9)|0x(ny) - h)

= (g ®h)u(e(g ® h)) )il (g, h)u(e(h))e
= U'(g®h)u(¢(g,h) —e(g®h) +e(h) +

L

)
)
(e(9)0xny) - h)
€(9)0xn)) - h)

So by Lemma 10.4, {'(g,h) = ((g,h) — (g ® h) + &(h) + (¢(9)|0rny) - P

(
(

The definitions in the following result are motivated by Proposition 10.7.

Proposition 10.20 Let G be an ordered groupoid and A a G-module. Suppose that ( is
a factor set for A. Let

G*A={(g,a) € G x A|d(a) =0g4(y}

If (g,a),(b,h) € G * A and 3gh, then define

(9,a)(b,h) = (gh,C(g,h) +a-h+b).
Define an order on G x A as follows:

(b,h) < (g,0) <= h<gandb=(a|0anp)) + ((g,d(h)) — ((d(h),d(h)).
Then G x A is an ordered groupoid. Furthermore, if we define
i:A—GxA by i:a— (e;a—{((e,e)), a€ A,
and let m: G * A — G be the canonical projection. Then
AL G AT>G

is an extension of A by G which induces the given action of G on A.

PrROOF. We begin by showing that G % A is a groupoid.
It is clear that the partial product is well-defined. To locate the identities of G x A,
suppose that (g,a) € G *x A and 3(g,a)(g,a) = (g,a), that is

(99,¢(9,9) +a-g+a)=(g,a).

Clearly g is an identity, hence a-g = a. Therefore a = a+a+((g,g), that is, a = —((g, 9).
Hence the the identities of G * A are of the form (e, —((e, e)), where e € G,. There is an
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obvious bijection between (G * A), and A,. Now

(9,a)(d(g), —C(d(g),d(9))) = (9,¢(g,d(g)) +a-d(g) —((d(g),d(g)))
= (9,¢(9,d(9)) +a—((g,d(g))) by Lemma 10.16(i)
= (9,0).
Therefore we define
d(g,a) = (d(g), —¢(d(g),d(g)))-
Similarly,
r(g,a) = (r(g), =C(r(g), r(9)))-
To see that the product is associative, let (g,a), (h,b), (k,c) € G A where 3ghk. Then
((g,a)(h,0))(k,c) = (gh,C(g,h) +a-h+b)(k,c)
= (ghk,C(gh,k) + (¢(g,h) +a-h+Db) -k +c)
= (ghk,C(gh,k) +((g,h) -k +a-(hk)+b-k+c)
and
(9,a)((h,b)(k,c)) = (g,a)(hk,((h,k) +b-k+c)
= (ghk,((g,hk) +a- (hk) +((h, k) +b-k+c).
So associativity follows from the condition (FS2): ((g,h)-k+<((gh,k) = ((h,k)+((g, hk).
To find the left inverse of (g,a) € G * A solve the equation
(97", b)(9,0) = (d(9), —¢(d(g),d(9)))-
That is

—C(d(g),d(g)) =C(g "9 +b-g+a
-1

So b = —¢(d(g)d(9)) - ¢ (9759)-9
solve (g,a)(g~',b') = (r(g), —¢(r(9),r(g))). That is
—((x(9),x(9) =¢(g 97 ) +a gt +V.

So v/ = —((r(g),r(g9)) —¢(9,97 ") — a-g. To show that (g,a) has a two sided inverse, we
need to prove that b = b'. Now

Vo= —((d(9),d(9)) -9 = Clg7"9) g —a-g!
¢(9,d(9)) +¢(97',9) +a)-g7! by Lemma 10.16(i)
(9,97 - g+¢(x(9),9) +a)- g~ by Lemma 10.16(iii)
¢(g:97") - g +<(x(9),r(9)) -g+a)-g~" by Lemma 10.16(ii)
= (9,971 = ¢(x(9),x(9)) —a-g"
= b

—¢ —a-g~!. To find the right inverse of (g, a)
¢

—(
= —(C(g,9
—(¢(g,9
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Hence each (g,a) € G x A has a two sided inverse

(g,0)" = (97" —Clg,97") = C(x(g),x(9)) —a- g7 ).

We have therefore proved that G x A is a groupoid.

We now show that G % A is an ordered groupoid. Firstly we need to show that the
order we have defined is in indeed a partial order.

Let (g,a) € G % A. To show that the order is reflexive we need

a = (al0aeg)) +¢(g,d(g) — ¢(d(g), d(9)).

This is immediate from Lemma 10.16(i).

To show that the order is anti-symmetric, let (g,a), (h,b) € G * A and suppose that
(h,b) < (9,a) and (g,a) < (h,b). Then h < g and g < h, so h = g. Now (g,a) < (g,b)
implies that

a = (bl0g(g)) + ¢(g,d(g)) —¢(d(g),d(9))
= (bl0a(g)) + ¢(g,d(g)) — <¢(g,d(9))
= (b]0a(g)),
so a < b. Similarly (g,b) < (g,a) implies that b < a. Hence a = b as required.
We now prove that the order is transitive. Let (k,c), (h,b), (g,a) € G* A, and suppose
that (k,c) < (h,b) and (h,b) < (g,a). It is immediate that £ < h < g. From (k,¢) < (h,b),
we have that

¢ = (bl0aqn)) + ¢(h, d(k)) — ¢(d(k),d(k)),

and since (h,b) < (g,a), we have

b= (al0a(n)) + ¢(g,d(h)) —¢(d(h),d(R)).

It is required to show that

¢ = (al0ay) + ¢(g, d(k)) — ((d(k), d(k)).

(b]04(k)) + ¢(h,d(k)) — ¢(d(k),d(k))

= (((al0g(ny) +¢(g,d(R)) — ¢(d(h),d(h)))[0aek)) + ¢ (R, d(k)) — ¢(d(k),d(k))
(alO0q(x)) + (C(g,d(h))0aek)) — (((d(h),d(R))0awk)) + ¢(h,d(k)) —{(d(k),d(k))
(al0ar) )

) —

) +¢(g,d(k)) +¢(d(h), d(k))
— (¢(d(h),d(h))|04uy) — ¢(d(k),d(k)) by Lemma 10.16(vii)
)

= (al|O0qw)) +¢(g,d(k)) — ¢(d(k),d(k)) by Lemma 10.16(iv)
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as required.

To prove that G A is an ordered groupoid, we need show that it satisfies the conditions
(OG1)-(OG3) given in Section 3. To see that (OG1) holds, let (g,a), (h,b) € G * A with
(h,b) < (g,a). To show that (h,b)™! < (g,a)™!, we need

—C(h,h7Y) = ¢(r(h),x(R) =b- A7 = ((C(g:971) —C(r(9),x(9)) —a- g~ ") |0e(ny)
+¢(g7r(h) = ((r(h),x(R).  (10.1)

Since (h,b) < (g,a), we have b = (a|0qs)) + ¢(g,d(h)) —¢(d(h),d(h)). So the left-hand
side of (10.1) is equal to

—C(h, b1 = ¢(x(R),x(R)) — ((alOaeny) + ¢(g,d(h)) — ¢(d(R),d(R))) - h™"
= —((r(h),r(h)) —(a-g 1|0r(h)) ¢(h,h™") = ¢(g,d(R)) - h~1 + ((d(h),d(h)) - B
= —((x(h),x(h) = (a- g7 0xm)) — ¢(g:A71)
—¢(d(h),h™ 1) ¢(d(h), (h)) ~1 by Lemma 10.16(vi)
= —((r(h),r(h)) = (a- g |0xn)) — C(g:h7)
—¢(d(h), h™ 1) ¢(d(h),h™1) by Lemma 10.16(ii)
= —((x(h),x(h)) = (a- g~ |0c(ny) — C(g, A7)

The right-hand side of (10.1) is equal to

~(a- g7 0p(r)) — C(r(h),x(h)) = (C(g, 97 )I0x(n)) — (C(x(9),x(9))|0xny) + ¢ (g™, x(R))

—C(g7hr(h)) — (¢(r(9),1(9))|0xn)) + ¢ (g7, x(h)) Dby Lemma 10.16(vii)
9),x(h)) — (C(r(9),r(9))|0x(r))
emma 10.16(ix).

i o
S @
=
-
_|_
g o~
= 2

So (10.1) holds. Hence (OG1) is satisfied.
We now show that G A satisfies the condition (0G2). Let (g, a), (¢',d’), (h,b), (h',b") €
G x A, where Jgg’,hh’ and (h,b) < (g,a), (K',b') < (¢',a’). We need to prove that
(h, b)(R',¥') < (g,a)(g',a’). Now
(9,0)(¢',a") = (99',¢(9,9") +a- g +d)

and
(h,b) (W', V) = (hK',{(h,h") +b- K + ).

It is immediate that hh' < gg’. We need to show that
((hyh)+b-B +b" = ((C(g,9') +a-g'+a")[0aem)) +{(gg's d(R)) = ¢(d(H'),d(h")). (10.2)
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Since (h,b) < (g,a) and (h/,') < (¢',a’) we have

b = (al0q(n)) +<(g,d(h)) —¢(d(h),d(R)) and b’ = (a[0q(w)) +{(g, d(R) = C(d(h'), d(R))

respectively. Substituting these into the left-hand side of (10.2) gives

¢(h, h') + ((alOq(ny) + ¢(g,d(h)) = ¢(d(R),d(h))) - B

+ (a'l0agw)) + C(g'd(R) — C(d(h'), d(R))
= (a-g'[0ae)) + (a/|0q@n ) ¢(d(r),d(n"))
+C(h, B) + ((g,d(h)) - A" — ((d(h),d(R)) -

= (a-g'10aw)) + (@|0agy) — C(d(R),d(R)) + {(h, 1) + ((g,d(h)) - I
1+

= ¢(d(h),d(h)) - h" + (¢(9,9)10a(n)) + C(gg',d(R')) — C(g, ') by Lemma 10.16(ix)
= ((a-g'+d = C(9,9))10aww)) +¢lgg', d(R')) — ¢(d(h'), d(h'))
+C(h, b) 4+ ((g,d(h)) - ' — ((d(h),d(R)) - b = C(g, 1)

)
)
= ((a-g'+d" = ¢(g,9)N)0aew)) + ¢(gg', d(R)) — {(d(R), d(h"))
+C(h, B) + (g, d(h)) - ' — {(x (W), k') — ((g, ') by Lemma 10.16(ii)
= ((a-g'+a" = C(g,9))0agwy) + C(gg', d(h)) — ¢(d(R),d(h')) by Lemma 10.16(x)

which is the right-hand side of (10.2). Hence (OG2) holds.
Now let (g,a) € G A and e < d(g). To show that (OG3) holds, we need to define
the restriction of (g,a) to (e, —((e,e)). Define

((g,a)l(e; =C(e, €))) = ((gle), (al0e) + C(g,€) = ((e €)).

It is clear that d((g,a)l(e,—C(e,€))) = (e,—C(e,e)) and ((g,a)l(e,—((e,€))) < (ga).
Hence (OG3) holds.
We now show that
A—>GxAT—>G
is an extension of A by G. Where i is defined by i(a) = (e,a — ((e,€)) for a € A., and 7
is the canonical projection. It is immediate that 7 is an injective functor and that im = 0.
It is clear that 7 is surjective and an order isomorphism on identities.

It remains to show that the extension above gives rise to the given action of G on A.
Let [ : G — G * A be a transversal for the extension, let g € G and let a € Ayy). We
need to show that i(a-g) = l(g) ~'i(a)l(g). Since 7l = Idg, I(g) is of the form I(g) = (g,a),
where @ € Aqg(y). Now

1(9)""i(a)l(9)
= (gaza))_l(r(g)a a— C(P(Q%r(g)))(gaza))
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= (97 —C(g,97") — ¢(x(9),x(9)) —a- g7 1)(xr(g),a — ((r(9),x(9)))(g, (a))
= (974, ¢(g7 r(9) = ¢(g,971) = ¢(x(9),x(9)) —@- g~ +a—((r(g9),x(9)))(g, @)

= (g7"¢(g7"x(9)) — Clg,971) =97, x(9)

—a-g~ ' +a—((r(9),r(9)))(9,a) by Lemma 10.16(i)
= (¢ —Clg,97") —a- g7t +a—-<¢(x(9),r(9))(9,T)
= (d(9),¢(g7"9) —<¢lg,97") 9—C(x(9),r(9)) -g—a+a-g+a)
= (d(9),¢(g7",9) = <¢g:97") -9 —¢(x(9),x(9)) -g+a-g)
= (d(g),—(¢(g9,d(g9)) +a-g) by Lemma 10.16(iii)
= (d(g9),a-g—¢(d(g),d(g))) by Lemma 10.16(i)

as required.

Theorem 10.21 Let £ = (1,U,0) be an extension of an abelian ordered groupoid A by
an ordered groupoid G. Let [ be a transversal for £ and let ¢ be the factor set constructed
in Proposition 10.17. The extension of A by G constructed from ¢ as in Proposition 10.20

18 congruent to £.

PROOF. The factor set ¢ : So(G) — A is defined by I(g) ® [(h) = (g ® h)c({(g,h)). We
shall construct an ordered functor p: U — G * A. By Lemma 10.4, each u € U can be

written uniquely as v = [(g)t(a) where a € A and g = o(u), so the function
w:U—GxA with p:l(g)(a) — (g,a)

is bijective. To see that p is a functor let u = I(g)¢(a) and v = [(h)c(b) be elements of U.
The product uv exists if, and only if, d(g) = r(h), in which case

uwy = |

SO
p(uv) = p(l(gh)e(C(g,h) +a-h+b)) = (gh,{(g,h) +a-h+D)

Now p(u)p(v) = (g,a)(h,b) = (gh,((g,h)+a-h+b). Hence p(uv) = p(u)p(v) as required.
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To see that p is order-preserving, let u = I(g)c(a) and v = [(h)c(b) be elements of
U and suppose that u < v. We need to show that (g,a) < (h,b). Now 0 : U — G is
order-preserving so o(u) < o(v); that is o(l(g)t(a)) < o(l(h)c(b)), so g < h. By Lemma
10.3, d(I(g)) < d(I(h)). To prove that (g,a) < (h,b), we need

a = (l0agg)) +(h,d(g)) — ¢(d(g), d(g))-

Now
Wa) = Ug)lu
= 1(9)7 (U(r)e(b)|d(I(9)))
= U(g) (R (U(9)) (e(b)|d(i(9)))
= U(g)7"(U(h) ® (u(b)Id(1(9))))
= 1(9)7 @ (h) ® ((b)Id(i(9))),
and

t(¢(h,d(g)) —¢(d(g),d(g)) + (b0a(g)))
= 1((h,d(9)(«¢(d(9),d(9))) " e(bl0a(g))
= ((h®d(g))™" ®(h) ® U(d(9)))(1(d(9)) " 1(d(9)(d(9) " (¢(b)ld(1(9)))

= U(g)"" ®l(h) ®(d(g)) ®Ld(9) ™" ® (1(b)[d(l(9)))
= Ug)™" ®i(h) ® (1(b)ld(i(9))
= ila).

Hence p(u) < p(v) as required.

It remains to show that the diagram below commutes.

AxG

Let b € A, and write d(b) = 0.. Then there is a unique a € A such that (b) = l(e)i(a).
So

pe(b) = (e, (U(e)71e(b))) = (e, —¢H(e) +b).
But «((e,e) = l(e)~t(e)l(e) = I(e), so pe(b) = (e,—C(e,e) + b). Which is equal to i(b).
Therefore e = i. To see that o = 7u, let u =1(g)c(a) be an element of U. Then

m(u) = 7(g,a) =g and o(u) = o(i(9)i(a)) = (l(g))o(s(a)) = g.
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Hence result. |
Let G be an ordered groupoid and A a G-module. Denote the set of factor sets by
Z%(G, A).
Define addition on Z2%(G, A) pointwise. That is for ¢,n € Z?(G, A)

(+n:8(G) — A isdefined by (¢ +1n)(g,h) =((g, k) +n(g, )
Lemma 10.22 With the above addition Z*(G, A) is an abelian group.

PROOF. We begin by showing that ¢ + 7 is a factor set. It immediate that (FS1) holds.
To see that (FS2) holds, let g,h,k € So(G). Then

((€+m) (g W)[0c(x)) - k + (C +n)(g ® h, k)
= ((€g; k) +1(g, )[0r(k)) - b+ C(g @ b, k) +1(g @ h, k)
= (C( )Ior(k)) -k + <(g® h, k) + (n(ga h)lor(k)) -k + 77(9® h, k)

= C(gah ® k) S5 C(ga h) 5 77(97h ® k) + 77(9’ h’)
= ((+n)(g,h ®K)+ (C+n)(g,h).

As required. Hence the addition is well-defined. It is clear that the addition is associative
and commutative.

Define a function
0:83(G) — A by 0:(g,h) — Ogep)-
It is easy to show that 0 is a factor set satisfying
0+¢=¢=C+0,

for all ¢ € Z2(G, A).

For each factor set ¢ define

—(:5(G) — A by (=()(g,h) = —(Co(g,h))-

It is straightforward to show that —( is a factor set satisfying

~¢+(=0=(-C.

Hence Z?(G, A) is an abelian group.
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By Proposition 10.17, every extention £ of of an abelian ordered groupoid A by an
ordered groupoid G, together with a transversal [ determines a factor set for the G-module
A. Let [ and I’ be two transversals for £, and let ( and ¢’ denote the resulting factor sets.

By Proposition 10.19, there is a function € : G — A defined by we(g) = I(g)~''(g), and

¢'(g,h) = ((g,h) — e(g ® h) +(h) + (e(9)[0r(n))-

Generally, for any G-module A and function € : G — A such that e(g) = 0qg), for all
g € G. Define

Oc: 82(G) — A by 0e(g,h) = (e(9)|0x(n)) - h +e(h) — e(g ® h).

We call the function Oe a principal factor set for A. Denote the set of principal factor
sets by by B?(G, A). The following is immediate.

Proposition 10.23 Let £ = (,,U,0) be an extension of an abelian ordered groupoid A
by an ordered groupoid G and let I,1' : G — U be transversals for £. Consider the factor
sets ¢, (" : So(G) — A defined by

i((g,h) =Ulg®R) T ®1(g) ®I(A) and «'(g,h) =U'(9@h)" @I (9) ®I().
Then there is a principal factor set Oe such that

C/(ga h) = 4(97 h) + 85(9) h’)

Lemma 10.24 B?(G, A) is a subgroup of Z%(G, A).

PrROOF. We begin by showing that principal factor sets are factor set. Let e : G — A
be a function from such that e(g) € Aq(y), for all g € G. Let Je be the corresponding
principal factor set. It is immediate that Oc satisfies (FS1). To see that (FS2) holds, let
(g9,h, k) € S3(G). Then

(0e(g, h)|Orx)) - k + Oc(g ® h, k)
= (((e(9)I0c(n)) - b+ e(h) — e(g ® h))|Op(r)) - K
+ (e(g ® h)[Or(x)) -k +e(k) +e(9®h®Fk)
= (e(9)|0r(ner)) - (R ® k) + (e(h)[0r(x)) - k — (e(g ® h)|Orry) - k
+ (e(g ® h)[0p(x)) -k +e(k) —e(g @A ® k)
= (e(9)I0r(hek)) - (R @ k) + (e(h)[0r(x)) - k + €(k) —e(g ® h @ k),
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and

de(g,h ® k) + Oe(h, k)
= (e(9)|0c(rr))  (h @ k) +e(h®@k) —e(g @ h ® k) + (e(h)[Or)) - k + (k) —e(h @ K)
= (e(9)0r(her)) - (h ® k) + (e(h)|Or)) - b+ (k) —e(g @ h ® k).

Therefore (FS2) holds. Hence B?(G, A) is a subset of Z2(G, A).
The function 0 : G — A is defined by 0(g) = 0q4¢g). Let (g,h) € Nery(G). Then

90(g, h) = (04(¢)|0x(n)) - A + Oa(n) — Oa(gen) = Oa(ny = 0(g, h).

So 0 € B?(G,A). It remains to show that B?(G, A) is closed under addition. Let
€: G — Aand §: G — A be functions satisfying £(g),d(g9) € Aqg(y). The function
e+6: G — Aisdefined by (e+6)(g9) = e(g) +(g). We show that d(e+¢) is a principal
factor set. Let (g,h) € S2(G). Then

(9 + 80)(g,h) =

(€(9)|0c(ny) - h +€(h) —e(g ® h) + (6(9)[0c(n)) - b+ 6(h) — (g ® h)
=
(

(€(9)0c(ny) + (8(9)[0x(n))) - b +e(h) +6(h) —e(g ® h) — (g @ h)
(€ +0)(9)|0r(ny) - b+ (e + 8)(h) — (e +8)(9 ® h)
= Jd(e+9).

Thus B%(G, A) is a subgroup of Z2(G, A).
O

The following result shows that extensions are classified by factor sets and principal

factor sets.

Theorem 10.25 Let G be an ordered groupoid and A a G-module. There is a bijec-
tion between the set of all congruence classes of extensions of A by G and the quotient
group Z*(G, A)/B*(G, A). Under this correspondence the class of the semidirect product

extension corresponds to the identity.

PROOF. Let Ext(G, A) denote the set of congruence classes of extensions of factor sets.
Let ¢ be an element of Z2(G, A) and let

&= A s (Gs A)p—S+¢
be the extension of A by G constructed in Proposition 10.20. Define

w: Z*(G, A)/B*(G, A) — Ext(G,A) by w(¢+ B*G,A)) — [&].
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To see that w is well-defined, let 7 be in the same coset as . That is ( = n+ Oe, for some

e : G — A satisfying €(g) € Aq(g)- Define
p:(GxA)g— (GxA)y by p:(g,a)— (g,a+e(g))

We shall prove that p is a congruence of extensions.

We show that p is a functor. Let (g,a) € (G * A)¢. Then

d(p(g,a)) = d(g,a +&(g)) = (d(g), —n(d(g),d(9))),

and

But

Hence d(u(g,a))

= p(d(g,a)). Similarly r(u(g,a)) = p(r(g,a)) Now let (g,a), (h,b) €
(G A)¢ with d(g) = :

r(h). Then

u((g,a)(h,b)) = u(gh,C(g,h) +a-h+Db)

and

p(g,a)p(h,b) = (g,a+¢e(g))(h,b+e(h))
= (gh,n(g,h) +a-h+e(g)-h+b+e(h))

but

((g,h) +e(gh) = nlg,h)+ (g, h) +e(gh)

= n(g,h) +e(g) - h+e(h) —e(gh) +e(gh)
n(g,h) +e(g) - h+e(h).

Hence p is a functor.

To see that u is order-preserving, let (g,a), (h,b) € (G * A)¢ with (h,b) < (g, a), that
is g < h and b= (al0q(n)) +¢(g,d(h)) —¢(d(h),d(h)). Now

h+e(h) = (al0aw)) +¢(g,d(h)) — ((d(h),d(h)) +&(h)
= (a|0a(g)) +n(g,d(h)) + 8e(g,d(h)) — n(d(h),d(h)) — de(d(h),d(h)) + £(h)
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= (al0qer)) +7(g,d(h)) + ((g)Id(R)) + e(d(h)) — &(h)
—n(d(h),d(h)) —e(d(h)) — e(d(h)) + e(d(h)) + &(h)

= (al0q(n)) + (g, d(h)) —n(d(h),d(h)) + (e(9)0arn))

= ((a+£(9)[0an)) +n(g,d(h)) —n(d(h),d(h))

so (g,a +¢€(g)) < (h,b+ €(h)), thus u is order-preserving.

It is immediate that the diagram below commutes.

/ \
A(\ [ /G
' (AxG)y,

Therefore 1 is an congruence of extensions. Hence w is well-defined.
To see that w is injective, let ¢ and 7 be factor sets and let u : & = &, be an
equivalence of the resulting extensions. We show that { and 7 lie in the same coset. Let

g € G, then (g,0q(y)) € (G * A)¢. Since m¢ = myu, we have

1(9,0a(9)) = (9,€(9))

for some e(g) € Ayy). It is clear that e : G — A is a well defined function. Let
(a,g) € (A* G)¢. Observe that

(9,04(g))(d(9),a — ¢(d(g),d(9))) = (9,{(g,d(9)) + a —((d(g),d(g)) = (g,a),

by Lemma 10.16(i). Hence

u(g,a) = p(g,04())1(d(g),a —¢(d(g),d(g)))
(

by Lemma 10.16(i). Let (g,a), (h,b) € (G * A)¢, were 3gh. Then

wg;a)u(h,b) = (g,a+¢(9))(h,b+e(h))
= (ghn(g,h) + (a+e(9)) - h+b+e(h)).
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But

U((g:a)(hab)) = M(ghaé(gah)—i_a'h_i_b)
= (gh,((g,h) +a-h+b+e(gh)).

Hence n(g,h) +a-h+e(g9)-h+b+e(h) =((g9,h) +a-h+b+e(gh), that is

¢(g,h) = n(g, h) +&(g) - h + e(h) +e(gh).

So ¢ = n+ 0Oe, as required. Hence w is injective.

Let &€ = (¢,U,0) be an extension of A by G. We can choose a transversal [ for &.
By Proposition 10.17, £ and [ give rise to a factor set ¢ and by Proposition 10.21 &£ is
congruent to &. By Proposition 10.23, a different choice of transversal gives rise to a
factor set in the same coset as ¢. That is w(¢ + B?(G, A)) = [€]. Hence w is surjective.

We have thus constructed a bijection w from the group Z%(G, A)/B?(G, A) to the
set Ext(G, A). The semidirect product extension (i, A x G, ) is split and so has the
identity 0 as one of its factor sets by Lemma 10.18, conversely, any extension which

has 0 as a factor set is congruent to the semidirect product by Proposition 10.9. Thus
w(B*(G, 4)) = w(0 + B*(G, 4)) = [&] = [(4, 4 x G, m)].

10.4 Cohomology and extensions

In this section we show that the second cohomology group of an ordered groupoid with a

maximal identity, can be characterised by means of extensions.

Theorem 10.26 Let G be an ordered groupoid which has a mazimal identity 1, and let
A be a G-module. Then

(i) The first cohomology group H'(G, A) is in bijective correspondence with the set of
A-conjugacy classes of split extensions of A by G.

(ii) The second cohomology group H?(G,A) is in bijective correspondence with the set

of congruence classes of extensions of A by G.

ProoOF. We will work in the category AP Recall that the cohomology of the G-
module A is defined as the cohomology of the corresponding right C(G)-module, which

we denote by A. We shall calculate the cohomology groups by constructing a projective
resolution of the free right C'(G)-module AZ.
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1. We construct some free C(G)-modules
Consider the C(G), set defined by

B 0 ife#1
K(e)_{ [+ He=1

We shall construct the free C(G)-module over K, using the construction of Section 8.2.2.
Consider the functor F(K) : C(G)°®® — Set constructed in Proposition 8.6. Since
(1,9) € C(G) for all g € G, we have that

F(K)(e) = {(x (1,9)) | d(g) = e}.
We write elements of F(K)(e) as (g) rather than (x,(1,g)). Thus F(K)(e) is the L-class
of G at e. For each element (e, g) of C(G), the function

F(K)(e, g) : F(K)(e) — (K)(d(g)) s given by F(K)(e,g) : (h) — (h®g).

We let ZL = Z(K) denote the free C(G)-module over K. That is, ZL is the free abelian
group generated by the L-class

Le={g€G|d(g) = e},

and for each (e,g) € C(G), ZL(e,g) is the homomorphism induced by the function
F(K)(e,g). The C(G),-morphism

n: K —2ZL

is given by n(x) = 1, and is the empty function otherwise.
To construct some more free C(G)-modules, let n > 1, and let S,(e) denote the

n-staircase over G starting at the identity e. That is
Sn(e) = {(gna7gl) EGRXE | d(go) =e and r(gz) < d(gi+1)7 1= 17"'7n_ 1}

Clearly S, is a C(G),-set. We shall construct the free C'(G)-module over S,. Let S, =
F(Sy) : C(G)°® — Set denote the functor constructed in Proposition 8.6. Then

Sn(€) = {((gn,---,91),h) € Sa x G | d(h) = e, r(h) < d(g1)}-

It is clear that Sy(e) = Spti(e). We therefore write elements of S, as (gn,---,91,90)-
Let (e, h) € C(G). The function

Sn(e7h’) : Sn(e) — S’n(d(h)) is given by Sn(eag) : (gna v 790) — (gna -5, 90 ® h)

Let ZS, denote the free C(G)-module over S;,. The abelian group ZSy(e) is generated
by the set S,(e). For each (e,g) € C(G), the homomorphism ZS,(e, g) : ZSy(e) —
7.5,(d(g)), is induced by the function S, (e, k). The inclusion C(G),-morphism

Nn : Sp — LSy is given by 1y : (gny---,91) ¥ (9ny---,91,d(g1))-

We have therefore constructed free C'(G)-modules ZL and ZS,, for n > 1.
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2. We construct a chain complex. We shall define C(G)-morphisms between the
C(G)-modules constructed above, to obtain a chain complex.
Define
£: K — AZ by &(x) =1y,

and the empty function otherwise. Since ZL is free over K, the C(G),-morphism &
extends uniquely to a C(G)-morphism ¢ : ZL — AZ such that en = €. By Corollary
8.8.1, ¢ is defined on the generators of ZL(G) by

e(g) = ZL(g)(E(x)) = AZ(1,9)(11) = la(g).-
Now define a C(G),-morphism
do: Sy — ZL(G) by dy: (9) — (9) — (d(g)).
Since ZS; is free over Sp, there is a unique C'(G)-morphism dy from ZS; to ZL. By 8.8.1
dp is given by
do(g,h) = (g®h) — (d(g) ® h) = (9 ® h) — (h).
For each n > 1 define a C(G),-function
Oyt Byt —5 L8y

dn(gns1s--+,91) = (9na1,---,92,01)

n
+Z(_1)](Qn+1a e Gi+1 Q gjy--- 7glad(gl))
j=1

+(_1)n+l(gn’ v agl7d(gl))

Since ZS,,11 is free over S, 1, there is a unique C(G)-morphism d,, : ZS,11 — ZS,
making the diagram below commute.

ZSn41 —— LS,

TIn+1

n
By Corollary 8.8.1, d,, is defined on the generators of the free abelian group Z(Ner,(C))
by

dn(gTH'la v aglagO) = Z5n+1(d(g1),go)(8(gn+1, v agl))
n
= (gn+17 01 02y gO) + Z(_l)](gn-i-l) ey G541 ®gj7 s 791390)
=1
= (_1)n+1(gn, v 591790)'
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That is

n

dn(gn-l-la oo 790) = Z(—l)](gn-l-la s G541 ® Gjs- - ,90) + (_1)1’L+l(gn, v 790)'
Jj=0

We have therefore constructed the following diagram of C(G)-modules and C(G)-

morphisms

d1 do €

7.5, ZL

7.8 AZ 0

We shall prove that this is a chain complex. To see that edy = 0, let (g, h) be a generator
for Z&;. Then

edo(g,h) = e((g ® h) — (h)) = Lam) — La) = Oaqn)-
To see that dod; = 0, let (g, h, k) be a generator for ZS,. Then

dodi(g,h,k) = do((9,h ® k) — (9 @ h, k) — (h, k)
= (9@h®k)—(h@k) - ((9@hek)— (k) + ((h®K) - (k)
= Oaw-

We omit the proof that d,,+1d, = 0 in general.

3 We show that the sequence is a projective resolution The C(G)-modules ZL
and ZS,, are free by construction. Hence by Proposition 8.9, each C(G)-module in the

sequence

dy do €

7.8, ZL

7.5 AZ 0

is a projective object in Ab®"". To prove that the sequence is a projective resolution,
it remains to show that the sequence is exact. The sequence is a chain complex, so by
Proposition 7.8, to show that the sequence is exact, it is enough to construct a contracting
homotopy.

Define a C(G),-morphism

T:AZ—ZL by 7(n.) =n(e).

Clearly 7|AZ(e) are group homomorphisms. Now define a C(G),-morphism oq : ZL —
Z.S1 on the generators of ZL by

oo : (9) — (g,d(9)).

It is straightforward to show that o¢|ZL(e) is a group homomorphism for all e € G,,.
Let n > 1. Define a C(G),-morphism

On:Sn —>ZSp+1 by on:(gny---590) — (gn,---590,d(g0)).
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Since ZS, is freely generated by S,, &, extends to a unique C(G),-morphism oy, :
Z.Sn(G) — Z.8,+1(G), such that each 0,|ZSy(e) is a group homomorphism.

To show that o and 7 define a contracting homotopy, it is required to show that
er =1daz, Te+doog=1dzs, and dpo,+ op_1dn—1 =ldzs,.
The first condition is immediate. We show that 7¢ + dyog = Idzs,. Let (g) € ZSp. Then
(e + dooo)(g) = Te(g) + dioa(g) = T(La(g)) + do(g,d(g)) = (d(9)) + (9) — (d(g)) = (9)-

To show that d,oy + op—1dn—1 = Idia, s , let (gn,...,g0) be a generator for ZS,. Then

n—1
Un—ldn—l(gn, v 790) = U( Z(_ly(gn, s Gitl ® iy 790)
1=0
+(=1)"(A(gn); gn-15 - 90)
n—1 )
= Z(_l)z(gm e 9it1 @ Giy - - agOad(go))
1=0

+(=1)"(d(gn)> gn—1,- - -, 90,d(g0))

and
dn0n(gn;-++190) = dnlgns...+90,d(g0))

= (Qn,---7$1a90d(90))
n—1 '
+ D (=1 (Gns -+ 9141 ® Gis - - 90,d(g0))
i=0
+(=1)"* (d(gn), gn—1- - - » 90, d(90))

= (gna"')QO)
n—1 ‘
= (1) (gn; -+, 9i41 ® gis - - - , 90, d(g0))
1=0
—(—1)n(d(gn—17390ad(g0))

= (9nr-++190) — On-1dn(gn,- - -, 90).

Hence dpopn, + op—1dn—1 = Idz(Ner,(¢))-

Therefore ZS, is a projective resolution.

4 The corresponding cochain complex We apply the left-exact functor hom(—, .A)

to the projective resolution constructed above. Thus we obtain a cochain complex

1 2

0
hom(ZL(G), A) L hom(ZS;, A) . hom(ZS,, A) Lhom(ZSg, Ay —= + - -
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where d}(a) = ady,.

This complex has a simpler description, which we now give. Define
X%G,A) ={e:G, — A| e(e) € A, and if e < f, then g(e) = A(e, f)(e(f))}.

We will prove that X°(G, .A) in bijective correspondence with hom(ZL(G), A). Let
a: ZL(G) — Abe a C(G)-morphism. We shall construct an element of X°(G, .A). Now
ZL(QG) is the free C(G)-module over the C(G),-set K. So by Corollary 8.8.1, « defines
and is defined by a C(G),-morphism

a: K — A where afg) = A(1,g)(a(x)).

Define
&:G,— A by a:e— A(1,e)(a(x)).

This is clearly a C(G),-morphism. Furthermore, if e, f € G, and e < f, then
a(e) = AL e)(a(x)) = A((L, F)(f,e))(@(x)) = (f, e) (L, f)(a(x) = A(f, e)a(f).

So & € X°(G,.A). Conversely, let ¢ € X°(G,A). We shall construct an element of
hom(ZL(G), A). Define
g€ K—A by €(x)=c¢e(l).

Since ZL is free over K, there is a C(G)-morphism
e :ZL— A with &*(1) =€ (x) = £(1).
By Corollary 8.8.1, e*(g) = A(1, g)¢'(+); that is
e*(9) = Alr(g), 9) AL r(9))(e(1)) = A(r(g), 9)(e(x(g))).

We shall now show that (&)* = « and (?*\) = ¢, for all @ € hom(ZL(G), A) and ¢ €
X%(G, A). Let g € G. Then

(@)*(9) = Alr(g),

Now let e € G,. Then



Hence there is a bijection between X°(G,.A) and hom(ZL(G), A).
Now define

X*G,A) ={¢: 50 — A| d(gn,---,91) € Aag }»

that is X" (G, A) is the set of G,-morphisms from the set of n-staircases over G to A.

By Corollaries 8.8.1 and 8.8.2, there is a bijective correspondence between the group
hom(ZS,, A) and the set X"(G, A), in which a C(G)-morphisms « : ZS,, — A corre-
sponds to the C(G),-morphism @ : S,, — A given by

a(gn,---»91) = &(gn, ..., 91,d(g1))-
The C(G)-morphism « can be recaptured from @ and A as
a(gn, - -, 90) = A(d(g1), 90) (@(gn, - - -, 91))-
Now consider the homomorphism
d? : hom(ZL, A) — hom(ZS;, A) given by d°(a) = adp.

We shall construct a function 8° : X°(G, A) — X(G, A).

Let € : G, — A be an element of X°(G,.A). Recall that ¢ is determined by a C(G),-
morphism ¢’ : K — A where €(e) = A(1,e)(e(*)). Also recall that e corresponds to the
C(G)-morphism e* : ZL — A given by €*(g) = A(1, g)¢'(x). By Corollary 8.8.2, the
C(G)-morphism d(¢*) : ZS; — A determines, and is determined by, a C(G),-morphism

) : S — A where 7,8%¢€) = d(e*).

*

Now

P (e)g) = edolg,d(g))

We have therefore defined a function
3 : x%@G,A) — X1(G, A),
arising from d’.
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Now let n > 1. We shall construct a function 9" : X™(G, A) — X"*1(G, A), arising

from the homomorphism
d?} : hom(ZS,, A) — hom(ZS, 11, A).

Let @ : S, — A be a C(G),-morphism. Since ZS, is free over S,, there is a unique
C(G)-morphism o* : ZS, — A such that a = a*nj; that is

a(g'flv' vis 791) = Oé*(gn, ) aglad(gl))‘

Furthermore

a*(gna 48t 791390) = A(a(gn) W 8 791))u

by Corollary 8.8.1.
Consider the C(G)-morphism

d}(a*) = a*dy : ZSp41 — A.

Define
0"(a) : Spy1 — A by 0"(a) = &"dpnipy1.

The situation is illustrated below.

a*

ZSn—l—l dn
77n+1\/T / j /
n—l—l

Since ZSy+1 is free over S, d}}(a*) is the unique morphism extending 9" («). We have
therefore defined a C(G),-function

" : X"(G, A) — X"1(G, A)
corresponding to d?. Let (gn+1,...,91) € Sp+1. Then

0"(@)(gn+1,---,91) = & dulnt1(gn+1,---,91)
E (Gn+1s---591)

s ( n+17---592391)
n

+

(_1)j(gn+la ey G541 ® Ggjye- 7glad(gl))
—

J
+(=1)"*(gn, -, 91,d(91)))

= a*(gTH-h' v 792agl)

178



n

+ (—1)j04*(gn+1,---,9j+1®gj,-.-,91,d(91))
i=1

+( 1)n+1a*(gna"'aglad(gl))
= A(d(QQ)v gl)(a(gn-‘rla o 792))
+ (=1 (gntts- -5 95+1 @ Gjr-- -, 91)

=
=L e (G i)

+

We have therefore shown that the cochain complex
x0(@, 4) -2~ x1(G, 4) L x2(¢, 4) L~ x3(G, 4) 2>
is a simpler representation of the complex hom(ZS,, A).
5 The first cohomology group We now calculate the first cohomology groups arising

from the cochain complex X*(G, A). Let (g,h) € S and o € X'(G,.A). The function
o' : X1(G, A) — X?(G, A) is defined by

0'(a)(g,h) = A(d(g), h)(e(h)) — elg ® h) + ex(g).
Therefore « is an element of Ker(d!) if
a(g ® h) = A(d(g), h)(a(g)) + a(h).

In G-module notation, the 1-cocycles are therefore those functions o : G — A such that
a(g) S Ad(g) and
a(g ® h) = (a(9)[0c(y) - b + a(h).

Note that, if e € G, then
a(e) = ale®e) = (ale)|0e) - e + afe);

that is a(e) = 0.. To prove that l-cocycles are the derivations of the G-module A, it
remains to show that « is order-preserving. Let g,h € G with h < g. Then (g,d(h)) € So,
SO

a(g ® d(h)) = (a(9)|0aw)) - d(h) + a(d(R)).

Hence a(h) = (a(g)|04(n)). We have therefore shown that the 1-cocycles of our complex
are precisely the derivations of the G-module A.

We now calculate the 1-coboundaries of the complex. Let ¢ be an element of X°(G, A).
Then ¢ : G, — A is a C(G),-morphism such that e(e) = A(f,e)(e(f)) for all e, f € G,
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such that e < f. In the G-module corresponding to 4, this last condition becomes

e(e) = (e(f)|0¢); that is € is order-preserving. Now let g € G, then

8°(e)(9) = Alr(9), 9)(e(r(9)) — e(d(g)).

Thus in G-module notation, the 1-coboundaries are functions 8% : G — A such that

8°(g) = e(r(g)) - g — e(d(g)).

Where € : G, — A is an order-preserving function such that e(e) € A.. Hence the
1-coboundaries of the complex are precisely the principal derivations of the G-module A.

We have therefore shown that the group H?(G, A) = Ker(8')/Im(8°) is precisely the
quotient group of derivations modulo principal derivations. By Theorem 10.15, this group
is in one-to-one correspondence with the set of A-conjugacy classes of splittings of the

canonical split extension (i, G X A, ).

6 The second cohomology group We now calculate the second cohomology group
of the cochain complex X*(G, A).

To calculate the 2-cocycles, consider the function
& : X%(G,A) — X3(G, A).
Let a € X?(G, A), and (g, h, k) € S3. Then
0%(a)(g, h, k) = A(d(h), k)(a(g,h)) — al(g,h ® k) + a(g ® h, k) — a(h, k).
If « is a 2-cocycle (an element of Ker(9?)), then, in G-module notation,
(a(g, h)|0rx)) - k + a(g ® h, k) = a(h, k) + a(g,h ® k).

Hence the 2-cocycles are precisely the factor sets of the G-module A.
Let € € X!(G, A) and (g,h) € S3. Then

8'(e)(9,h) = A(d(g), h)(e(9)) — (g ® h) + &(h).
So in the G-module A, the 2-coboundaries are functions
0'e(g,h) = (€(9)|0c(n)) - b — e(g ® h) + &(h)

where € : G — A is such that e(g) € Aq(g). Hence the 2-coboundaries are precisely the
principal factor sets of A.
We have therefore proved that the second cohomology group H?(G, A) is the quotient

group of factor sets modulo principal factor sets. By Theorem 10.25, there is a bijection
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between this group and the set of all equivalence classes of extensions of A by G. Hence
result. [ |

Now suppose that G is an ordered groupoid (which may or may not possess a maximal
identity). In order to apply the previous result to this situation we adjoin a maximal
identity as follows. Let 1 ¢ G be a symbol, and let {1} be the singleton group consisting
only of the identity 1. Define

I =Guf{1},

the disjoint union of the groupoids G and {1}. The order on G is extended to an order
on G' by defining
e<1, forallec€G,.

Note that g® 1 =¢g=1® g, for all g € G.
Let A be a G-module. We define a G'-module A°. Let

AY = Au {0},

where 01 ¢ A is a symbol and {0} is a singleton group. Now A =| | ., Ae is a presheaf
of groups over G,. If we write A; = {0,}, then it is clear that A° = | |,cc1 Ae, is a

presheaf of groups over G}. We extend the order on A to an order on A° by defining
0, <0y, foralleeG,.

That is, 01 is a maximal identity in A°. The action of G on A is extended to an action
of G on A° as
0;-1=0;.

It is clear that A° is indeed a G'-module

Theorem 10.27 Let G be an ordered groupoid and A a G-module. The second cohomol-
ogy group H?(G, A%) is in bijective correspondence with the set of congruence classes of

extensions of A by G.

PROOF. Since G' has a maximal identity, we can apply Theorem 10.26, to obtain the
cohomology group H?(G!, AY). The 2-cocycles of the cochain complex constructed in
Theorem 10.26 are precisely the factor sets of A°. We shall prove that the factor sets of
AY are in bijective correspondence with the factor sets of A.

Let ¢ be a factor set for the G-module A. That is a function ¢ : S2(G) — A such
that ((g,h) € Agq(n) and

(€(g, M)0rk)) - &+ C(g ® h, k) = ((g,h ® k) + ((h, k),
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for all (g, h,k) € S3(G).
We shall extend ¢ to a factor set for the G'-module A°. Clearly the only 2-staircases
over G which involve 1 are (1,1) and (1, g), for any g € G. Define

¢'(g,h) = C(g,h) for all (g,h) € S2(G)
¢l: S (GY) — A% by ¢Y(1,h) =044y forallh €@
¢'(1,1) =04

It is straightforward to show that ¢! is a factor set for A°.

Conversely, every factor set for A? has the form of the factor set ¢! above. To see
why, let 1 be a factor set for the G'-module A°. Consider the 3-staircase (1,1,g). By
(FS4), we have

(n(1,1)[0rg)) g+ (I ®1,9) = n(1,1® g) +n(1,9),

that is 7(n(1,1)|0x)) - ¢ = n(1,9). But n(1,1) € A}, so n(1,1) = 01. Therefore n(1,g) =
Oq(g)- It is now clear that the factor sets for A are in bijective correspondence with the
factor sets for A°.

We now show that the principal factor sets of A are exactly the principal factor sets
of AY. Let Oe be a principal factor set for A. That is

9e(g,h) = (e(9)|0x(n)) - h +e(h) — e(g ® h),

for all (g,h) € S2(G), where ¢ : G — A is a function satisfying e(g) € A(y). We extend
Oe to a principal factor set for A° by defining

el(g) =¢(g), forallge G

e:Gt — A% by
el(1) = 0;.

Then d¢e! is a principal factor set for A°.

Conversely, if 96 is a principal factor set for A°. Then §(1) € A;, which is a singleton
group. Thus §(1) = 0;. Hence 95 has the same form as de! above. It is now clear that
the principal factor sets of A° are in bijective correspondence with the principal factor
sets of A.

By Theorem 10.25, the set of congruence classes of extensions of A by G is in bijective
correspondence with the quotient group of factor sets of A modulo principal factor sets.
But we have just seen that this group is the group of factor sets of A° modulo principal

factor sets of A°. By Theorem 10.26, this group is precisely the second cohomology group
BUGL, AY). [ |
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Chapter 11
Renault’s cohomology

In [25], Renault adapts the cohomology of groupoids to inverse semigroups. The resulting
cohomology theory differs from the approach taken by Lausch in several important ways.
In this section we describe Renault’s construction of extensions and factor sets for inverse

semigroups.

11.1 An alternative approach to factor sets

In this section we shall obtain an alternative characterisation of factor sets, which will be
useful when we examine Renault’s cohomology.

Let G be an ordered groupoid. Recall that Ners(G) is the set of composable pairs of
elements of G and define PNery(G) to be the set of pairs of elements (h,g) of G, where

h < g. The following result provides an alternative characterisation of factor sets.

Proposition 11.1 The group of factor sets of a G-module A is in bijective correspon-

dence with the set of pairs of functions
Co: Nerg(G) — A and (1 :PNery(G) — A
satisfying the following conditions:
(i) Co(g,h) € Ageny, for all (g,h) € Nera(G).
(ii) C1(h,g) € Ag(ny, for all h < g.
(ili) If (g, h, k) € Ner3(G), then Co(g,h) - k + Colgh, k) = Co(g, hk) + Co(h, k).

(iv) Ifk <h < g in G, then (C1(h, g)|0qk)) = C1(k,g9) — C1(k, h).
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(v) If 91,92, h1, ho € G with (ha,h1),(g2,91) € Nera(G) and hy < g2, h1 < g1, then

(Co(92,91)10a(ny)) — Co(has ha)
= (1(h2,92) - b1 + Ci(h1,91) — Ci(h2hi, g291) — Ci(r(h1),(g1)) - ha.
PROOF. Let ¢ : S2(G) — A be a factor set. Recall that ¢ satisfies the conditions
(FS1) ((g,h) € Agqy, for all (g, h) € S2(G).
Define functions
o: Nera(G) — A by (o:(g2,91) — ((92, 1),

and
¢1:PNerz(G) — A by (i1 (h,g) — ((g,d(h)) — ¢(d(h),d(h)).

We show that ((p, (1) satisfy the conditions (i)—(vi) above.
It is immediate that (i) and (ii) hold, since {(g,h) € Aq(n), for all (g,h) € So(G).
Let (g, h,k) € Ner3(G). Applying (FS2) to the 3-staircase (g, h, k) gives

(g, h) - k + Clgh, k) = ((g, hk) + C(h, k).

So (iii) holds.
To see that (iv) holds, let £k < h < g in G. Then

(¢€1(h, 9)|0a@ky) — C1(k, g) + C1(k, h)

= ((¢(g,d(h)) —¢(d(h),d(R)))|0ak)) — ¢(g,d(k))
+¢(d(k),d(k)) + C(h, d(k)) — ¢((d(k),d(k))
= (¢(g,d(h))|0a(ky) — (C(d(h), d(h))[0ak)) — ¢(g,d(k)) + C(h, d(k))
= ((d(h),d(k)) — (¢(d(h),d(h))|0a(r)) by Lemma 10.16(viii)
= ((d(h),d(k)) — ¢(d(h),d(k)) by Lemma 10.16(iv)

= Oa),

as required.
To see that (v) holds, consider the elements of G pictured below
92 91

r fr
-—

ho h1
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Consider

Ci(he, g2) - b1 + C1(h1, g1) — Ci(hoha, g291)
= (C(g2,d(h2)) — ¢(d(h2),d(h2))) - h1 + ((g1,d(h1))
—¢(d(h1),d(h1)) = C(g291,d(h1)) + ¢(d(h1),d(h1))
(

= ((g2,d(h2)) - h1 — ¢(d(h2),d(h2)) - h1 + ((g1,d(h1)) — ((g291,d(R1))

= ((g2,d(h2)) - h1 — {(r(h1), h1) + C(g1,d (1)) — C(g291,d(h1)) by Lemma 10.16(ii)
= ((g2,d(h2)) - h1 — {(r(h1), k1) + (¢(92,91)[0a(h,)) — {(g2,h1) by Lemma 10.16(ix)
= C(gz,d(h2))' = ¢(r(h1), h1) + (¢(92, 91)|0a(ny))

—((g2,r(h1)) - b1 — ((ha,h1) + ¢(r(h1),h1) by Lemma 10.16(x)
= (¢(92,91)10a(n,)) — C(h2,h1)
Hence (v) holds.

Conversely, let
Co: Nery(G) — A, (1 :PNery(G) — A

be functions satisfying the conditions (i)—(v) above. We shall construct a factor set.
Define

(:52(G) — A by ((g,h) = C((9r(h)),9) - h+ Co((g]r(h)), h).
It is clear that ((g,h) € Aq(n). We shall show that the condition (FS2):
holds for all (g, h, k) € S3(G). We write z = (g|r(h)), y = (h|r(k)) and z = (z|r(y)), as

illustrated below

i
t &
z y k
The right-hand side of (FS2) is equal to
C1(2,9) - yk + Co(z, yk) + iy, h) - K+ Co(y, k). (11.1)

The left-hand side of (FS2) is

((C1(z59) - b+ Colz, h)[0e(ry) - k + Ci(2y, zh) - K + Co(2y, k)
= (C1(%, 9)[0r(y)) - ¥& + (Co(2, B)Or(r)) - & — +C1(2y, zh) - k + Co(2y, k)
= (C1(2,9) — C1(2, 7)) - vk + (Co(z, B)|Op(ry) - b + C1(2y, zh) - k + Co(2y, k) by (iv)
= (Ci(zy, zh) + (Co(2, 1)|0r(x)) — C1(2, %) - y) - k + C1(2, 9) - yk + Co(zy, k)
= (Co(2,9) + C1(y,h)) -k + Ci(2,9) - yk + Co(2y, k) by (v)
= Co(z, yk) + Co(y, k) + C1(y, k) - k+ Ci(z, 9) - yk by (iii).
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Which is (11.1). Hence (FS2) holds, so ( is a factor set.

We have therefore shown that every factor set ( determines, and is determined by
a pair of functions ((p, (1) satisfying (i)—(v). We now prove that this correspondence is
bijective.

Let ¢ be a factor set, and ({p, (1) be the pair of functions constructed from ¢. Thus

Co(g,h) =C(g,h) and Ci(h < g) = ((g,d(h)) — ¢(d(h),d(h)).

Let ¢ be the factor set constructed from ((p,¢1). Then

Clg:h) = Gllglr(h)),9) - b+ Co((glr(R)), h)

= ((g,x(h)) - b = C(x(h),x(h)) - b+ (((g]r(h)), h)
= ((g,r(h)) - h = C(x(h), k) +¢((g]r(h)),h) by Lemma 10.16(ii)
= ((g,h) by Lemma 10.16(x).

Conversely, given a pair of functions ((p,(1). Let ¢ be the factor set constructed from
(¢o,¢1), and let (Cp,¢,) be the pair obtained from ¢. Then

Colg,h) =((g,h) = Ci(g,9) - b+ Colg, h).

But if we apply condition (iv) to g < g < g, we get

¢1(9,9) = C1(9,9) — C1(9,9) = Oagy)-
So Co(g,h) = Co(g, k). It remains to show that {; = ¢;. Now

= Ci(h,g) + Co(h,d(h)) — C1(d(h),d(h)) + Co(d(R),d(h))
= Ci(h, ) + Co(h,d(h)) + Co(d(h), d(h)).
But if we apply the condition (iii), to (h,d(h),d(k)), we obtain

Go(h, d(h)) = ¢(d(h),d(h)).
Hence C;(h < g) = C1(h < g), as required.

The above result means that we can think of a factor set ¢ as a pair of functions. A
‘groupoid’ function (y and an ‘order’ function ;. This is the approach we shall take for

the remainder of this chapter.
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We saw in Proposition 10.17, each extension of an abelian ordered groupoid A by an
ordered groupoid G, together with a transversal, determines a factor set of a G-module
A. We now examine the relationship with our new characterisation of factor sets.

Let (¢,U, o) be an extension of A by G, and let [ : G — U be a transversal for £. By
Proposition 10.17, there is a factor set ¢ defined by

K(g:h) =U(g@h) ™" ®i(g) @ U(h).
Consider the corresponding functions
Co: Nerg(G) — A and (;:PNery(G) — A
constructed in Proposition 11.1. Now
Co(g, h) = 1((g, h) = L(gh) ™ U(g)L(R)

for all (g,h) € Nery(G), and

Wilh,g) = u(C(g,d(R)) —((d(h),d(h)))
= l(g®d(h)™ ®i(g) ®Ud(h)) ® (I(d(h) ™" @ U(d(h)) ® L(d(h))) "
= () ®lg)
= 1(A) " (U9)0aen))-

Proposition 11.2 Let £ be an extension of an abelian ordered groupoid A by an ordered
groupoid, let | be a transversal for € and let ((o,(1) be the factor set defined by

1(olg, h)) = Lgh) "' U(g)l(h) and (Ci(h,g)) = U(R) ™" ((9)|0acn))-
Then,
(i) 1 is a functor if, and only if (o(g, k) = Oaqny, for all (g,h) € Nera(G).
(ii)  is order-preserving if, and only if (1(h, g) = Oagny, for all k< g in G.

ProoF. To prove (i), suppose that every (o(g,h) = Og(ny. Then, for all e € G,,

C(e,e) =0, = I(e)L(e)i(e) = I(e).

If 3gh in G, then i(g)l(h) = I(gh){o(g,h) = I(gh). Hence [ is a functor. Conversely, if
| is a functor, then I(g)i(h) = l(gh). But {(g)l(h) = I(gh)c(Co(g,h)). So ¢(Co(g,h)) =
I(gh)~"1(gh) = t(0q(n))-

It is immediate that (ii) holds. [ |
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Now let ({p,(1) be a factor set for a G-module A. Consider the extension of A by G

constructed in Proposition 10.20.
At 4xG -G

Recall that
GxA={(g,a) EGxA|a€ Ay}

If (g,a),(b,h) € G * A and Jgh, then
(9,a)(b, k) = (gh,C(g,h) +a-h+D).
The order on G * A is defined by
(b,h) < (a,9) < h<g and b= (a|0gp)) + C1(h,9)-

Factor sets form an abelian group under pointwise addition. The following result gives

the addition for our new characterisation of factor sets.
Lemma 11.3 Let (o, (1) and (no,m) be factor sets for a G-module A. Then

(€07<1) i (770)771) = (CO + nOaCI & 771)7

where the sums (o + 1o and (1 + M1 are defined pointwise.

PROOF. Let (,7n: S2(G) — A be defined by

¢(g,h) = CQ((glr(h)), 9) - b+ Col(glr(R), h))

and
n(g, k) = m((glr(h)),g) - b +no((glr(h), h)).

Then

€ +m)(g,h) = ((g,h)+nlg,h)
= G((glr(h)),g) - B+ Co((g[r(R), ) +m((glr(R)), g) - b+ no((glr(h), h))
(€1 ((glr(R)), 9) + m((glr(h)), 9)) - A+ Co((glr(h), k) + no((glr(h), )
((¢1 +m)((glr(R)), 9)) - b+ (Co + no)((glr(h), k).

Il

The result follows.
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We conclude this section by examining principal factor sets. Let 0e : So(G) — A be

a principal factor set for A. That is
Oe(g,h) = (e(g)Ir(h)) - h+e(h) —e(g @ h)

for some function € : G — A such that (g) € Aq(y). Let (Oeg, 9e1) be the corresponding

pair of functions given by Proposition 11.1. Then
Oeg : Nery(G) — A
is given by
eo(g, h) = 9e(g, h) = €(g) - h + e(h) — e(gh),
and the function de; : PNery(G) — A is given by
der(h < g) = 0Oe(g,d(h)) —a(d(h),d(h))

= (e(9)|0q(ny) +e(d(h)) — e(h) — e(d(h)) +e(d(h)) — e(d(h))
= (e(9)[0aeny) —e(h).

11.2 (G-sheaves

For an inverse semigroup S, Renault defines S-sheaves of abelian groups. The following

is our generalisation of Renault’s definition to ordered groupoids.

Definition Let G be an ordered groupoid. A G-sheaf of abelian groups is a pair of

functors

p:G,—> Ab and ¢:G° — Ab.

Were G, is regarded G, as a category in which there is a morphism f — e ife < f. We
write p(e) = Ae, and let 0, denote the identity in A.. These functors must satisfy the

following conditions:
e p is injective on identities.
e p(e) = p(e), for all e € G,.

e If g < hin G, then the diagram below commutes

#(9)
Ar(g) — Aa(g)

lﬂﬂﬁff)
Ar(n) g Ag(n)
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Where we use G-modules, Renault uses G-sheaves. The following result tells us that

we two approaches are equivalent.
Proposition 11.4 Fvery G-sheaf determines and is determined by a G-module.

PROOF. Let (p, ¢) be a G-sheaf. Now p is a presheaf of abelian groups, so
A= || 4
e€Go

is an abelian ordered groupoid, by Proposition 9.3. Where p%(a) = (al0y), for f < e in
G, and a € A.. Since p is injective on identities, the assignment e — 0, is a bijection

from G, to A,. Let e = f be an element of G and let a € Ar(g)- We write

To prove that A is a G-module we need to show that the conditions (GM1)-(GM5) of
Section 9.4 hold.

Since ¢ is a functor, the condition a - (gh) = (a - g) - h holds whenever 3gh. Also the
condition a - e holds for all ¢ € A,. Hence (GM1) and (GM3) hold.

For all g € G, ¢(g) is a homomorphism. Therefore ¢(g)(0r(y)) = Oq(g); that is Op(g)-9 =
Oq(g)- So (GM4) holds. Also

¢(9)(a +b) = ¢(g)(a) + ¢(9)(b)

for all a,b € Ay(g). That is (a +b)-g=a-g+b-g. So (GM2) holds.
Suppose that g < h and let a € Ay(). Then

that is (a|Oy(n)) - h = (a- g|04¢))- So (GMS5) holds.
Therefore every G-sheaf determines a G-module. Conversely, let A be a G-module.
Define p: G, — Ab by

ple) = A, and  p5(a) = (al0y),
for f < ein G,. Define ¢ : G» — A by ¢(e) = A, for all e € G,, and

¢(Q) : Ar(g) — Ad(g) by ¢(Q) (a) =a-g.

It is straightforward to show that (p, ¢) is a G-sheaf.
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11.3 Rigid extensions of ordered groupoids

Renault’s definition of extensions of inverse semigroups (and hence ordered groupoids)
differs from that of Section 10.1 in that he insists that every extension must have an
order-preserving transversal. We now define this formally.

Let A= —%> G be an extension of an abelian ordered groupoid A by an or-
dered groupoid G. The extension is said to be rigid if there is a transversal k : G — U

which is order-preserving.

Lemma 11.5 If £ = (1,U,0) and & = ((/,U’, ') are congruent extensions of an abelian

ordered groupoid A by an ordered groupoid G and & is rigid, then &' is rigid.

PROOF. Let p: & = &' be a congruence and let k : G — U be an order-preserving

transversal for £. The situation is pictured below.
U
/ \
k
A Z G
\ /
UI

O‘/k/(g) = a"uk;(g) = Uk;(g) =g for all gec G

Put k¥ = uk, then

and
K(e) = uk(e) = nlolu,) ™ (e) = (o']a,) " (e) foralle € Gy

So k' is a transversal for £'. It is clear that k' is order-preserving.

The following is now immediate.

Proposition 11.6 Congruence of rigid extensions is an equivalence relation. For each
abelian ordered groupoid A and ordered groupoid G, the set of congruence classes of rigid

extensions of A by G is a subset of the set of congruence classes of extensions of A by G.

11.4 Rigid factor sets

We have seen that factor sets correspond to extensions. In this section, we examine the

factor sets which correspond to rigid extensions.
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Definition Let G be an ordered groupoid. A rigid factor set for a G-module A is a
function
¢ : Nera(G) — A

satisfying the following conditions:

(RFS1) ¢(g,h) € Aq(ny, for all (g,h) € Nera(G).

(RFS2) If (g, h, k) € Ners(G), then ((g,h) - k + C(gh, k) = (g, hk) + C(h, k).

(RFS3) If (h1,h2),(g1,92) € Nerg(G) with hy < g1 and ha < g2. Then ((h1,hg) <
¢(91,92)-

We shall show that rigid extensions correspond to rigid factor sets, but first we show

that rigid factor sets are indeed factor sets.
Proposition 11.7 Let { : Nera(G) — A be a rigid factor set for a G-module A. Define
01 : PNery(G) — A by 01(9 < h) = Or(g).

Then ({,01) is a factor set. Conversely, if (Co,(1) s a factor set, and {3 = 01. Then (

18 a rigid factor set.

PRrOOF. To prove that (,0;) is a factor set, we show that it satisfies conditions (i)—(v)
of Proposition 11.1. By (RFS1) ¢(g,h) € Aqg(y), so (i) holds.

It is immediate that (ii) holds.

The condition (RFS2) is the same as condition (iii) of Proposition 11.1.

It is immediate that 01 satisfies (iv).

To see that (v) holds, let g1, g2, h1,he € G with 3hohy, 3g291, he < g2 and hy < g1.
Then

01(h2, g2) - k1 + 01(g1, h1) — 01(g291, h2h1) = Og(ny) - k1 + Oa(ny) — Oa(hy) = Oa(ny)

and
(C(h2,h1)|0p(gy)) — C(g2,91) = ((g2,91) — ((92,91) = Og(ny)-

Now let ((o,01) be a factor set. We show that (y is a rigid factor set. It is immediate
that (RFS1) and (RFS2) hold. Let g1,92,h1,ho € G, with 3gog1,3hshi,h1 < g1 and

he < g2. The condition (v) of Proposition 11.1 becomes

Od(hy) * P1 + Oa(ay) — Oany) = (Co(92,91)[0a(n,)) — C(h2, h1),

that is
(Co(hg, h1)|0r(g2) = CO(QQagl)‘
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Hence (RFS3) holds. [ |

From now on we shall identify each rigid factor set ( with its corresponding factor set
(¢,01). Let RZ%(G, A) denote the set of rigid factor sets of a G-module A. It is straight-
forward to show that, under pointwise addition, RZ%(G, A) is a subgroup of Z2(G, A).

Proposition 11.8 Let £ : AU —Z» G be a rigid extension of ordered groupoids
and let k : G — U be an order-preserving transversal for £. The factor set constructed
from &€ and k according to Proposition 10.17 is a rigid factor set.

Conversely, let ¢ be a rigid factor set for a G-module A. The extension of A by G

constructed from C according to Proposition 10.20 is a rigid extension.

PROOF. Let ((p, (1) be the factor set for £ and k constructed in Proposition 10.17. Then
¢1 = 07 by Lemma 10.18 (ii), and so the factor set is rigid by Proposition 11.1.

Now suppose that ( is a rigid factor set. The extension constructed from ( using
Proposition 10.20 is Au» Gx A= G . Where

G+ A={(g,a) € G x Ald(a)=0q(y},
with product
(9,a) + (h,b) = (gh,C(g,h) +a-h +b)

and order (a,g) < (b,h) if g < h and a = (b[0y(y)) + 01(g,h) = (b]0y(y)), that is a < b.
The ordered functor = is the canonical projection map. Define £k : G — A *x G by
k(g) = (9,0q4(y)), then k is clearly order-preserving and mk = Idg. Hence the extension is
rigid.

|

We have therefore shown that each rigid factor set determines, and is determined by
an extension together with an order-preserving transversal. We now consider the effect
of changing the choice of transversal.

Let £ be a rigid extension of an abelian ordered groupoid A by an ordered groupoid
G. Let k and k' be order-preserving transversals for £. Denote the corresponding rigid

factor sets by ¢ and ¢’ respectively. Define
e:G— A by wel(g)=k(g) 'K (g),

so ¢ is order-preserving and €(g) € Aq(g). We saw in Section 10.3 that the factor sets
(¢,071) and (¢’,0;) differ by the principal factor set (9eg, Oe1) where

Oeo(g,h) = €(g) - h +e(h) —e(gh)
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and
Oe1(h < g) = e(gld(h)) — e(h) = Oq(n)-
By Proposition 11.1, O¢ is a rigid factor set. Generally, we define a rigid principal factor

set to be a function
Oe : Nery(G) — A given by 0e(g,h) =€(g) - h +e(h) — e(gh),

where € : G — A is order-preserving and e(g) € Aq(g).
We have therefore shown that the effect of changing the choice of order-preserving
transversal has the effect of modifying the corresponding rigid factor set by a rigid prin-

cipal factor set. Hence we arrive at the following result.

Theorem 11.9 The set of congruence classes of rigid extensions of an abelian ordered
groupoid A by an ordered groupoid G is in bijective correspondence with the quotient group

of rigid factor sets modulo rigid principal factor sets.

11.5 The cochain complex

We conclude this section by looking at the cochain complex Renault uses for his cohomol-
ogy. In Proposition 7.14 we saw that any simplicial set gives rise to a cochain complex.
So for any ordered groupoid G and G-module A, we can use the simplicial set Ner(QG)
to obtain a cochain complex, the n-cochains of which are G,-functions from Ner,(G) to
A. This cochain will give the cohomology of the groupoid G with the order playing no
part in the construction. To compensate for this Renault demands that each n-cochain

¢ : Ner,,(G) — A has the following order preserving property:

DG Gn—1ys s :101) S PR Bin—15 05, ) i eoch g £ Ay

Let C™(G, A) denote the group of such n-cochains under pointwise addition. Renault’s

complex is
00(a, A) —L> cl(a, 4) 2> c2(a, 4) L- 3G, 4) — - - - (11.2)
where
8°¢(g) = ¢(d(9)) — é(x(9)) - g
and
n—1
an(¢)(gna £ agl) = d)(gn’ B 792) g1 I Z ¢(gna <o Git18Giy - - - 791)
i=1

S Gt (- P T §
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The n'® cohomology group of the complex is Ker(9")/Im(8"1).
Let ¢ € C(G,A). Thus ¢ : G — A is an order-preserving function such that
€ € Ag(g)- Then
d'e(g,h) = €(g) - h — e(gh) + e(h).
So the 2-coboundaries of the complex (11.2) are precisely the rigid coboundaries of the
G-module A.

To see that the 2-cocycles of the complex are the rigid factor sets of A consider the

function 62 given by

azd)(ga h, k) = ¢(ga h) v hp = d)(ga hk) .3 ¢(gh’ k) - ¢(h7 k)

A function ¢ : Nerg(G) — A is an element of Ker(§?) if it satisfies the following condi-

tions:
(i) If 3gh in G, then ((g,h) € Aq(y)-
(i) If (g, h, k) € GNers(G), then ((g,h) - k + C(gh, k) = ((g, hk) + ¢(h, k).
(iii) If (ho, h1), (92,91) € GNera(G) with hy < g1 and hy < g2 then ((ha, h1) < (92, 91)-

Thus the 2-cocycles of the complex (11.2) are precisely the rigid factor sets of the G-
module A.

Combining the above argument with Theorem 11.9 yields the following.

Theorem 11.10 The set congruence classes of rigid extensions of an abelian ordered
groupoid A by an ordered groupoid G is in bijective correspondence with the second coho-

mology group of the cochain complex (11.2).
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