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Abstract: We numerically demonstrate and analyze polarization chaos synchronization be-
tween two free-running vertical cavity surface emitting semiconductor lasers (VCSELs) in the
mutual coupling configuration under two scenarios: parallel injection and orthogonal injection.
Specifically, we investigate the effect of external parameters (the bias current, frequency detuning
and coupling coefficient) and internal parameters (the linewidth enhancement factor, spin-flip
relaxation rate, field decay rate, carrier decay rate, birefringence and dichroism) on the syn-
chronization quality. Finally simulation results confirm that in the parallel injection, chaotic
synchronization can reach a cross-correlation coefficient of 0.99 within a range of parameter
mismatch ±12%. On the other hand, the chaos synchronization for orthogonal injection only
reaches a cross-correlation coefficient of 0.95 within a range of parameter mismatch ±3%.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Laser chaos synchronization has received extensive attention due to its advantage in securing the
physical layer of optical communication systems [1,2]. Unlike electric chaos, the high-bandwidth
of the laser chaos has driven transmission rate of the chaos synchronization based communication
to the level of 10 Gb/s with a low bit error rate [3–8]. Besides, some secure key distribution
techniques based on chaos synchronization in optics have been proposed and considered as an
attractive candidate from the point of view of practical feasibility in recent years [9,10].

There have been numerous studies on laser chaos synchronization where semiconductor lasers
are the most widely used optical sources for generating chaotic light. For instance, Li et al.
theoretically analyzed the generalized chaos synchronization in an open-loop unidirectionally
coupled configuration where both the transmitter and the receiver are single-longitudinal-mode
semiconductor lasers [11]. Jiang et al. systematically investigated the properties of injection-
locking chaos synchronization and communication in closed-loop external-cavity semiconductor
lasers subject to phase-conjugate feedback [12]. Hong et al. experimentally achieved chaos
synchronization in two unidirectionally coupled vertical cavity surface emitting semiconductor
lasers (VCSELs) with external feedback [13]. The implementation of chaos communication
using VCSELs motivates further investigations on the influence of polarization dynamics such
as polarization maintaining, polarization rotation and polarization mode competition on the
synchronization properties [14–16]. Englert et al. experimentally demonstrated zero-lag
synchronization in a mutually coupled chaotic semiconductor laser system [17]. Xiang et al.
numerically investigated the chaos synchronization properties in a hierarchical tree-type optical
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network consisting of mutually coupled semiconductor lasers (SLs) [18]. Li et al. studied the
optical chaos synchronization in point-to-multipoint (PTM) and ring networks [19].

However, it should be pointed out that most semiconductor lasers used for the aforementioned
chaotic communication systems can not directly output chaotic signals, but commonly require
an external perturbation such as time-delayed optical feedback to be driven into chaos. As
such the arrangements are relatively complex to setup, run and maintain. To guarantee a good
synchronization property, much effort has to be devoted to the control of the chaotic dynamics
[20].

It has previously been demonstrated that a solitary VCSEL under certain conditions can
directly generate chaotic light without the need of additional external optical feedback, namely as
polarization chaos [21]. This approach is much simpler and compact, which meets the current
needs of integrating lasers into complex optical systems [22], and thus may significantly change
the current scenario of chaotic communication systems. In 2016, Virte et al. demonstrated
the unidirectional coupling injection locking synchronization of polarization chaos using two
free-running VCSELs [23].

In this paper, we theoretically investigate the mutually coupled synchronization characteristics
of polarization chaos. Specific investigations are executed in two scenarios where two chaotic
VCSELs are subjected to parallel injection and orthogonal injection, respectively. We analyze the
effect of bias current, coupling coefficient and frequency detuning between the mutually injected
VCSELs in detail. Furthermore we examine the robustness of the mutually coupled chaotic
synchronization under some mismatch of internal parameters (i.e., the line width enhancement
factor, spin inversion relaxation rate, field attenuation rate, carrier attenuation rate, birefringence
and dichroism). Finally simulation results demonstrate that the maximum cross-correlation
coefficient in the case of parallel injection can reach 0.99 with a tolerable parameter mismatch
range of ±12%. On the other hand, the correlation value of orthogonal injection can reaches 0.95
only when the coupling coefficient increases to 200∼400 ns−1 with a relatively small tolerable
parameter mismatch range of ±3%. Those two injection methods stimulate different dynamic
mechanisms, which may be used in multi-channel optical communication systems [24].

2. Theory

Figure 1 shows the schematic for polarization chaos synchronization in two mutually coupled
free running VCSELs. Both the VCSELs operate in the chaotic state without additional external
perturbation. Specific investigations on the polarization chaos synchronization are executed in
two cases: parallel optical injection and orthogonal optical injection. In the configuration of
parallel optical injection [Fig. 1(a)], the laser output from VCSEL1 is connected to a polarization
beam splitter (PBS1) to select the parallel (X) and vertical (Y) polarizations. Then, the X and
Y linearly polarized lights attenuated by their own neutral density filters (NDFs) are injected
into VCSEL2 via another polarization beam splitter (PBS2). This guarantees that the linear
polarization directions of the injected light from VCSEL1 and the other VCSEL (VCSEL2) are
parallel, and vice versa. As for the case of orthogonal optical injection [Fig. 1(b)], the X and Y
linearly polarized lights from VCSEL1 is injected orthogonally to the Y and X linear polarization
of VCSEL2, respectively. Note, the symbols M1, M2, M3 and M4 in Fig. 1 denote mirrors.

In our simulation, we use the well-known spin flip model (SFM) to describe the polarization
chaos dynamics of the free-running VCSEL lasers [25–27]. The associated rate equations can
be expressed as follows, where the second row in Eqs. (1) and (2) represent the coupling terms
between X and Y polarization in the mutually injected configurations, respectively.

dE1,2
x

dt = κ
1,2(1 + iα1,2)[(N1,2 − 1)E1,2

x + in1,2E1,2
y ] − (γ1,2

α + iγ1,2
p )E1,2

x

+ kinj
2,1
x E2,1

x (t − τc)e−iω2,1
0 τc ∓ i∆ωE1,2

x
(1)
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Fig. 1. Schematic for polarization chaos synchronization in two mutually coupled/injected
VCSELs in two cases of (a) parallel optical injection and (b) orthogonal optical injection.
PBS1, PBS2, PBS3, and PBS4, polarizing beam splitters; NDF, neutral density filter; M1,
M2, M3 and M4, mirrors.
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Herein, Ex and Ey are the slowly varying electrical fields for the X and Y polarization. N1,2 is
the total carrier population, while n1,2 is the carrier population difference. Note, the subscripts
x and y stand for the X and Y polarizations, while the superscripts 1 and 2 represent VCSEL1
and VCSEL2, respectively. Equations (1) and (2) represent the expressions of the X and Y
polarization change fields during parallel injection. For the case of orthogonal, kinj x and Ex in
the second line of Eq. (1) should replaced into kinj y and Ey, while kinj y and Ey in the second line
of Eq. (2) should be replaced into kinj x and Ex. The used internal parameters in the model are
the field decay rate κ = 600 ns−1, the linewidth enhancement factor α= 3, the carrier decay rate
γN = 1 ns−1, the spin-flip relaxation rate γs = 50 ns−1, the birefringence γp = 30 ns−1, and the
dichroism γa =−0.7 ns−1, respectively. The other external parameters ∆ω=2π∆f and kinj denote
the detuning and the coupling coefficient between VCSEL1 and VCSEL2, while the bias current
µ varies. Note, in our simulation, ∆f is the optical frequency detuing which varies from −40 to
40 GHz. It is well-appreciated [28] that the time of flight coupling time between the lasers should
be taken into account in evaluating synchronization quality. For simplicity, in the present case
we consider back to back coupling of the VCSELs so that the coupling time may be set to zero.

Finally, we introduce the correlation coefficient C(τ) defined as a function of the time delay τ
to evaluate the polarization chaos synchronization quality as follows.

C(τ) =
⟨A(t)B(t + τ)⟩√︂⟨︁

A2
⟩︁ ⟨︁

B2
⟩︁ (5)

Herein, A(t)= a(t) - <a(t)> and B(t)= b(t) - <b(t)> with <•> as the time average are defined for
the time series a(t) and b(t) from VCSEL1 and VCSEL 2.

Furthermore, we use the synchronization error σerror to characterize the effect of parame-
ter mismatch on the robustness of the polarization chaos synchronization. Specifically, the
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synchronization error σerror is defined as follows.

σerror =
⟨|a(t) − b(t)|⟩

⟨b(t)⟩
(6)

where |•| is the absolute value symbol and <•> is the average value symbol. To meet the
requirements of information transmission, the synchronization error σerror should be controlled
below 10% [29].

3. Simulation results and analysis

3.1. P-I curve and bifurcation diagram of the free-running VCSEL

Before investigating polarization chaos synchronization, we analyze the P-I characteristics of
the free-running VCSELs and ensure both X and Y polarization modes in VCSELs are chaotic.
Figure 2(a) shows the polarization-resolved P-I curve of the free-running VCSEL. As is apparent,
the X polarization mode begins to oscillate when the bias current µ is at the threshold (Ith) and then
increases linearly. On the other hand, the Y polarization mode cannot be observed until µ= 3.2.
In the range of 3.2< µ < 5, the X and Y polarization modes exist simultaneously. Figures 2(b)
and 2(c) illustrates the bifurcation diagram of the local extremes of the intensity time series of
the X and Y polarization mode as a function of the normalized bias current, respectively. From it,
we can determine that with increase of µ, the VCSEL undergoes a transition from periodic output
into a chaotic regime. In the range of 3.8< µ <4.7 and 5.2following simulations < µ <6, both
X and Y polarization modes will chaotically oscillate at the same time. Finally, we set the bias
current µ to be 4 for the following simulations in Sections 3.2 and 3.3.

Fig. 2. (a) Average output intensity of X mode (black line) and Y mode (red line) as a
function of bias current µ; (b) Bifurcation diagram of X polarization output intensity versus
the bias current µ. (c) Bifurcation diagram of Y polarization output intensity versus the
bias current µ. In (b) and (c), the blue dots and the green dots are top and bottom extrema,
respectively.

3.2. Polarization chaos synchronization induced by parallel optical injection

Next, we investigate the property of the polarization chaos synchronization induced by parallel
optical injection. In this scenario, the same polarized light emitted by the two VCSELs will be
transmitted through the same channel as illustrated in Fig. 1(a).

Figure 3 shows a typical example of chaos synchronization under parallel injection without
any parameter mismatch. In this case, ∆f = 0 GHz, kinj = 80 ns−1, and other parameter values
are the same as that mentioned before. Figure 3(a) presents the chaotic time series outputted by
VCSEL1 and VCSEL 2 for the X polarization mode, while Fig. 3(b) are the associated temporal
waveform for the Y polarization mode. Note, all the time series for VCSEL2 are shifted by −7
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mW with respect to the time series of VCSEL1. One can observe that the temporal waveforms
from VCSEL1 and VCSEL2 are highly correlated in both the X or Y polarization. Quantitatively,
we further calculate the cross-correlation function [Fig. 3(c)] and the synchronization diagram
[Fig. 3(d)] for the X polarization mode. From them, we confirm that the chaotic outputs of
VCSEL1 and VCSEL2 are well synchronized with a high correlation coefficient C(τ)= 0.9994
around zero time-shift. In particular, we emphasize that the cross-correlation function and the
synchronization diagram for the Y polarization mode are similar with Figs. 3(c) and 3(d), so only
the results for the X polarization mode are given here.

Fig. 3. (a) Time series of VCSEL1 (blue) and VCSEL2 (red) for the X polarization mode;
(b) Time series of VCSEL1 (blue) and VCSEL2 (red) for the Y polarization mode; (c)
Cross-correlation function and (d) Synchronization diagram between the two X-polarization
time series.

For practical VCSELs, device parameters including external parameters and internal parameters
cannot be precisely matched. Among the external parameters, the frequency detuning ∆f, bias
current µ, and coupling coefficient kinj play crucial roles in determining the quality of chaos
synchronization. Figure 4 shows the synchronization quality [i.e., maximum cross-correlation
coefficient C(τ)] for the X polarization mode and Y polarization mode, calculated in the frequency
detuning ∆f and coupling coefficient kinj space under the condition of zero delay τ = 0. The
synchronization regions for both modes show a similar “V”-shaped symmetry centered on the
vertical direction of ∆f = 0 GHz. This means that the frequency detuning ∆f plays a vital role in
synchronization region, which occurs when the detuning is small. At the same time, a larger
coupling coefficient is required to keep a high-quality synchronization with the increase in the
positive frequency detuning ∆f or negative frequency detuning -∆f. Specifically, it can be seen
from Figs. 4(a) and 4(b) that C(τ) > 0.9 appear when kinj is larger than about 20 ns−1. In the
range for −10 GHz < ∆f < 10 GHz and kinj > 20 ns−1, high-quality chaos synchronization can
be easier to be obtained. On the other hand, one can find by comparing Figs. 4(a) and 4(b) that
at the same frequency detuning ∆f, the cross-correlation coefficient for X polarization is larger
than that for Y polarization. For instance, in the case ∆f =−30 GHz and kinj = 50 ns−1, C(τ) is
about 0.4053 for the X polarization mode but 0.3211 for the Y polarization mode. The reason for
this is that the X polarization mode is relatively stronger than the Y polarization mode, which is
consistent with the P-I characteristics [Fig. 2(a)].

Figure 5 illustrates the synchronization quality for the X polarization mode and Y polarization
mode, calculated in the current deviation ∆µ and coupling coefficient kinj space under the
condition of ∆f = 0 GHz. In this simulation, the bias current of VCSEL1 is fixed at µ= 4, and
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Fig. 4. Cross-correlation graph of frequency detuning ∆f (when τ = 0 ps) with respect to
the coupling coefficient (kinj). X polarization (a) and Y polarization (b).

only the bias current of VCSEL2 changes with a deviation ∆µ. From Figs. 5(a) and 5(b), one can
observe that the synchronization area for both X and Y polarization modes seems symmetrical
about the vertical direction of ∆µ= 0. Meanwhile, the allowable current mismatch range expands
as the coupling coefficient kinj increases. Quantitatively, high-quality chaos synchronization
region with a correlation coefficient C(τ) > 0.9 can be obtained in the range of 17.5 ns−1 < kinj <
35 ns−1 and −20% < ∆µ < 20%.

Fig. 5. Cross-correlation graph of the bias current mismatch ∆µ (when τ = 0 ps) with
respect to the coupling coefficient (kinj). X polarization (a) and Y polarization (b).

Furthermore, we investigate the effect of internal parameter mismatch on the robustness of
the X and Y polarization chaos synchronization by means of the synchronization error σerror.
Specifically, the internal parameters contain the linewidth enhancement factor α, spin-flip
relaxation rate γs, field decay rate κ, carrier decay rate γN , birefringence γp, and dichroism γa.
In the simulation, VCSEL1 parameters are fixed, while only the internal parameters of VCSEL2
are changed. Moreover, we assume that when one parameter is considered mismatched, the
other parameters are completely matched. Figure 6 shows typical results for X polarization
[Fig. 6(a)] and Y polarization [Fig. 6(b)] in the synchronization area satisfying C(τ) > 0.99 where
∆f = 0 GHz, kinj = 80 ns−1, and ∆µ= 0. When the error is less than 0.1 (the dotted line in Fig. 6),
it is considered to satisfy meet the requirements of information transmission based on chaos
synchronization. Generally speaking, the evolution diagram exhibits asymmetries between the
positive and negative mismatch for both X polarization and Y polarization. Moreover, negative
mismatches are more likely to prevent synchronization than positive parameter mismatches.
Specifically, in the case for X polarization [Fig. 6(a)], the field attenuation rate κ has a particularly
important influence on the synchronization error, which determines the boundary value of the
parameter mismatch. The system will lose synchronization with increased mismatch of the
linewidth enhancement factor α and the carrier attenuation rate γN . From Fig. 6(a), one can
finally obtain an available parameter mismatch range from −10% to 15% to ensure the information
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transmission. In the case of Y polarization [Fig. 6(b)], the linewidth enhancement factor α is
the first parameter to prevent synchronization in the positive direction (∆α= 12%). The other
mismatched parameters in the Y polarization show a similar trend with that in the X polarization:
field decay rate κ, linewidth enhancement factor α and carrier decay rate γN have great influence
on synchronization, while the mismatch of spin flip relaxation rate γs, birefringence γp, and
dichroism γa have almost no effect on synchronization within ±20%. In addition, it is apparent
from Fig. 6(b) that the Y polarization synchronization is robust within a parameter mismatch of
±12%. All the results show that the internal parameters for chaos synchronization induced by
parallel optical injection can be selected in a wide range with some robustness. To our known,
this result can be competitive with that in recent works about the chaotic synchronization in
mutually coupled semiconductor lasers like in Ref. [30].

Fig. 6. Evolution diagram of synchronization error (σerror) with internal parameter
mismatch in the case of kinj = 80 ns−1 and µ= 4. (a) X polarization and (b) Y polarization.
Note, α: linewidth enhancement factor; γs: spin-flip relaxation rate; κ: field decay rate; γN :
carrier decay rate; γp: birefringence; γa: dichroism. The horizontal dotted line in plot (a)
and (b) represents the synchronization error threshold of 0.1, beyond which the system is
considered to be out of synchronization.

3.3. Polarization chaos synchronization induced by orthogonal optical injection

In this section, our attention will be focused on the characteristics of the polarization chaos
synchronization induced by orthogonal optical injection. In this scenario, the light with the same
polarization direction emitted by the two VCSELs is transmitted through two different channels
as shown in Fig. 1(b).

Similar to the previous analysis in Section B, we firstly investigate the effect of external param-
eters on the polarization chaos synchronization. Figure 7 shows the associated synchronization
quality [i.e., maximum cross-correlation coefficient C(τ)] calculated in the frequency detuning
∆f and coupling coefficient kinj space. In Fig. 7(a) shows the cross-correlation coefficient map
between the X polarization light from the VCSEL1 and the Y polarization light from the VCSEL2,
while Fig. 7(b) shows the corresponding map between the Y polarization light from the VCSEL1
and the X polarization light from the VCSEL2. Similar to that in the scenario of parallel injection,
one can find that the maximum cross-correlation coefficient is also symmetrical along the axis of
∆f = 0 GHz. Synchronization can be observed in the frequency detuning range of −30 GHz ∼ 30
GHz. Compared with the case of parallel injection, a larger coupling coefficient is needed to
achieve high-quality chaotic synchronization in orthogonal optical injection. Quantitatively, the
high-quality synchronization of C(τ) > 0.9 occurs when kinj is bigger than 200 ns−1. In addition,
the synchronization area contracts after kinj > 350 ns−1, and the allowed frequency detuning
becomes narrow. Finally, high-quality synchronization under orthogonal injection forms only at
the range of ∆f =−30 ∼ 30 GHz and kinj = 200 ∼ 400 ns−1, where the maximum cross-correlation
coefficient C(τ) is calculated to be 0.9596. In addition, we want to emphasize that there is a
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relationship between the coupling coefficient (kinj) and the coupling strength (rinj): kinj = rinj/τin,
where τin is the round-trip time of the laser internal cavity. Generally, commercial VCSELs
have an internal cavity length of less than 100 µm. Thus, when the coupling coefficient kinj is
equal to 250 ns−1, the corresponding coupling strength rinj can be calculated to be less than 0.56.
Similarly, when kinj is equivalent to 400 ns−1, rinj = 0.89 can be obtained. In our simulation, the
coupling coefficient kinj for a good synchronization under orthogonal injection therefore can meet
the current experimental requirements.

Fig. 7. Cross-correlation graph of frequency detuning ∆f (when τ = 0 ps) with respect
to the coupling coefficient (kinj). (a) X polarization of VCSEL1 versus Y polarization of
VCSEL2; (b) Y polarization of VCSEL1 versus X polarization of VCSEL2.

Figure 8 illustrates the synchronization quality calculated in the current deviation ∆µ and
coupling coefficient kinj space under the condition of ∆f = 0 GHz. Figure 8(a) shows the
cross-correlation coefficient map between the X polarization light from the VCSEL1 and the
Y polarization light from the VCSEL2, while Fig. 8(b) shows the corresponding map between
the Y polarization light from the VCSEL1 and the X polarization light from the VCSEL2. In
this simulation, the bias current of VCSEL1 is also fixed at µ= 4, and only the bias current
of VCSEL2 changes with a deviation ∆µ. It can be seen that chaotic synchronization [C(τ)
> 0.9] is maintained within the region between 200 ns−1 < kinj <400 ns−1 and −20% < ∆µ <
40%. In contrast to parallel injection, this parameter mismatch in orthogonal optical injection is
asymmetrical from the cross-correlation graph: a negative mismatch is more likely to prevent the
synchronization than a positive mismatch. This means that in a fixed frequency detuning range, a
high coupling coefficient value can increase the tolerance of current mismatch.

Fig. 8. Cross-correlation graph of the bias current mismatch ∆µ (when τ = 0 ps) with
respect to the coupling coefficient (kinj). (a) X polarization of VCSEL1 versus Y polarization
of VCSEL2; (b) Y polarization of VCSEL1 versus X polarization of VCSEL2.

Now we consider the influence of internal parameter mismatch on chaotic synchronization
as shown in Fig. 9. Here, the external parameters are ∆f = 0 GHz, kinj = 300 ns−1, and ∆µ= 0,
while only the internal parameters of VCSEL2 are changed. From Fig. 9(a), we find that
the synchronization error σerror between the X polarization light of the VCSEL1 and the Y
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polarization light of the VCSEL2 will exceed the guard line of σerror = 0.1 [the dotted line in
Fig. 9], when the mismatch of the field decay rate κ, the linewidth enhancement factor α and
the carrier attenuation rate γN are outside the range of −5% to 3%. However, the other three
parameters (i.e., the spin flip relaxation rate γs, birefringence γp, and dichroism γa) will almost
not affect the synchronization quality. Figure 9(b) characterizes the synchronization error σerror
between the Y polarization light from the VCSEL1 and the X polarization light from the VCSEL2.
The laser is not affected by ∆γs, ∆γp, and ∆γa, but will lose synchronization when the parameter
mismatch of α, κ, and γN are greater than 3% along the positive direction. The first loss of
synchronization occurs when the mismatch of the carrier attenuation rate ∆γN is less than about
−3%. And the laser will gradually lose synchronization with increase of the mismatch range of κ
and α. In particular, we notice that in contrast with Fig. 6, the synchronization error oscillates
obviously with the parameter mismatch varying. This means that the synchronization quality
is sensitive to the parameter mismatch under orthogonal injection. The results show that the
robustness of the internal parameters that cause chaos under orthogonal injection is within ±3%,
which is lower than that in the scenario of parallel injection.

Fig. 9. Evolution diagram of synchronization error (σerror) with internal parameter
mismatch in the case of kinj = 300 ns−1 and µ= 4. (a) X polarization of VCSEL1 versus Y
polarization of VCSEL2; (b) Y polarization of VCSEL1 versus X polarization of VCSEL2.
Note, α: linewidth enhancement factor; γs: spin-flip relaxation rate; κ: field decay rate; γN :
carrier decay rate; γp: birefringence; γa: dichroism. The horizontal dotted line in plot (a)
and (b) represents the synchronization error threshold of 0.1, beyond which the system is
considered to be out of synchronization.

4. Conclusions

We theoretically demonstrate that polarization chaos generated from two free-running VCSELs can
be synchronized in a mutually coupled configuration. In detail, we investigate the synchronization
quality and robustness of polarization chaos under two scenarios: parallel injection and orthogonal
injection. Through analyzing the effect of the external and internal parameters of VCSELs, we
confirm that the maximum cross-correlation coefficient can reach 0.9994 in the case of parallel
injection and 0.9596 in the case of orthogonal injection, respectively. Further results show that for
the parallel injection, its tolerance of the parameter mismatch is ±12% in the range of −10 GHz <
∆f < 10 GHz and kinj > 20 ns−1. For the orthogonal injection, only ±3% parameter mismatch can
be tolerated in the range of −30 GHz < ∆f < 30 GHz and 200 ns−1 < kinj < 400 ns−1. Considering
that polarization chaos do not require to conceal the time-delay signature in conventional optical
feedback schemes, the demonstrated mutually coupled chaos synchronization could be very
useful for chaos communication systems and may motivate further related studies.
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