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Summary of Thesis

We introduce notions of homotopy and cohomology for ordered groupoids. We show
that abstract homotopy theory can be used to define a suitable notion of homotopy
equivalence for ordered groupoids (and hence inverse semigroups). As an application of
our theory we prove a theorem which is the exact counterpart of the well-known result in
topology which states that every continuous function can be factorised into a homotopy
equivalence followed by a fibration. We show that this factorisation is isomorphic to
the one constructed by Steinberg in his ‘Fibration Theorem’, originally proved using a
generalisation of Tilson’s derived category. We show that the cohomology of an ordered
groupoid can be defined as the cohomology of a suitable small category, in doing so we
generalise the cohomology of inverse semigroups due to Lausch. We define extensions
of ordered groupoids and show that these provide an interpretation of low-dimensional

cohomology groups.
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Introduction

The aim of this thesis it to apply methods from algebraic topology to inverse semi-
groups.

An important feature of our theory is that it lives not in the category of inverse
semigroups, but in the category of ordered groupoids. A formal definition of an ordered
groupoid is given in Chapter 3, but roughly it is a groupoid in the sense of category theory
equipped with an order on the set of morphisms. It is well-known that the category of
inverse semigroups is isomorphic to a subcategory of the category of ordered groupoids
(the construction is given in Section 3.2). The existence of an isomorphism may suggest
that we should work in the category of inverse semigroups rather than ordered groupoids,
since the former are better known and easier to handle than the latter. However, in [15],
Lawson argues persuasively that many constructions involving inverse semigroups can
best be carried out by working in the larger category of ordered groupoids. Thus this
thesis is an application of the ‘ordered groupoid approach’ to inverse semigroups.

In Part I of this thesis we give the necessary background material from inverse semi-
group theory and category theory. In Chapter 1 we quote the necessary definitions and
results concerning inverse semigroups. Chapter 2 is devoted to background material on
category theory. In Chapter 3, we examine the category of ordered groupoids and give
details of the relationship between inverse semigroups and ordered groupoids.

In Part II of this thesis we set up the framework needed to define the homotopy
theory of ordered groupoids. To show that our theory has some teeth we are easily able
to reprove Steinberg’s Fibration Theorem [28] using only ideas from homotopy theory.

Two observations served as motivation for this part of the thesis:

e Steinberg’s Fibration Theorem, which states that every ordered functor between or-
dered groupoids factorises into an enlargement followed by an ordered star surjective
functor. This is strongly reminiscent of the result in topology which states that ev-
ery continuous function can be factorised into a homotopy equivalence followed by
a fibration (see Theorem 2.8.9 of [27]).

e Philip Higgins pioneered the idea of using groupoids in topology, and of interpreting
groupoid-theoretic ideas in topological terms. An account of his work can be found
in his book [7]. In particular, in Chapter 6, he introduces the idea of homotopy
equivalence for groupoids, although this is nothing other than natural equivalence.

Higgins approach was developed by Brown [4].

Putting these observations together, we show that Steinberg’s Fibration Theorem is a

consequence of the fact that the category of ordered groupoids can be endowed with a



cocylinder in such a way that we can do homotopy.

In Chapter 4, we describe the relevant homotopy theory in its original topological
setting. In Chapter 5, we outline the necessary homotopy theory of categories; we describe
how to define a cylinder and a cocylinder on a category, and examine the cubical conditions
a category must satisfy so that a sensible notion of homotopy exists. In Chapter 6, we
develop the homotopy theory of ordered groupoids; we examine the notions of homotopy
equivalence and fibrations of ordered groupoid, as an application we deduce Steinberg’s
Fibration Theorem.

The cohomology of inverse semigroups was introduced by Lausch [11], who used it
to classify extensions of inverse semigroups. In [19], Loganathan showed that the coho-
mology of an inverse semigroup can be derived as the cohomology of a suitable small
category. Independently, Renault [25] generalised the cohomology of groupoids to in-
verse semigroups, in doing so he obtained a cohomology different to that of Lausch and
Loganathan.

In Part III of this thesis we develop a cohomology of ordered groupoids which gener-
alises that of Lausch and Loganathan. Following Loganathan’s approach, we show that
we can define the cohomology of an ordered groupoid G to be the the cohomology of a
small category C(G). We introduce extensions of ordered groupoids and show that these
may be used to characterise first and second cohomology groups. Finally, we generalise
Renault’s cohomology of inverse semigroups to ordered groupoids. We also generalise
Renaults extensions of inverse semigroups and show that these are special types of the
extensions already constructed. In this way we show that Renault’s second cohomology
groups are subgroups of those of Lausch.

Part IIT is divided into five chapters. In Chapter 7, we outline the cohomology of
abelian categories that we will use. In Chapter 8 we show how to calculate the coho-
mology of small categories. In Chapter 9 we show that the cohomology of an ordered
groupoid G can be defined as the cohomology of the small category C(G). In Chap-
ter 10, we define extensions of ordered groupoids. We define derivations and factor sets
for ordered groupoids and show that these classify extensions, we then show that low
dimensional cohomology groups can be interpreted in terms of extensions. In Chapter
11 we examine Renault’s cohomology in an ordered groupoid setting, we show that his
extensions are special extentions having an order-preserving transversal, in this way we
show that Renault’s second cohomology groups are subgroups of the cohomology groups

obtained by Lausch.
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Chapter 1

Inverse semigroup theory

We begin by giving some basic definitions and results from inverse semigroup theory. Our
principal sources are books by Howie [8], Lawson [15] and Petrich [23] to which we refer

the reader for further details.

1.1 Inverse semigroups

A set S with a binary operation which we denote by concatenation is a semigroup if the
operation is associative; that is if (zy)z = z(yz), for all z,y,z € S. An element e € S
is called an idempotent if e - e = e. We denote the set of idempotents by E(S). If a
semigroup S contains an element 1 such that 1z = 2 = z1 for all x € S, then S is called
a monoid. A monoid S is a group if for all z € S, there is an element z=' € S such that

ly =1 =2z2"L

z

A subset T of a semigroup S is said to be closed under multiplication if a,b € T implies
that ab € T. A non-empty subset 7" of a semigroup 7" that is closed under multiplication
is called a subsemigroup of S. If S is a monoid, then 7" is a submonoid of S if it contains
the identity element of S. A subsemigroup of S which is a group with respect to the
multiplication inherited from S is called a subgroup of S.

A function 6 : § — T, where S and T are semigroups, is called a semigroup ho-
momorphism if 0(zy) = 6(z)0(y), for all z,y € S. If S and T are monoids, then 6 is a
monoid homomorphism if it satisfies the additional condition #(1) = 1. A homomorphism
is called an isomorphism if the function 0 is bijective. In this case, we say that S and T
are isomorphic.

Wagner [29] first defined inverse semigroups (under the label of ‘generalised groups’)

as follows:

Definition A semigroup S is an inverse semigroup, if



(IS1) S is regular, this means to each s € S there is an element ¢ € S, called an inverse,

satisfying s = sts and t = tst.
(IS2) The idempotents of S commute.

Shortly afterwards, Liber [18] showed that Wagner’s definition is equivalent to the
requirement of uniqueness of inverses. We refer the reader to Lawson [15] for proof of

this result.

Theorem 1.1 Let S be a reqular semigroup, then the idempotents of S commute if, and

only if, every element of S has a unique inverse.

A subset of an inverse semigroup S is called an inverse subsemigroup of S if it is an
inverse semigroup with respect to the multiplication inherited from S.
The relationship between groups and inverse semigroups is given by the following

standard result.

Proposition 1.2 Groups are precisely the inverse semigroups with exactly one idempo-

tent.

Let S be an inverse semigroup. If S has an identity which we wish to distinguish,
then we say that S is an inverse monoid. If it has an element 0 such that sO = 0 = 0Os, for
all s € S, then we say that S is a semigroup with zero. Every (inverse) semigroup may
be converted into an (inverse) monoid or an (inverse) semigroup with zero by adjoining
an identity or a zero, as follows. Define S* = S U {1} and extend the product to S by
defining 1s = s = s1, for all s € S, and 11 = 1. Then S! is a monoid. Similarly, we may
form a semigroup with zero S® = S U {0}, with extended product given by 0s = 0 = s0,
and 00 = 0.

We now list a few properties of inverses in semigroups, for proofs see Proposition 1.4.1
of [15].

Proposition 1.3 Let S be an inverse semigroup.
(i) For any s € S, both s™'s and ss™! are idempotents.
(i) (s7)"t=s, forallseS.

(iii) For any s € S and e € E(S), s~ les is an idempotent.

10



(iv) Ife € E(S), then e~! =e.

(v) (s1...8n) L =s;t...87%, for all s1,...,5, € S.

Proposition 1.4 shows that homomorphisms between inverse semigroups are simply
semigroup homomorphisms — we do not require any extra conditions. Proving these

results is straightforward, but details can be found in [15].

Proposition 1.4 Let S and T be inverse semigroups, and 8 : S — T a semigroup

homomorphism. Then

(i) 0(s7Y) =0(s)7L, for all s € S.

(ii) Ife € E(S), then 0(e) € E(T).
(iii) If s € S and 0(s) is an idempotent, then there exists e € E(S) such that 6(e) = 0(s).
(iv) Im(0) is an inverse subsemigroup of T.

(v) IfU is an inverse subsemigroup of T, then 0=1(U) is an inverse subsemigroup of S.

We conclude this section by describing an example of an inverse semigroup.

Let G be a group and J a non-empty set. Define
B(G,J) = (J x G x J)U{0}.
Define a partial product on B(J, G) as follows:
(,9,9)(k, h,1) = (i, gh,1)

if 7 = k and all other product are equal to 0. It is easy to show that B(G,J) is an inverse
semigroup. Note that

E(B(G,J)) ={(i,1,2) | i € J} U {0},

where 1 is the idempotent in G. The semigroups B(G, J) are called Brandt semigroups.
When J has cardinality n, we write B(G,n) instead of B(G,J), and when the group is
trivial, we write B, = B({1},n).

11



1.2 The natural partial order

In this section we show that every inverse semigroup has an order structure. We begin
by defining posets.

Let X be a set and < a binary relation on X satisfying the following conditions:
1. The operation is reflexive; that is a < a, for all @ € X.

2. The operation is anti-symmetric; that is a < b and b < a implies a = b, for all
a,be X.

3. The operation is transitive; that is @ < b and b < ¢ implies a < ¢, for all a,b,c € X.

Then X is called a partially ordered set or poset, and < is called a partial order on X. A
partial order with the extra property that a < bor b < a for all @ and b in X is called a
total order on X. A poset is said to be totally unordered if the partial order is equality.

Any subset of a poset will be regarded as a poset with the induced order. If X is a
partially ordered set and S is a subset of X such that, for allz € X and s € S, z < s
implies that € S. Then we say that S is an order ideal of X.

Let X be a poset and z,y € X. If z € X with z < z and z < y, then z is said to be a
lower bound of x and y. If the greatest lower bound of two elements exists, we denote it
by z A y and call this element the meet of z and y. Similarly if z < z and y < 2, then z
is an upper bound of z and y. We denote the least upper bound of z and y by z V y (if it
exists) and call it the join of z and y. A meet semilattice is a poset in which every pair
of elements has a meet. A join semilattice is a poset in which every pair of elements has
a join. A poset which is both a meet semilattice and a join semilattice is called a lattice.

Let X and Y be partially ordered sets. A function f : X — Y is order-preserving
if a < b implies f(a) < f(b), for all a,b € X. A bijection of X onto Y is an order
isomorphism if both f and f~! are order-preserving.

We can define a partial order on every inverse semigroup S. Let s,t € S. Define
st << s=te

for some idempotent e. The following result is proved in [15], Proposition 1.4.7 and

Proposition 1.4.8.
Proposition 1.5 Let S be an inverse semigroup.
(i) The relation < is a partial order on S.
(ii) For alle, f € E(S), e < f if, and only if, e = ef = fe.

(iii) If s <t and u < v, then su < tv.

12



(iv) If s <t, then s~'s < t7t and ss~t < ¢t~ L.
(v) E(S) is an order ideal of S.

(vi) E(S) is a meet semilattice.

The order defined above is called the natural partial order on S. The next result gives
some different characterisations of the natural partial order. In particular the side on

which the idempotent is written is irrelevant. Proof is given in [15] Lemma 1.4.6.

Lemma 1.6 Let S be an inverse semigroup. The following are equivalent
(i) s <t.

(ii) s = ft, for some f € E(S).

(iii) s~ €4t

(iv) e=a8s""%

(v) s=ts"1s.

13



Chapter 2
Category Theory

In this section we outline the category theory that will be used throughout. Most of the
theory that we require is given here, for further information we refer the reader to Mac

Lane’s book [21].

2.1 Categories

A ‘category’ comprises of ‘objects’ and ‘morphisms’ between objects. Morphisms can be
composed and composition is associative. Furthermore, every object possesses an identity

morphism. The following formal definition is taken from [22].
Definition Let C be a class of objects A, B,C,... together with two functions, as
follows:

(i) A function which assigns to each pair of objects (A, B) of C a set homc(A4, B). An
element f of homg(A, B) is called a morphism of C, with domain A and range B,

we write f : A — B.
(i1) A function assigning to each triple of objects (A, B, C) of objects of C a function
homc (B, C) x homc (A, B) — homc (4, C).

For morphisms f : A — B and g : B — C, this function is written as (g, f) —

go f, and the morphism go f : A — C is called the composite of f and g.
C is called a category if the following axioms hold:

Associativity: If f € homc(A4,B), g € homc(B,C) and h € homc(C, D) are mor-
phisms in C, then
ho(gof)=(hog)of.

14



Identity: For every object A of C there is a morphism Id4 : A — A called the identity

morphism such that

foldy

Il
~

for any object B and f € homg(A4, B)
Idpog = g for any object C and g € homc(C, A).

If there is no risk of confusion, we write hom(A, B) rather that homc(A4, B). We also
denote composition by concatenation.

A category is small if the class of its objects is a set. This is a subtle distinction
and we refer the reader to [21] for explanation. We shall mainly be concerned with small
categories.

Examples

1. A category is discrete when every morphism is an identity. A discrete category
is determined by the set of its objects, alternatively, given a set one can form a
discrete category by attaching an identity morphism to each element. Thus, discrete
categories are sets. All sets together with all functions form a category, denoted
Set.

2. All (inverse) semigroups together with all homomorphisms of such form a category.

3. A monoid is a category with one object. All monoids together with all monoid

homomorphisms form a category.

4. A group is a category with one object, in which every morphism has a (two-sided)
inverse under composition. All groups together with all homomorphisms form a

category, denoted Grp.
Let C and D be categories, we say that D is a subcategory of C if
(SC1) Each object of D is an object of C.
(SC2) For all objects A and B in D, homp (A4, B) C homc(A4, B).
(SC3) Composition of morphisms in D is the same as that for C.
(SC4) For each object A of D, the identity in homp (A, A) is the identity in homc(A4, A).

Given any category C, there is a category C°P, called the opposite category obtained

by reversing all the morphisms of C, thus C°P is defined by:

e CO°P has the same objects as C.

15



e For each morphism f : A — B of C, there is a corresponding morphism fP :
B — A of C°P.

e The composite fPg°? = (gf)°P is defined in C°P exactly when the composite gf is
defined in C.

If a concept, definition or result involves purely categorical conditions and methods, then
there is a dual concept obtained by reversing all morphisms, with valid dual results. For
a formal statement of the duality principle see Section I1.2 of MacLane [21].

Since the objects of a category correspond exactly to its identity morphisms, it is
possible to dispense with the objects and deal only with the morphisms. The category C
is then thought of as a set equipped with a partial binary operation. From this ‘arrows-

only’ viewpoint a category is defined as follows:

Definition Let C be a set equipped with a partial binary operation, denoted by con-
catenation. If z,y € C and the product zy is defined we write dzy. An element e € C is
called an identity if Jex implies ex = x and Jze implies ze = z. C is a category if the

following axioms hold:

(C1) z(yz) exists if, and only if, (zy)z exists, in which case they are equal.
(C2) z(yz) exists if, and only if, zy and yz exist.

(C3) For each z € C there exist identities e and f such that Jze and Ifz.

From axiom (C3), it follows that the identities e and f are uniquely determined by z.
We write e = d(z) and call it the domain identity, and f = r(z), the range identity. Note
that Jzy if, and only if, d(z) = r(y). The set of identities of C is denoted C,, observe
that C, is a discrete subcategory of C.

We do not use either definition of a category exclusively, instead at any time we will
use whichever definition seems to suit our purpose best. The first definition is most ap-
propriate when we are dealing with structures and the morphisms between them, whereas
the arrows-only approach is best when we wish to regard categories as algebraic structures
in their own right, generalising monoids.

We now define a few special types of objects and morphisms in categories. A morphism

m: A — B in C is monic if given any two morphisms f,g: C — A as shown below

C___A-T+B
g

then mf = mg implies f = ¢g. In the category Set monics are precisely the injective

functions. A morphisme: A — B in C is epi if given any two morphisms f,g: B — D

16



as shown below

£
A—>B_ D
g

then fe = ge implies f = g. In the category Set epis are precisely surjections. If
g: A— B and h: B — A are morphisms in a category C such that hg = Id4, then
h is called a split epimorphism and g is called a split monomorphism. Morphisms f with
the property that f2 = f are called idempotents.

An object T in C is a weak terminal object if for every object A in C there is at least
one morphism A — T, if this morphism is unique, then T is said to be terminal. An
object S is a weak initial object in C if for every object A, there is a morphism S — A,
if this morphism is unique then S is initial. A zero object in C is an object which is both
initial and terminal. If C has a zero object, then for any objects A and B in C there
are unique morphisms f : A — Z and g : Z — B, the composite gf is called the zero
morphism from A to B, and is written Og or 0. Any composite with a zero morphism is

itself a zero morphism.
0
7 __—»
A 7 Z—>B
If the category C has a zero object then a kernel of a morphism f : B — C'is a morphism

k : A — B such that fk = 0 and every morphism h : A’ — B with fh = 0 factors

uniquely through k, as shown in the commutative diagram below

Dually, a cokernel of f is a morphism ¢ : B — D which is universal with respect to
having if = 0. It is easy to see that every kernel is monic and every cokernel is epi.
2.2 Functors

Let C and C’ be categories. A functor T : C — C’ is a pair of functions:
e An object function which assigns to each object A of C an object 7 (A) of C'.

e A mapping function which assigns to each morphism f : A — B of C, a morphism
T(f): T(A) — T(B) of C'.

17



These functions must satisfy

T(Ida) = Idy(a for each identity morphism Id4 in C,
T(gf)=T()T(f) whenever the composite gf is defined in C.

It is easy to show that from the arrows-only viewpoint, functors are defined as follows: a

function 7 : C — D between categories is a functor if
T(d(z)) =d(T(z)) and  T(r(z)) =r(7(z))

for all z € C, and T (zy) = T (2)T (y) for all z,y € C for which 3 zy.

All (small) categories together all functors between them form a category, denoted
Cat.

A functor 7 : C — C' is an isomorphism of categories if both the object and mapping
functions are bijective. Equivalently, a functor is an isomorphism if, and only if, it has a
two sided inverse. A functor 7 : C — C' is said to be full if to every pair A, B of objects
in C and every morphism g : 7(A4) — T (B) of C/, there is a morphism f: A — B in
C such that g = T(f). Clearly the composite of two full functors if full. A subcategory
D of a category C is a full subcategory if the inclusion of D into C is a full functor, in
which case, for all objects A and B of D, we have homp (4, B) = homc (A4, B). A functor
T : C — C'is faithful (or an embedding) if for every pair A, B of objects in C and
to every pair fi, fo : A — B of parallel morphisms in C, we have that 7(f1) = T (f2)
implies f1 = fy. Clearly, composites of faithful functors are faithful. We say that a
functor 7 : D — C is dense if, for every object A in C, there is a morphism g in D
with range A whose domain is an object in 7 (D). A subcategory D of a category C is
called a dense subcategory if the inclusion functor + : C — D is dense.

Let A be an object in the category C, the set of all morphisms f of C which have A
as domain is called the star of C at A, denoted Stc(A). If T: C — D is a functor, then
T induces a function T4 from Stc(A) to Stp (7 (A)). We say that T is star injective, star
surjective, star bijective according as T4 is injective, surjective, bijective, for all objects
A of C.

Important examples of functors that we shall use later are ‘hom-functors’. Let C be
a category with small hom-sets, thus every hom-set of C is an object in Set. For each

object A of C there is a functor, called a covariant hom-functor
homg(4,—) : C — Set

which sends each object B to the set hom(A, B) and each morphism k : B — B’ to the

function

hom(A, k) : hom(4, B) — hom(A, B') defined by hom(4,k) : f — kf.
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For each object B of C, the contravariant hom-functor is a functor
homg(—, B) : C°® — Set

which sends each object A to the set hom(A, B) and each morphism g: A" — A of C to

the function

hom(g, B) : hom(A, B) — hom(A4’, B) defined by hom(g, B) : f — fg.

2.3 Natural transformations

Let 8,7 : C — C' be two functors. A natural transformation 7 : S — T is a function
assigning to each object A of C a morphism 74 : S(A) — T (A4) in C’ such that for any

morphism f : A — B in C we have T(f)74 = 78S(f) as in the commutative diagram

below.
A S(4) 2~ T(4)
f S(f)l T(f)
B S(B) —>T(B)

We also say that 74 : S(A) — T (A) is natural in A.

Let B and C be categories. We describe the category whose objects are functors from
B to C and whose morphisms are natural transformations.

Let S,7,R : B— C be functors and let 7: S — 7 and ¢ : T — R be natural
transformations. We define a composite o7 with component morphisms (cgo7)4 = 0474

To see that o o7 is natural, let f : A — B be a morphism in B and consider the diagram

s(4) —_, s(B)
o -
o] T — 2 1B e
» -
R(4) —— R(B)

Since 7 and o are natural, both the smaller squares commute, therefore the whole diagram

commutes. We call o o 7 the wvertical composite of o and .

-

Ir
lo

_

B

C
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Since the composition of morphisms in C is associative, this composition of natural trans-
formations is associative. Also, for any identity functor Z : B — B, there is a natural
transformation 17 : Z — Z with components (17)4 = Id4. Hence the set of functors
from B to C, together with the natural transformations between them form a category,
called their functor category, it is denoted CB.

We now look at a different way of composing natural transformations. Suppose we
have three categories B, C and D, with functors §,S’, 7, 7' and natural transformations

7 and 7', as shown below.

S s’
B + C__ & D
T T

If A is an object of B, the square below commutes since 7’ is natural.

Ts(4)

S'S(A) T'S(A)
&' (14) T'(14)
S'T(A) - T'T(A)
TT(A)

The horizontal composite 7' -7 of 7 and 7' is then defined as this diagonal, that is
(7" T)a =T (74)75a) = T7(4)S (T4).

The proof that 7" - 7 is indeed natural is well-known (see MacLane [21]), as is the verifi-

cation of the following law
v o= (T 7)o (- 8) = (' T)o (S 7).

This law is in fact a special case of the Godement interchange law, relating horizontal and
vertical composition of natural transformations, which states that given three categories

and four natural transformations

Ir !
B o C e D

we have that

(ot - (coT)=(c"-0)0 (7' T).

2.4 Products and pullbacks

Suppose that B and C are categories, the product category of B and C, denoted B x C,

is constructed as follows:
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e The objects of B x C are ordered pairs (B, C), where B is an object of B and C'is
an object of C.

e A morphism in B x C is a pair (f,g), where f is a morphism in B and ¢ is a

morphism in C.
If (f,g) and (f',¢') are morphisms in B x C such that
(f,9):(B,C) — (B,C") and  (f',g):(B,C") — (B",C")
then the composite (f', ¢')(f, g) is defined in terms of the composites within B and C as
(1,90, 9) = (f'1.9'9).

It is straightforward to show that B x C is a category.
There are two special functors P and Q on B x C, called the projections of the product

P:BxC—B Q:BxC—C
such that for any object (B,C) of B x C
P:(B,C)— B and Q:(B,C)—C
and for any morphism (f,g) in B x C

P:(f,g)—f and  Q:(f,g)—g.

Definition Given a pair of morphisms f: A — B and g: C — B in a category C, a

commutative square

D h C
k g
A - B

is called a weak pullback of (f,g) if given any other commutative square

h/

D’ C
K 9
A 7 B

involving (f, g), there is a morphism ® : D’ — D such that h® = A’ and k® = k'
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If the morphism @ is unique with this property, then the weak pullback is a pullback.
If in a category C, any pair (f,g) of morphisms with common range has a (weak)
pullback, then we say that C has (weak) pullbacks.

Lemma 2.1 Pullbacks preserve split epimorphisms. Thus if g is a split epimorphism in

the pullback square below, then so is k.

D L o
k g
A——F—B

PROOF. Since ¢ is a split epimorphism there is a morphism v : B — C with gy = Idp.

Consider the square
vf

A C
Id 4 g
A 7 B

which commutes since gyf = f. Hence there is a unique morphism x : A — D such
that kk = Id 4.

2.5 Adjoints

Let C and D be categories and let S : C — D and 7 : D — C be functors. An

adjunction of S to T is a family of bijections
a = oy, : homp(S(A), B) = homc(A4, T (B))

of the sets of morphisms, defined for all objects A of C and B of D, which is natural in
A and B. Given such an adjunction, the functor S is called a left adjoint of T, and T is
a right adjoint of S.
This definition requires some explanation. Recall that for each object A of C, homg(A, —)
and homp (S(A), —) are covariant hom-functors. Also, for each object B of D, homc(—, 7(B))

and homp (—, B) are contravariant hom-functors. Naturality of & means that

a : homp(S(A),—) — homc (4, —)
and a : homp(—,B) — homg(—, 7 (B))
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are natural transformations, for all objects A of C and B of D. Thus for all morphisms

g: B' — B of D the diagram:

B homp (S(A), B) — =~ homg(4, T(B))
g homp (S(A),9) homc (4,7 (9))
B homp (S(A), B') ——4——homc (4, T(B"))

Gy B

must commute, and for all morphisms f : A — A the diagram below must commute.

A homp (S(A4), B) e home (4, T(B))
f homp (S(f),B) homg(f,7(B))
Al homp (S(A"), B) ————= homg(4', T(B))

The most frequently cited example of an adjoint pair is the forgetful functor which
takes a group to its underlying set, this has as right adjoint the functor which assigns to

any set the free group on that set.
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Chapter 3

Ordered groupoids

3.1 The category OG

In this section we shall examine the category of ordered groupoids. Ordered groupoids
are important because they provide a categorical framework in which to study inverse
semigroups. We shall therefore be treating each ordered groupoid as an algebraic structure

and so the arrows-only definition is most appropriate.

Definition A category G is said to be a groupoid if for each x € G there is an element
z~! € G such that 27!z = d(z) and zz~! = r(z).

A groupoid with one identity is a group. If G is a groupoid, and e an identity in G,
then G(e) = {z € G | d(z) = r(z) = e} is a group, called the vertez group at e.

A morphism between two groupoids is simply a functor. The category of groupoids is
denoted Grpd.

Definition Let (G,-) be a groupoid, and let < be a partial order defined on G. Then
(G,-, <) is an ordered groupoid if the following axioms hold:

(0G1) z < y implies z7! <y~ !, for all 2,y € G.

(OG2) For all z,y,u,v € G, if x <y, v < v, Izu and Fyv, then zu < yv.

(OG3) Let z € G and let e be an identity such that e < d(z). Then there exists a unique

element (z|e), called the restriction of = to e, such that (z|e) < z and d(zle) =e.

(OG4) Let z € G and let e be an identity such that e < r(z). Then there exists a
unique element (e|z), called the corestriction of z to e, such that (e|z) < z and

r(e|z) =e.
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An ordered groupoid is said to be inductive if the partially ordered set of its identities

forms a meet semilattice.

Proposition 3.1 provides some standard properties of ordered groupoids, for proofs see
Lawson’s book [15].

Proposition 3.1 Let (G,+,<) be an ordered groupoid.

(i) If z < y, then d(z) < d(y) and r(z) < r(y).

(ii) If z,y € G, with x < y, d(z) =d(y) and r(z) =r(y), then z = y.
(iii) Aziom (OG4) is a consequence of azioms (OG1) and (OG3).

(iv) The set of identities G, is an order ideal of G.

(v) If z,y € G and e € G, such that 3zy and e < d(y), then (zyle) = (z|r(yle))(yle).

Let (G,+,<) and (H, -, <) be ordered groupoids, with  : G — H a functor. Then @ is
said to be an ordered functor if for all g1, go € G with g1 < g2 we have that 6(g1) < 0(g2).
An ordered functor between two inductive groupoids is said to be inductive if it preserves
the meet operation on the set of identities. It is easy to show that ordered groupoids to-
gether with ordered functors form a category, which is denoted OG. Inductive groupoids
and ordered functors between them constitute a subcategory of OG, as does the category
of inductive groupoids and inductive functors. If an ordered functor 6 : G — H is just
subset inclusion, then we say that G is an ordered subgroupoid of H. An isomorphism
of ordered groupoids is a bijective ordered functor whose inverse is an ordered functor.
Ordered functors can also be star injective, star surjective and star bijective.

We now provide some simple examples of ordered groupoids and ordered functors.

Examples

1. Every groupoid can be viewed as an ordered groupoid whose partial order is de-
fined as the equality relation. An ordered functor between such groupoids is just a

groupoid functor.

2. Given a partially ordered set X, we can form a discrete ordered groupoid Xp by
defining a partial multiplication Jzy if and only if z = y, in which case zz = z. An

ordered functor between such ordered groupoids corresponds to an order preserving
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function between posets. Conversely, if G is an ordered groupoid, then G can be
viewed as a partially ordered set by forgetting the multiplication, and we write Gp

for the discrete ordered groupoid obtained from G viewed as a partially ordered set.

3. If G is an ordered groupoid with one identity then G is just a group (G is totally
unordered since by Proposition 3.1(ii) the order restricted to hom-sets is trivial).

An ordered functor between two such ordered groupoids is a group homomorphism.

The following useful result is proved in [15], Proposition 4.1.2.

Proposition 3.2 Let 8: G — H be an ordered functor between ordered groupoids.
(i) If (z|e) is defined in G, then (6(z)|0(e)) is defined in H and 0(z|e) = (6(z)|0(e)).

(i) If (e|z) is defined in G, then (6(e)|0(x)) is defined in H and §(e|z) = (0(e)|0(x)).

Let 6 : G — H be an injective ordered functor such that

a<gp = 0(g)<(g),

for all g1,g2 € G. Then @ is called an ordered embedding.

Definition Let G be an ordered subgroupoid of the ordered groupoid H. We say that

H is an enlargement of G if the following axioms hold.

(GE1) @G, is an order ideal of H,.

(GE2) If z € H and d(z),r(z) € G, then z € G.

(GE3) If e € H,, then there exists z € H such that r(z) = e and d(z) € G.

Enlargements were introduced by Lawson [13].

Note that the condition (GE2) is equivalent to the requirement that G is a full sub-
groupoid of H. The condition (GE3) is equivalent to saying that G is a dense subgroupoid
of H.

Observe that if H is an enlargement of G and ¢ € G, h € H with h < g, then
d(h) < d(g) and r(h) < r(g), by Proposition 3.1(i). So, by (GE1), d(h),r(h) € G,, but
then h € G, by (GE2). Hence G is an order ideal of H.

Let G be an ordered groupoid and let A be an ordered subgroupoid of G. Then A is

called a normal ordered subgroupoid of G if the following conditions hold:
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(i) G, = A, and d(a) =r(a) for all a € A.
(ii) gag=t € Afor all g € G and a € A with d(g) = d(a).

We describe the quotient groupoid G//A, following Higgins approach [7].

The elements of G/A are the equivalence classes of the equivalence relation given by
u~v<=u=avb forsome a,b€ A

We denote the equivalence class containing u by [u]. For each a in A, [a] is the group
containing ¢ and we can choose a unique identity representative for [a]. Clearly if u ~ v,
then d(u) = d(v), so write d[u] = [d(u)], and similarly r[u] = [r(u)]. If u,v € G with
d(u) = r(v), then the product [u][v] is defined an equal to [uv]. See [7] for proof that this
is well defined and associative. Now G/A is a groupoid with [u]~! = [u~!]. Comparison
with Section 3 of Lawson’s paper [12] reveals that G /A is precisely G/p, where p is an
identity-separating ordered congruence. By Theorem 11 of [12], u ~ v if, and only if,
uv~! exists and is in A. Also proved in [12] is the fact that G/A is an ordered groupoid
under the Joubert order defined as follows: [u] < [v] if, and only if, for each v" € [v] there
exists v’ € [u] such that v’ < v'.

An example of an ordered normal subgroupoid is the ‘kernel’ of an ordered functor.

If 0 : G — H is an ordered functor, and e is an identity of H. Then the fibre of 0 at e is

67 () ={g€G |b(g) =¢}

which is easily seen to be an ordered subgroupoid of G. The kernel of 6 is the disjoint
union of the fibres 6~ !(e) taken over all e € H, and so is an ordered subgroupoid of G.
We denote the kernel of § by Ker (). It is straightforward to show that Ker(6) is normal.

Proposition 3.3 The category OG, of ordered groupoids and ordered functors has all
products of pairs of ordered groupoids and all pullbacks.

PRrROOF. Let G and H be ordered groupoids. On the set G x H define
d(g,h) = (d(g),d(h)) and r(g,h) = (r(g),r(h))
and define a partial product by
(9,h)(g', 1) = (99, )

if d(g,h) = r(g’,h'). One then has that (g,h)~ = (g%, h7'). It is easy to check that

G x H is an ordered groupoid. Define a partial order on G x H as
(9:h) < (¢,h) <= g<g andh<hH.
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It is straightforward to show that G x H is an ordered groupoid. The projection functors
m:GxH-—G and m:GxH—H

are ordered functors. It is routine to verify that G x H with the above definitions is the
product of G by H.

Let G, H and K be ordered groupoids, and let § : G — H and ¢ : K — H be
ordered functors.

Define a subset of G x K by

GR K = GyRy K = {(9,k) € G x K | 0(g) = ¢(k)}

Then it is easy to check that GX K is an ordered subgroupoid of G x K. The only
non-trivial verification being the condition (OG3): if (¢9,k) € GR K and (e, f) € G,K K,
with (e, f) < d(g,k) then, by Proposition 3.2

0(gle) = (0(g)l0(e)) = (¢(K)|p(f)) = p(kIf)

and so ((gle), (k|f)) € GR K. It is routine to check that the restrictions of the projection
functors m; : GR K — G and my : GR K — K are such that

GeRy K2 > K
SRR
F—a+H

commutes. It is straightforward to check that this is a pullback.

3.2 Inductive groupoids and inverse semigroups

We shall now describe the correspondence between inverse semigroups and inductive
groupoids.

Let S be an inverse semigroup. We define a partial product - on S. Let s,t € S. The
restricted product s -t exists only when s~'s = t£~!, in which case it is equal to st. For
s € S, we write

d(s) =s"'s and r(s)=ss"l.

See Proposition 3.1.4 of [15] for proof of the following.

Proposition 3.4 FEvery inverse semigroup S is a groupoid with respect to its restricted

product, we call it the associated groupoid of S. O
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Recall that for an inverse semigroup S, the natural partial order is defined as
s<t<= s=te, forsome e€ E(S5).

The importance of the restricted product and the natural partial order to the structure of
an inverse semigroup leads to a generalisation of semigroup homomorphisms. A function
6 : S — T between inverse semigroups is said to be a prehomomorphism if 6(st) <
0(s)0(t) for all s, € S. The following result implies that every prehomomorphism between
inverse semigroups induces a functor between their associated groupoids, see Theorem
3.1.5 of [15] for proof this result.

Theorem 3.5 Let 6 : S — T be a function between inverse semigroups. Then 0 is
a prehomomorphism if, and only if, it preserves the restricted product and the natural

partial order; the composite of two prehomomorphisms is a prehomomorphism. |

Inverse semigroups together with prehomomorphims form a category.
The following result shows how the usual product can be reconstructed from the

restricted product and the natural partial order (proof in [15], Theorem 3.1.2).

Theorem 3.6 Let S be an inverse semigroup.

(i) Let s € S and e € E(S) such that e < s~'s. Then a = se is the unique element of

S such that a < s and a " la =e.

(ii) Let s € S and e € E(S) such that e < ss™t. Then a = es is the unique element of

S such that a < s and aa™! = e.

(iii) Let s,t € S, then st = s’ -t' where s' = se, t' = et and e = s~ Lstt™ .

Proposition 3.4, Lemma 1.6, Proposition 1.5 and Theorem 3.6 can be combined to

give the following result.

Proposition 3.7 Let S be an inverse semigroup, then the groupoid associated with S is

an inductive groupoid with respect to the natural partial order.

The inductive groupoid associated with an inverse semigroup S is denoted by G(.5).
As an example, consider the Brandt inverse semigroup By = B({1},2), this has ele-
ments

€= (]-a 1)7 U= (1a2)a u = (23 ]-)’ f= (2’ 2) and 0.
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The ordered groupoid G(Bs) is the groupoid with two non-identity mutually inverse mor-
phisms v and ©~!, and three identities e, f, 0 where d(u) = e and r(u) = f. The order is
given by 0 < e, 0 < f and equality otherwise. Put I = G(By) \ {0}, I is illustrated below

Ceéfi)

This groupoid will play a crucial réle in the theory developed in Chapter 6.
Now let G be an ordered groupoid, and let g,h € G be such that e = d(g) A r(h)

exists. Put
g®h = (gle)(elh)

and call g ® h the pseudoproduct of g and h. It is immediate from the definition that the
pseudoproduct is everywhere defined in an inductive groupoid. See Proposition 4.1.7 of

[15] for proof of the following result.

Proposition 3.8 Let (G,-, <) be an inductive groupoid.
(i) (G,®) is an inverse semigroup, which we will denote by S(QG).
(i) G(8(G)) =G.

(iii) For any inverse semigroup S we have that S(G(S)) = S.

The following crucial result is proved by showing that S and G give rise to bijective

functors, see [15] for details.

Theorem 3.9 (Ehresmann—Schein—-Nambooripad) The category of inverse semi-
groups and prehomomorphisms is isomorphic to the category of inductive groupoids and
ordered functors; and the category of inverse semigroups and homomorphisms is isomor-

phic to the category of inductive groupoids and inductive functors.
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Part 11

The homotopy theory of inverse

semigroups
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Chapter 4

Classical homotopy theory

In this chapter we will outline some homotopy theory in its original topological setting.
All the definitions and results in this section are standard, our main references are the
books by Brown [3] and Spanier [27].

4.1 Some basic topology

Algebraic topology is largely concerned with finding structures to model the geometric

properties of spaces.

Definition Let X be a non-empty set. A topology on X is a collection of subsets of X,

called open sets, such that
(OS1) @ and X are open sets.
(OS2) The arbitrary union of open sets is open.
(OS3) The intersection of finitely many open sets is open.
The set X together with the collection of its open sets is called a topological space. The
elements of X are called the points of the space.
Given a set X, there are two obvious ways of defining a topology on X:
e Only the sets () and X are open.
e Every subset of X is defined to be open, this is the discrete topology.
The wusual topology on the real line R is given by unions of the open sets
(6;0) ={zeR |a<z< b}
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If A is a subset of a topological space X, then a topology is induced on A by defining
the open sets in A to be all the sets A N U, where U is an open set in X. This is the
subspace topology on A and we say that A is a subspace of X. Let I denote the closed
unit interval [0, 1], we shall see later that the space I given the induced subspace topology
plays a pivotal réle in homotopy theory.

If X and Y are topological spaces, a function f : X — Y is called a continuous
map if, for every open subset V of Y, the set f~*(V) = {z € X | f(z) € V} is open in
X. Topological spaces together with the continuous maps between them form a category,
denoted Top.

Given a point z in a topological space X, we call a subset N of X a neighbourhood of
z if there is an open set U C N such that z € U.

Let X and Y be topological spaces, a function f : X — Y is called a homeomorphism
if it is bijective and, for all z € X, N is a neighbourhood of z if, and only if, f(N) is a
neighbourhood of f(z).

Let p: X — X be a continuous map. An open subset U of X is said to be evenly
covered by p if p~(U) is the disjoint union of open subsets of X each of which is mapped
homeomorphically onto U by p. We call p a covering projection if each point z € X has
an open neighbourhood evenly covered by p, in which case X is called the covering space
and X the base space of the covering projection.

Suppose that X is a topological space and S is a subset of X. A cover of S is a set
of subsets A = {U; | j € J} of X such that S C (J;c;U;. If the indexing set J is finite
then A is said to be a finite cover. If each U; is an open subset of X then A is an open
cover. If X is a topological space and A is a cover of a subset S of X, then a subcover of
A is a subset B of A such that B covers S. A subset S of a topological space X is said to
be compact if every open cover of S has a finite subcover.

A standard result is that the unit interval I C R is compact. Proofs are given (for
example) in [3, 10].

Let X and Y be topological spaces and let Y denote the set of continuous maps
from X to Y. If A and B are subsets of X and Y respectively, then write

(A:B)={feY™ | f(4) C B}
and
S={(K:U) | K is a compact subset of X and U is an open subset of Y'}.
We define a topology on Y with open sets
{VvcyX|iffeV, then3 F,F,...,F, €Ssuch that fe FNFKN---NF, CV}
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this is called the compact-open topology on Y~ first introduced by Fox [6].
The problem is to find ways of classifying topological spaces and continuous maps up
to some sort of ‘topological equivalence’. An important ingredient in this is obtained by

considering ‘paths’.

Definition Let X be a topological space, a path w in X of length r is a continuous map
w:[0,7r] — X.

The origin of the path is the point w(0) and the end of the path is the point w(r).

One can use paths to make precise the intuitive idea of what it means for a space to
be connected. A topological space X is path connected if for any x and y in X, there is
a path in X with origin z and end y.

Let w:[0,7] — X and o’ : [0,7'] — X be two paths, the path sum '+ w is defined

if and only if w(r) = w/(0) in which case

w(t if 0

<
(W+w):[0,r"+7r] — X  with (W +w):tr—
Jt—r) ifrg

A point z in X determines a unique constant path of length r with value z, which we
denote 7. If r = 0 this path is called the zero path at z. If w: [0,7] — X is a path,
then w + 0,y = w and 0,y + w = w, so that the zero paths provide a set of left and
right identities for the sum operation on paths.

If w, ' and w" are paths in X of length r, " and 7" respectively. Then v’ + (o' 4 w)

is defined if and only if (w"” + ') + w is defined, and both paths are given by

w(t) ifo<t<r,
t—q W(t—r) ifr<t<r+r,
W= (r+r))  Hr+r<t<rHr "

Hence, for any topological space X, there is a category of paths, denoted Px.

It is usual to consider only paths of length 1. Since, given a path w : [0,7] — X,
there is a path ' of unit length, with '(t) = w(rt), t € [0,1]. Such a path is called
normalised. Given two normalised paths, w and «' if their sum ' + w is defined then
it has length 2, however, we can define their normalised sum to be the normalised path
W' @ w with

— N

(w'@w):tt—%{

w(2t) if 0 <
w(2t—1) ifig

VAR

Clearly any interesting space will contain very many paths. It is therefore desirable

to be able to classify paths.
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Definition Let w and w’ be (normalised) paths in a space X, with w(0) = w'(0) = z

and w(l) = W'(1) = y. A fized-end-point homotopy from ' to w is a continuous map
p:IxI—X

such that
#(s,0) = '(s) #(s,1) = w(s) for sel,

gl.f) == o(1,t) =y for tel.

We can think of ¢ as a ‘deformation’ of w' into w, see Figure 1.

0.1) 1,1) .
¢ = X le
(0,0) (1,0) !

Figure 1

The concept of fixed-end-point homotopy arises out of the construction of the funda-
mental groupoid. One can show that fixed-end-point homotopy is an equivalence relation,
the resulting equivalence classes are called roads. The fundamental groupoid of a space
X has objects the points of X, and morphisms its roads, see Section 6.2 of Brown [3] for

details.

4.2 Cylinders and cofibrations

So far we have looked at homotopies of paths, but more generally, one can also consider

homotopies of maps.

Definition Let X and Y be topological spaces. A continuous map ¢: X x [0,q] — Y

is called a homotopy of length q. Given such a map, there are maps

f: X —Y with  f: 2+ ¢(z,0)
and ¢g: X —Y with  g:z+—— ¢(z,q)
called the initial and final maps of ¢, respectively.

We say that ¢ is a homotopy from f to g, and write ¢ : f ~ g.

Again, we think of a homotopy as ‘deforming’ one map into another: If we define

¢t X — Y by ¢i(z) = ¢(z,t), then the homotopy ¢ gives a one-parameter family of
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continuous maps deforming f into g. One thinks of ¢; as describing the deformation at
time ¢.

As before, it is sufficient to consider only homotopies of length 1, because it can be
shown that there is a continuous surjection A : I — [0, ¢], and if we let 6 = ¢(Idx x \)
then 0 is a homotopy of unit length with the same initial and final maps.

Note that fixed-end-point homotopies of paths are more restricted since the end points
of the paths are fixed during the homotopy.

If f: X — Y and g:Y — X are maps such that fg ~ Idy, then we say that g is
a right homotopy inverse of f, and that f is a left homotopy inverse of g. If g is both a
left and right homotopy inverse of f, then g is called a homotopy inverse of f, and f is

called a homotopy equivalence, we then write f: X ~ Y.

Proposition 4.1 The homotopy relation ~ is an equivalence relation.

PROOF. To show that it is reflexive, let f : X — Y be a continuous map and define
p: X xI—Y by ¢: (z,t) — f(x)

the constant homotopy on f. Clearly ¢: f ~ f.
To show that ~ is symmetric, let ¢ be a homotopy from f to g, then define

Pp: X XTI —Y by P (z,t) — $(z,1 —1t)

it is then easy to check that ¢ : g ~ f.
To show that ~ is transitive, suppose f,g,h : X — Y are continuous maps, and
¢, : X x I — Y are homotopies with ¢ : f ~ g and ¢ : g >~ h. Then define

2 gt
P: X xI—Y by O (z,t) —> ¢(z,2¢) & 2
P(z,2t—1) figigl

which is continuous, since ¢(z,1) = 9(z,0), and is a homotopy @ : f ~ h.

Given a space X, we can think of X x I as a ‘cylinder’ with top face (X, 1) and base
(X,0). We can then define maps eg( and e}, which map X onto the base and top of X x I

respectively, as follows:

er i X — Xxl with €% : z+— (z,0)

and e : X = XxI with ey : x+— (z,1).
There is also a collapsing map from X x I to X

ox: XxI—X with ox : (z,t). — z.
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Figure 2

The situation is illustrated in Figure 2.

Given a continuous map f: X — Y we can define a continuous map
fxIT: XXI—YxI by fxI:(z,t)— (f(z),1).
It is straightforward to show that there is a functor
() xI:Top — Top

which assigns to a space X the space X x I and to a map f the map f xI. Now ifz € X,
then e) f(z) = (f(z),0) and (f x I)é%(z) = (f x I)(z,0) = (f(z),0), so the diagram

below commutes.
0

X X X xI

f fxI

Y Y x1I
Sy

Thus the maps eg\, give rise to a natural transformation
e :1d — () x I
Similarly, there are natural transformations
el:Id— ()xI and o:()xI—Id.

We shall use the notation
I=(()x1Iéelo)

and call T a cylinder on Top. We can use the concept of a cylinder to redefine the notion

of homotopy.
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Definition If f,g: X — Y are continuous maps of topological spaces, then f is ho-
motopic to g, written f ~ g, if there is a continuous map ¢ : X x I — Y with ¢eg{ =f

and ¢e§{ = g. We call ¢ a homotopy between f and g.

Given a continuous map f : X — Y, the constant homotopy on f is given by
fox: f~f.

We shall use the cylinder construction to describe some properties of subspaces. Let
A be a subspace of a topological space X, and let i : A — X, with i(z) = z, be the
inclusion map. We consider whether such a map has left, right or two-sided inverses.

A subspace A of X is called a retract of X if the inclusion map ¢ has a left inverse in
the category Top; that is a map r : X — A, such that i = Id4. Such a map is called a
retraction of X to A.

A subspace A of X is called a weak retract of X if the inclusion map ¢ has a left
homotopy inverse; that is a map r : X — A, such that i ~ Id4. Such a map is called a
weak retraction of X to A.

Note that an inclusion map ¢ :— X never has a right inverse, except in the trivial
case A = X. However, a subspace A of a space X is called a weak deformation retract of X
if the inclusion map 7 is a homotopy equivalence. A subspace A is called a a deformation
retract of X if there is a retraction r of X to A such that Idx ~ ir.

Clearly, a weak retract need not be a retract, however these concepts do coincide
when A is a suitable subspace of X. This occurs frequently enough to demand special
consideration. In order to examine this situation we shall consider the conditions which

A must satisfy in order that a homotopy on A can be extended to a homotopy on X.

Definition If A is a subspace of X, we say that (X, A) has the homotopy extension
property with respect to a space Y if for all maps f : X — Y, any homotopy of the
restriction f|4 of f to A extends to a homotopy of f.

Let u= fla: A— Y, thus u = fi. A homotopy of v isamap ¢: Ax I — Y such

that u = (]5631. If A has the homotopy extension property with respect to Y, then there
is a map ® : X x I — Y which is a homotopy of f, that is f = ®e%, and ®|axs = ¢.
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Hence for given f and ¢ there exists ® making the diagram below commute.

Ax1T

P N
\//

Of particular importance is the case when (X, A) has the homotopy extension property
with respect to any space, if this happens then we say that the inclusion mapi: A — X

is a cofibration.

Proposition 4.2 If (X, A) has the homotopy extension property with respect to any
space, then A is a weak retract of X if, and only if, A is a retract of X.

PROOF. Let i: A — X be the inclusion map and r : X — A be a weak retraction.
Then ri ~ Id4. Let ¢ : A x I — A be a homotopy from ri to Id4; then ¢e% = ri.
Because (X, A) has the homotopy extension property with respect to A, there is a map
®: X x I — A such that ®(i x I) = ¢ and ®e% = r. If we define v’ : X — A by

r’ = ®el., we have ir =Id4. So 7' is a retraction of X to A, and ® : 7y ~ /.
|

While it is true that the concept of a cofibration arises out of the examination of
inclusion maps, it is not the case that only inclusions can be cofibrations. The definition
can be generalised as follows: A continuous map g : X' — X is a cofibration if the

commutative square below is a weak pushout.

e,

X! X'x T
9 gxI
X X x1I

4.3 Cocylinders and fibrations

In the previous section, we dealt with situations in which homotopies can be extended.
In this section we consider whether homotopies can be ‘lifted’ along a map. Generally,

ifp: E — Band f: X — B are continuous maps. The [lifting problem for f is to



determine whether there is a map g : X — Y such that f = gp. That is, whether the

dotted arrow in the diagram below

E
£
2

X—f>B

corresponds to a continuous map making the diagram commute. If such a map exists
then we call g a lifting of f to E. If the map g is unique with this property, then p is said
to have the unique lifting property.

Applying the lifting problem to homotopies, we obtain an analogue of the homotopy
extension property called the ‘homotopy lifting property’ defined as follows.

Definition A map p: F — B issaid to have the homotopy lifting property with respect
to a space X if, given maps f: X — F and ¢ : X x I — B such that ¢e9\, = pf, there
is a map ® : X x I — E such that ®e% = f and p® = ¢. The situation is pictured

below
X L B
A
e(}).r <I> P
X xI p B

The map p is a called fibration if it has the homotopy lifting property with respect to
every space. For each b € B, p~1(b) is called the fibre over b.

We have seen that paths play an important réle in algebraic topology. There is a

useful class of maps which have the property that they ‘lift’ paths.

Definition Let p: E — B be a continuous map, then p has the path lifting property
if for any path w in B and point a in F with w(0) = p(a), there is a path @ in F with
origin a such that pw = w. Furthermore, p is said to have the unique path lifting property

if given paths w and ' in E such that pw = pw’ and w(0) = '(0), then w = W',

The next result shows that the path lifting property is a special case of the homotopy
lifting property.

Proposition 4.3 If a continuous map is a fibration, then it has the path lifting property.
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PROOF. Suppose that p: E — B is a fibration and that w : I — B is a path in B such
that w(0) € p(E). Let P denote a one-point space, and let ¢ : I — P x I be the inclusion
map. Then w can be regarded as a homotopy w* : P x I — B, where w = w*i. A point
a of E such that p(a) = w(0) corresponds to a map f : P — E with pf(P) = w*(P,0).
It then follows from the fact that p has the homotopy lifting property with respect to
P, that there is a map @ : P x I — E such that e%® = f and p& = w*. Therefore
@t : I — E is a path in E with @¢(0) = @(P,0) = a and pw. = w*t = w. Hence p lifts w

to we.
[ |

The following result establishes the unique lifting property of covering projections, see

Theorem 2.2.2 of Spanier [27] for proof.

Proposition 4.4 Let p : X — Xbea covering projection and let f,g 1 Y — X be
continuous maps such that pf = pg. Thus f and g are both liftings of the same map. If

Y is connected and f agrees with g on some point of Y, then f = g.
O

It follows from the above result that a covering projection has unique path lifting. Propo-
sition 4.4 is also used to prove the following result, see Theorem 2.2.3 of Spanier [27] for
details.

Theorem 4.5 FEwvery covering projection s a fibration.
[ |

From the above results, a covering projection is a fibration with unique path lifting. In
Theorem I1.4.10 of [27] it is shown that if the base space satisfies some ‘mild hypotheses,’
then any fibration with unique path lifting is a covering projection.

We have been examining the paths within a space, we shall now consider spaces which
themselves consist of paths. Let X be a space, then X! denotes the space consisting of
paths in X equipped with the compact-open topology. We can construct maps 69\, and

6}‘{ assigning to a path w in X its origin and end points respectively

e : X — X with €% :wr— w(0)

ex XTI — X with ehiw—rw(l).
For any map f: X — Y, we can define a map on path spaces
Faxt ¥ with  Fre—s fu
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We thus obtain a functor ( )! : Top — Top. Given such a continuous map f, and an
element w of X7, then e3 f/(w) = fe%(w) = f(w(0)), and so if €° is the function which
assigns to each space X the map €%, then €° is a natural transformation €° : ( )/ — Id.

1

Similarly there is a natural transformation ! : ( )/ — Id. There is also a continuous

map which takes a point in a space to the constant path at that point,
sX:X—>XI with Sx x> 1.

If s is the function taking a space X to the map sx then it is easy to show that s is a
natural transformation s : Idtep — (). We write P = (( )7,€%¢!,s) and call P the
cocylinder on Top.

We shall use the cocylinder to reformulate the definition of the path lifting property
in terms of path spaces. Let p : E — B be a map with the path lifting property. Then
for any w € B! with £} (w) € p(E), there exists @ € E such that pe%(©) = e%(w) and
w = p! (@), that is pe% (@) = % p! (@). If P is a one-point space, then a map ¢ : P — BY
picks out an element w of B!, and a map f : P — E picks out an element a of E. If
w(0) = a; that is €%¢ = pf. Then the path lifting property requires that there exists
& € ET such that €% (w) = f(P) and p’(©) = ¢(P). Thus the path lifting property is
satisfied by p if there exists a map ® : P — E! picking out an element @ of E! such

that the diagram below commutes

This is a special case of an alternative description of the homotopy lifting property.

Given a continuous map ¢ : X x [ — Y, for each z € X define
¢ I —Y by ¢p:t— ¢(z,t)

observe that there is a continuous map 1, : I — X x I with 1,(¢) = (z,t), and ¢y = ¢lz;
it follows that each ¢, is continuous. Thus each ¢ is an element of Y. We can therefore
define a function

a¢:X—>YI by ag¢:z+— ¢g.

By Theorem 11.1 of Rotman [26], o is continuous. Now define

axy :hom(X x I,Y) — hom(X,Y?) by a:¢r— ay

42



which is clearly injective. Furthermore, if ¢ : X — Y7 is a continuous map with

(z) = wy, then the pair (z,t), where ¢ € I, determines a point w,(¢) of Y. Hence obtain

a function X x I — Y which has image v under axy. Hence axy is bijective. The

family of bijections o can be shown to provide an adjunction between ( ) x I and ( )7.
If $: X x I — Y, then ¢el(z) = ¢(z,0) and

eV ax,y(4)(z) = eV bz = $2(0) = ¢(,0).

Similarly el ax y (4)(z) = ¢ek(z) = ¢(z,1). So the maps e’ and £, are related by the
formula

ehaxy(d) = e i€ {0,1}.

Also we have that ox and sy are related by axy(fox) = syf. If f,g: X — Y are

continuous maps with ¢ : f ~ g; that is
ge=f and ey =g.
There is a continuous map 1) = a(¢) : X — Y such that
evp=f and Y=g

We think of 4 as a homotopy from f to g with respect to the cocylinder on Top, we write
Y:f=g
We now use the adjunction « to reformulate the homotopy lifting property in the

cocylinder.

Proposition 4.6 A continuous map p: E — B s a fibration if, and only if, the square

pictured below is a weak pullback.

gl — i
ek b
E———B

PROOF. Let p: E — B be a fibration and let f : X — E and ¢ : X — B’ be

continuous maps such that pf = 5%1/). Since
a = ax g : hom(X x I, B) — hom(X, X7)

is a bijection, there is a unique continuous map ¢ : X x I — B such that a(¢) = .

Furthermore €% = ¢el, since e%a(¢) = ¢pel. Now pf = ¢e’, so the solid arrows in the
B X B X X
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diagram below commute.

X ! E
e% <I> p
Xx1 B

But p is a fibration so there is a continuous map ® : X x I — E such that @eg( = f and
p® = ¢. Let
U =qd): X — EL.

Then e ¥ = % a(®) = el = f. Now since « is natural play g(®) = ax g(p®), but

a(p®) = a(p) = 1, therefore p! U = 1). Hence the diagram below commutes.

X

Conversely, let p: E — B be a continuous map and suppose that the square below

is a weak pullback.

B B!
2 e5
BE———*B

We show that p is a fibration. Let f: X — E and ¢ : X x I — B be continuous maps

making the diagram below commute

X A E
69( p
X x1I 5 B

Define ¢ = a(¢) : X — B!. Then
ey = a($)ep = ex ¢ = pf.
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So the diagram below commutes,

but the inner square is a weak pullback, so there is a continuous map ¥ : X — E!
such that p! ¥ = ¢ and EOEq) = f. Since « is bijective, there is a unique continuous map
®: X x I — E such that

Bele =gl =

and
a(p®) = p'a(®) = p'¥ = ¢ = a(¢),

so p® = ¢. Hence the diagram below commutes and p is a fibration.

X i E
eg( /<I>/ p
X x1I B
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Chapter 5
Abstract homotopy theory

In this chapter we describe cylinders, cocylinders, homotopies, cofibrations and fibrations

in general categories. The main reference for this chapter is Kamps and Porter [9].

5.1 Homotopy theory in categories
Definition Let C be a category. A cylinder I on C consists of a functor
()xI:C—C

called the cylinder functor. Together with three natural transformations

el :ldc— ()xI and o:()xI—Idc

such that ge? = ge! = Idc.

Given a cylinder on a category C we can then define a homotopy in C

Definition If f,g : X — Y are morphisms in C then f is homotopic to g, written
f =~ g, if there is a morphism ¢ : X x I — Y in C with qSeg( = f and qﬁe}< =g. We call
¢ a homotopy between f and g.

Note that for any morphism f : X — Y, the morphism foy : X xI — Y is a
homotopy, fox : f =~ f, called the constant homotopy of f. So =~ is reflexive, however
it need not generally be symmetric or transitive. Later, in section 5.2, we shall see what

conditions need to be imposed on a cylinder in order that ~ is an equivalence relation.

Definition A morphism f : X — Y of C is a homotopy equivalence if there is a
morphism g : ¥ — X of C such that

gf ~1dx and fg~Idy
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such a morphism g is called a homotopy inverse of f. If in addition, gf = Idx, then we
say that g is a deformation retraction and that X is a deformation retract of Y.
Given a category with a cylinder, cofibrations are defined as those morphisms along

which homotopies can be extended.

1

Definition Let C be a category with a cylinder I = (( ) x I,e%e!,0). A morphism

1: A — X of C has the homotopy extention property with respect to an object Y of C
if for any pair of morphisms of C, ¢: A x [ — Y and f : X — Y such that qSe% = fi,
there is a morphism ® : X x I — Y of C such that ®(i x I) = ¢ and ®e% = f.

P N
\//

A morphism of C which has the homotopy extention property with respect to any object

A X

~

of C is called a cofibration.
By dualising the notion of a cylinder on a category, we obtain the concept of a co-

cylinder. By definition, a cocylinder on a category C is a cylinder on the dual category
P,

Definition Let C be a category. A cocylinder P on C consists of a functor
[ i@ —C
called the cocylinder functor, together with three natural transformations
¢t : () —1de and s:Idec — ()!

such that % = els = Idc.
Homotopy and homotopy equivalence in a cocylinder is defined in much the same way

as it is in a cylinder.

Definition Given a cocylinder P = (( )!,€%¢!,5) on a category C, two morphisms
fyg: X — Y in C are said to be homotopic, written f ~ g, if there is a morphism
$: X — Y!in C with 59,(/5 = f and 5%/¢ = g. We call ¢ a homotopy between f and g.

Dual to cofibrations (with respect to a cylinder) one has fibrations (with respect to a

cocylinder) defined by the homotopy lifting property.
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Definition Let C be a category with cocylinder P = (( )!,€% ¢!,5). A morphism
p: E — B in C has the homotopy lifting property with respect to an object Y of C if

for any pair of morphisms of C
$:Y — B  and f:Y—E

such that eong = pf, there is a morphism ® : Y — E! of C such that p’® = ¢ and
0 P =
ep®=f.

A morphism of C is a fibration if it has the homotopy lifting property with respect to
any object of C.

We have seen in the category Top that a category may possess both a cylinder and a
cocylinder. In general, if a category C is equipped with both a cylinder I and a cocylinder
P then there are potentially two notions of homotopy. We now describe a situation where

these notions coincide

Definition Let C be a category, let I = (( ) x I,e% e',0) be a cylinder and let P =
((),€%¢el, s) be a cocylinder on C. We say that I is left adjoint to P if the functor
() x I is left adjoint to the functor ( )! and if the family of bijections

axy :homg(X x I,Y) — home (X, YY)

which demonstrate the adjunction also satisfy the following two conditions: for all mor-

phisms ¢: X x I — Y and f: X — Y, and for ¢ = 0,1 we have that

ehaxy(d) = pe and axy(fox) = syf.

We refer the reader to Kamps and Porter [9], Proposition I1.3.6, for proof of the

following result.

Theorem 5.1 Let C be a category equipped with a cylinder I and a cocylinder P such
that I us left adjoint to P. Then two morphisms of C are homotopic with respect to 1 if,
and only if, they are homotopic with respect to P.



Although we have defined fibrations with respect to a cocylinder, we have seen that in
the category Top fibrations can be defined with respect to the cylinder and the notions

are equivalent. In the abstract we have that following result (Proposition I1.3.7 of [9]).

Theorem 5.2 Let C be a category equipped with a cylinder I and a cocylinder P such
that I s left adjoint to P. Then a morphism p: E — B is a fibration with respect to P
if, and only if, the following homotopy lifting property with respect to the cylinder I holds:

in each commutative diagram of solid arrows

!

; 4 E
.':4

ey <I> P

Y xI 3 B

there is a morphism @ : Y x I — E such that p® = ¢ and @eg)/ = i,

We shall not make explicit all the relationships between cocylinders and cylinders. It
will suffice to mention the heuristic principle known as Eckmann-Hilton duality which
assigns to a theorem involving homotopy equivalences, cofibrations and fibrations a dual

statement obtained as follows:
e Invert all arrows.
e Replace fibrations by cofibrations and wvice versa.
e Leave homotopy equivalences unchanged.

Note that Eckmann-Hilton duality is not exactly equivalent to categorical duality. The
Eckmann-Hilton dual of a result is not necessarily true, and if it is then a separate proof
may be required.

The following result is the Eckmann-Hilton dual of Proposition 1.2.7 of Kamps and
Porter [9].

Proposition 5.3 If in the pullback diagram in C,

Z—=X

|

C—— A

i is a fibration and ()T preserves pullbacks, then j is a fibration.

49



PROOF. Suppose that we have morphisms ¢ : Y — Cl and f: Y — Z with E%QZ) =jf.
Now f is a morphism to a pullback, therefore it is uniquely determined by its components
jf and vf; that is if g : Y — Z is a morphism such that jg = jf and vg = vf, then
g = f. Consider the diagram below

f

Y —

Z
'
C

Y
c o
c

_>X

.

._)A

0 v

Since ¢” is natural we have us% = e%ul, so the diagram below commutes

v, %

ulo iz

j —
A )
A

s

Since 4 is a fibration, there is a morphism ® : ¥ — X!, such that u/¢ = /® and
of =&},

Now, since ()’

is assumed to preserve pullbacks, the diagram below is a pullback

and since ul¢ = i!®, we have that there is a unique morphism ¥ : ¥ — Z’ such that
v! WU = ® and j/U = ¢. Consider the diagram below

\
&/

to show that this commutes, it only remains to verify that 6%\11 = f. However

(GeX) U = (250 =edp=jf and (ved)T = (%) = 4@ = vf.

Hence, by uniqueness of f, 502\11 = f and j is a fibration.



5.2 Cubical enrichment and Kan conditions

In a category equipped with a cylinder (respectively, cocylinder) we have defined what
it means for morphisms to be homotopic. In the category Top this is an equivalence
relation, but in general all that we can assert is that this relation is reflexive. In order to
do homotopy in a category with a cylinder (respectively, cocylinder) we therefore need
extra structure. This is achieved by making explicit a cubical structure induced by a
cylinder (respectively, cocylinder), we can then impose extra structure by demanding
that certain conditions — called ‘Kan conditions’ — are satisfied. To explain this cubical
enrichment we need to study cubical sets.

In the category Top consider an element (t1,ts,...,t,_1) of I"! (so t; € I). There

is a continuous map
0L : ™1 — 1" with 0% :(t1,...,tne1) — (b1,..+stiz1,0,8i ... tn_1)

inserting a 0 in the " position. Similarly, there is a map 1%, which inserts a 1 in the i*?

position. If X and Y are topological spaces, then for £ = 0,1 we can form maps

€ :hom(X x I")Y) — hom(X x I""1Y)  with  ¢&:f+— f(Idx x &).
There is also a continuous map

Gt — 1 with i (f1,e s tn) = (Bl e s b1ty e Eng)
omitting the j™ coordinate, we can then form induced maps

¢J ihom(X x I"Y) — hom(X x "™ Y)  with  ¢:f+— f(Idyx x ¢7).

This example motivates the definition of a cubical set.

Definition A cubical set () consists of a sequence of sets Q),,, where n € N, together

with three families of functions

0:,1% : Qn — Qui1 where i € {1,2,...,n}
called face operators, and

o) 1 Qn — Qnyt where j€{1,2,...,n+1}

called degeneracy operators such that, for w, e € {0,1}, the following identities are satis-
fied:

Q1)  eywh = willdh i<
(Q2) afl_Ha,J; = af;illafl 1< ]
(Q3) eﬁlHU% = Uf;llefl 1< g
(Q4) €10 = Idg,

(Q5) e%+10731 = (7%_16%-1 1. > 9
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The elements of Q),, are called n-cubes.
It is easy to check that the continuous maps & and ¢ above satisfy the axioms (Q1)-
(Q5).

The following notation will be useful:

¢y =vi(¢) where ¢€Q1, ve{0,1},
YL =ei(y) where 9 €Qn, e€{0,1}, i€{1,2,...,n}.

If ¥ € @, is an n-cube, then

Dt = (g, %1, %8, 92, ..., 4G, ¥7)

is called the boundary of 1.

Let Q,Q" be cubical sets. A morphism f : Q@ — Q' is a sequence of maps, f, :
Qn — Q,, commuting with face and degeneracy operations, such a morphism is called
a cubical map. Thus we get a category Cub of cubical sets.

Cubical sets can best be regarded as expressing the geometric relationships between

points, line segments, cubes, etc. To see how, let () be a cubical set. The two maps
01,11 : @1 — Qo

mean that we can regard (); as a set of edges and @) as a set of vertices, thus obtaining
a directed graph with source function 0} and target function 13. We represent ¢ € Q;
pictorially as follows:

do o——F——e

If a is a O-cube, we can use the degeneracy operator o} to form a 1-cube of(a). However
condition (Q4) requires that elof(a) = a for e € {0,1}, and so we think of o} (a) as being

a loop at a.

g (a)

We call o} (a) a degenerate 1-cube.

Let 1 be a 2-cube with boundary (1§, 1,42,4?%). Then by (Q1) we have (¢2); =
(4})o. Thus the source of ] is the target of %3. In the same way (¥3)o = (¥?)o,
(¥3)1 = (¥3)o and (¥%)1 = (1)1. Thus the 1-cubes that form the boundary of ¢ fit
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together to form the edges of a square.

P2
e— @
wé| (0 Jw%
®o—H— 0
%3

Consequently, we can regard the elements of (2 as being squares, and the four face maps
0%) 1%7()%) 1% : Q? — Ql

as assigning to each square the edges on its boundary.
Let ¢ be a 1-cube. Then there is a degenerate 2-cube o}(¢). By (Q4), esol(¢) = ¢,
for e = 0,1, and by (Q5) e3oi(d) = o}(de), for e € {0,1}. So oi(¢) has boundary

(¢, ¢, 080, ohb1), which we can depict as follows:

a§(¢1)

¢+ a1 () {»

a4(%0)

|

|

Similarly, there is a degenerate 2-cube o4 (¢), as shown below.

Ué(%)\ U%(Qﬁ)

Let P = (( )!,€%¢!,s) be a cocylinder on a category C. For each pair of objects

~ﬂ

o——H——0

o (1)

|

X and Y in C we shall construct a cubical set Qp(X,Y),, making essential use of the
cocylinder. First define the iterated cocylinder functor ( )I" by Y/ ‘=Y, Y!" =Y and
YI" = (YI"7"). Let X and Y be a pair of objects in C. Put

Qp(X,Y), =hom(X, Y.

We shall show that the sequence of sets Qp(X,Y) = {Qp(X,Y), | n € N} is a cubical

set, to do this we need to define the face and degeneracy operators in Qp(X,Y). For
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e=0,1and i€ {1,...,n} define functions

() : Y Y™ by (V)= (5 ,.n)
and od(V): Y — ¥ by oY) = (symoin)? .

In Qp(X,Y) define
eil :Qp(X,Y), — Qp(X,Y),—1 by e;(f) = efl(Y)f

and
0, : Qp(X,Y)n — Qp(X,Y)np1 by oh(f) =ch(Y)f.

Proposition 5.4 Let C be a category equipped with a cocylinder P, and let X and Y be
objects of C. Then with the above definitions, the functions e, and ol satisfy the axioms
(Q1)-(Q5). Thus Qp(X,Y) is a cubical set.

PROOF. We need to show that e} and ol satisfy the axioms (Q1)-(Q5), to do this, we
use the Godement interchange law
(Q1): Suppose we are given the functors and natural transformations, shown below
() ()f

C le¥ C e C
Idg Idg

By the interchange law, we have that for any object A of C
eqeqr = €a(ed)’,
from this we have that, for ¢ < j

j—2 i—1 i-1 i-2
(€ )7 €pmicty T = (i) (n-0) PN,

. j—2 i—1 i—1 j=1 < . s .
that is (6“}jm_j)lj (5;m_i)1 = (E;In_i_l)l (6;1n_j)ﬂ Hence wfl—lﬁf% = @k i
(Q2): Similar to (Q1).
(Q3): Applying the interchange law to the situation pictured below
ldc Of
C | C &€ C
() Ide
we have that, for i < j
Ij~2 Ii—-l I‘i~1 Ij—2 I
(syrmeit) 7 € net) ™ = (€ mmiy ) (yammsin) ),
. i—2 i i— j— i1 . 3 ;i
that is (s n—j+1)" (si,m_i)[ f= (E;In_i+1)l l(syjn—j+1)lj ', Hence ol e = ek 10,

and (Q3) holds.
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(Q4) (E;In—i+l )Ii—l (SYIn—i+l )Ii_l == (E;In_i+1 SYIn—i+l )Ii_l = (Idyln—i—i—l )Ii—l = Idy]n

and so e}, 107, = ldg,(x,v)
(Q5): Similar to (Q3).

.

In a similar way it is possible to construct cubical sets Q¥(X,Y") on a category which

has cylinder I. This dual construction is described in Section 1.5 of Kamps and Porter [9].

If a category C has a cocylinder P, and f: X — X', g: Y — Y’ are morphisms in
C then define

Qp(fP,9)n: Qp(X,Y)n — Qp(X",Y')n by  Qp(f®,9)n:nr—>g" nfr.

If X and Y are objects of C, then clearly Idg, (x,y) = @p(Idx,Idy). If f1 : X1 — Xo,
fo: Xo — X3, 91 YT — Yy and g9 : Yo — Y3 are morphisms in C and 7 €
Qp(Xl,}/i)n, then

Qp(fs?, 92)Qp(f P g1)(m) = g5 (g1 nfi®)fsP
= (g201)" " n(faf1)®
= Qp((f2/1)°%, 9291)(n)-

Hence there is a functor
Qp : C? x C — Cub.

In what follows, we will mainly be concerned with 0-cubes, 1-cubes and 2-cubes. We
make the above definitions explicit in these cases. The 0-cubes and 1-cubes in Qp(X,Y)
have simple interpretations. A 0-cube f is simply a morphism f: X — Y.

If f €Qp(X,Y); is a 1-cube, then

fo=0lf)=€¥(f) and fi=1}(f) =} (f).

Thus a 1 cube f with boundary Df = (fo, f1) is nothing other than a homotopy f :
X — Y from fo =€%(f) to f1 = e} (f). Given a 0-cube, or morphism, f: X — Y, a
degenerate 1-cube is the constant homotopy sy f.

If f €Qp(X,Y)s, then

0 = 05(f) =e%(f),
¢ = 03(f) = (),
o= 13() = ep(f),
o= 13() = ()'(F)



As illustrated below.

4)__

17}

We shall be interested in those cylinders where the corresponding cubical sets satisfy

.+
EY)I

certain conditions known as ‘Kan conditions’. To define these conditions we need first

the notion of a (n, v, k)-box.

Definition Let @ be a cubical set and let (n,v, k) be a triple of natural numbers with
ve€{0,1} and k € {1,2,...,n}. An (n,v,k)-boz 7 in @ is a tuple

(Vile=0,1, i=1,2,...,n, (i) # (v, k))
of elements of @,,—1 satisfying

1

el 1yl = wf;llfyi, for i<j and (e1),(w,7) # (v, k).

An (n,v, k)-box v will be denoted by

Y= (7(%17%7"')")"'778’7?),

4 7

where the ‘—’ occurs in the (v, k) position. We write Q(y ) for the set of all (n,v,k)-
boxes in Q.

An n-cube A € Qy, is called a filler of v € Q) if A =4t for all (e,i) # (v, k). A
cubical set @ is said to satisfy the Kan condition E(n,v,k) if every (n,v,k)-box has a
filler. If @ satisfies E(n,v, k) for a fixed n and all v = 0,1 and k € {1,...,n}, then we
say that @ satisfies the Kan condition E(n).

We impose extra structure on a cocylinder P by demanding various Kan filler condi-
tions on Qp(X,Y). A cocylinder P on a category C is said to satisfy the Kan condition
E(n,v,k) (v € {0,1} and k € {1,...,n} ) if for any objects X and Y of C, the cubical
set Qp(X,Y) satisfies the Kan condition E(n,v, k).

The two results in the theorem below are obtained by dualising Propositions 1.5.8 and

1.5.6 respectively of [9].

Theorem 5.5 Let P = (( )!,€% ¢l,5) be a cocylinder on a category C. Then

(i) If the cocylinder satisfies the Kan condition E(2,1,1), then the homotopy relation

~ s an equivalence relation.
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(ii) If the cocylinder satisfies the Kan condition E(2), then for each object Y in C the

morphisms ag)/ and 5%, are fibrations and sy is a homotopy equivalence.

PRrROOF. (i) Any morphism is homotopic to itself via its constant homotopy. Thus =~ is
reflexive.

To show that the ~ is symmetric. Let f,g : X — Y be morphisms in C and
¢ : X — YT be a homotopy from f to g; that is eg’,¢ = f and 5%,¢ = g. We show that

(SYfa ™ ¢7 SYf)
is a (2,1,1)-box. To do this we need (sy f)o = (syf)1 and ¢g = (sy f)o. But

(syflo=eysyf=Ff (syfh=eysyf=[ and ¢o=¢3¢= /.
So (sy f,—,¢,syf) is a (2,1,1)-box. Since E(2) holds, this box has filler A : X — Y71*,
Put ¢/ = A} = e},;(A). We have
(¢)0 = 011 = 0115(3) = 1305(3)
by the cubical condition (Q1), therefore

(o =LA =1i¢=e3(8) =9,

as we have a box. Hence (¢')g = ¢1 = el (¢) = g. Similarly,

(@ =(syfh =eysyf="F
Thus ¢’ is a homotopy from g to f as required. The various maps involved are illustrated

in the following diagram:

sy f
4)7

e
A |¢’
B —

¢
To show that ~ is transitive, let f,g,h: X — Y be morphisms in C such that there

sy f

o—H——@©

is a homotopy ¢ from f to g and a homotopy ¥ from g to h. It is easy to check that

(¢7 ) SYfa w)
is a (2,1,1)-box. Thus there is a filler A : X — 12

b
P R—
¢{ A
T ——
sy f

o7



It is easy to check that (A1) = f and (A1); = h. Thus A} is a homotopy from f to h as
required.

(ii) We prove explicitly that &) is a fibration; the proof that e} is a fibration is
similar. Let ¢, f : X — Y be morphisms such that 5g),¢ = sg),f. Then, together with
3 (syel f) = e} f, the 4-tuple

(fa ) ¢7 SYE%/f)
is a (2,1,1)-box in Qp(X,Y);. Thus by E(2) there is a filler A\ : X — Y?* such that

€%, A = f and (e, )/ = ¢. It follows that ) is a fibration.
To show that sy is a homotopy equivalence, we only need to prove that 3y5§), ~ Idy.
It is easy to check that
(IdYI ) SY{':%)/’ SY‘C:(})” _)
is a (2,1,2)-box in Qp(Y!,Y);. Thus there is a filler X : Y1 — YT* such that 62,1)\ =

Idy: and a%ﬂ/\ = 3y6€,. Thus sye?, and Idys are homotopic as required.

5.3 The mapping cocylinder factorisation

In Theorem 5.7 we shall use the Kan conditions introduced in the previous section to
examine properties of the ‘mapping cocylinder factorisation’ which we now define.
Let C be a category equipped with a cocylinder P. Let f : X — Y be a morphism

in C and suppose that the pullback diagram of f and £ illustrated below exists

Mf Lf_)Y[

1

X — Y
Then M/ is called a mapping cocylinder of f. Now the diagram below commutes

XS—YJ;}/J

Idxl lsg,
X —Y

f

Consequently, there is a unique morphism pf : X — M7 such that ©/p/ = sy f and
jifpf =1dx. Put if = 5%/7rf. Then i/ pf = 6%/7Tfpf = 5%,5yf = f. It follows that we have



constructed the following factorisation of f

Jvei

X

It is called the mapping cocylinder factorisation.

The Eckmann-Hilton dual of the mapping cocylinder is the ‘mapping cylinder’ which is
constructed using pushouts. The dual of the following result can be found in [9] (Theorem
1.5.11).

Proposition 5.6 Let C be a category, with cocylinder P = (( )1,€% ¢!, s), and let f :
X — Y be a morphism of C which has the mapping cocylinder factorisation pictured
above. Suppose that ()| preserves pullbacks and P satisfies E(2). Then

(1) p! is a homotopy equivalence with homotopy inverse j7 ; in particular, X is a defor-

mation retract of MY.
(ii) i/ is a fibration.

PROOF. (i) We show that p/j/ ~1d,,;.
Define the following three elements of Qp(M/,Y);

v =flsxif, R =syfil and =n'

Since flsx = sy f, we have that flsxjf = sy fj/. Also

()1 = ex(syfil) = (evsy)fil = fi7
(Mo = eynf =fj/

(W) = eV(svfil) = (Ysv)fil = i
(W)o = ¥ (1) =e¥(%) = (%)o-

Puty = (v8, 7,78, =) = (flsxj?,n/, sy fj/,—). Then we have shown that yisa (2,1,2)-
box in Qp(M/,Y). By assumption, P satisfies E(2). Thus there is a filler A : MY —s YT°
such that

M=elid=flagi, M=cid=a and X} =())A=svfi = flaxs’.
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By assumption ( )! preserves pullbacks. Thus the inner square in the diagram below is a

pullback. But it is easy to check that the solid arrows commute.

Consequently, there is a unique morphism 1 : M/ — (M5)! such that
(W)p=x and ()19 =sxj’.

We shall prove that 1) is a homotopy from pfj/ to Idpys.

We prove first that ¢ = pfjf. Consider j71py = jf(sg’wzﬁ). The diagram below

0 is a natural transformation.

(Mf)I _LXI

commutes since &

Thus we have that
3o = e ()19 = eksxs? = Idxs! = jIp/ 5/

Next consider m/45. Again using the fact that €° is a natural transformation we have
that
wlpy = mlef p =0 (1)) 9 = i X = floxgl = sy fi7 = nlplj7.

Hence the diagram below commutes.
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But the inner square is a pullback. Thus 1 is unique making the diagram commute.
Hence )y = pf 5/, as required.

We now prove that ¢; = Id;,;r. By definition 9; = E}VI 7. We calculate the composites
jf4p1 and 7f1p; much as before. We have that

) = exsxs? =57

el s = ekl

P
and mlapy

Il

ﬂ_fa}v[f’lp = &‘%/IA = 7Tf

Thus 91 : M/ — M/ is the unique morphism so that the pullback diagram below
commutes.

Mt ot

Hence i = Id;;s as required.

(ii) To prove that i/ is a fibration we now need to show that the diagram below is a

0

weak pullback. We know that it commutes because " is a natural transformation.

@'

(M) v!
E0f £y

1

Let V be an object in C, and let g : V — M/ and ¢ : V — YT be morphisms satisfying
)¢ =1ilg (= ¢o). Let

w=n'9, % =Flsxi’g and i =¢
Then it is easy to check that

(nfg) =ifg = ¢,

()1 = eb(n
()o = e¥(nfg) = filg,
and ()0 = ¥ (flsxilg) = filg.
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Consequently, (7§, —,78,7?) is a (2,1,1)-box in Qp(V,Y). Since P satisfies F(2), there
is a filler A: V — Y1 satisfying

o= (@) A=%=flsxi'g,
/\(1] = 62,1/\ = 7& = 7rfg,
and A = () A=1i=¢

From the above results and the fact that ( )! preserves pullbacks, the solid arrows in the

diagram below commute.

Thus there is a unique morphism ® : V — (M)’ such that
()@ =sxj’g and (7)) ® =X

We can now prove that ® is the morphism we required. Using the fact that € is a natural

transformation we obtain

erg/[fi' = E?/](?Tf)lq):éi(})n)\:ng
and  jlef @ = k()@ =cksxifg=3'g

By assumption, the following diagram is a pullback.

MfW_f>YI

s

X—f>Y

It is straightforward to show that fj/g = 69/7Tf g. It follows that 6(]]W® = g. It is easy to
check that
id = (ehah) @ = (e}) A = ¢.
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Consequently the diagram below commutes

Hence result.

Theorem 5.7 Let C be a category which has a cocylinder P = (( ),€%, ¢!, s) satisfying
the Kan condition E(2). Suppose that C has pullbacks and that ()! preserves them. Then
there is a functorial factorisation of each morphism of C into a homotopy equivalence
followed by a fibration.

PrOOF. Since C has a cocylinder and pullbacks, every morphism f of C has mapping
cocylinder factorisation f = i/p/. By Proposition 5.6, i/ is a fibration and p/ is a homo-
topy equivalence with homotopy inverse j/. It remains to show that this factorisation is
functorial. Let f; : X; — Y7 and f : X9 — Y5 be morphisms of C and suppose that

there are morphisms v and v such that the diagram below commutes.

X; —> X
fll lfz
=¥

To show that the mapping cocylinder factorisation is functorial we shall construct a unique
morphism « from the mapping cocylinder of f; to the mapping cocylinder of f, making

the diagram below commute
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Now
f2ujf1 - Uf1jf1 — Uagflﬂ-fl _ E9/2,017].)”1

and so the solid arrows in the diagram below commute

vinf1

X

f2 Y2

Since the inner square is a pullback there is a unique morphism v : M1 — M/ such
that

jf2’y = ujf and 7rf2'y =olgh,
The second condition implies that 5%,27sz’)/ = E%,2vl7rf1 and so 2y = vs%,l nh = yift,

It remains to show that yp/t = pf2u. Now
vinfiph = vlsy fi = syvfi = sy fou

and so 69,201 i pf L = 6?,23y2 fou = fou. It follows that the solid arrows in the diagram
below commute

v17rf1pf1

Y

0
EYZ

X

f2 Y

The inner square is a pullback and so there is a unique morphism
p X, — MP?2

such that

7rf2p = UIﬂ-flpfl and ijM _——

However, m/2ypft = vlxhiph and jP2qph = wjfiph = u, thus p = vp'. We have
nhepfr = Y, ff, therefore

7rf2pf2u _ sz,),ph — ,Ulﬂ-flpfl,
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but j/2p2u = u, hence u = p2u. Therefore yp/t = p/2u, as required.
[ |

The above result implies that in the category Top every continuous map can be
factorised into a homotopy equivalence followed by a fibration (proved directly as Theorem
2.8.9 of [27]).

Since j/pf = Idx we have that j/ is a split epimorphism and p/ is a split monomor-
p

I

phism. By Proposition 5.5(ii) ) is a fibration and since ( )! is assumed to preserve

pullbacks, 5/ is a fibration by Proposition 5.3.
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Chapter 6

The homotopy theory of ordered

groupoids

In this chapter we shall apply some of the abstract homotopy introduced in the previous
chapter to the category of ordered groupoids, thus obtaining notions of homotopy equiv-
alence and fibration for inverse semigroups. We begin by constructing an adjoint cylinder
and cocylinder satisfying the Kan condition E(2). We then obtain some results about
homotopy equivalence and fibrations in the category OG and consider some special cases
and examples. Finally we construct the mapping cocylinder factorisation of an ordered
functor and show that this is equivalent to the factorisation that appears in Steinberg’s

‘fibration theorem’.

6.1 The cylinder and cocylinder on the category of ordered

groupoids

We have seen in Section 4 that in the category of topological spaces and continuous maps,
the unit interval I can be used to construct an adjoint cylinder and cocylinder. We shall
now show how the groupoid I, consisting of two identities 0, 1 and two non-identity mu-
tually inverse morphisms v and u~! with d(u) = 0 and r(u) = 1, plays the role of unit

interval in OG, in that it can be used to define a cylinder and cocylinder on OG.

We begin with the cylinder. For each ordered groupoid G, we can form the direct
product ordered groupoid G x I by Proposition 3.3. If § : G — H is an ordered functor,

then there is an ordered functor

OxI:GxI— HxI givenby 0 x1:(g,%)— (6(g),%).
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It is now evident that
()xI:0G— OG.

is a functor. Define ordered functors eX, el : G — G x I by
e& : g — (g,1do) e g — (9,1du).
It is easy to check that these functors give rise to natural transformations
0 1.
e,e :Idog — () x I.

One can show that the projection onto the first factor og : G X I — G yields a natural
transformation o : () x I — Idog. It is straightforward to check that in this way we

have constructed a cylinder I = (( ) x I,€% ¢!, 0).

We shall now describe a cocylinder on the category OG. To do this we need to examine
category G! whose objects are the ordered functors from I to G, and whose morphisms are
the natural transformations between such functors. There is a more convenient description
of G!. Each ordered functor § : I — G is completely determined by its effect on u, and
so determines an element of G. Conversely, every element of G determines an ordered
functor from I to G. Thus the objects of G! can be identified with the elements of G;

that is each @ in G! corresponds to the element

of G. Now let ¢ : I — G be another ordered functor, and let a be a natural transforma-
tion from 6 to ¢. Then a1¢(u) = 6(u)ag. Conversely, any elements g and oy of G such
that a1¢(u) = 0(u)ag determine a natural transformation « from ¢ to 6. Consequently,

we can regard G! as consisting of commutative squares

which we represent by 4-tuples (g4, 93,92,91) satisfying the commutativity condition

9492 = g3g1. Clearly
d(94,93,92,91) = (91,r(91),d(g1),91)  and  r(94,93,92,91) = (94,7(g4),d(gs), g4).

If g = (94,93, 92,91) and g’ = (g4, g3, 95, 91) are elements of G7, satisfying r(g) = d(g’),
then ¢f = g4 and their product is

(94: 95+ 95, 91) (94, 93, 92, 91) = (94, 9593, G2 g2, G1)
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which can be represented pictorially by

94 91=94 91

gé g3

Lemma 6.1 Let G be an ordered groupoid. Then the functor category G' is also an

ordered groupoid.

PROOF. Given an element (g4, 93,92,91) of GI, we can form the commutative square
93,92,9 q

(91, 93—1,92_1, g4) as pictured below

91 94

We may then form the products

(94,93, 92,91) (91,95 ", 95 94) = (94,9395 "> 9295 ', 94) = x(94, 93, 92, 91)
and
(91,95 %595 ", 94) (94, 93, 92, 91) = (91,95 ' 93,95 92, 91) = d(94, 93, 92, 91)-
Thus (g4,93,92,91) "' = (gl,ggl,ggl,g4) and G' is a groupoid.
Define an order on G! by
(94,93, 92, 91) < (94, 93, 95, 91)

if, and only if, g; < g; for 1 <7 < 4. It is easy to check that (OG1) and (OG2) hold. To
prove that (OG3) holds, let (g4,93,92,91) be an element of G! and let (g, f,e,g) be an
identity in G’ such that

(g7 f7 evg) < d(g4793592591) = (glvr(gl)ad(gl)agl)-

Now e is an identity in G, and e < d(g1) = d(g2). Thus (go|e) is defined. Also f <
r(g1) = d(g3). Thus (g3|f) < g3 is defined. We can now form the square

(g2le)
(93l F)g(g2le)? g

(g3lf)
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which is commutative, is less than (g4, g3, 92, 91) and has domain (g, f, e, g). It is easy to

see that it is the unique element of G! with these properties.

Let 8 : G — H be an ordered functor. Define

0" . GT — H' by 0%(g4,93,92,91) — (0(94),6(g3),0(g2),0(g1)).

It is easy to check that 6 is a well-defined ordered functor. It follows that we have defined
a functor

()!:0G — OG.

Let (g4, 93,92,91) be an element of G'. Define the ordered functors
e¢:G'— G by e&:(94,93,92,91) — g2

and

e¢:G'— G by & :(g4,93,92,91) — gs-

It is straightforward to check that €%, ¢! : ( )/ — Idpg are natural transformations.

Define the ordered functor
sg:G— G by  sg:g— (r(9),9,9,d(9)),

then s : Idog — () is a natural transformation. Hence we have constructed a cocylin-
der P = (()!,e%¢!,5) on OG.

Proposition 6.2 In the category of ordered groupoids and ordered functors, the cylinder
1 is left adjoint to the cocylinder P.

PROOF. Let G and H be ordered groupoids. We begin by constructing a bijection
Q¢.g : hom(G x I, H) — hom(G, HY).

Let 6 : G x I — H be an ordered functor. Then for each g € G, we have that
(r(g),u)(9,0) = (g,u) = (9,1)(d(g),w).

It follows that we can define a function ' : G — H' by

6(g,0)

¢ :g— H(r(g),u)l l9(d(9)7u)
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It is easy to check that ¢’ is an ordered functor. Define Q¢ m(6) = ¢'. It is clear that
Qg m is injective. To see that Qg g is surjective, let ¢ : G — H' be an ordered functor.
Put ¢(g) = (h,hd, hd, h]) and define

hg ifi=0
hRg if§ =
$:GxI—H by ¢ (gi)—s{ 4% nre=u
h3 =1

h(h9)~t  ifi=u"!

We show that ¢* is a functor. Let g € G, we shall show that d(¢*(g,7)) = ¢*(d(g,1)) for
all s € I. Since ¢(d(g)) = (hY,r(h{),d(hY),h]), we have

d(hd) ifi=0

RI ifi=u
*(d ,i = 1
¢*(d(g),%) r(hg) ifi=1
hd if i =wu"L.
Consequently,
d(hd) ifi=0,u
*(d(g,7)) = ¢*(d(g),d(s)) =
¢*(d(g,1)) = ¢*(d(g),d(7)) {r(h?) ifi=1,u""
However
d(hd) if1=0
_ d(hf) ifi=u
d(¢*(g,1)) =
(¢*(9)) Pk,
dhf) fi=w?
[ amd)  iti=0,u
r(h) ifi=1u7

Similarly ¢*(r(g,)) = r(¢(g,1)).
Next suppose that there exists (g,7)(¢’,7') in G x I, we shall show that ¢*(g,4)¢*(¢',7') =
¢*(gg’,i1"), these exist only if 77’ is defined, in which case

;

hihg if (i,4) = (0,0)
hIhdhg if (3,4') = (u,0)
h3hd hg if (4,4') = (1, )
Sty = | BEDTRR 6 = @
hihs if (4,4") = (1,1)
Bg(h9) = hg if (5,1') = (™}, 1)
WRY (W)Y i (4,i') = (0,u™Y)
IRERE (Y)Y if (6,4') = (w,uY)
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hihg if (i,4) = (0,0), (u™!, u)
) ngngng if (i,4') = (,0), (1)
| néRg if (i,4) = (1,1), (u,u")
KRS (W)~ if (i,4) = (u™1, 1), (0,u"L)
However ,
h9hd if i’ = 0
IR B 1 4 if i1’ = u
] = hihg if 1! =

hhg (RS~ ifii = ul,
Thus ¢* is a functor as required. It is clear that ¢* is ordered, and that Qg g (¢*) = ¢.
To show that 2 is an adjunction, we need to prove that it is natural in G and in H.
To show that {)g g is natural in H we need the diagram below to commute for all ordered
functors ¢ : H — H'.

Q
H hom(G x I, H) s hom(G, H)
" hom(Gx1,¢) hom(G,¢")
H' hom(G x I, H') — hom(G, H'')
G,H'!
However for any # € hom(G x I, H) and g € G
#0(g,0)
Qg hom(G x L#O)(s) = Qe (¢0)(o) = | wctom| | eotator)
#6(g,1)

it is easy to verify that this is equal to (hom(G, ¢7)Qa 1(0))(9) = (¢'Qc.1(0))(g). Hence
Q is natural in H. To show that  is natural in G we need to prove that for any ordered

functor 1 : G' — G the diagram below commutes.

Qc,m

& hom(G x I, H) hom(G, HY)

P hom(yxI,H) hom(y,HT)

el hom(G' x I, H) hom(G’, H)
G!' \H

Now for § € hom(G x I, H) and g € G,
(R, mhom(y x I, H))(0))(9) = (Qo,m(0( x1)))(9)
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0(¥x1)(g,0)
= 9(¢XI)(r(9),U)l lﬂ(wxf)(d(g),U)

0(pxI)(g,1)

Gw)
= e(w(r(g)),U)l lﬁ(w(d(g))m
0(%(9).1)
and
QM)
(om(y, H)0,1(6))(9) = (Rea(O))(9) = | sttvionm|  [oatvtona
600(9),1)

so Q¢ g is natural in H. Consequently € is an adjunction Q: () x I — ().
It remains to verify that for ¢ € {0,1}, and any ordered functors ¢ : G x I — H and
§ : G — H, the function §2g g satisfies

€iHQG’H(7,[)) = I,bezg and QG,H(QUG) = SHQ.

If g € G then
¥(9.0)
€% Q0 u () (g) = €% ¢<r<g),u>l lw(«ﬂ(g),u) = 9(g,0) = e (9)
W)

and similarly €5, Q¢ 1 (1)(9) = (g, 1) = veg(g). As for the second condition:

foc (g,O)

-~

Q6.1 (606)(g) = eacmg),u)l lammmu) — (0r(9), 0(9), 6(9), 6d(g)) = 50(g).

-~

GUG(Q,l)

It follows from the above result and Theorem 5.1, that the two notions of homotopy
defined by the cylinder and cocylinder are equivalent. It follows from Theorem 5.2 that
fibrations can be defined either by the cylinder or the cocylinder. Later we shall examine
the notions of homotopy and fibration in the category of ordered groupoids, but first we

need the following key result.

Proposition 6.3 Let P = (( )!,€% ¢l,5s) be the cocylinder on the category of ordered

groupoids and ordered functors. Then
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(1) P satisfies E(2).
(ii) The cocylinder functor ( )! preserves pullbacks.

PROOF.
(i) We prove explicitly that every (2,1,1)-box has a filler; the remaining cases are proved
similarly. We shall use the following notation: If § : G — H' is an ordered functor then

write

0(g) = (hf,n§,hS, %) = p°.

Let 6,¢,9 : G — H' be ordered functors such that (¢, —,0,%) is a (2,1,1)-box in
Qp (G, H). By definition

a%w = 5}{¢ and 5(}{9 = 6(}{¢,

as illustrated in the diagram below.

o—H——©
0
From the definition of the cocylinder in OG it follows that
hY =h? and h=hg,

and this is illustrated in the diagram below.

0 ps o
I R R S A I I
" nf g

We construct a filler for this box. Such a filler will be an ordered functor

©:G— H”  ©:9+—> (hy,b3,b2,b1)  where by = (b}, b}, hi, hi) € H'
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such that hsho = hsh1. It follows that ® maps g into the commutative cube

in such a way that
e%:0=¢, (})0=0 and (e})'0 =79,
Now €9,,0(g) = %1 (D4, b3, b2, 1) = a2, s0 let hy = ¢(g), and
(€3)70(9) = (€5) (04, b3, b2, b1) = (e3r(ha), €3 (h3), 7 (), €3 (1)) = (h3, b3, B3, hs)

so we want the top face of our cube to be 6(g). Similarly, (¢},)7©(g) = ¢(g) implies that
the bottom face of the cube O(g) is ¥(g).
It follows that we should define ©(g) to be the cube

Ho=h%
v

ha/
T
hd’

where
h=hYhS(RG)™T and A =hVR(R))L.

To show that ©(g) commutes, it is enough to show that the front face

0
h3
e O o

RO BUHG

commutes. But
R (WY RS (R ™D (RE) ™ = (h§hY)hS (R§RS) !
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= hy (h$h{
= hYRG(RS

(
).

It is easy to check that © defined in this way is an ordered functor, and by construction
it is a filler for the (2,1,1)-box (¢, —,0,%). In a similar way we can show that any two

dimensional box has a filler, and so our cocylinder in OG satisfies F(2).

(ii) That the ordered functor ( )! preserves pullbacks is in fact immediate from Propo-
sition 3.3, Proposition 6.2 and standard results in category theory (Theorem V.5.1 of [21]).
However, we give a direct proof. Let 6 : G — H and ¢ : K — H be ordered functors,
and let

GoRy K — 2 K
T ¢
G 5 H
be their pullback. The square
(GoRy K)! e KT
i ¢!
lels 7 I

commutes since ( )! is a functor. We prove that it too is a pullback. The ordered groupoid
(GyRy K)' has elements ((g4,k4), (93, k3), (92, k2), (91, k1)), where 6(g;) = d(k:), g: € G
and k; € K, such that (g4,k4)(g2,k2) = (g3,k3)(91,k1). It follows that (gsgo, kske) =
(9391, k3k1), therefore (g4, 93, g2,91) € G! and (ky, k3, ko, k1) € KT. We also have

0(94, 93, 92,91) = (0(94),0(g3),0(g2),0(g1))

and
B(ka, k3, ko, k1) = (¢(ka), d(k3), p(k2), d(k1))

Let o : L — GT and 8: L — K be ordered functors such that §7a = ¢’ 3. Write
o(l) = (94,95, 95,91) and  B(1) = (kg, Kb, k), kY).
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Thus 6(g!) = @(k!). Define

i L— (GoRy K)' by o:lr— ((dh, kL), (g4, Kh), (b, Kb), (gh, &%)

It is easy to check that ¢ is an ordered functor satisfying 7{¢ = « and wly = B.
Furthermore, it is straightforward to show that 1 is the unique such functor. It follows

that ( )! preserves pullbacks.

6.2 Homotopy equivalence of ordered groupoids

The r6le of Theorem 6.3 is to guarantee that we have the foundations for a reasonable
homotopy theory of ordered groupoids. In this section we examine homotopies of ordered
groupoids and construct a few examples.

Let ¢,0 : G — H be ordered functors, then ¢ is homotopic to 6 with respect to the

cylinder on OG if there is an ordered functor
®:GxI— H suchthat ®(g,0) =¢(g) and @(g,1) =6(g)

for all g in G.
Equivalently, a homotopy between 6 and ¢ with respect to the cocylinder is given by

an ordered functor

¢(9)
©:G — H' suchthat ©:g+—s g4l lyl

(9)

for all g € G and some g4, 91 € H such that g4¢(g) = 0(g)g:1-

Theorem 5.5 and Theorem 6.3 guarantee that this notion of homotopy equivalence is
an equivalence relation. We shall say that two ordered groupoids G and H are homotopy
equivalent if there is a homotopy equivalence between them. By Theorem 3.9 the category
of inverse semigroups and prehomomorphisms can be embedded as a full subcategory
of OG, and therefore we can also talk about two inverse semigroups being homotopy
equivalent.

In Proposition 6.4 we shall show how to characterise homotopy equivalence in a purely
algebraic way, but first we need a definition.

Let G be an ordered groupoid. An order preserving function « : G, — G is said to

be r-coherent if r(a(e)) = e for each e € G,.
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Proposition 6.4 Let 6 : G — G be an ordered functor on the ordered groupoid G. Then
0 ~ Idg if, and only if, there is an r-coherent order-preserving function o : G, — G
such that 8(g) = a(r(g))~‘ga(d(g)) for each g € G.

PROOF. Suppose first that 6§ ~ Idg, then from the definition of the cocylinder on OG,
there is an ordered functor ® : G — GT such that e4® = 0 and e, ® = Idg. Let g € G.
Then

where g1, 94 € G are such that gg; = g46(g). For any identity e in G, write
@(6) = (xea €, 6(6)7 xE)'

Define
a:G,— G by ale) =z,

If e < f then ®(e) < ®(f) and so z. < zy. It follows that « is order preserving. It
is immediate from the definition of G' that r(z.) = e and so r(a(e)) = e. Now since
®(g) = P(9d(g)) = ©(9)®(d(g)) we have that «(d(g)) = g1, and similarly a(r(g)) = g4.
Therefore

0(9) = g5 '991 = (a(r(9))) " ge(d(9)).

Hence « is the required r-coherent function.
To prove the converse, let o : G, — G be an order-preserving function such that
0(g) = a(r(g))tga(d(g)) for each g € G. We prove that § ~ Idg. Define

®:G— Gl by ®:g+— (a(r(9)),9,0(9),x(d(g))).

This satisfies e® = 6 and ;% = Idg, so we only need to show that ® is an ordered
functor. It is immediate that ¢ is a well-defined function. The fact that & is order
preserving follows from the fact that § and « are order-preserving. It remains to show
that @ is a functor. Let g € G, it is clear that

and  ®(r(g)) = (a(r(g)),r(9),0(r(9)),a(r(g))) = r(2(g))

since 6 is a functor. If gh is defined in G, then d(g) = r(h) and so ®(g)®(h) is defined
and is is easy to see that ®(g)®(h) = (a(r(g)), gh, 0(gh),a(d(h))) = @(gh).
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The proof of the following is immediate from the above result and the definition of

homotopy via the cocylinder on OG.

Proposition 6.5 Let G and H be ordered groupoids. Then G and H are homotopy

equivalent if, and only if, there are ordered functors
0:G—H and ¢:H—G
and r-coherent order-preserving functions
a:G,—G and [f:H,— H
such that for each g € G and each h € H we have that

$9(9) = a(r(9))'ga(d(g)) and 0¢(h) = B(r(h)) " hA(d(h)).

The next result provides some simple necessary conditions for two ordered groupoids

to be homotopy equivalent.

Proposition 6.6 Let 0 : G — H and ¢ : H — G be ordered functors such that
¢0 ~ Idg and 0¢ ~1Idy. Then 0 (respectively ¢) is full, faithful and dense.

PROOF. By definition, f¢ ~ Idy means that there is an ordered functor ® : H — H'
such that €%, ® = 0¢ and e}, ® = Idy. Let h € hompy (e, f). Then, using the same notation

as in the proof of Proposition 6.4, we can write
CI)(h) = (:Ufa ha 0¢(h')> .’Ee).

By the same reasoning ¢f ~ Idg means that there is an ordered functor © : G — G

such that for each g € homg(4,7), we can write

O(9) = (y5,9,#0(9), vi)-

The functor 6 is faithful: to see this let a,b € homg(4, 7) and suppose that 6(a) = 6(b).

Then ¢f(a) = ¢p0(b). However ©(a) is a commutative square and so

a = y;j¢0(a)y; .

Likewise ©(b) is a commutative square and so
b= y;40(b)y; .
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Hence a = b as required.

The functor 6 is dense: to see this let e € H,. But then . is an element of H satisfying
d(ze) = 0¢(e) and r(z.) = e, as required.

By symmetry it is clear that ¢ is also faithful and dense.

The functor 6 is full: to see this let A € hompg(0(e),0(f)). We shall find an element
in homg(e, f) which maps to h. Consider the element z = zy¢p(h)z,

O(z) commutes and so z = z7¢f(z)z; . It follows that ¢(h) = ¢0(z). But ¢ is a faithful

functor and so h = 0(z), as required.

l'in G. The square

Recall from Section 3 that the categories Grpd of groupoids and groupoid functors,
and Grp of groups and group homomorphisms, are all full subcategories of the category
OG. Hence the adjoint cylinder and cocylinder on OG give rise to notions of homotopy
on the categories Grpd and Grp. In the following result we obtain some properties of

homotopy equivalence in these special cases.

Proposition 6.7 (i) Let G be a group regarded as an ordered groupoid with a unique
identity and let 0 : G — G be a group homomorphism. Then 0 ~ Idg if, and only

if, 0 is an inner automorphism.

(ii) Let G be a connected (unordered) groupoid, then G is homotopy equivalent to each

of its vertex groups.

PROOF. (i) Recall that an inner automorphism of a group G is the group homomorphism

obtained by conjugating each element of G with an element z € G
g+ a:_lga:.
Suppose that 6 ~ Idg, then there is an ordered functor
d:G— G with ®:9+— (94,9,0(9),91)

for some g4, g1 € G such that g46(g) = gg1. Since d(g) = r(g), we have d(®(g)) = r(®(g))
and so g = g4 = x, say. Hence z0(g) = gz, thus 8(g) = 27 'gz. Now let ¢’ be another

element of G. By the above argument we have
0(¢") =y gy

for some y € G. To show that 6 is an inner automorphism it remains to show that z = y.

Since ¢'g is defined it follows that ®(g')®(g) is defined, but this is only the case if z = y.
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The converse is immediate.

(ii) This result is just Corollary 1 to Theorem 6.2 of [7]. However we give a direct
proof.

Let e be an identity in G and let + : G(e) — G be the inclusion functor. We shall
construct its homotopy inverse. Since G is connected, for any identity f € G, we can

choose gy € hom(f,e), in particular g, = e. Define

p:G—G(e) by p:g— gr(g)g(gd(g))_l

which is clearly a functor and its restriction to G(e) is Idg(e). It remains to show that

Idg =~ tp, however, the functor
Dl —> G' with @: gr—= (gr(g)7p(g)aga gd(g))

provides the required homotopy.
O

In the next result we obtain two further examples of homotopy equivalence. First we
need a definition. In topology a space is called contractible if it is homotopic to a space
with only one point (see Section 1.3 of [27]). By analogy, we define an ordered groupoid G
to be contractible if it is homotopic to an ordered groupoid consisting of just one identity.

Thus contractible groupoids are homotopically as simple as possible.

Proposition 6.8 (i) If an ordered groupoid is contractible, then it is connected and

has trivial vertex groups.

(ii) The Brandt semigroup B(G,J) is homotopic to G°, the group G with a zero adjoined.

PROOF. (i) Let G be an ordered groupoid which is homotopic to the ordered groupoid
P consisting only of an identity *. Thus G is contractible and there is a homotopy
equivalence 6 : G — P with homotopy inverse ¢ : P — G. Clearly 6(g) = * for all
g € G and ¢(x) = e for some identity e in G, therefore ¢ = Idp. Since ¢ ~ Idg, there

is an ordered functor
®:G— G with ®:9+— (9¢,9,e,9)

for some ¢’ € G. It is evident that G is connected. To see that it has trivial vertex
groups, let f be an identity and suppose that ¢ € G(f). Now @(f) = (h, f,e,h) for
some h € hom(e, f), and ®(g) = (gh',g,e,h') for some h' € hom(e, f). Since gf is
defined ®(gf) = ®(9)P(f) is defined, and so h = h'. Similarly, since fg is defined,
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®(fg) = ®(f)®(g) implies gh' = h. Therefore h' = gh' and so g = r(h’) = f. Hence G(f)
is trivial.

Note that by Proposition 6.7 the converse of this result holds in the category Grpd.

(ii) Recall from Section 1 that B(G,J) = (J x G x J) U0, where J is a non-empty set
and G is a group. The product of (7, g,7) and (k, h,l) is zero unless j = k in which case
it is (7, gh,l). Consider the natural partial order on B(G, J). Suppose that (i,g,k) and
(k,h,l) are elements of B(G, J) such that (i,g,7) < (k, h,[), then

(t,9,9) = (k,h,1)(1,1,1) = (k, h,1) or (7.4,7) = 0.

So the element 0 is beneath every element and the order is equality on B(G, J)\ {0}. The
set of idempotents of G? is E(G®) = {0,1}. Under the natural partial order 0 is beneath
every element and the order is equality on G. We shall henceforth view B(G,J) and G°
as ordered groupoids under the natural partial order.

Choose n € J and keep it fixed. Define a function 1 : G — B(G, J) by

¥(g) = (n,g,n) and 4(0) =0,

and define a function ¢ : B(G,J) — G° by

#(i,9,5) =g and ¢(0) =0.

It is straightforward to check that both 1 and ¢ are ordered functors. Observe that
¢ = Idgo. We prove that ¢¢ ~ Idp(g,s). To do this we need to define an ordered
functor @ : B(G,J) — B(G,J)! such that ® : ¢¢ ~ Idp(g,s). Let (i,9,5) € B(G,J),
then ¥¢(i,9,7) = (n,g,n). It follows that we should define ® by

(n,g,n)
\Thd)

B3 13, 2.7] 1—5 (m,ml l(]’,l,n) and  ®(0) = (0,0,0,0).

D

(1,9,9)

We show that @ is an ordered functor. Let (i, g, j), (4, h,k) € B(G,J), then

(n,g,n) (n,h,n) (n,gh,n)
. |
®((4,9,5) (4, h, k) = (iyl,n)l (j,lyn) l(k,l,n) = (i,l,n)l l(k,l,n)
Gogd) Gihok) (Ggh k)

Which is equal to ®(i, gh, k). As for identities,

®(d(i,g,7)) = ®(5,1,5) = (j,l,mj lmm =d(®(i, 9,7)),
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and similarly ®(r(¢,g,7)) = r(®(i,9,7)). It is clear that ® is order preserving. Hence @
is the required homotopy. Thus B(G, J) is homotopic to G°.

The final result in this section can be deduced from Proposition 6.6 and Corollary 2

to Theorem 6.2 of [7]. However we give a direct proof.

Proposition 6.9 If G and H are homotopy equivalent ordered groupoids, then there is
a bijection between the sets of connected components of G and H such that corresponding

components have isomorphic vertex groups.

PROOF. Denote by GY the connected component of G containing the element g. Let G¢
denote the set of connected components of G. An ordered functor § : G — H induces a
function

9¢ . ¢ — HC with 6°(@9) = H?W
which is clearly well-defined since 6 is a functor.

Suppose that 0 is a homotopy equivalence from G to H with homotopy inverse ¢. By

definition of the cocylinder on OG there is an ordered functor
©:G— G' with O(g) = (94,9, 0(9), 91)

where g4, 91 € G are such that gg; = g4¢0(g). Hence G9 = G%%(9). Similarly, H" = H?¢()
for all h € H.

We show that 6 is bijective. To see that #¢ is injective, let ¢,¢' € G be such
that 0°(GY) = 6°(GQY). Thus H'@ = HO), Since ¢C is well-defined, we then have
¢C (HO9) = $C(H?Y)), that is G#9) = G99), Hence G9 = GY. To see that 6C is
surjective, let b € H. Then ¢¢(H") = G**) and §¢(G*(M)) = Ho*(h) = ",

We now consider the effect of § and ¢ on vertex groups. Let e be an identity in G.

The restriction of 6 to G(e) is a group homomorphism
G(e) — H(O(e)) with g+ 0(g).

We show that this restriction of 6 is bijective. One can perform a similar operation for ¢.

Using the same approach as for Proposition 6.7(ii), it is easy to show that for all a € G(e)
#0(a) =z laz
where z € homg(¢0(e), e) is fixed. We show first that 0]g(.) is injective. Let a,b € G(e) be

such that #(a) = 0(b). Then ¢0(a) = ¢0(b), thus z~lax = bz and so a = b. To see that
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0)c(e) is surjective, let h € H(0(e)). We know that ¢(h) € H(¢0(e)) and 6¢(h) = y~hy
for some fixed y € hompy (0¢f(e),0(e)). In particular 0¢p(0(e)) = y~10(e)y, but

0(¢0(e)) = 0(z Lex) = 0(z) " 10(e)0(z).
Therefore y = §(z). Put g = z¢(h)z~! € G(e), then

0(9) = 6(x)0¢(h)8(z)™"
= 0(z)(6(2)) " h8(z)(6(x)) ™"
= b,

Hence 0|y is bijective.
|

In the case of inverse semigroups S and 7', the above result translates into the follow-
ing: there is a bijection between S/D and T'/D such that corresponding D-classes have

isomorphic H-classes. See Howie [8] for the necessary definitions.

6.3 Fibrations of ordered groupoids

In this section we establish some properties of fibrations in the category of ordered
groupoids, we also introduce ordered covering functors and obtain some properties of
such. By Proposition 6.2 and Theorem 5.2, the cylinder definition of fibration is equiva-
lent to that on a cocylinder, so for each result we shall use the definition which gives the
easiest proof.

We saw in Section 4.3 that in the category of topological spaces and continuous maps,
fibrations are defined using the homotopy lifting property, and the path lifting property
is a special case of this.

If G is an ordered groupoid, then ordered functors I — G are bijective with elements
of G. By analogy with the topological case we think of ordered functors I — G as being
paths in G. Star surjectivity of an ordered functor # : H — G can thus be interpreted as
a path lifting property. The following result is therefore the counterpart of the topological

result Proposition 4.3.
Proposition 6.10 Every fibration in the category of ordered groupoids is star surjective.

PROOF. We shall use the cylinder definition of fibrations.

Let 6 : G — H be an ordered functor which is a fibration. Let e be an identity in G
and let h € H be such that 6(e) = d(h). We shall show that there is an element g € G
such that d(g) = e and 6(g) = h.
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Let P denote the ordered groupoid consisting of exactly one identity *. Clearly there
is an isomorphism v : P x I = I. The set of ordered functors from P to G is in one to
one correspondence with the set of identities G, since a functor P — G picks out an
identity in G. Similarly there is a bijection between the set of ordered functors I — H
and the non-identity elements of H. Hence there is a unique ordered functor f : P — G,
with f(x) = e, and there is a unique ordered functor ¢ : I — H such that ¢(u) = h.

The diagram of solid arrows below commutes.

| .

.'.4
<k 7% @ 0
PxI I p H

Since 6 is a fibration, there is an ordered functor ® : I — G such that ®(0) = e and
0P (u) = ¢(u). Put g = ®(u),then d(g) = ®(d(u)) = e and 6(g) = h. Therefore 6 is star

surjective as required.
|

In the following result we prove that the converse of Proposition 6.10 holds in the

category of groupoids.

Proposition 6.11 Let G and H be groupoids (regarded as ordered groupoids with trivial
ordering) and let 0 : G — H be functor. Then 0 is a fibration if, and only if, it is star

surjective.

PROOF. This result is easiest to prove using the cocylinder definition of a fibration, see
Proposition 2.1 of Brown [4] for a proof using the cylinder.
Suppose that @ is star surjective. Let X be a groupoid and let ¢ : X — H' and

f : X — G be functors making the diagram below commute.

\
&/

We shall construct a functor @ as illustrated above. Let z € X and write ¢(z) =
(hZ, h%, h%, h?). Thus ¢(d(z)) = (h¥,r(h¥),d(h?),h?), so d(h¥) = % ¢(d(z)), but since
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0f = %, we have hf € Sty (0f(d(z))). Since 0 is star surjective there is an element a,
of Stg(f(d(z))) such that 6(a,) = hf. Similarly, there is an element b, of Stg(f(r(z)))
such that 6(b;) = hf. Define ® : X — G, to be the function which assigns to each

z € X the commutative square in G shown below.

be f(z)ag !

The fact that @ is a functor is immediate once we have noted that we can choose aq(;) =
az = bg(g) and ar(z) = by = bq(z). It is also immediate that 61 = ¢ and €0G<I> = f. Hence

0 is a fibration.
O

On the basis of Proposition 6.11, the terms ‘fibration’ and ‘star-surjective’ are used
synonymously in the category of groupoids. See [4] for a detailed examination of fibrations
of groupoids. By analogy, Steinberg [28] uses these terms interchangeably in the category
of ordered groupoids. However the functor ® constructed in the proof of Proposition 6.11
need not be an ordered functor and therefore we see no reason to suppose that all star
surjective ordered functors are fibrations.

Recall that in topology there is an important class of fibrations called coverings, and
for spaces satisfying various connectivity conditions, these correspond exactly to fibrations
with unique path lifting. By analogy we make the following definition in the category
OG.

Definition Let 6 : G — H be a fibration of ordered groupoids. We call 6 an ordered
covering functor if for any ordered functor w : I — H and identity e in G with w(0) =
O(e), there is a unique ordered functor w such that w(0) = e and 6w = w. Thus 0 lifts the

‘path’ w to the unique path @ in G.

. &

7=

H

w

Proposition 6.12 An ordered functor is an ordered covering functor if, and only if, it

s star-bijective.
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PROOF. Let #: G — H be an ordered functor.

Suppose first that 6 is an ordered covering. Thus 6 is a fibration and by Theorem
6.10 it is star surjective. We show that 6 is star injective. Let e be an identity in G and
let =,y € Ste(e) be such that (z) = 6(y) = h, say. Since the set of ordered functors
from I to H is bijective with the set of elements of H, there is a unique ordered functor
w : I — H such that w(u) = h. Since 0 has the unique path lifting property, there
is a unique ordered functor @ : I — G such that 6w(u) = h and w(u) € Stg(e). But
6(z) = 0(y) = h and so z = y = w(u). Thus 6 is star bijective.

Now suppose that @ is star bijective, we show first that it is a fibration. This is easiest
using the cocylinder definition of fibration, an alternative proof using the cylinder method
is given as Proposition 4.8 of [17]. Let ¢ : X — H' and f : X — G be ordered functors
such that 0f = 59{¢>. Proceeding as in the proof of Proposition 6.11, we write ¢(z) =
(h%,h%, k%, hT) and since h{ € Sty (0f(d(z))), there is a element a, € Stg(f(d(z))) such
that 6(a;) = hy. Similarly there is en element b, € Ste(f(r(z))) such that 6(b;) = hj.
We have seen that

d: X — G givenby ®:z+—— (by,bof(z)a;l, f(2),as)

is a functor satisfying 67® = ¢ and e%@ = f. To prove that 6 is a fibration, it remains
to show that ® is ordered. This will be achieved by proving that if z < y in G, then
az < ay and by < by. Since ¢ is ordered, ¢(z) < ¢(y) and thus hY < h{. Since f is
ordered, d(a;) = f(d(z)) < f(d(y)) = d(ay). Therefore by (OG3), there is a unique
element (ay|f(d(z))) € G which is less than a, and has domain d(a;). By Proposition
3.2(1)

0(ay1 (d(2))) = (0(a,)I07(d(2))) = (W107 (d())).

Thus, by uniqueness of restriction (h{|0f(d(z))) = hf. Put gz = (ay|f(d(z))), then
az, 9z € Stg(f(d(z))) and 0(g;) = 6O(ay) = h{. Therefore a; = g, since 6 is star-
injective. But g, < ay, thus a; < ay. In a similar way we can show that b, < b,. Hence
0 is a fibration.

It remains to show that 6 has the unique path lifting property. Let w: I — H be an
ordered functor such that w(0) = 6(e) for some e € G,. Let P be the ordered groupoid
consisting only of one identity *. We saw in Proposition 6.10 that there is a unique

ordered functor f : P — G with f(x¥) = e and an obvious isomorphism v : P x [ = .
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The diagram of solid arrows below commutes.

T

P G
ved E; 0
- H

w

We have seen that 6 is a fibration so, by the definition of fibration in the cylinder, there is
an ordered functor @ : I — G such that @(0) = e and 0w = w. Suppose that o : I — G
is an ordered functor such that «(0) = @w(0) and A = w. Then, a(u),w(u) € Stg(e) and
O(a(u)) = 0(w(u)), so by star injectivity of 0, a(u) = @(u), hence o = @. Therefore @ is

the unique lifting of w.
[ |

On the basis of the above result the terms ‘ordered covering’ and ‘ordered star bijec-
tion’ are used synonymously.

The following result is taken from [4], Propositions 1.2 and 2.3.

Proposition 6.13 A fibration is an ordered covering functor if, and only if, it has dis-

crete kernel.

PROOF. Let 8 : G — H be a fibration.

Suppose first that € is star injective (we know that it is star surjective by Proposition
6.10). Let f be an identity in H, and suppose that g is an element of G such that 6(g) = f.
We show that ¢ is an identity. Clearly 6(d(g)) = f, thus 6(g) and 6(d(g)) are elements
of Sty (f). By star injectivity g = d(g).

Conversely, suppose that 6 has discrete kernel. By Proposition 6.10 we only need show
that 6 is star injective. Let e be an identity in G and suppose that a and b are elements
of Stg(e) such that 6(a) = 8(b). Then (8(b))~! = 0(b1), so 8(a)(8(b))~* = O(ab?) is an
identity in H. Hence ab~! € ker . But ker @ is discrete and thus ab~! is an indentity in
G. Therefore a = 0.

6.4 Enlargements and deformation retracts

Enlargements of ordered groupoids were introduced by Lawson [14] as corresponding to
enlargements of semigroups. In this section we examine the relationship between defor-

mation retracts and enlargements in the category OG. Higgins [7] studied deformation
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retracts of unordered groupoids. In Theorem 6.5.13 of [3] Brown shows that deforma-
tion retracts of unordered groupoids correspond to full, dense subgroupoids, although his

approach differs somewhat from ours.

Proposition 6.14 Let 0 : G — H and ¢ : H — G be ordered functors such that
¢0 = Idg and 0¢ ~ Idg. Thus G is a deformation retract of H. Then 6 is an ordered

embedding and H is an enlargement of 6(G).

PrOOF. We begin by showing that 6 is an ordered embedding. It is clear that 6 is an
injective ordered functor because ¢0 = Idg. Suppose that 6(g) < 6(¢') for some g,¢' € G.
Then ¢0(g) < ¢0(g'), since ¢ is an ordered functor. Thus g < ¢’, and so 6 is an ordered
embedding.

Before proving that H is an enlargement of 8(G) we make two observations.

Firstly, since 6 is an ordered embedding, 6(G) is an ordered subgroupoid of H iso-
morphic to G. In particular, (G) is closed under restriction and corestriction. We prove
the former; the proof of the latter is similar. Let 6(e) be an identity in 6(G) such that
6(e) < d(f(g)), for some g € G. Then 6(e) < 6(d(g)). Hence e < d(g), thus (gle) is
defined. But by 0(gle) < 6(g) and d(f(gle)) = 6(e). It follows that 6(gle) = (0(g)|6(e)),
as required.

Secondly, because 8¢ ~ Idy, there is an ordered functor ® : H — H' such that
€% ® = 0¢ and £};® = Idy. Let h € hom(e, f), then we can write

0¢(h)

D:hr— zfl lze

-~

h

where z.,zs € G are such that z;0¢(h) = hz,.

Now let f € G, be any identity; we prove that z4(s) € 6(G). Note that since ®(0(f))
is an identity in H!, we deduce immediately that Ty(s) is a loop at 6(f). Now observe
that ®(zg(s)) is a commutative square and that writing down the maps in this square we
obtain 0¢(zg(s)) = zg(s), and so zg(y) € 0(G) as required.

We can now show that H is an enlargement of (G). Condition (GE2) holds because
0 is a full functor by Proposition 6.6. Also by Proposition 6.6, the condition (GE3) holds
since 0 is dense. It remains to show that the condition (GE1) holds. Let e < 6(f), where
f € G,. We shall prove that e € 8(G). By assumption, ® is an ordered functor, and so
®(e) < @(0(f)). Thus ze < wy(p). Also d(ze) = 0¢(e). It follows that

ze = (Tg(5)|0¢(€))-
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But we have proved that z,) € 6(G). Hence z. € 6(G). But r(ze) = ¢, and so e € §(G),
as required. ]

The next result shows that in the category Grpd the converse of the above result
holds.

Proposition 6.15 Let G and H be (unordered) groupoids. Then G is a deformation
retract of H if, and only if, there is an injective functor 8 : G — H such that H is an
enlargement of 0(Q).

PROOF. Suppose that 6 is an injective functor and H is an enlargement of 8(G). To
show that 6 is a homotopy equivalence, we shall define its homotopy inverse. Let f be an
identity in H, by (GE3) we can choose an element = € H with d(z) € §(G) and r(z) = f.
Let I' : H, — H be a function which assigns such an element to each identity in H,
with the requirement that the restriction of I' to the set 8(G,) is the identity on 6(G,).
If h € H write z, = ['(d(h)) and y, = [(r(h)). Thus y; ‘hay, has domain d(z) € 6(G)
and range d(y,) € 0(G). Hence by (GE2), y; 'hzp, € 0(G). Define

v:H—0G) by :hr—y; hay

note that the restriction of 9 to 0(G) is the identity on 6(G).

We show that v is a functor. If h € H, then ¢(d(h)) = d(z) = d(¢(h)) and
p(r(h)) = d(yn) = r(1(h)). If the composite h'h is defined in H then r(h) = d(h’) and so
Yp = Tpr, also Ty = xp, and ypp = yp, it is now easy to show that (h')y(h) = ¢ (h'h)
Hence 1 is a functor. Since @ is injective, there is a functor 6~! : §(G) — G. Consider
the composite 671 : H — G, we shall show that this is the homotopy inverse of 6.
Now, for any g € G, 07 190(g) = 670(g) = g so (0~'4)0 = Idg. Since (0~ ) = 1, it

remains to show that 9 ~ Idy. The required homotopy is given by the ordered functor

U:H— Hf defined by W :h— (zp, % (h), h,yp).

The natural question to ask at this point is whether or not the above result holds in
the general category of ordered groupoids. This problem was essentially considered by
Lawson [12] without the topological framework provided here. The key point is that the
functor ¢ defined above need not be ordered, although in Lemma 16 (iv) of [12] some

limited order-preserving properties were established.
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6.5 The mapping cocylinder factorisation of an ordered func-

tor

We can now prove the direct analogue of the theorem in topology which states that every
continuous map can be factorised into a homotopy equivalence followed by a fibration
(Theorem II.8.9 of [27]).

Theorem 6.16 Let 0 : G — H be an ordered functor between ordered groupoids. Then

there is a functorial factorisation of 6

G

2 H

and an ordered functor §° : MY — G such that §%p° = Idg, p?5? ~ Id,e and i? is
a fibration. In particular, MY is an enlargement of p’(G) and i° is an ordered star

surjection.

PrROOF. By Proposition 3.3, the category OG has all pullbacks. By Theorem 6.3,
the cocylinder P satisfies the Kan condition F(2) and the cocylinder functor preserves
pullbacks. Thus by Proposition 5.6 and Theorem 5.7, every ordered functor has a mapping
cocylinder factorisation 6 = i’p? which is functorial, where j%p? = Idg, p?5¢ ~ Id e and
0

i? is a fibration. By Proposition 6.14, M? is an enlargement of pe(G), and by Proposition

6.10, 1? is star surjective.
|

We shall now describe the ordered functors involved in the mapping cocylinder fac-
torisation. By definition, M? is the pullback of the ordered functors  : G — H and
oy H' — H in the diagram below.

0

MG HI
# ey
G H

Thus from the construction of the pullback given in Proposition 3.3, we have that

M° = GoR,o H' = {(g, (h4,h3,h2,h1)) e Gx HI | 8(g) = h2}
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with order and product inherited from G x H', and we have that

M — HY s given by nf (g, (h4,h3,9(g),h1)) — (ha, h3,0(g), h1)
and j19 M — @G is given by j9 : <g, (h4,h3,0(g),h1)> — g.
Define
a:G— M by aigr (g,(8(x(9)),6(9),6(9),0(d(9))))-

It is easy to check that « is an ordered functor, j%a = Idg and 7%« = sy#. But these are

the properties which characterise p?. Thus a = p?. By definition ¢ = 5}{7r6 . Thus

i*(g, (s, hs,0(9), 1)) = ely(ha b, 6(g), bn) = h

6.6 Steinberg’s construction
In Theorems 5.2 and 5.3 of [28], Steinberg proves the following result.

Theorem 6.17 (Fibration Theorem) Let  : G — H be an ordered functor, then
there is an ordered enlargement v : D — Der(0) x H (with a right inverse) such that

0 = 1), where 1) is the semidirect product projection and is star surjective.

In this section we show that this factorisation and the mapping cocylinder factorisation
of an ordered functor described in the previous section are equivalent. We first need to
recall some definitions from [28]. The reader should be alerted to the fact that whereas
we compose functions from right-to-left, Steinberg composes from left-to-right. We have
therefore modified his definitions and results accordingly.

Let G and H be ordered groupoids, a left action (w, A) of H on G consists of two
ordered functors

m:G — Hy and A: HpgK, G — G

where we write A(h,g) = "g, and 3% if d(h) = 7(g). These ordered functors must satisfy

the following conditions:
(A1) If 3%, then n("g) = r(h).
(A2) If 3hohy and Mg, then h2(Mg) = hahig,

(A3) ™99 =g.
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Given a left action (m, A) of an ordered groupoid H on an ordered groupoid G. Their

semidirect product is defined as the set
GxH=G;R. H={(g9,h) € Gx H | w(g9) =r(h)}.

There is a partial product on G x H defined as follows: if (g1, h1), (g2, h2) € G x H, and
there exist hohy and go("2g1), then

(92, h2)(91,h1) = (g2("g1), hoha).

If (g,h) € G x H then it is straightforward to show that d(g,h) = (" '(d(g)),d(h))
and r(g,h) = (r(g),r(h)). By Proposition 3.3 of [28] one has that G x H is an ordered
groupoid with the order inherited from G x H.

Let 6 : G — H be an ordered functor. The derived ordered groupoid Der(6) of @ is
the set

Der(6) = HeMga G = {(h9) € H x G | r(h) = r(6(9))}
endowed with the following ordered groupoid structure (for proofs see [28]). The partial
order is the one inherited from H x G. We describe the groupoid structure. Let (h,g) €
Der(6), then
d(h,g) = (hb(g),d(g)) and r(h,g) = (h,r(g)).

So if (h,g), (W', g") € Der(6) with d(h, g) =r(h',g¢'), then A’ = hO(g) and r(g') = d(g). In

which case the product is defined as

(h,g) (W, g") = (h,g9').

Let 6 : G — H be an ordered functor. Steinberg defines a left action of H on the
ordered groupoid Der(8) as follows:

7 : Der(6) — H, by m(h,g) =r(h)
and A: Hpg®, Der(§) — Der(0) by A(KW,(h,g)) = (h'h,g).

As aresult of this action, we can define a semidirect product ordered groupoid Der(8)

H. The underlying set is

Der(¢) x H = Der(0)«%: H = {((h,9),) | w(h,g) =x(k'),d(h) =x(6(g))}



We examine the product in Der(0) x H. Let ((h1,91), h}) and ((he, g2), hb) be elements
of Der() x H. For ((hg,g2),hb)((h1,91),h}) to be defined we need FhHh) in which case
d(hy) = r(h}) = r(h1) = m(h1,g1) and so A(hh, (h1,91)) = "(h1,g1) is defined. We
also require 3(ha, g2)(">(h1,91)), that is, I(ha, g2)(hhh1,g1) in Der(d), for this we need
hbh1 = h26(g2) and 3g2g1, in which case

(ha, g2)(hyhi, g1) = (ha, g2g1).
Thus
((h2,92), h9)((h1,91), 1) = ((h2, g291), hahy).

So given ((h1,91),h}) and ((ha, g2),hS) in Der(f) x H such that the diagram below com-
mutes
g2 g1

0(g2) 6(g1)

-

| |m

-~ e

Wy bl
then the composite is defined and is illustrated by the diagram below.

9291
PP i

6(g291)

hzl
hyhl
We now define three functions linked to this semidirect product as follows
v: G — Der(0) x H  with «(g) = ((6(r(9)), 9),0(9)),
¥ :Der(d) x H— H with ((h,g),h") =1,
and 7:Der(d) x H— G with 7((h,g9),h') =g.
Steinberg shows that ¢ is an ordered embedding and that Der(f) x H is an enlargement of
6(G) in Propositions 3.8 and 4.9 respectively, of [28]. In Proposition 4.7 Steinberg shows

that the projection 1 is an ordered star surjective functor. Clearly 7. = Idg and 6 = 1)1,

this is Steinberg’s factorisation.

Der(6) x H

G 7 H

We now show that our factorisation is isomorphic to Steinberg’s.
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Proposition 6.18 There is an isomorphism of ordered groupoids ' : Der(6) x H —s M?
such that
To=p% #T=v and ;T =7

PROOF. Define
T Der(9) x H— M? by T:((hg),k) — (g, (h 5, 0(9), k™ h8(g)))-

This function is pictured below.

9 9
0
or(e) | r 8.8
hl hl lk‘lhe(g)
k k

It is easy to check that I' is well-defined. We show that T is a functor. Let ((h,g),k) €
Der(6) x H, then

D(d((h,g),k) = T(*(d(h,g)),d(k))
= T(*(h(9),d(9)), d(k))
P((k™1h6(g), d(9)), d(k))
= (d(9), (57 h6(g), A(k), 0(d(9)), A(K) " k" h(9)0(d(9))) )
(

(k)
d(g), (k™" h0(9), d(k), 0(d(9)), K~ h8(9)) )

and

d(T((h,9),k)) = d(g,(h,k,0(9), k~'h6(9)))
= d(d(g), (K" ho(g), d(k), d(0(9)), k' h6(9)))

so d(T'((h,g),k)) =T(d((h,g),k)). Now for the range identities,

L(r((h,g),k)) = T

can easily be shown to be equal to r(I'((h,g),k)). Now examine the effect of T' on

composites. Let ((hg2,g2),k2) and ((h1, 1), k1) be elements of Der(0) x H, their composite
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exists if Igog1, Fkok1 and kahy = hob(g2), in which case
D (((h2, 92),k2) (b1, 9),k1)) = T(he, g2g1)kakr)

= <9291, (h2, kak1,0(g291), (k2k1)_1h29(9291)))
= (9291, (ha, kak1,0(g291), kfl(k{1h29(g2))9(g1))>
= (9291, (ha, kak1,0(g9291), kf1h19(91))),

but I'((h2, g2), k2)T'((h1,91), k1) is equal to

(925 (k. k2, 0(92), i *20(2)) ) (g1, (ha, K, 6(0n), K a6(91)) ).
Thus

L ((h2,92),k2)T((h1,91), k1) = <9291, (h2,k'2k1,9(92)9(91),kf1h19(91))>

which is equal to F(((hg, 92),k2)((h1, gl),k1)>. Therefore I' is a functor. It is clearly

ordered and injective. To see that I' is surjective, let m = (g, (h4,h3,0(g),h1)> € MY,
then it is easy to check that ((h4,g),hs) € Der(0) x H with T'((h4,g),h3) = m. Thus T

has inverse
I'_‘_l : Mg — Der(e) x H with F_l : (gv (h47h370(g)3h1)) — ((h4ag)7h3)a

which is also clearly an ordered functor. Consequently Der() x H and M? are order
isomorphic.

To complete the proof, observe that

Iu(g) = T((0(r(9)),9)0(9))
= (g, (9(1‘(9)),9(9)9(9),9(9)"19(r(9))9(9)))

for any g € G. Also
i’T((h, 9), k) = i* (g, (h, £,0(9), K" h6(3)) ) =k = w((h, 9), k)

and
3Tk, 9), k) = 5° (9, (h, k. 0(9), k™ 18(9))) = g = 7((h, 9), k),

for any ((h,g),k) € Der(6) x H.
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Part 111

Cohomology of ordered groupoids
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Chapter 7

Background on cohomology

Homology, like homotopy theory, arose out of attempts at constructing topological invari-
ants for spaces, but was adapted to classify other mathematical objects such as groups.

In this chapter we outline some of the theory we will use.

7.1 Abelian categories

We shall describe some homology in abelian categories. Later we shall apply these meth-
ods to the category of actions of ordered groupoids. For more on abelian categories we
refer the reader to [5, 21, 24, 31].

In this section we shall think of categories in terms of objects and morphisms.

A category A is called an Ab-category if every hom set homa (A, B) in A is an additive
abelian group and if f, f': A — B, g,¢' : B — C are morphisms in A then

e+ W+ =gf+af' +9F+ofF.

An additive functor ¢ : A — B between Ab-categories A and B is a functor such
that each induced function homa (A4, A') — homp (B, B’) is a group homomorphism.

An object Z of a category A is called a zero object if for any objects A and B of A,
there are unique morphisms f: A — Z and g : Z — B, the composite gf is called the
zero morphism from A to B and is written Og or 0. Any composite with a zero morphism
is itself a zero morphism.

An additive category is an Ab-category A with a zero object and direct sums, that is

for every pair A, B of objects in A there is an object A @ B and four morphisms forming

a diagram
11 19
A A® B B
pP1 P2
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with p1i; = Ida, poie = Idp and i1p; + i9p2 = Idagp. We say that A is complete if the
product of any set of objects exists in A.

In a category A which has a zero object, a kernel of a morphism f: B — C is a
morphism k : A — B such that fk = 0, and k is universal with this property; that is, for
any morphism h : A’ — B with fh = 0, there exists a unique morphism A’ : A’ — A

such that h = kh/, as shown in the commutative diagram below

Dually, a cokernel of f is a morphism ¢ : C — D, which is universal with respect to
ef =10,

Lemma 7.1 Let f: B — C be a morphism in a category C and let k : A — B and
k' : A" — B be kernels for f. Then A and A’ are isomorphic objects. The dual result

holds for cokernels.

PROOF. Since k is a kernel there exists a unique morphism h : A” — A such that
k' = kh, similarly there is a unique b’ : A — A’ such that k = k’h’/. Therefore k = khh'.
But since k is a kernel Id4 is the unique morphism with & = kId4. Hence hh' = Id4.
Similarly A'h = Id 4. Hence A is isomorphic to A’.

The dual result for cokernels is proved similarly.
[ |

We now examine monics and epis an additive categories A. Recall that a morphism
m : A — B is monic if given any two morphisms f,g : C — A, mf = mg implies

f = g. Clearly if m is monic, then
fif =0 = =10

Conversely, let m : A — B be a morphism in A, and suppose that mf = 0 implies
f = 0. We show that m is monic. Let f,g: A — B, and suppose that mf = mg. Then
mf —mg=0. So m(f —g) =0, since A is an Ab-category. Therefore f —g =0, so m is
monic.

Similarly, an epi e : A — B in an additive category is a morphism such that he = 0

implies A = 0, for every morphism h : B — B’ of A.
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Monics and epis allow us to define sub- and quotient objects. Let f : X — Y and
g : X' — Y be monics, we write g < f if there exists a morphism f’: X’ — X such
that ¢ = ff’. If ¢ < f and f < g then we write f = g, it is easy to show that this
is an equivalence relation. The corresponding equivalence classes are called subobjects
of Y. For convenience we shall say that a particular equivalence class representative is
a subobject. These subobjects correspond to the usual subobjects in Ab, Grp, Grpd
etc. For example, let S be a subgroup of a group G, the inclusion ¢+ : S < G is monic.
If o : T — @ is another monic and there exist homomorphisms 6 and ¢ making the

diagram below commute.
- R S ;

=

Then ¢+ = pf = 1P, but ¢ is a monomorphism so ¢ = Idp. Similarly ¢ = Idg.
Therefore S = T', that is any subobject equivalent to ¢ has domain isomorphic to S.
Dually, a quotient of an object X is the obvious equivalence class of epis having domain
X. Let X be a subobject of Y, that is there is a monic m : X — Y. The quotient of X
and Y is an epi e : Y — @ such that em = 0, we call QQ the quotient object and often
write Q = X/Y. This definition is consistent with the familiar quotients in Grp, Grpd,
etc.

Let A be an Ab-category. Suppose that f: X — Y and g : X’ — Y are subobjects
of an object Y of A. Suppose further that ¢ < f. Let ¢ : Y — @ be a quotient for
X and Y; that is an epi. We say that ¢ is the quotient of f and g if qg = 0, we write

q=f/g.

Definition An abelian category is an additive category A satisfying the following addi-

tional conditions:
1. Every morphism in A has a kernel and a cokernel.
2. Every monic in A is the kernel of its cokernel.
3. Every epi in A is the cokernel of its kernel.
The most commonly used abelian category is the category of abelian groups.

Proposition 7.2 The category Ab of abelian groups is an abelian category.

PROOF. Let A and B be abelian groups. Addition in hom(A, B) is defined pointwise.
Thus for group homomorphisms 6, ¢ : A — B, the homomorphism

0+¢: A— B isgivenby (6+ ¢)(a)=06(a)+ ¢(a).
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It is immediate that this addition is associative and commutative. The homomorphism
0:A— B given by 0(a) =0p, where Op is the identity in B

has the property that § +0 = # = 0 + 0. For each homomorphism § : A — B, define
—0: A — B by (=0)(a) = —0(a). It is clear that 6 — 6 = 0 = —0 + 6. Hence each
hom(A, B) is an additive abelian group. For group homomorphisms, 6,6’ : A — B and
¢,¢' : B— C, and each a € A, we have

(¢ + ¢")(0(a) + 6'(a)

$(0(a) + 6'(a)) + ¢'(6(a) + 6'(a))
= ¢0(a) + ¢0'(a) + ¢'0(a) + ¢'0'(a).

(¢+¢)(0+06(a)

Il

Hence Ab is an Ab-category.

The zero object in Ab is the group consisting only of an identity. The zero homomor-
phism from a group A to a group B is the homomorphism 0 defined above. The direct
sum of two abelian groups A and B is the cartesian product A x B with the canonical
inclusion and projection maps. Hence Ab is an additive category.

The kernel of a homomorphism 6 : A — B is the inclusion s : Ker(d) — A
where, as usual, Ker(6) is the subgroup of A consisting of those elements which # maps
to the identity in B. The cokernel of # is the projection p : B — B/Im(#). Let
0 be monic. In Ab, monics are precisely the monomorphisms, therefore there is an
isomorphism 6* : A = Im(€). But Ker(p) = Im(6). Hence every monic is the kernel of its

cokernel. A dual argument shows that every epi in Ab is the cokernel of its kernel.

The following important result is well-known.

Proposition 7.3 Let A be an abelian category and C an arbitrary small category. The

functor category AC is an abelian category.

PROOF. Let 6 and ¢ be functors from C to A and let Nat(,¢) denote the set of
natural transformations o, 8 : 6 — ¢. Let X be an object in C. There are morphisms
ax, fx :0(X) — ¢(X) in A. Since A is abelian, hom(6(X), (X)) is an abelian group.

We can therefore define

(a+B)x :0(X) — ¢(X) by (a+B)x =ax + Bx.

To see that av+ [ is a natural transformation, let f : X — Y be a morphism in C. Then

d(f)la+PB)x = o(f)(ax + Bx)
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= ¢(flax + ¢(f)Bx
= ay0(f) + By6(f)
= (Oéy + ﬁy)e(f)

Hence the addition is well-defined in Nat(f,¢). It is immediate that this addition is
associative and commutative. The identity in Nat(0, ¢) is the natural transformation 0
which has each 0x the identity in hom(0(X),$(X)). For functors 0,¢,9 : C — A,
natural transformations «, 8 € Nat(6, ¢) and ~,d € Nat(¢p, 1), and any object X of C,

we have

(v+8)(a+B)x = (v+d)x(a+hx
= (vx +dx)(ax + Bx)
= yxax +7xPx +dxax +xPx
= (va)x + (vB)x + (6a)x + (68)x-
Hence (y+ 6)(a + ) = ya + vB + 6o + 63, making A€ an Ab-category.
We now show that A€ is an additive category. Let 0 denote the functor from C to A
which maps every object of C to the zero object of A, and every morphism of C to the
identity at the zero object. It is easy to show that 0 is a zero object for A€. To see that

AC has direct sums, let #,¢ : C — A. Since A is abelian, we may define the sum of 6

and ¢ component-wise, that is
(0@ ¢)(X) = 0(X) ® ¢(X)
for every object X of C and

0@ ¢)(F)(X) = (0@ ¢)(f(X)) = 6(f(X)) ® $(f (X))

for every morphism f: X — Y of C. To see that 0 @ ¢ is a functor, let g : Y — Z be

another morphism in C. Then

O ®¢)(gf)(X) = (00 ¢)(9f(X))

Hence AC is an additive category.
To show that A€ is an abelian category we need to define kernels and cokernels for
each natural transformation o € Nat(f, ¢). For each object X of C, let kx : Kx — 6(X)
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be a kernel for the morphism ayx. Let f : X — Y be a morphism in C. Since « is a

natural transformation the diagram below commutes.

Kx —2 > §(X) — 2%~ ¢(X)

Ky ————0(Y) —— 4(Y)

Thus ay0(f)kx = ¢(f)axkx, but axkx is the zero morphism, and every composite with
a zero morphism is zero, therefore ay0(f)kx = 0. Since ky is a kernel for ay, it follows

that there is a unique morphism sy : Kx — Ky such that §(f)kx = kyxy. Define
p:C— A by 9(X)=Kx and o(f) =~y

for objects X and morphisms f of C. To see that % is a functor, let f : X — Y and
g 'Y — Z be morphisms in C. There is a unique morphism %(gf) = k4 such that
0(gf)kx = kzkgr. Now

kzkgry = 0(9)kyry = 0(9)0(f)kx = 0(g9f)kx,

hence kgrp = kyy, that is ¥(gf) = ¥(g9)¥(f). It is now clear that 9 is a functor. It is
immediate that the morphisms kx : ¥(X) — 6(X) define a natural transformation &
from ) to 6. We shall show that k is a kernel for a. Let 9’ : C — A be a functor and
suppose o € Nat (¢, 0) is such that ac = 0. For each object X of C the solid arrows in

the diagram below commutes

¢'<X>\ 0

i 0(X) — X ¢(x)
kx

B(X)

Since kx is a kernel for ax, there is a unique morphism o'y : ¢'(X) — 9(X) in A making
the diagram commute. To see that the morphisms o’y define a natural transformation,

let f: X — Y be a morphism in C. It is required to show that the left-hand square in
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the diagram below commutes

D(X) —E s (X)) — 2 §(X)

6(Y) ——> $(Y)

Now ayf(f)ox = ¢(f)axox = 0. Since ky is a kernel for ary, there is a unique morphism

h: ' (X) — 9(Y) making the diagram below commute

W(:X) .
0(f)ox

3!h§ oY) °r $(Y)
ky

P(Y)

Now kyy(f)o’y = 0(f)kxo’y = 0(f)ox, so h = ¢(f)o'y. But kyol o' (f) = oy (f) =
0(f)ox. Hence h = (f)o’y = oy 4'(f), so o' € Nat(y',4). It is clear that ' is unique,
since each morphism vy is unique. We have therefore proved that & is a kernel for c.

Similarly, for each object X of C we can choose a cokernel cx : ¢(X) — Cx for a.
A dual construction to that above shows that the morphisms cx define a morphism in
AC which is a cokernel for a.

We have therefore shown that every morphism « in A€ has a kernel and a cokernel.

Now let 7 € Nat (6, ¢) be monic in A€ and let o € Nat (1, 0) be such that na is the
zero morphism from 9 to ¢. Then « is a zero morphism. But then for each object X of
C, nxax =0in A, and ax = 0. Hence each nx is monic in A. Let ¢ € Nat(¢, ¢') be a
cokernel for 7, that is each cx : ¢(X) — ¢'(X) is a cokernel for nx : 6(X) — ¢(X) in
A. But A is an abelian category and nyx is monic, so nx is a kernel for cx. Hence 7 is a

kernel for ¢ in AC. Similarly every epi in A€ is the cokernel of its kernel.
O

Recall from Lemma 7.1 that kernels and cokernels are unique up to isomorphism. For
every morphism f: X — Y in an abelian category we pick a kernel which we denote by
ker(f) : Ker(f) — X. Thus ker(f) denotes a morphism and Ker(f) an object. We use
the similar notation coker(f) : Y — Coker(f) for the cokernel of f.

The following result is well-known, and is proved in Proposition VIII.3.1 of [21].
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Proposition 7.4 In an abelian category A, every morphism f: X — Y has a factori-

sation f = me with m monic and e epi; moreover,
m = ker(coker(f)) and e = coker(ker(f)).

Furthermore, such a factorisation is unique up to isomorphism.

|
From the above factorisation, the image of f is defined as m = im(f) : Im(f) — Y,
similarly, e is called the coimage of f.
7.2 Exact functors

Let f: X — Y be a morphism in an abelian category A. In the previous section, we
discussed the kernel ker(f), cokernel coker(f) and image im(f). Given another morphism

g:Y — Z, we can form the sequence
g-tsy Lop

We say that such a sequence is ezact at Y if ker(g) = im(f). The following sequence is

exact at X if, and only if, f is a monic
f—X—Y.

Dually, f is epi if, and only if, the following sequence is exact at Y’
X - Y —=0,

We shall say that the sequence

0 X Y Z 0 (7.1)

is a short ezact sequence if it is exact at each object of the sequence. Equivalently, if X
is a subobject of Y and Z =Y/ X.
Let F': A — B be an additive functor between abelian categories, we say that F' is

an ezact functor if for each short exact sequence (7.1) in A, the sequence

F(g)

F(Z)—0

is exact in B.
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Exact functors represent the ‘ideal’ against which we measure other functors that fail
to be exact to some extent. We now define two examples of functors which are ‘nearly
exact’. An additive functor F' : A — B between abelian categories is said to be left

ezact if, for each short exact sequence (7.1) in A, the sequence

0 — F(X) F(Y) F(Z)
is exact. We say that F' is right ezact if the sequence
F F
x) 29 pivy 29 p(z) 0

is exact. Clearly an additive functor is exact precisely when it is both left and right exact.
The above definitions apply to covariant functors but can also be applied to con-
travariant functors. For example, if F' is contravariant from A to B, we say that F is

exact if for each short exact sequence (7.1) in A, the sequence

F(foP F(g°P
0 FX) L) pyvy 297 pz)

is exact in B.

The following result gives two examples of left exact functors, one covariant and the
other contravariant. Proofs are given, for example, in Weibel [31] Proposition 1.6.8 and
Corollary 1.6.9.

Proposition 7.5 Let A be an abelian category.

(i) The covariant hom functor hom(X, —) is a left exact functor for every object X of
A.

(ii) The contravariant hom functor hom(—, X) is a left exact functor for every object X
of A.
[ |

It can be proved that an additive functor F' : A — B is left exact if whenever
0 X ¥ 7 is exact in A, then 0 — F(X) — F(Y) —= F(Z) is
exact in B. (Exercise 1.6.3 of [31]). With a dual result for right exact functors.

7.3 Complexes
In the previous section we discussed pairs of morphisms
f g
X—Y—>=2Z, (7.2)
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over an abelian category A, which are exact at Y. In particular, this means that the
composite gf is the zero morphism. This leads us to study sequences (7.2) such that
gf = 0 but which need not be exact. In this case gim(f) = 0, so there is a unique
morphism h such that im(f) = ker(g)h, that is im(f) < ker(g). One can therefore form
the quotient object Ker(g)/Im(f).

In an abelian category A, a complex C* is a sequence of composable morphisms

d° d! d?

=
1d

Cc~ 0 ct c? c?

with d"*1d” = 0. The morphisms d" : C*~! — O™ are called differentials. The sequence
need not be exact. A measure of how the complex fails to be exact at each object C™ is
the n't cohomology object Ker(d®)
er
H™Q) = W

We call Ker(d") an n-cocycle object and Im(d"~!) an n-coboundary object. Observe that
C'* is exact precisely when every H"(C) = 0.

If C* is a complex and C™ = 0 for all n < 0, then C* is called a positive complex. If
C™ =0 for all n > 0, then C* is called a negative complex. A positive complex is called a
cochain complex, a negative complex is called a chain complez. For chain complexes the

following notation is used:
C =0y, d " =g, 0 < n.

Let C*® and D*® be two complexes over an abelian category A. We denote the differ-
entials of C and D by df, and dY, respectively. A morphism of complezes u : C* — D*
is a collection of morphisms u" : C"* — D™ such that u"*1d% = d},u", for all n. That

is, such that the diagram below commutes

00> 01 205 2 70, s

Al e e e e

b5 D° D! D? D3

G Ty

If u: C* — D°* is a morphism between chain (respectively cochain) complexes, then we
call u a chain (respectively cochain) map.

Complexes over an abelian category A, together with their morphisms form a category,
denoted Ch(A). It can be shown that this category is abelian (Theorem 1.2.3 of Weibel
[31])-

We refer the reader to Section 7.1 of [5] for proof of the following.
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Proposition 7.6 Let C°® and D°® be complexes over an abelian category A, and let
u: C* — D*® be a morphism of complexzes. For all n, there is a morphism H™(u) :
H"(C) — H™(D) in A, so that H" : Ch(A) — A is a functor.

In order to classify morphisms of complexes, there is a notion of homotopy. Let
u,v : C* — D*® be morphisms in an abelian category A. A homotopy s from u to v is a

family of morphisms s™ : C® — D"~ L, one for each dimension n, such that
y p - )
A ts™ 4+ " dE = u™ — o™

or, dropping the superscripts for clarity, ds + sd = v —v. We write s : u ~ v. The

situation is illustrated below

n—1 dn.
5t (54 n C
L = el

sTl
n n

Dt oo D e D
dp D

We say that a morphism of complexes u : C* — D°® is an equivalence if there is a
morphism @ : D®* — C°, and homotopies s : Tu ~ Idge, t : ut =~ Idpe. If such an
equivalence exists, then we say that C* and D*® are homotopic. See Proposition 7.1 of [5]

for proof of the following.

Proposition 7.7 Let u,v: C* — D® be morphisms of complezes in some abelian cate-

gory. If there is a cochain homotopy s : u ~ v, then

H"(u) = H"(v) : HY(C) — H"(D).

We let 0° denote the zero complex

Let C*° be a complex. Define 0 : C* — C°, where
0" :C" — C™ isgiven by 0"(c) =0,

for all c € C™.
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We say that a complex C*° is contractible if it is homotopic to the zero complex 0°,
or equivalently, if Idce >~ 0. Thus C*® is contractible if there is a family of morphisms
s" : C® — C™ ! such that

d*1s" 4 "t = Idcn.

We call the homotopy s a contracting homotopy. The following is immediate from Propo-

sition 7.7.

Proposition 7.8 If a complex C* is contractible, then it is ezact.

This result is useful because in order to show that a complex C* is exact, it is sufficient

to construct a contracting homotopy for C°.

7.4 Resolutions

Let A be an abelian category. An object P of A is called projective if it satisfies the
following universal lifting property: given a morphism o : P — C, and an epi g: B —
C, there is at least one morphism § : P — C such that « = ¢gB8. The situation is
illustrated below
P
p l
a
p

B—>C—>0

We say that the category A has enough projectives if for every object A, there is an epi
P — A with P projective. Dually an object I is said to be injective if, for every monic
f: A — B, and morphism v : A — I, there is a morphism § : B — I, such that

0f =7, as illustrated below
= g T
i
B===A~——)

We say that A has enough injectives if for every object A of A, there is a monic A — I
with I injective.

The following is immediate.

Lemma 7.9 Let I be an object of an abelian category A. Then I is injective in A if,
and only if, I is projective in A°P. O

108



See Example 2.3.13 of Weibel [31] for a proof of the following.

Proposition 7.10 Let A be an abelian category and C a category. If A is complete and

has enough injectives, then AC has enough injectives. A dual result holds for projectives.

Let A be an object of A. A left resolution of A is an exact sequence

d d

2 P By—= A 0.

If each P; is projective then it is called a projective resolution of A. We write P, —— A .

Dually, a right resolution of an object A is an exact sequence

12

If each I* is injective then it is called a injective resolution of A. We write A =l e .
The first part of Lemma 7.11 is proved as Lemma 2.2.5 of [31], the second part is the

dual case.

Lemma 7.11 Let A be an abelian category.
(i) If A has enough injectives then every object in A has an injective resolution.

(ii) If A has enough projectives then every object in A has a projective resolution.

Theorem 7.12 (Comparison Theorem for injective resolutions) Let A e
be an injective resolution of an object A in an abelian category A, and let f': A — B be
a morphism in A. Then for every right resolution E° — 5 of B, there is a cochain
map f* : E* — I* lifting f' in the sense that f' = fOn. The map f* is unique up to

cochain homotopy equivalence.

0 B EP E! E?
f’l ETCINN E VS FT
Y \% \
0 I\ 2
0 A—r[0—>l—>]

There is a dual result for projective resolutions. (See Theorem 2.2.6 of [31]).
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7.5 Derived functors

Let F': A — B be a left exact functor between two abelian categories. We assume that
A has enough injectives. For every object A of A we may, by Lemma 7.11, choose an

injective resolution

0 A=A 4.1 4.2

Now F(d"*!1)F(d") = F(d""'d™) = F(0) = 0, hence the sequence

F(d)

F(d)
F(I3) —=F(I})

is a cochain complex, which we shall denote by F(I4)°.
We construct a sequence of functors from the category A to the category B. For each
n > 0, define
(R"F)(4) = H™(F(I4)).

We now show how to define R™F on morphisms. Let f': A — B be a morphism in
A. By the Comparison Theorem, we can choose a cochain map f°®: I3 — Ip. Hence
there is a cochain map
F(f)*: F(I4)* — F(Ip)°®.

By Proposition 7.6, there are morphisms H"(F(f)) : H"(F(I4)) — H"(F(Ip)), for all
n > 0. Thus we may define

(R*F)(f') = H"(F(f)) : (R"F)(A) — (R"F)(B).

If ¢ : A — B is another morphism of A, then by the Comparison Theorem the cochain
maps f* and ¢g° are homotopic. It is then evident that the cochain maps F(f)® and F(g)*
are homotopic. Thus by Proposition 7.7 H"(F(f)) = H"(F(g)); that is (R"F)(f') =
(R"F)(g")-

It is immediate that (R"F)(uv) = (R"F)(u)(R"F)(u). Hence each R"F is a functor
from A to B. These functors are called the right derived functors of F.

The definition of the functors R"F' appears to be dependent on the choice of injective
resolution. However, with the help of the Comparison Theorem, it can be proved that
if a different injective resolution is chosen, then each resulting functor R F is naturally
isomorphic to R™F. Thus the definition of R™F is independent of the choice of injective

resolution used.

Proposition 7.13 Let F' : A — B be a left exact functor and let A have enough

injectives. Then
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(i) ROF = F.
(ii) If Q is an injective object in A then (R"F)(Q) =0, for alln > 1.

(iii) If F' is ezact then (R"F)(A) =0, for all objects A of A and all n > 1.

PRrROOF.
(i) By definition (R°F)(A) = HO(F(I14)) = Ker(F(d®))/Im(F(d~')), but F(I4)® is a
cochain complex, so d~! = 0. Hence (R°F)(A) = Ker(F(d®)). Now

0— 441951

is exact and F is a left exact functor. Hence the sequence

0
0 — F(A) F(EA)F(I%) #(d°)

F(I})

is exact. Therefore Ker(F(d°)) = Im(F(ey4)), but Im(F(e4))
(ROF)(A).

(ii) For an injective object @ one has that

1%

F(A). Hence F(A) =

Idg

0 Q Q 0 0 0

is an injective resolution of Q. It is immediate that this resolution yields (R"F)(Q) = 0,
for all n > 1.

(iii) If F' is exact, then the whole sequence

Fea) F(d) F(d)
0 — F(4) —> F(I3) F(I}) PlIg)— ¢~
is exact, therefore every Ker(F(d"*1))/Im(F(d")) = 0. [

Dual to right derived functors are ‘left derived functors’. Let F': A — B be a right
exact functor between two abelian categories and suppose that A has enough projectives.
For each object A of A, choose a projective resolution PA L A . Applying F to P,
yields a chain complex F(P4),. Define

(LnF)(A) = Ho(F(P?)).

For each morphism f' : A — B in A, there are chain maps f, : PA — PP and
F(f)e : F(P4), — F(P4),. Define

(LnF)(f') = Hn(F(f)) : (LaF)(A) — (Lo F)(B).

These functors are called the left derived functors of F.
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Let FF: A — B be a left exact functor, where A has enough injectives. We can
construct right derived functors R"F. Now F' also defines a right exact functor F°P :
A°? — B° and A°P has enough projectives. Thus we can construct left derived
functors L, F°P. An injective resolution A — I°® of A in A is a projective resolution of
Ain A°P. Thus

(R™F)(4) = (Lo F) (4).

Therefore all the results about right derived functors apply to left derived functors. In
particular, the objects (L, F)(A) are independent of the choice of projective resolution,
LoF =2 F, and (L, F)(P) = 0 whenever P is projective and n # 0.

Let A and B be abelian categories. For objects A and B of A, we have seen that the
covariant hom functor hom(A, —) is a left exact covariant functor and the contravariant
hom functor hom(—, B) is a left exact contravariant hom functor. Let us assume A has

enough injectives. We may construct the right derived functors
R"hom(A,—) and