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Abstract

This thesis is primarily concerned with the description and develop-
ment of the Quantum Classical Moment (QCM) approach introduced
by Burghardt and Parlant. This scheme combines the quantum hy-
drodynamic and classical Liouvillian representations by generating
partial hydrodynamic moments. The time evolution of the partial
moments are governed by a hierarchy of coupled equations. For
pure quantum states, the hierarchy terminates at the first order.
The application of the QCM approach for pure states subject to an-
harmonic potentials (double well and Eckart barrier) coupled to a
classical harmonic mode is demonstrated in Chapter 4. However, in
the hydrodynamic formulation of mixed quantum states, no simple

closure to the hierarchy exists.

Chapter 5 develops a closure scheme that uses information embedded
in the known lower order moments to expand the underlying Wigner
phase space distribution function in a Gauss-Hermite orthonormal
basis. The application of the closure scheme is demonstrated for

both dissipative and nondissipative dynamics of various potentials.

The thesis concludes with a presentation of the extended molecu-
lar hydrodynamic approach to describe non-adiabatic solvation phe-
nomena. A mixed quantum-classical description of the system is
derived where a classical solvent interacts with a quantum two level
solute. A comparison of the dynamics of the hydrodynamic fields
obtained from the extended molecular hydrodynamic approach is

made with the phase space approach. The differences observed are



attributable to the moment hierarchy approximation made in the

molecular hydrodynamic scheme.
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Chapter 1

Introduction

Quantum dynamics is recognised as a key area of science that is in-
dispensable in developing our understanding of a wide range of pro-
cesses and phenomena. In chemistry, it has been applied to diverse
areas such as reactive collisions, photochemistry, and simulations of
gas surface encounters and has generally resulted in our development
of a deeper understanding of matter and physical phenomena. It has
been widely used to rationalise experimental results from ultrafast
spectroscopy [1, 2]. Predictions of quantum mechanics have been
verified experimentally to a very high degree of accuracy. Indeed,
there are no known instances where the predictions given by quan-

tum mechanics are in conflict with experimental data.

The dynamics of such processes can be understood by solving the
time-dependent Schrédinger equation (for wavefunctions) or the Liouville-
von Neumann equation (for density operators). Molecular systems
which are of particular interest to chemists, may compose of many
atoms, clusters, polymers etc. These systems are rarely isolated from

the surrounding environment, an interaction with the environment is



always present. As a result, these systems have an enormous number
of degrees of freedom. Although a fully quantum dynamical treat-
ment is essential to capture non-classical effect such as quantisation,
it is unfeasible due to the large number of degrees of freedom in-
volved. While an exact quantum dynamical description is currently
computationally prohibitive for such systems, there are a variety
of innovative approximate schemes that have been proposed which

show considerable promise in their applicability.

The usual approach is to try to partition the global system to a
relevant part that can be treated by quantum mechanics and an ir-
relevant part that can either be treated approximately or, as is often
done, ignored. This is limited to situations where the quantum sub-
system interacts weakly with the remaining degrees of freedom. In
most cases the interaction with the remaining degrees of freedom
cannot be ignored. Typical examples include electron transfer in
solvated molecules and intramolecular proton transfer. A number
of approaches exist for the treatment of such complicated molec-
ular systems. Among these are multiconfigurational methods [3],
semi-classical approaches [4, 5], reduced density matrix approaches
and mixed quantum-classical approaches [6, 7]. The latter mixed
quantum-classical description is particularly appropriate if the sys-
tem can be described in terms of light “quantum” particles that cou-
ple to external heavy particles. The dynamics of the heavy degrees
of freedom may then justifiably be treated explicitly in a classical
mechanics framework. Theoretical and computational advances in
mixed quantum-classical methods are growing at a rapid pace. The

subject is an intense area of research [8], providing insights into a



wide range of systems [9, 10, 11] - from molecular electronics [12] to

understanding the structure and dynamics of proteins [13].

The aim of mixed quantum-classical dynamics is to treat only a few
degrees of freedom quantum mechanically and the remaining degrees
of freedom are treated classically, usually in a trajectory approach.
The key strength of a mixed quantum-classical approach is its ap-
plicability to a wide range of very large systems that are far beyond
the capabilities of pure quantum dynamical or even semi-classical
methods. The idea of treating a large number of degrees of freedom
classically in a molecular dynamics type approach is an attractive
one; however, it is not straightforward as to how a mixture of classical
and quantum subsystems can be combined in a single scheme. The
two approaches are fundamentally different. Quantum mechanics is
statistical/probabilistic and non-local in nature, and is deterministic
only insofar that the wavefunction, 1, or the density operator, p, can
be determined for all time, provided the initial conditions and the
Hamiltonian are known. Classical mechanics on the other hand, is
a local approach and, provided the initial conditions and the forces
acting on the system are known, is completely deterministic. Sev-
eral approaches have been developed to address this self-consistency
issue; mainly, the Ehrenfest mean field approach [14], surface hop-
ping methods developed by Tully ef al. [15, 16], and more recently,
mixed quantum-classical Liouville methods [17, 18] and the mixed

quantum-classical Bohmian (MQCB) method [19, 20].

The central focus of this thesis is the approach that was recently

introduced by Burghardt and Parlant [21, 22, 23]. In this scheme,
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Figure 1.1: Quantum subsystem coupled to a classical subsystem.

which is referred to as the quantum-classical moment (QCM) ap-
proach, the quantum sub-system is treated hydrodynamically and
the classical sub-system is described in a Liouville phase-space set-
ting (see Fig. (1.1)). This allows the simulation of larger systems
with many degrees of freedom. The QCM approach is ideally suited
to develop a mixed quantum-classical analogy of the immensely suc-
cessful classical MD approach. The key concept of the methodology
is the combination of quantum hydrodynamic trajectories with clas-
sical Liouvillian trajectories. The approach fully accounts for corre-
lations between the quantum and classical subsystems as they couple
the same type of objects i.e. trajectories. The definition of quantum
trajectories comes from Bohmian (or hydrodynamic) representation
of quantum mechanics [24]. In this interpretation, the wavefunction
takes on the role of guiding the motion of particles. The evolution

of quantum trajectories are governed by a quantum force as well as



the classical force seen for Hamiltonian, classical trajectories.

The combination of the two distinct pictures (i.e. quantum hydrody-
namic and classical Liouvillian) is achieved by constructing partial
moments, (P"p),. These are obtained by integrating the Wigner
function pw over only one of the phase space momentum variables
p. This yields an infinite hierarchy of moments, (P"p),. For pure
states, only the first two partial moments are required to fully char-
acterise the system. In the case of Gaussian mixed density, the
first three moments are required [22, 23]. For a ge eral mixed state
quantum density, the infinite hierarchy is required to describe the
system. For the QCM approach to be applicable in mixed quantum
states, a method of terminating the hierarchy must be developed.
This is a major drawback of the QCM approach. Different methods,
based on the maximum entropy method, are investigated in this the-

sis [25, 26, 27, 28], in order to terminate the moment hierarchy.

There are many physical situations where the QCM description is
appropriate. In chemistry many isomerisations are governed by dou-
ble well potentials, where each potential well corresponds to a stable
conformation of the molecule. A typical example is intramolecular
proton transfer. Proton transfer plays a fundamental role in many
molecular processes and is crucial for understanding the properties
of many liquids such as water and alcohols. Furthermore, it plays
an integral role in the structure of proteins and DNA. The transfer
of a proton between the heavy atoms such as nitrogen and oxygen
is a process that involves tunnelling and so a quantum mechanical

description of the process is essential. However, the proton transfer
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Figure 1.2:  Structure of salicylideneaniline and salicylidene-1-

naphthylamine of Ref. [29].

is influenced by the motion of the other atoms in the molecule, par-
ticularly the vibrational motion of the heavy atoms. This provides a
natural setting for a QCM description. A pertinent example of this is
seen in Schiff bases, where an ultra fast proton transfer occurs when
the molecule is excited to a higher electronic state [29]. Examples
of Schiff bases studied in the literature are illustrated in Fig. (1.2).
There is much interest in pursuing dynamical modelling of proton
transfers [30] as it has many potential interesting applications [31]

in laser dyes, molecular storage devices and optical switches.

In nanotechnology, the fact that certain molecules have the ability to
isomerise from one characteristic form to another suggest that they
are capable of acting as molecular switches. The two different physi-
cal forms of the compound acts as 'on’ and "off’ states of the switch.
It is apparent that azo compounds fit the above criteria [32, 33].
This class of compounds are of the form R-N=N-R (see Fig. (1.3))
and can isomerise with the two R groups cis or trans to each other.
The mechanism of this photoisomerisation has been extensively stud-
ied in the literature in recent years to discover whether the torsion
or the inversion process is favoured. In most of these studies, the

R groups are large and cannot be described purely quantum me-
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Figure 1.3: Mechanisms of the inversion (top) and torsion (bottom) of

the photoisomerisation of azobenzene.

chanically. The mixed quantum-classical moments approach may be
feasible here, describing the isomerisation mode quantum mechani-
cally and the remaining modes of the molecule classically.

A further example in nanotechnology is the conduction of an electron
along a molecular wire. The conduction is dependent on electron-
phonon coupling and the QCM description is ideally suited for such

processes.

It is clear that there is huge potential for the application of the
QCM approach. It is crucial that a robust method is developed
to terminate the moment hierarchy. This would allow the QCM ap-
proach to be further developed for even larger systems, beyond what

is achievable with other mixed quantum-classical methods.
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Structure of Thesis

Chapter 2 presents the general background theory that underpins
the concepts developed in the thesis. In particular pure and mixed
quantum states are defined. Furthermore, the Bohmian (or hydrody-
namic) interpretation of pure state quantum mechanics is developed
with the intention of introducing quantum trajectories. In Chapter 3
the hydrodynamic picture for mixed states derived by Burghardt et
al. is presented. The connection between pure (Bohmian) and mixed
state hydrodynamics is also shown. Emphasis is placed upon clas-
sical limit considerations in hydrodynamic phase space. This along
with a comparison of the hydrodynamic space versus Liouville space
motivates the construction of a hybrid quantum-classical scheme fun-
damentally based on the hydrodynamic picture. Chapter 3 finishes
by presenting the time evolution of key concepts presented in the
thesis i.e. Wigner function, hydrodynamic moments and quantum

trajectories subject to differing potential functions.

In Chapter 4, the mixed quantum-classical dynamical scheme of
Burghardt and Parlant is described that couples quantum hydro-
dynamic trajectories with classical Hamiltonian trajectories. This is
achieved by generating partial moments i.e. taking a hydrodynamic
projection for selected degrees of freedom. This quantum-classical
moment (QCM) approach has the potential of simulating large dy-
namical systems containing many degrees of freedom. The applica-
tion of the QCM is shown for a double well coupled to a harmonic
mode and an Eckart barrier coupled to a harmonic mode. The hydro-

dynamic quantities for these examples were extracted from the un-

12



derlying wavefunction, 1 (i.e. pure states). The extension to mixed
states would require the propagation of an infinite hierarchy of mo-
ment equations. To this end, Chapter 5 investigates methodologies
to close the hydrodynamic hierarchy which is the major drawback of
the QCM approach. Very simple schemes such as the dampening of
the effect of higher order moments offer very little or no improvement
over a cold cut-off. Numerical methods based on maximum entropy
estimates are presented including the Grad Hermite approach and
results are shown for the Hermite closure scheme. Application to

both dissipative and non-dissipative systems are presented.

Finally, Chapter 6 describes solvation phenomena, i.e. the response
of a solvent environment to a change in the charge distribution of
a solute. The extended molecular hydrodynamic approach is pre-
sented for a two state quantum solute. Preliminary results of the
solvent response to a change in the charge distribution of a solute is

presented.
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Chapter 2

Background Theory

2.1 Schrodinger equation

In quantum mechanics, the time-dependent Schrodinger Equation
describes how the states of a physical system varies with time,
ih%w(r, t) = Hy(r,t) (2.1)
where i = /=1, H is the Hamiltonian operator, 1(r, t) is the time
dependent wavefunction and 7 is the reduced Planck’s constant.
This wavefunction is inherently statistical and has the probabilities
of the outcomes of all possible measurements that can be made on

the system [1]. Assuming normalisation,

/Z W, )2dr = 1 (2.2)

the conventional interpretation of quantum mechanics defines [2(r, ¢)[?
as the time dependent probability density of finding the particle at
position r. Given the initial wavefunction t(r, 0) is known, the wave-

function is determined for all time. This yields a complete descrip-

tion of the state of an individual system.

17



The Hamiltonian is an operator given by the sum of the kinetic and

potential energy such that,
HeT+v=—1"9 v (2.3)
— = —_—— T "
2m

With a time independent Hamiltonian, the wavefunction can be ex-

panded in the eigen basis, {¢,(r)}, of H,

§0) = 3 cndlr)e AP (2.4

where F, are the eigenvalues of the system. The complex valued

coefficients ¢,
Cn = /gﬁn(T‘)dJ(T‘, Lo)dr (2.5)
are such that |c,|? represent the probability that measurement of

the energy of the system yields E,,. The time dependent probability
density is then given by,

R OP =3 S Come Mg g,, (2.6)

n=0m=0

where w(m —n) = (E,, — E,) /h.

Average or expectation values of any experimental observable can
be obtained by taking each possible outcome weighted by the prob-
ability of obtaining that outcome. For a normalised wavefunction,

the average value of an observable is given by [2],

(A= [~ WAy = GOIAWE) @)

Furthermore, the expectation value of the total energy of the wave-

function is given by,
(E) = (w(0)| H|v(1)) (2.8)

18



The Dirac Bra-Ket notation [3] has been introduced in Eq. (2.7).
The wavefunction is represented by the ket vector |¢) and its com-

plex conjugate is denoted (1|. Combining the Bra and Ket gives

(Yl) = [ y*epdr.

The solution of the Schrodinger equation and its probabilistic inter-
pretation has been the cornerstone of quantum dynamics. However,
an alternative formulation of the equation leads to different inter-
pretations of the wavefunction and indeed yields different methods

to solve quantum dynamical problems.

2.2 Bohmian Mechanics

The Bohmian (or hydrodynamic) approach is an alternative interpre-
tation of quantum mechanics and in particular of the measurement
process. In the early days of quantum mechanics, de Broglie [4, 5,
6, 7, 8] suggested that the wavefunction does not only predict the
likely outcome of every experiment, but also guides the motion of
an ensemble of identical particles according to |4(r,t)|?. This con-
cept was developed by Bohm in 1952 [9, 10]. This is known as the
de Broglie-Bohm pilot wave theory or the causal interpretation of
quantum mechanics. Within this formalism, the wave-particle du-
ality of conventional quantum mechanics is divorced so the system
has both waves and particles. These particles are understood to
have precise trajectories. This trajectory picture directly emerges
from a reinterpretation of the quantum state, ¢». The key difference
between quantum trajectories and their classical versions is the pres-

ence of the quantum potential Q(r,t) in the quantum formulation.

19




The quantum potential is a dynamical quantity which depends on
the curvature of the wavefunction. A brief derivation of the equa-

tions of Bohmian mechanics is presented here.

The one dimensional » wavefunction may be written in the polar

form of Madelung [11],
¢(r,t) = R(r, 1)erS0 (2.9)

where R(r,t) is the amplitude of the wavefunction and S(r,t) is the
action, both of which are real-valued. The action function is related

to the wavefunction by

8 1 Y
— =1 2.10
AT (w) (2.10)
Inserting the polar form of the wavefunction Eq. (2.9) into the Schrodinger
equation,
e h? 92
ETLE = ‘———27?1 _8T2¢ -+ V(T',t)'l/) (211)

and separating the real and imaginary parts (see Appendix A), two

real coupled equations are obtained,

OR? 19 [ ,08
gt _ 2 (g2 ;
ot m or ( : Br) 212)
which is derived from the imaginary part, and,
8s 1 [as\’®
P (i /(r. 1
3% = o (&) + Q(r, t) + V(r, 1) (2.13)

derived from the real part.

Eq. (2.13) is the quantum Hamilton-Jacobi equation, and differs

from its classical form by the presence of the quantum potential

20



Q(r,t). This quantum potential is dependent on the quantum state
via the curvature of the amplitude R(r, (),

n? O9R

Q(r,t) = MR 2 (2.14)

Taking the gradient of the quantum Hamilton-Jacobi equation Eq. (2.13)

yields (see Appendix B),

dv |90V 0Q
m = - [E + E] (2.15)

which has the form of Newton’s second law of motion. Because of
the presence of the quantum potential term Q(r, t), the classical tra-

jectory becomes a quantum trajectory.

Recognising that p(r,t) = R(r,t)* = |[4(r,t)]?, Eq. (2.12) can be

written,

dp 10 ( 9S

B A B (Ph o 2.

ol mor (,0 ('37') (2:16)
The velocity field [1], v, is defined as,

108
= — v |
v m ar (2.17)

Eq. (2.16) may then be written as

e, o
5P+ g(pu) =10 (2.18)

This is the continuity equation for the quantum density which is
now treated as a fluid. The total time derivative of the continuity
equation Eq. (2.18) results in the second equation of motion,

dp ol

This shows that the evolution of the quantum fluid probability den-
sity is determined by the gradient of the velocity field,

dnp__ov

= (2.20)
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2.3 Density Operator

The discussion so far has focussed on wavefunctions or state vectors.
These are used for systems where a complete description is avail-
able. This is only possible if a set of observables exists from which
all physical quantities can be measured simultaneously [3]. Such a
system is known as a pure state. An example of a pure state is one
with a perfectly known preparation history such as the polarisation

state of photons that have passed through a polariser.

In many cases the state of a system cannot be perfectly known.
This could be if the system has too many degrees of freedom. A per-
tinent example is an atom undergoing spontaneous emission when it
is coupled to an environment. A state vector description is impossi-
ble, a more general methodology is required. The system must now
be described by a statistical mixture of possible state vectors for the
system - this is described as a mized state. Instead of treating a
statistical mixture of wavefunctions, it is more convenient to use the
density operator p(t) [12, 13]. This formalism maximises the partial

information we have of the system in question.

In the general case, the density operator is given by,

p(t) =D walp () (¥ (1)] (2.21)

where w, is are weights of each pure state, i.e. the probability that
a particular state is incorporated to the complete mixture of states.
Given that the states [¢(¢)) are normalised, the weights w, must
satisfy 3", wa = 1. The density operator p(¢) can be used to describe

both pure and mixed states. For a pure state, as there is only one
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state present, the weight for that state equals unity such that,

p(t) = (1)) (v (1) (2.22)

A measure of the purity of the system can be determined by taking
the trace of the square of the density matrix, where Tr(p?) = 1 for
pure states and Tr(p?) < 1 for mixed states [2]. As the wavefunction
[1(t)) in the basis |¢(t)) can be written,

W) = > ei(®)|¢() (2.23)

2

the matrix elements of the density operator p(t) is given by,

pmm(t) = (Qbm|.0(t)‘ﬁbm>:Z<¢m|wa‘l/)a)<'¢'a|¢m>

= > Wal{bmlta)l®
= > Walea () (2.24)

for the diagonal elements and

pmn(t) = (Pm|p(t)|¢n) = g(%iwalwa)('dialrbn)
= Za:wcr<¢m|¢a><1/’a|¢n>
= Y. weemlt)c(t) (2.25)
for off-diagonal elements. The diagonal elements correspond to the
probability that the outcome of measurement places the system in
a particular state of the defined basis. They are often called pop-
ulations. The off-diagonal elements of the density matrix however

are the so-called coherences. These elements are associated with the

interference effects of the states.

Just as the Schrodinger equation describes how pure states evolve in
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time, the quantum Liouville equation describes how a density ma-
trix evolves in time. As the time dependence of the density operator
depends on the evolution of the individual state vectors, the quan-
tum Liouville equation can in fact be derived from the Schodinger

equation [12],

a 7 ~ ~
3% = F 5w [Altha) (Wal = ) (Wl 1]
i~ )
= —3lHpl=—2Lp (2.26)

where [H, p| denotes the commutator and L is the Liouvillian super-

operator.

2.4 Phase Space and the Wigner Func-
tion

It can be concluded from previous discussions that a system of inter-
est can be described quantum mechanically by a wavefunction v for
pure states and by a density operator p for mixed states. The state
of a classical system can be defined by a point in phase space that
defines the coordinate, Q(t), and momentum, P(f) simultaneously.
In a dynamical scheme, this point in phase space evolves along a tra-
jectory. Instead of launching a range of trajectories from different
initial points in phase space, it is more convenient to propagate a
continuous time dependent probability density. This density p. has
the probability of finding trajectories in a small phase space cell [14].
This density is nonnegative, pg > 0, and satisfies the normalisation

condition,

f/pd(q,p, t)dgdp = 1 (2.27)
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This stage forms an essential part of classical statistical mechanics,
as one can easily obtain average values of observables from the phase
space probability density. The problem with extending this repre-
sentation to quantum mechanics is that the uncertainty principle
imposes a constraint on the correlation between ¢ and p. However,
if the product of the root-mean-square half widths of the marginal

distributions [15],

pla.t) = = [ pla.p.t)dp
p(p,t) = =f:p(q,p,t)dq (2.28)

are not less than % then the uncertainty principle is satisfied.

There are several quantum phase space distribution functions avail-
able that satisfy the above conditions [16]. The choice of which
function is used depends entirely on the physical system in question.
For example, due to its smooth, coarse grained structure, the posi-
tive definite Husimi distribution function is popular for the quantum
dynamical study of classically chaotic systems [17, 18]. In quantum
optics, the Glauber-Sudarshan distribution function is widely used
due to its suitability for evaluating expectation values of normally

ordered operators.

For application in a mixed quantum-classical molecular dynamics
scheme, the distribution function of choice is the Wigner function.
This was developed by Wigner to study quantum corrections for
thermodynamic equilibrium [19]. It is formulated in terms of the

Fourier transform of an overlap function,

O(g,r) = (g —r/2,t)¥" (g +1/2,1) (2.29)
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where r is the separation. The Fourier transform of the overlap

function yields an expression for the Wigner function for pure states,

pw = % [ e Milq = r/2, 006" (g + /2, Hydr (2.30)

The Wigner density function can also be defined by its relation to

the positional-dependent density operator where ¢ (z) = (z|¢)

pw = ‘Z%Ifc%@ g|'l/1><’¢‘(1+ g)d"'
1 ipr

= Z—ﬁ/e R <qﬁ £|p|q+ g>d7' (2.31)

Unfortunately, the Wigner function is not without its drawbacks.
The function can take both positive and negative values and there-
fore, strictly it is not a true probability function. Instead, the Wigner
distribution should be considered a quasi-probability distribution
function. The origin of these negative basins is known to be diffrac-
tion fringes that occur when interference effects are dominant, for
example during barrier scattering. A clear advantage of the Wigner
function is that it provides an useful tool to compare classical and
quantum dynamics in phase space. Furthermore, the equation of mo-
tion for the Wigner function has a simpler form than that of other

distribution functions.
Dynamics of the Wigner Function

The equation of motion for py is obtained by taking the Wigner
transform (prescription in Eq. (2.30)) of the quantum Liouville equa-
tion Eq. (2.26) (see Appendix C). The resulting Wigner Moyal equa-

tion is given by,

3,0W LI W k—lakvakpw

2EW . TH — (X ool

a = UelerXq(5) a5 ap
odd
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P 9pw & B_Vapw 3 TL_283V 3 py
m dq dg dp 24 0g¢* Op?

+ O(h"),(2.32)

where the first term arises from the kinetic part of the Hamiltonian
and the remaining terms accounts from the potential part. In partic-
ular, {, } represents the Poisson bracket, { #, pw }qp = 1/2(HAgppw —
pw gy IT), with

By i n g i (2.33)

It the quantum terms i.e. terms that contain % are set to zero, the

classical Liouville equation of motion is recovered,

Opa _ P Opa OV Opa
ot m dq  dq Op

(2.34)
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Chapter 3

Quantum Hydrodynamics

for Mixed States

3.1 Introduction

The Schrodinger equation can be solved directly using many meth-
ods such as basis set expansions or grid based approaches and these
have been widely investigated and documented in the literature [1].
In principle, it is also possible to solve the Schréodinger equation by
propagating quantum trajectories. It has been recognised that there
is a close analogy between the Schrodinger equation and the equa-
tions of motion for fluid dynamics. Hence the dynamical theory that
governs quantum trajectories is known as the hydrodynamic formu-
lation of quantum mechanics. This representation was developed
initially by Madelung [2] and de Broglie [3], following a development
into a theory by Bohm [4] and de-Broglie [5] again in later work.

Methodologies that use quantum trajectories can be split into two

distinct categories depending on how they are calculated. In the first
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type, the de Broglie analytical approach [4, 5, 6, 7], the time depen-
dent Schrdinger equation is first solved (using traditional approaches
such as basis set expansions). The ’particles’ are then propagated

along trajectories, guided by the wavefunction, such that

x = (;) Im{Viny] (3.1)

Subsequent quantum trajectory analysis of the wavefunction involves
the spatial evolution of the discrete particles. The intention of the
analytical approach is to provide further insight and an alternative

interpretation of quantum mechanics.

The second type of quantum trajectory method is the synthetic ap-
proach [8, 9, 10]. Here rather than compute quantum trajectories
from the wavefunction, the trajectories become the computational
tool for solving the quantum hydrodynamic equations of motion.
This type of methodology is more than an interpretation, it is a novel
computational technique for solving quantum dynamical problems.
The quantum trajectory synthetic approach offers many advantages

over conventional wavefunction propagation, including [11]

i) a relatively small number of grid point is required

ii) the equations of motion have intuitive dynamical quantities such
as forces

iii) potential of new insight as trajectories shows how process evolves
iv) computational effort varies linearly with number of trajectories
v) potential mitigation of exponential scaling of computational effort
with degrees of freedom

vi) no large basis sets or large fixed grids required.
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The number of trajectories required for a quantum trajectory simu-
lation depends strongly on the system in question. For example, for
a scattering type problem that invokes an unbound potential, a large
number of grid points is required to fully characterise the dynamics
of the density. It is also important to emphasise that a quantum
trajectory approach is formally equivalent and will give the same
empirical predictions as conventional quantum dynamics (i.e. direct
solution of the Schrédinger equation). Although a trajectory picture
is normally associated within the classical framework, it is shown in

this Chapter that a quantum mechanical equivalent may be derived.

A great deal of research has focussed on the hydrodynamic formu-
lation for pure states 2, 4, 6, 7, 12]. This Chapter will show that
mixed quantum states (defined by the density operator) can also
be represented in the hydrodynamic framework. This dates back
to the work done by Moyal [13], Zwanzig [14], Takabayasi [12] and
Frolich [15]. The following sections derives the hydrodynamic mo-
ments from the density operator (or equivalent Wigner function).
This lead to obtaining quantum trajectory equation by evaluating

the quantum force from the hierarchy of hydrodynamic moments.

3.2 Hydrodynamic moments and their
dynamical equations

The hydrodynamic equations that are solved to obtain trajectories
are reduced, local descriptions which are obtained from the time
evolution of the nonlocal density governed by the Liouville-von Neu-

mann equation [16]. The derivation here focuses on a single degree
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of freedom but can be readily extended to any number of degrees
of freedom. The Liouville-von Neumann equation in the coordinate

representation, with Hamiltonian /T =T + V is given by

+ [V(z) = V(2)]p(z, ) (3.2)

Eq. (3.2) is now decomposed into coupled equations for a hierarchy
of local fields which are coordinate dependent quantities such as local
probability density P(z), current density (flux) j(z), kinetic energy
density T(z) etc. These fields are closely related to moments defined
from the coordinate representation of the nonlocal density as

P )@= [ dr P la+r/2q=7/Dm0  (33)

where P is defined as a superoperator acting on the density

ho h[a aI} 3.4)

T ior 2i|ox or
The coordinate density p(x,z) is redefined in terms of sum ¢ =
1/2(z 4+ z') and difference r = z — 2" coordinates. These hydrody-
namic moments correspond to the Taylor expansion of coordinate

space density with respect to coordinate r, such that,

o) =X P () (3.5)

The 0th moment corresponds to the probability density, P(x) = (p),.
the 1st moment is related to the current density, j(z) = (Pp)s/m
and the 2nd moment is related to the kinetic energy density, T'(z) =
(P2p)q/2m.

The moments can be equivalently obtained from the Wigner func-

tion [17, 18, 19], which is related to the coordinate density p(z,z)
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by Wigner transform,

1 o ipr
pwlap) =57 [ dr pla=r/2,q+ 7/ (3.6)

The moments from this definition can be expressed as [16, 20, 21, 22],

(P"p)q = f_ o:o dp p" pw(q,p) (3.7)

This integration over phase space momentum only was described by

Takabayasi as projection...onto coordinate space [12].

By applying the procedure of Eq. (3.3) to the Liouville-von Neumann
equation Eq. (3.2), a series of coupled equation is obtained [16] (see

Appendix D),

%, 10
m(ﬂ)q = _EFq(P‘O)”
3, 18 .5 oV
a(PP)q = _Ea_qw Plg — a—q(p)q
0, B i - oV
51\ Py = “aa_q“) Plg— 26—q<7’p)q (3.8)
The hierarchy can be summarised,
6 T T
E(P P)q = (P {Haﬂw}qp)q “"Cq (3-9)
with classical terms
a 18, . ov .
<P {H1 PW}qp>q = _E%UD _HP)q - na_qU) lp>q (3-10)

and a quantum part

no [ n) R\ eV
Cy= = — ——(pnk 3.11
=3 ( k ) (3) Ze®oe G

The first term in Eq. (3.10) is the kinetic energy part of the equation

of motion. Note that this part couples the nth order moment (P™p),
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to the (n + 1)th moment (P"*'p),. The coupling to higher (and
lower) order moments suggests that an infinite hierarchy is generated
and this becomes a major drawback and a central theme of the
hybrid guantum-classical approach that is pursued in Chapter 4.
In the case of a pure state however, the hierarchy can be closed
at the first moment. Also, for Gaussian mixed state densities, the
hierarchy closes at the second moment. Unfortunately, there is no

simple closure relation for general mixed quantum states.

3.3 Pure State and link to Bohmian Me-
chanics

For pure states described by a wavefunction where p(z, z') = ¥(z)y*(z),
the hierarchy of equations of motion for the moments close with the
first two equations. Indeed all higher order moments can be ex-
pressed in terms of the zeroth and first moments. As an example

the second moment can be expressed as [16]

2 2 n’ 0
(P°p)q = ]5(;<.0>q - —<P>q—21n<,0>q (3.12)

, 4 dq

pure

where P, is defined as the momentum field related to the moments
by (Pp)y = Pe(p)q- This closure at the second order yields equations
of motion for pure state hydrodynamics, or Bohmian mechanics [16].
It is not surprising that only the first two moments are required for
a pure state description, as the wavefunction may be fully charac-

terised by the local density (p), and the current density (Pp),. From

the polar representation of the wavefunction,

Y(z) = R(x)e /M (3.13)
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the local density and current density (momentum field) is given by

(Pl = Rq)
a8

(Pplg = Polp)g= (5‘_q<p>q (3.14)

In the hydrodynamic picture, the equations of motion for the first

two moments are,

p)y _ 10
= = ;;'@(PP>Q
9 10, av
E("Pﬂ)q = _EE(P Pq —gg@}q (3.15)

pure
The second moment here is that of the pure state limit, so it is de-

coupled from the rest of the hierarchy.

These equation are in the Eulerian frame of hydrodynamics. In
this picture, the evolution of the function (e.g. density) is observed
from a fixed point in space. The equations of motion in the Eulerian
framework always contain partial time derivatives. In trajectory
equations of motion, a different framework must be used, the La-
grangian picture. Here, the observer is following the trajectory z(t)
at a velocity of,

p 1098

V= —

iy oy (3.16)

For a short time step, the change in the function f, as seen from the

observer in the interval z(¢) to z(¢ + dt), is given by

df = %da + %dw (3.17)

On division by dt, the following expression defines the Lagrangian
framework from the Eulerian picture.
df 9f dedf Of of
i~ o dtor o Vb
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The second term in Eq. (3.18) is the convective term that translates
from one picture to the other. To this end the Lagrangian equations

of Bohmian mechanics may be written, [24],

dplg _ _{r)e 0P
dt m dg
dp(q, t) ov
= ———F Fled (3.19)
dt dg Y -
where Fjyq is the hydrodynamic force [16, 25, 26],
1 do
g = =)=t —t 3.20
w pure m( >‘i q pure ( )

The variance, o, is a measure of the 'broadness’ of the distribution

and of fluctuations about the mean value of the momentum,

= <P2P>q

pure

— Ba{p) (3.21)

pure

Oy

For the case of pure states, the variance is given by,

2 2
=~ hagstnloly (322

Tq

pure
Note that there is no dependence on higher order moments. This
hydrodynamic force for pure states is entirely equivalent to the quan-

tum force that appears in Bohmian mechanics,

Py = —— (3.23)

pure
which is the gradient of the Bohmian quantum potential as defined

previously [16],
1 )

LI . 3.24
2m (p)g* 04" 529

This term introduces all the quantum effects into the hydrodynamic
equations. It can also be regarded as a measure of the shape induced

internal stress and hence is closely related to the stress tensor for the
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probability fluid. Another important property of the quantum po-
tential is that it retains information on the initial conditions of the
wavefunction at ¢ = 0. Quantum mechanics is known as a non-local
theory i.e. every part of the quantum system depends on all other
parts. In the conventional interpretation of quantum theory, it is
not immediately obvious of the root of this non-locality. However,
in this hydrodynamic derivation of quantum theory this non-locality
is attributable to the quantum potential.

If the quantum potential is neglected then classical equations are
yielded that are local in nature. This fundamental difference is illus-

trated further in the results section.

3.4 Hydrodynamic Force for Mixed States
and Classical Distributions: Defin-
ing a classical limit

The discussion above for pure states can be expanded to include

mixes states [28]. The same general form of the equations of motion,

o)y _ _(P)eOP
dt m 0q
dp(g;t) oV
= ———+ F 3.25
di a(j " e mixed ( )
where Fiyq is the now mixed state hydrodynamic force,
1 do
By =——{p)71—2 3.26
v mixed m<p>q aq mixed ( )
with variance
g = <P2P>q - }'53 (P)q (3.27)
mixed mixed

Although the equations are general for both mixed and pure states,

the notation is added for clarity. However, the moment hierarchy
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does not close for a mixed state and Eq. (3.22) does not apply. To
accurately capture the form of o, the infinite hierarchy of moments

is required.

These same equations derived for mixed and pure quantum states
are also valid for the equivalent classical phase space distribution, pg.
The same procedure for the classical distribution yields a classical
hydrodynamic force defined analogous to Eq. (3.26) as,

; 1 09
Fl%lfd = _E<pct>ql .C); (3.28)

A classical limit of the hydrodynamic description will therefore yield
the classical hydrodynamic force as defined in Eq. (3.28). Note that
this is very different to the classical limit as defined in pure state hy-
drodynamics (i.e. Bohmian dynamics). In the Bohmian derivation,

the quantum force simply vanishes, within limit 7 — 0.

3.5 Hydrodynamic Phase Space and com-
parison with Liouville space

Liouville phase space trajectories are very different to trajectories
from a hydrodynamic representation. This is because the hydrody-
namic momentum is an average of the Liouville phase space momen-

tum, given by,
_ {(Pp)q
p\g) =
W=

The hydrodynamic phase space [12, 16, 25] is therefore defined with

(3.29)

the momentum variable given as p = p. Distribution functions

within this representation is expressed as

Phyd(qJ p) = (P)qa(P = f’q) (3.30)
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Figure 3.1: Gaussian Wigner function in full phase space along with the

hydrodynamic phase space distribution with p = p.

This is depicted in Fig. (3.1). Note that pnyg has a Gaussian form
in ¢ but a delta ’spike’ in momentum coordinate p. The Lagrangian

trajectory equations in hydrodynamic space are given as,

3 [

d

p = —a—qV(Q)+thd(q) (3.31)

For the Liouville phase representation however, the momentum p
is an actual momentum variable, and hence the distribution func-
tion is a full 2D phase space density, also shown in Fig. (3.1). The
difference between trajectories as derived from the hydrodynamic
and Liouville pictures for a harmonic oscillator is illustrated here.
This along with the previous classical limit considerations will form
a basis for the combination of the Liouville trajectories with hydro-

dynamic trajectories in the hybrid approach illustrated in Chapter 4.

Both the Wigner phase space picture and the hydrodynamic picture
allow for convenient connection to a classical-like trajectory evolu-
tion [27]. The Wigner phase space picture yields Hamilton type

Liouville dynamics while the hydrodynamic picture is associated
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with fluid dynamical, Lagrangian type dynamics. The Lagrangian,
hydrodynamic trajectory equations have already been presented in
Eq. (3.31), so the trajectory equations for the Liouville/ Wigner space

are also shown here.

Given the equation of motion for the Wigner function Eq. (2.32)
and a phase space continuity equation by analogy to the classical

Liouville equation [19] expressed as

9 :
kv = —Viplap (3.32)

with the phase space current j,, = (¢pw, ppw ), the trajectory equa-
tions are given by [29]

dq p

dt m

dp vV ROV 1 oy i

e e M h .

dt g - 24 9¢® pw Op? +0OlF) 9.:33)

The quantum correction term here is to be interpreted as a different
type of quantum force compared to the hydrodynamic force written
in Eq. (3.31). An important feature of Eq. (3.33) is that it reduces
to classical Hamilton’s equations for harmonic potentials since the
quantum correction terms involve third order derivatives and higher
of the potential. The quantum trajectories from the Wigner function
do not fulfil Liouville’s theorem. This means that the density is not
conserved along a given trajectory. This along with the fact that the
quantum correction terms in Eq. (3.33) are difficult to treat compu-
tationally, strongly suggest that other quantum trajectory pictures

are preferred.

Fig. (3.2) depicts the two different phase space trajectory approaches
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Liouville space hydrodynamic space

Q / q

i i

Figure 3.2: Time evolution of a Gaussian wavepacket on a harmonic
potential. The left hand side shows the Liouville phase space represen-
tation while the right hand side panel shows the hydrodynamic space

representation. Figure taken from Ref. [27]
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for a harmonic oscillator. The hydrodynamic representation contains
an additional ’quantum force’ even for this harmonic case. Under the
phase space plots are the corresponding coordinate space g densities.
The initial Gaussian form of the density is retained throughout the
propagation. The usual elliptic orbits are observed in Liouville phase
space, with maximum momenta at ¢ = 0 and a maximum amplitude
at p = 0; this is characteristic of a harmonic potential. The density
in the Wigner picture is shown as an elliptic distribution in phase
space. However, the hydrodynamic distribution is represented as a
line because of an average momentum. The edge of the distribution
functions in both the Wigner and hydrodynamic pictures are indi-
cated with green and red points. By following the evolution of these
particles (i.e. the trajectory), very different behaviour is observed for
the hydrodynamic case as compared to the Wigner representation.
For the Wigner picture, the trajectories never cross in phase space
as they evolve around the elliptic paths. However, in the coordinate
representation, it is evident that the trajectories cross each other at
g = 0. For a hydrodynamical description, the complete opposite is
true. Here the trajectories never cross in positional space owing to

the presence of the hydrodynamic force.

The overall conclusion upon comparing the two different representa-
tion here, and the classical limits considerations, is that in a mixed
quantum-classical scheme, it is preferred that the quantum sector
is described hydrodynamically, while the classical sector retains a
Hamiltonian/Liouville picture. The classical limit in the hydrody-
namical picture yields a classical hydrodynamic force, and so the

resulting trajectories are non-Hamiltonian type. The simplicity of
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Hamiltonian trajectories is preferred for the classical sector, so a
Liouville space representation is used. Furthermore, the Liouville
phase space representation is the most natural picture for the classi-
cal sector, as it directly relates to conventional molecular dynamics
schemes. Of course one may obtain 'quantum’ trajectories from a
Liouville space representation. Unfortunately, this formulation has
its own disadvantages including violating Liouville’s theorem. To
this end, the mixed quantum-classical approach developed in Chap-
ter 4 is hydrodynamic with respect to the quantum subspace and

classical-Liouvillian with respect to the classical subspace.

The following section presents the Wigner function, lowest three hy-
drodynamic moments and quantum trajectories for the harmonic
oscillator, double well potential and Eckart barrier. All the hydro-
dynamic quantities were derived from the underlying wavefunction
for that particular potential. The intention is to illustrate the use
of the Wigner function, moments and quantum trajectories as an
alternative to propagating wavefunctions for the various systems.
Because the hydrodynamic quantities are extracted from the un-
derlying wavefunction, the results presented are for pure quantum

states.

3.6 Results

3.6.1 Harmonic Oscillator

The dynamics of a Wigner function, pw (g, p), in a harmonic oscilla-
tor potential,

V(g) = Vag® (3.34)
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Figure 3.3: Harmonic oscillator potential with Vo = 0.005

with V5 = 0.005 and mass of 10,000 a.u. is illustrated in Fig. (3.4).
The potential is shown in Fig. (3.3). The initial Gaussian form of
pw (g, p) is given by,

1 28(g—q0)? - s2os
— A 3.35
ﬂﬁ,e (3:35)

with Gaussian width @ = 10 and initial displacement from equi-

pw(q.p, o) =

librium gy = 0.75. The oscillations within the harmonic potentials
occur with a regular period. At ¢ = 0, the Wigner function is evenly
distributed around the displacement gy = 0.75 with an overall mo-
mentum of p = 0. Here it is narrowest in ¢ and widest in p. As the
Wigner function moves away from this initial position towards the
centre of the well, the distribution spreads in the position ¢ space
whilst it narrows and becomes negative in the momentum p space.
A maximum negative value in momentum space is reached when the
density passes through the centre of the well. At this time, ¢ = 38.7
fs, the Wigner function is at its widest in g space and its narrowest
in p space. After the density passes through equilibrium position,

g = 0, the influence of the potential reduces the magnitude of p
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gradually until the centre of pw (g, p) reaches the turning point of
g = —0.75. Once the Wigner function reaches the left hand side
turning point, the width is once more narrowest in position space
and widest in momentum space (net p = 0). On the return oscilla-
tion, the phase of the momentum is opposite, as seen in the positiv-
ity in momentum space at ¢ = 92 fs. It is evident that during the
propagation that correlations exist between the width of the Wigner
function in g and p space: a large uncertainty in position space co-
incides with little uncertainty in momentum space. The dynamics
of the Wigner function is therefore consistent with the Heisenberg

uncertainty principle.

The hydrodynamic moments for the harmonic potential described
in this section are easily evaluated by a numerical integration of the

Wigner function over the momentum space,

(P"p)q = / dp p" pw (3.36)

The moments can be equivalently extracted from the underlying

wavefunction, 1, as follows,

Pl = ¢

Pohe = mi@) = 3 (v(a. 0" 2520 — (a1

(g, t)*
21 )

dq
2

9 o, _1’*32' d .0 '8"*
(" p)q - 2”'!’ (Q) - 4 (l/) 8q2 '!/j 28q‘/’ aq ’7/) l/;aqz l'/‘J
(3.37)

The first three hydrodynamic moments are illustrated in Fig. (3.5).
Because the 0th moment corresponds to the density, p = V™, its
dynamics is characteristic of a wavefunction in a harmonic potential.

The initial density, placed at ¢ = 0.75 moved towards the potential
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Figure 3.4: Snapshots of the Wigner function evolving in the harmonic
potential. The highest density is denoted by the yellow colour (p = 0.4),

followed by red (p = 0.3), purple (p = 0.1) and black (p < 0).
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minimum at ¢ = 0. This is accompanied by a broadening of the den-
sity. As the density passes the equilibrium point and approaches the
opposite turning point ¢ = —0.75, it narrows to its original width
G = 10. The 0th moment simply broadens and narrows as it oscil-
lates within the well with turning point g, with frequency defined
by the potential.

The 1st moment, initially zero develops a negative Gaussian form
that increases in height and width until it peaks at ¢ = 0. This
suggests that the quantum flux is at maximum when the density
is centred at ¢ = 0. As the density continues to move towards
q = —0.75, the Gaussian form of (Pp), reduces in magnitude until
it becomes zero at the turning point. The density then returns from
q = —0.75 towards the equilibrium position. The first moment now
acquires an increasing Gaussian profile as before, but in the positive
region. This change of polarity is due to the opposite direction in
which the density is now moving. This periodic motion of (Pp),
between the turning point of the density is seen to continue during
the propagation with the frequency of the harmonic oscillator.
Finally, the initial Gaussian form of (P?p), centred at ¢ = 0.75 again
broadens and increases in height as it moves towards the potential
minimum, ¢ = 0. This can be rationalised in classical terms, as the
second moment corresponds to the kinetic energy density. As the
density moves towards the centre of the well, the potential energy
decreases to a minimum so for a constant total energy, the kinetic
energy must increase. The Gaussian profile of (P?p), then shrinks
as the density moves to the opposite turning point ¢ = —0.75. This
implies the decrease in kinetic energy that occurs is as a result of the

potential energy increasing. This oscillatory motion again continues
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periodically throughout the propagation.

Trajectories are obtained from Eq. (3.31) with hydrodynamic force
computed from the moments as defined in Eq. (3.21). In this exam-
ple, 10 discrete point, equally spaced between ¢ = 0.6 and ¢ = 0.8
are chosen as initial launch point for subsequent trajectory analysis.
This can be considered as discrete sampling of the wavepacket of the
system. The evolution of the particles are shown in the trajectories
of Fig. (3.6). At ¢t = 0, the trajectories are closely spaced, which
corresponds to the narrow structure of the initial Wigner function in
g space. Both quantum and classical forces (V@) and VV') then act
on the particles. The effect of the classical force, VV on the particles
is linear function in space. This suggests that particles located at g,
feels only a classical force. Particles that are further away from g,
are increasingly influenced by the quantum force, V@Q. Furthermore,
the larger the Gaussian width (corresponds to small 3 parameter)
the less particles far from ¢y, are influenced by the quantum poten-
tial. Hence, the initial closely spaced particles at ¢t = 0 are pushed
away from the Gaussian maximum, causing a greater spreading of
the particles. This increase in width eventually decreases the influ-
ence of the quantum potential so that the dominant force acting on
the particles is VV. This classical force brings the trajectories closer
together so the narrow width Wigner density in ¢ space is recovered.
This spreading and contracting motion is then repeated with the

frequency of the harmonic oscillator.

A further insight is obtained by comparison of the quantum tra-

jectories with their classical counterparts. The classical trajectories
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Figure 3.5: The dynamics of the first three hydrodynamic moments of

the harmonic oscillator
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Figure 3.7: Corresponding classical trajectories for the harmonic oscil-

lator.
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Figure 3.8: Double well potential with Vo = —0.044 and V4 = 0.229.

are obtained by the integration of Newton’s equations of motion
(or Hamilton’s equations). Fig. (3.7) captures the dynamics of the
classical trajectories that are launched from exactly the same initial
conditions. The most noticeable difference between the two different
types of trajectories is that classical trajectories cross in coordinate
space (e.g. at ¢t = 46 fs). Quantum trajectories, however do not
cross. The quantum force prevents the quantum trajectories from
crossing each other. This can be traced back to the definition of )
as defined in Eq. (3.24). As the quantum trajectories gets closer, the
amplitude R, increases. The quantum potential has the amplitude
in the denominator, so @ increases dramatically. This has the effect

of pushing the trajectories apart.

3.6.2 Double Well Potential

Phase space analysis can equally be applied to more complex systems

such as those governed by double well potentials. The double well
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Figure 3.9: Snapshots of the Wigner density evolving in the double well
potential. The highest density is denoted by red (p = 0.4), followed by
yellow (p = 0.3), green (p = 0.2), purple (p = 0.1) and black (p < 0).
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used in this example is given by,
V(q) = Vag® + Vag"* (3.38)

with parameters Vo = —0.044, V4 = 0.229 and mass of m = 20341
a.u, and is illustrated in Fig. (3.8). The initial Gaussian form of
pw(q,p) as given in Eq. (3.35) has width § = 32 and initial dis-
placement from equilibrium g, = 0.313, shown in Fig. (3.9). As the
Wigner function moves from its initial position, it is seen to broaden
in ¢ space as it narrows in p space. This initial trend is similar to
that observed for the harmonic potential. However, the Wigner den-
sity exhibits tiny ripples (starting at ¢ = 74 fs). As time progresses,
a significant portion of the Wigner density appears in the left hand
side well (at ¢ = 188 fs). This illustrates the quantum mechanical
phenomenon of tunnelling. By ¢ = 375 fs, the bulk of the density is
in the left hand side well. At ¢ = 500 fs, the tunnelling is repeated
in the opposite direction, so that the Wigner density transfers back

to the initial right hand side well, at ¢ = 600 fs.
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A particular feature seen in the propagation of the Wigner density
that is characteristic for anharmonic potentials such as the double
well is the development of 'black’ areas, seen particularly at ¢t = 74
fs in Fig. (3.9). These represent regions of negative probability den-
sity. These negative probability density regions develop as result of
the 'quantum’ summation that appears in the Wigner Moyal equa-
tion. This accentuates the fact that the Wigner function is a pseudo

probability density function in that it does not satisfy

pa(g,p,t) 20 (3.39)

As already demonstrated, the negative regions do not appear for
Gaussian states in harmonic oscillators since the Wigner Moyal equa-
tion Eq. (2.32) is truncated at the n = 1 level. In this case, the

Wigner Moyal reduces to the classical Liouville equation,

dpw _ P Opw OV dpw

ot m dq dq 0P

(3.40)

The first three hydrodynamic moments for the double well potential
were evaluated as defined Eq. (3.36) and are depicted in Fig. (3.10).
The Oth moment which represents the density is seen to become de-
localised in both minima of the potential at approximately ¢ = 15000
a.u. Although the energy of the underlying wavefunction has insuf-
ficient energy to surmount the barrier, the transfer of probability
density is achieved by quantum tunnelling. Furthermore, by close
inspection, it is apparent that at much shorter timescales (e.g. be-
tween 1 — 5000 a.u. and between 25000 — 30000 a.u. in Fig. (3.10)),
(p)q exhibits intra-well oscillatory behaviour around the initial dis-

placement gy = 0.313. Because this initial displacement is very close
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to the minimum of the double well potential, the intra-well oscilla-
tion is extremely small and difficult to observe. A larger displace-
ment from the minimum would ensure more pronounced intra-well
dynamics. Note also that the initial Gaussian form of (p), is not
retained throughout the propagation, as is the case for the harmonic
potential. The complicated profile that develops is characteristic of

anharmonic potentials.

The first moment, (Pp),, initially zero, acquires a positive profile
as the density starts to move within the well. As the density tunnels
to the left hand side well at ¢ = 15000 a.u., the first moment appears
in the well also. The first moment becomes negative as the density,
{p)q, moves in the negative direction within the well. In general, the
motion of the first moment captures the quantum flux of the density
as it evolves along the double well potential.

The second moment, (P?p),, is also illustrated in Fig. (3.10). The
dynamics follows closely that of the Oth moment. The initial Gaus-
sian profile quickly spreads into a complex function that spans into
the second minimum of the double well potential. Note also that
{P?p), contains negative regions during the propagation, as is de-
picted in Fig. (3.11). The negative region develops due to the nega-
tive basins that were seen in the Wigner density for the double well.

As described previously, this is due to quantum interference effects.

Quantum trajectories for a double well are shown in Fig. (3.12).
The initial equally spaced particles between ¢ = 0.6 a.u. to g = 1.7

a.u. move away from each other as they evolve within the right hand
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Figure 3.12: Quantum trajectories for the double well potential

side well. Note that at ¢ = 500 a.u., 4 of the trajectories tunnel to
the left hand side of the well, which corresponds to 30% of the total
density. The remaining trajectories remain in the right hand side
well, but shows some oscillatory motion within the well. Again, this
is a characteristic feature of a non-minimum density evolving in a
double well potential. As seen for the quantum trajectories in the
harmonic oscillator case, the quantum trajectories keep well apart

due to the influence of the quantum potential.

3.6.3 Eckart Barrier

The Eckart barrier used in this example Fig. (3.13) is given by
V(q) = Vosech®[a(g — go)] (3.41)

where the barrier of height Vy = 0.024 is placed at ¢ = 0 and width
parameter a = 2.5. The initial Gaussian Wigner function, depicted
in Fig. (3.14) is launched towards the barrier with average transla-

tional energy Fians = 0.018 au and mass m = 2000 au. The Wigner
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Figure 3.13: Eckart barrier with parameters Vj = 0.024 au and a = 2.5

function centred at ¢ = —2 is narrower in coordinate ¢ space and
wider in momentum p space, as governed by the Heisenberg uncer-
tainty principle. At a later time of ¢ = 24.2 {s, the Wigner density
can be seen to split after collision with the barrier. The part of the
Wigner density that has been reflected now is centred at momentum
p = —T au. as the direction of motion of the density is reversed.
The region that has tunnelled through the barrier is centred at coor-
dinate g = 3 retains the initial positive value for momentum as the
density still moves in the same direction. Note that the transmitted

density is narrower in ¢ space and broader in p space.

The Oth, 1st and 2nd moments as derived from the Wigner func-
tion are illustrated in Fig. (3.15). The Oth moment traces exactly
the dynamics of the probability density. The initial Gaussian located
at ¢ = —2 moves towards the barrier. At ¢t = 12.1 fs, just as the

density collides with the barrier, (p), is seen to split into two parts.

59



Some of the density reflects against the barrier and return towards
the initial position of the density. The remainder of the density
tunnels through the barrier, and continues to move in the same di-
rection. This is further described by looking at the 1st moment. At
time 24.2 fs and later, two distinct regions of (Pp), develop. The
reflected region acquires a negative value whilst the transmitted part
remains positive. The polarity of (Pp) is a direct consequence of the
direction of motion of the Oth moment. The description is elabo-
rated by considering the dynamics of the 2nd moment. Again, the
dynamics is similar to that of the Oth moment, but related to the

kinetic energy density.

Trajectories that are obtained from Eq. (3.31) for the Eckart barrier
are illustrated in Fig. (3.16). 26 discrete 'particles’, equally spaced
between ¢ = —1.35 and ¢ = —2.65 are defined as initial points for
the quantum trajectories. As shown for the Wigner density and Oth
moment for this Eckart barrier, the density moves towards the right
hand side and spreads in ¢ space. This is further illustrated by the
trajectories moving away from each other. This displays very simi-
lar dynamics to that of a free wavepacket (i.e. V = 0). However, at
t =400 au, which corresponds to the centre of the density colliding
with the barrier, 16 of the trajectories (labelled black) seem to sep-
arate from the remaining 10 (labelled red). The black trajectories
correspond to the part of the density that is reflected and the red
trajectories correspond to the part of the density that tunnel through
the barrier. It is again clear that the trajectories do not cross as they

are kept apart under the influence of the quantum potential.
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Figure 3.14: Two snapshots of the Wigner density scattering on the
Eckart barrier. The highest density is denoted by red (p = 0.4), followed

by yellow (p = 0.3), green (p = 0.2), purple (p = 0.1) and black (p < 0).
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Figure 3.16: Quantum trajectories associated with the Eckart barrier.
3.7 Summaries

This Chapter has shown the derivation of quantum hydrodynamics
for mixed quantum states. The derivation can be made from either
the density operator or its phase space equivalent, the Wigner func-
tion. Moments were derived for mixed states, and it was seen that an
infinite hierarchy of hydrodynamic moments were required to fully
characterise the quantum density. This was shown to be quite dif-
ferent to the moments of a pure quantum state, where the hierarchy
naturally breaks at n = 1. The link between the pure state case and

Bohmian mechanics was also established.

The mixed state hydrodynamic force was derived from the moments,
and was shown to be an integral part of the derived Lagrangian tra-
jectory equations. Classical limit considerations concluded that a
classical limit taken in the quantum hydrodynamic picture yields
a 'classical’ hydrodynamic force. This results in non-Hamiltonian

type 'classical’ trajectories. A direct comparison was also made of
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trajectories as obtained for Liouville space and hydrodynamic space.
These discussions will ease the justification of combining a hydrody-
namic, quantum representation with a classical Liouville picture in

the Mixed Quantum-Classical Moment approach of Chapter 4.

The Chapter closed with illustrations of the Wigner function, hy-
drodynamic moments and quantum trajectories for the harmonic
oscillator, double well and Eckart barrier potential functions. This
aids in developing an understanding and intuition of the use of hy-

drodynamics for quantum dynamical problems.
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Chapter 4

Mixed Quantum-Classical
Dynamics: The QCM
Approach

4.1 Introduction

The main aim of mixed quantum-classical dynamics is to treat the
light” particles quantum mechanically and use a classical picture
(usually a trajectory approach) for the remaining degrees of freedom.
As stated in the main Introduction, it is not clear how to combine
the quantum and classical subsystems in a single framework [1]. The
two approaches are fundamentally different; quantum mechanics is
statistical and nonlocal in nature while classical mechanics is local
and provided the initial conditions are known, is fully deterministic.
Quantum mechanics is only deterministic in that the wavefunction
may be calculated for all time given the initial conditions and the
Hamiltonian. The major conceptual problem arises at the interface

between the two sectors, particularly with regard to how both sectors
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influence each other. The motion of the classical particles induces
transitions in the quantum part of the system. Hence, the potential
energy surface is modified. This in turn changes the force that act
on the classical particles. There is a definite dynamical interaction
between the two subsystems. This issue of ’self-consistency’ is cru-

cial in all hybrid approaches that are developed.

Examples of how the combination of the quantum and classical
sectors can be achieved are the Ehrenfest mean-field approach [2],
surface hopping methods (3, 4], mixed quantum-classical Liouville
approach [6, 7, 8, 9, 10, 11, 12, 13, 14, 5] and the mixed quantum-
classical Bohmian (MQCB) method [15, 16].

The earliest attempt at a mixed quantum-classical approach was the
mean-field approximation developed by Ehrenfest. When a quantum
coordinate g interacts with a classical coordinate () with momentum
P, the total potential energy of the system can be written as a sum

of the quantum, classical and interaction contributions,
V(Q: Q) = un + Vc] + ij; (41)

This interaction potential, Vi, is calculated along a particular clas-
sical trajectory which yields a time dependent interaction term,
Vint (¢, Q(t)). The dynamics for the quantum part is given by the
solution of Schridinger equation using this time dependent poten-
tial, Vint(q, @(¢)). From the solution, a mean interaction potential

f/im(Q; t) is evaluated by averaging over the wavefunction,

Vine (@5 1) = (¥ Vi (g, Q(£)) [40) (4.2)
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The dynamics of the classical subsystem is finally obtained by solving
Hamilton’s equations with this mean potential f/im(Q, t). Because
the classical part only experiences a mean-field from the quantum
part and never truly responds to the instantaneous quantum coor-
dinate, the approach is deemed to be too approximate and is inad-
equate in particular where nonadiabatic effects play an important
role in the dynamics [18, 17]. For the case when these nonadiabatic
effects are important, a Surface hopping approach [3, 4] was devel-
oped where the probability of hopping from one adiabatic potential

to another is incorporated into the classical trajectories.

More recently, better approaches that have been developed include
the mixed quantum-classical Bohmian method and the mixed quantum-
classical Liouville method. In the MQCB method [15, 16, 19], the
dynamics of the whole system is defined in a Langrangian trajec-
tory framework. Central to the Bohmian interpretation of quan-
tum mechanics is the quantum potential [20, 21, 22, 24, 25] @ =
—h%/(2m)(p) /20 | 0q* (p) \/2. This is a non-local potential that de-
pends on the curvature of the wavefunction and has associated with
it all the quantum effects within the system. In the MQCB method,
the quantum potential is simply neglected in the classical sector,
resulting in Newtonian (totally classical) equations of motion. The
quantum subspace, however, has a Bohmian hydrodynamic descrip-

tion where the classical coordinates appear as a parameter.

Finally, in the mixed quantum-classical Liouville approach [6,7,8,9,
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10, 11, 12, 13, 14, 5], a partial Wigner transform of the density oper-
ator, p, is performed on the classical subspace, which maintains the
operator form of the quantum part, and the classical part is defined
by functions of the classical phase-space variables position, Q and
momentum, P. The equations of motion involve a linearized approx-
imation to the exponential time evolution operator in the classical

subspace. This keeps terms to lowest order in f.

The approach presented and developed in this thesis focuses on the
novel quantum-classical moment (QCM) approach [26, 27, 28] intro-
duced by Burghardt and Parlant. Here, the quantum subsystem is
treated hydrodynamically and the classical subsystem is kept in a
Liouville phase-space setting. The method starts with a Wigner
function for the total system, pw(q,p,@, P;t), where the hybrid
quantum-classical equations are defined in terms of particular type
of moments which are obtained by integrating over the quantum mo-
mentum only, (P"p),op = [dp"pw (g, p; @, P). These key quantities
that are central to this approach are referred to as partial moments.
These are responsible for combining the hydrodynamic representa-
tion in the quantum subspace with a Liouvillian phase space picture
in the classical subspace. Exact equations of motion can be derived
for these partial moments followed by invoking a classical approxima-
tion in the classical (QQP) subspace. To obtain trajectory equations
for this approach, the moment equations must be transformed from
a static Eulerian grid to the Lagrangian framework. These trajec-
tory equations involve a quantum force that is dependent on both

quantum and classical positions (g, @) and the classical momentum

(P).
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This methodology has been applied previously to coupled harmonic
oscillators, but the hybrid approach is extended in this Chapter to
more complicated systems. The present application focuses on tra-
jectories for a double-well potential coupled to a harmonic coordinate
and an Eckart barrier coupled to a harmonic coordinate. Although
the illustration here is for pure states, the method naturally extends

to mixed states.

4.2 General Formulation

4.2.1 Partial Hydrodynamic Moments

The partial moments are constructed by introducing a hydrodynamic
projection for selected degrees of freedom. Starting from the Wigner
function for two coordinate degrees of freedom (four-dimensional
phase space pw(q, p, @, P)), one integrates over the quantum phase

space momentum only [27],

(P"paqp = / dp p"pw(a.p; Q, P) (4.3)
These are hydrodynamic moments in quantum coordinate g, param-
eterised in the classical phase-space variables (QP). The moments
can be also obtained from a mixed coordinate space/phase-space

representation, given by,

P ohaar = (5) 5pla, Q. P) (4.4

i/ orn Fii)
The moments can otherwise be considered as the Wigner transform

of a set of (¢,Q, P) dependent coordinate space partial moments

(PnP)QQRv
(P"Aaar = 5= [ AR exp(~iPR/W)(P" b (45)
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These coordinate space partial moments, (P"p),or are in fact coef-
ficients in a Taylor expansion of the mixed coordinate-space-phase-

space density, p(q,7; @, R), given by,

pa.1@P) = 5 =P har () (@)

ol (1!
Here, the distribution p(q,r; @, P) plays the role of a moment gen-

erating function [29].

As is the case for a purely hydrodynamic description developed in
Chapter 3, the moments can carry redundant information. If the
quantum density is of a pure state, all the dynamical information
that is required is embedded within the first two moments and these
decouple from the remaining of the hierarchy. Another special case
is a Gaussian mixed state density. Here the density is determined
by the first three moments [27, 28]. For the general case of a mixed
state, an infinite number of moments are required to fully charac-
terise the quantum density. In this case, a numerical truncation
scheme is required to approximately terminate the moment hierar-

chy at a certain order.

4.2.2 Partial Moment Equations

Equations of motion for the partial moments can be derived system-
atically from the quantum Liouville equation dp/dt = —i/h[H, p],
in a coordinate-space representation or else from the phase-space

Wigner representation [27]. Because of the Taylor series expansion
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of Eq. (4.7), it is more convenient to carry out part of the deriva-
tion in coordinate space before using a Fourier transform relation
to obtain the moments in terms of phase-space variables. For this
derivation, which follows Ref. [27], consider the following Hamilto-
nian,

P 2

P
H—%+W+V(Q;Q) (4.8)

The (z,z") coordinate space representation of the Liouville-von Neu-

mann equation for this Hamiltonian is given by,

) ihop R ih [P 2
ép(w,x’;X,X’) - {m(( 0 >+ — ( AN )]p(m,m’;X,X’)

2m\dz? 922/ 2M\9X2 BX~
—%[V(E,X)—V(:t:',X’)]p(:c,:c';X,X')

A simple transformation to the sum x and difference r coordinates

with ¢ = (z +2/)/2 and r = 2 — 2" yields the following form,

9 .. _ O O .
ap(%ra Q: R) = ot (Q1Jr! Qa R) = mP(q:?aQ; R) (410)

with both kinetic (k) and potential (v) parts. The kinetic part is
given by,

2 02
B (q',?";Q,R)=i?‘1(i 0 o

Bt mBrdg M aRaQ) slamiQ: R} (4.11)

and the potential part,

(¢,75Q,R) = — %[V(Q+2,Q+g)

Vgt

To ease the derivation, the kinetic and potential energy terms are

Oy

ot

plg,m;Q, R) (4.12)

discussed separately.
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Kinetic Part

By taking successive moments of p(q, r;Q), R) as defined in Eq. (4.6)
and inserting them into Eq. (4.11) , it is evident that the first term
on the right hand side is a moment of one order greater than that

on the left hand side i.e.

. a? 2h 52
ZHEMP(Q‘,T,Q,R) - E?aT.aqp(Q:ryQaR)
10
= “mag T Pleer (4.13)

giving the general form,

B 19 in_ &

n sy ey 2 Syl et
o \PPlaar = =5 (PYphear + 37 5p505

(P"plaqr  (4.14)

On Fourier transform R — P,ie. (Pp)yop = [Zo (P"p)qorexp(—iPR/R)dR,

in a phase-space setting, the kinetic part is written,

a ' 1 8 n
a—i(’P Plaqp = — Ea—qﬁ’ HP)QQP
ih oo 8% iPRY
T 3 ) 5REQ T PIaR D ( h )dH‘
(4.15)
Recognising that
= g iPR i "
[ SE P oharexp (— ) dR = £ P(P"ler  (416)
the kinetic part reads,
o8 I P8
7P Paep = _Ea_q( p)aar — M%WD Plagp  (417)

The up-coupling to a higher order moment (n + 1) in the kinetic
part of the moment equation is the origin of the infinite hierarchy of

momentum moments for mixed state densities.
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Potential Part

To obtain the potential part of the moment equations, a Taylor ex-
pansion of both sides of Eq. (4.12) with respect to r is taken. Because
the time derivatives of the coordinate space moments (P"p),on are
given by,

%p(q, 7Q,R) = gi,a— (P"p)aqr (%T)n (4.18)
coefficients can be matched to obtain equations of motion for the
coordinate moments (P"p),or. A Wigner transform R — P then
yields the corresponding equations of motion for the (P"p),op. From
Eq. (4.12) and Eq. (4.18) , both V and p(q,r; @, R) are written as a

Taylor expansion in r,
19,

z z'8t<P )G'QR(;)‘ = __Z“{VU(

ey
X Z ((P"Plaqr (?;)N (4.19)

where V(q,Q) = (0'V(q,Q)/8¢"). By matching coefficients on

H)

both sides i.e. n = [+ &, the potential part of the equation of
motion for the partial moments in coordinate-space {(P"p),or} can

be written

bomven- - £(1) 6t

R o
Ry (q,Q~5)]<P“ Yol (4:20)
Upon a transformation R — P, the corresponding Wigner space

moments {(P"p),op} are given by

%o i = =% A dp'J® P
8t< quP - Z Z f (QJQ: )

=0
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X{(P™ p) (s (4.21)

where (P"p)qop+py = (P"p)(q,Q, P+ P’'). The quantity JW is the
probability of a momentum jump [30] in P, associated with the {th

potential derivative in ¢, V)

1 R
gQP) = = dﬂ{v(” (q,Q+5)

(-1)'v® (q,Q — 1g)]exp(—iP’R/i‘i) (4.22)

The potential part of the equation of motion for the Wigner space
moments can be more conveniently expressed as having separate

classical and quantum parts,

81) n oV ?Q —
E(P Ple@p = _”%Uj 'P)ear
d s
V(0 Q) 55 (P"Phae + Co (4.23)

The term Cgqy brings in all the quantum effects into the dynamics.

The % dependent term may expanded as

o= "V (2) [arioea, P
qu—_g Z E) / (Q1Q> )

X (P p)aq(p+p) (4.24)
with J now redefined as,
= ny a d
(0) A RLag i /
S g, Q) (zi) aQV(q,Q)BPﬁ(P)
1

000,05 )| exwi-irr/n
(4.25)

and
JY(q,Q,PY=- VU(q,Q)s(P)
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1 R
_ (1) ez
+4Wﬁde[V (q,Q+ 2)

—(=Div® (q, Q- g)] exp(—iP'R/H)
(4.26)

For [ >1, J® = j®,

The exact moment equations for the more specific potential V (g, Q) =
Va(q) + Vine(q, Q) + Vo (Q) can be summarised as

a n n T
a('P P)qQP = (P {Hapw}qp>qQP+{Hs CD P)qQP}qQP"‘Cqu (4-27)

From this moment approach, the structure of the equation has i) a

‘classical’ hydrodynamic part in the quantum (g, p) subspace
1 0

(P"{ H,pw }ep)agp = — = a_q(’PRHP)QQP
n{)[Vq(q) ‘;V;nt(% Q)] (Pn_lp>qQP
q
(4.28)

(ii) a classical Liouvillian part in the (@, P) subspace,

P (P p)agr

{H'»(Pnp)fIQP}QP = M 8(:2
[Vo(Q) + Vinlg, Q)] 8(P" p)gqr
0Q oPr

(4.29)

and (iii) a mixed hydrodynamic-Liouvillian “quantum correction”
part that originates from the potential contribution,

i, n bl =1 .
=3 | (2—) [ 4P 70, Q. P) (P shyaqps e (430)

=0

or more explicitly,

hi+la—1
1 n h
Cu - Z (__1)124—1_ (_)
’ h+z>3 By 2

78



<Pnﬁh P)qQP
(4.31)

(0 Vla) + Vi, @) + Vo (@) 0"
dgh 0Q' OP*:

where the summation runs over odd values of the sum of indices

!]_ -+ l2 and Lrl S T

The hydrodynamic part couples the nth order moment (P"p) to or-
ders (P"*!p),op while the quantum correction part couples the nth
order to (P" " p),op. Furthermore, the Liouvillian part acts only
on a given order (P"p),op. The quantum correction part is closely
related to the Wigner-Weyl series in that it contains all A terms and
involves odd-order derivatives of potential from third order upwards.
An important feature to notice is that even the zeroth and first or-
der moment equations carry explicit i terms which is absent in the
purely quantum case. This emphasises the hybrid hydrodynamic-

Liouvillian nature of the partial moments generated.

4.2.3 Quantum-Classical Approximation

Since the aim of this approach is to combine both classical and
quantum dynamics in a hybrid quantum-classical scheme, a clas-
sical approximation must be invoked in the (@), P) subspace. This
is achieved by retaining terms in Eq. (4.31) that involve derivatives
of order I = 0,1,. This neglects all terms involving multiple or-
der derivatives with respect to the classical coordinate @ within the
equations of motion for the partial moments. The quantum-classical

equations of motion thus read [27],
a n c n [
E(P p)qQP = <73 {Hq & ]/iﬂthW}qP>qQP
{Hq + Viat, (P"p) }op + Cqy (4.32)
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with now an approximate quantum correction part given by
n i -1 o
c R h v -1l ¢
cqu = = Z ( (%) 8qh <73n > p>qQP

o i A S
+ X, (21) g Q OP P plage (4:33)

1 =2 [y

The superscript ¢ here denotes the classical limit and approximate
nature of the quantum correction term. This restriction of retaining

only I, = 0,1 terms corresponds to linearizing Eq. (4.22) so that

700 5)- o - 2)

~ [1 = (-1)v®(q, Q) + {-(-1)“‘1}31/(01{ (4.34)

Q

t\:‘ll—‘

with

l Odd)( Q Pn’) ~ EQ‘/U) q’ /dHexp(—aP’R/ﬁ)

= ”(q Q)o(P")
1

J(l=cvcn)(q1Q:p") ~ m%‘vg [dRRexp( 3P’R/ﬁ)

N A AN . _
- ( )()Qv’apo(m (4.35)

Substituting these expressions into Eq. (4.21) gives the results of
Eq. (4.33) A key point here is that within this approximation, the
quantum correction terms does not appear in the dynamical equa-
tions for the zeroth and first moment. This feature has very impor-
tant consequences for the Lagrangian trajectory dynamics. The first
two partial moments are thus written,

5(P>EQP

5~ = ({Ho+ Vi pw ban)iar + {He + Vi, {p)oop bor

_ 1 8{Ppligr

= By + {Hq + Vim, { P)gop top (4.36)
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Figure 4.1: Mixed quantum-classical trajectory according to the La-
grangian picture for the three independent variables (¢@QP). The hydro-

dynamic fields (P"p),op are constructed along the fluid-dynamical path.

and
A(Pp)e
WPRGr (D Byt Vi Yplir + (o + Vi (P Tar
1 a<p2p>cQP 0 c
= s —aq—q—— v (Vq(Q) + Vins(g, Q)) {Plaqp
T {HQ o I/;m:: <PP);QP }QP (437)

where Hg is the Hamiltonian for the classical subspace and H, is
the Hamiltonian pertaining to the quantum sector. If the potentials
in the classical subspace are harmonic and the coupling between
the classical and quantum sectors is at most linear, then the above

equations for the partial moments are exact.
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4.2.4 Lagrangian Trajectory Dynamics

In order to obtain trajectory equations for the mixed quantum-
classical scheme, the Eulerian equations of motion for the partial
moments must be translated to the Lagrangian framework. To
achieve this, the zeroth order moment (p)i,p is interpreted as a
hybrid hydrodynamic-Liouvillian continuity equation and the fluid-
particle dynamics follows from the definition of the three-component
current j,op

d 1 9

a(ﬁ)ngP = T 'a—q(PP)EQP +{Hq + Vim, (P)sor tor

—Vaqr - Joqp (4.38)

with Vop = (8/0q,0/0Q,0/0F) and the current

_ q Pa@p/m
e-=|Q|=| (n/epr (439)
(Phaor .
P —(8H/0Q)

with the momentum field p,op defined via,

<,PP)SQP = PqQP <n0>§QP (4.40)

This field is the average momentum given by the Wigner function
for particular values of (g, @, P) variables. In the Lagrangian frame-
work, the hydrodynamic fields are calculated along the fluid-particle
trajectories as defined by Eq. (4.39). A Lagrangian trajectory evolv-
ing in (g, @, P) space is illustrated in Fig. 4.1. The time evolution in
the Lagrangian framework is denoted by the total derivative with re-
spect to time, d/dt = 0/0L+v,qp - Vyop. The translated continuity

equation is therefore given by,

d <P>3QP 0

&‘t‘(P)chpz— m %%QF (4-41)
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The derivation is completed by combining Eq. (4.39) with the equa-
tion for a fluid-particle acceleration dpygp/dt as obtained from Eq. (4.37)
for the first moment (Pp)eop = pegr{p)sop- This yields a general-
ized hydrodynamic force. The resulting trajectory equations [27]
correlate the quantum/hydrodynamic variables (¢,p = p,op) with

the classical variables (@, P).

P

3 |

b= e () V0, @) + Frvale, @, 7)
. P
Q = Ma
= 55 (VQ(Q)—E-th((LQ)) (4.42)

with p = p,op and the hydrodynamic force

1 (E)(TQQP

F S
hyd(Q: Qa P) m (p)éQF aq

(4.43)

obtained as the spatial derivative with respect to ¢ of the generalized

variance

TqQPr = (732.0);@13 = P;?Qp (p);QP (4.44)

The term o,pp describes the width in quantum momentum p for
given values of (¢, @, P) of the phase-space distribution function
piv(g,p; @, P). Indeed, it is the spatial variation of o,0p with re-
spect to the quantum coordinate ¢ that defines the hydrodynamic
force Fjyq. This hybrid hydrodynamic force is equivalent to the
hydrodynamic force for the purely quantum case apart from its ad-
ditional dependence on the classical degrees of freedom (Q, P). Fur-
thermore, if the isolated quantum system is a pure state, then the
hydrodynamic force is equivalent to the Bohmian quantum force

Fhya = —0Vqu/0q [24, 31, 32] with the quantum potential defined as
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Q = —1*/(2m){p) ;1?0 |0 (p)§/*.

The trajectories of Eq. (4.42) are associated with a phase space dis-

ribution function given by,

Prybria (4,03 Q; P) = (p)gapd(p — Peor) (4.45)

This distribution function has characteristics of the underlying Li-
ouville phase space distribution within the classical space. However,
it is single valued in quantum momentum p in the quantum space.
This is similar to the purely quantum description of Chapter 3, i.e.

a delta spike for quantum momentum p.

4.2.5 Pure State Formulation

As shown in Chapter 3 when discussing quantum hydrodynamics, for
pure states i.e. p = |)(1|, certain relations exist between the hydro-
dynamic moments of piy"(q, p; @, P), that terminates the hierarchy.
Particularly, the second order moment (P?p),op can be expressed in
terms of lower order moment so that these decouple from the rest of
the hierarchy [27]. All the required information concerning the state
of the system is embedded within the first two moments. The explicit

form of the partial moments for a pure state is illustrated here in or-

der to aid the application to the examples presented in this Chapter.

Consider the Wigner function,

_ 1 > r r pr
PW(Q,P) = 2T /._m d'rppure (q + 5, q 2) exp ( 5 ) (446)

where

r

Ppure (q + 54 g) =1 (q + g) W (q - %) (4.47)
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Taking the partial moments for this distribution by applying a dif-

ferentiation with respect to the difference coordinate r gives,

<rP ppurc qQP —fdppn purC(q’ o Q: P)

— h’ " a pllre

-(}) smArana.p
PR

= 3 | dRew (<57

(F) o= (503w (-50-3), aw

Given that the wavefunction is known, the variance ojp can be

r=0

X

constructed from the pure state moments of Eq. (4.48). The hydro-

dynamic force can then be evaluated,

1 a ure
P4, 0 P) = =y e 870 i

This is the strategy used for the application of the next section.

4.3 Illustrations in Anharmonic Poten-

tials

This section demonstrates the QCM approach for the dynamics of
a quantum double well coupled to a classical harmonic coordinate
and an Eckart barrier coupled to a harmonic oscillator. Although
the QCM approach has been shown to be able to deal with mixed

quantum states, this application is for pure states.

The application of the QCM approach to a coupled harmonic os-
cillator system is shown in detail in Ref. [1]. Although a pair of
light (quantum) and heavy (classical) oscillators is considered a rel-

atively 'simple’ system to deal with, it poses a significant challenge
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for Ehrenfest and surface hopping methods. However, as the calcula-
tions involves analytical expressions for the hydrodynamic quantities
in the QCM approach, they are not dealt with in this Chapter. The
focus of this Chapter is the application of QCM approach to more

demanding systems where an analytical solution is not available.

4.3.1 Double Well Coupled to a Harmonic Os-

cillator

The dynamics of a quantum system subject to a double well potential
coupled bilinearly to a classical harmonic oscillator is presented here.

The potential function for this system is given by
V(g, Q) = Vag® + Vag" + VsQ* + VeqQ (4.50)

where the first two terms are the quantum double well, the third
term is the classical harmonic mode and the last terms is the bi-
linear coupling. This potential surface is illustrated in Fig. (4.2)
and the parameters are given in Table 1. Because the classical sec-
tor is harmonic and the coupling between the sectors is bilinear, the
hybrid-hydrodynamic representation of the mixed quantum-classical
scheme is exact. Furthermore, the initial pure state of the system is
retained throughout the propagation. Because of this, the system is

completely defined by the first two moments (p),op and (Pp).qp-

For the coupled harmonic oscillators, one quantum and one classi-
cal [1], an analytical form exists for all the hydrodynamic quantites
of the system. However, as the quantum sector in this example is
anharmonic, there is no analytical form for the hydrodynamic force.

A numeric approach must be adopted here. To this end, the La-
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Figure 4.2: The double well potential function defined in Eq. (4.50).
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grangian trajectory equations of Eq. (4.42) are propagated where
the hydrodynamic force Fjyq is extracted from the time dependent

wavefunction.

In general, numerical approaches to solve dynamical equations in
quantum mechanics fall into two main categories; grid based ap-
proaches and basis set expansion. In a grid based approach, the
Schrodinger equation is solved on discrete points that constitutes an
Eulerian grid. Unfortunately, calculating the hydrodynamic force
that is required in the trajectory equations would involve interpolat-
ing the quantities of interest from the Eulerian grid to a particular
point on a Lagrangian grid. This is highly undesirable as is needed
at every time step in the propagation scheme. Not only is this com-
putationally expensive, it is a major source of error that is magnified
furthermore by derivative calculations required to obtain the hydro-

dynamic force from the variance o,qp,

1 o
Flg,Q,P)= “mp)eon 8g°%
q

In a long propagation scheme, the errors are propagated with the tra-

(4.51)

jectories, potentially giving poor results. An alternative method is
to utilise a basis set expansion. This is a global method that does not
require any interpolation. For non-periodic, bound potentials such as
the system studied here, the time-dependent wavefunction (g, @, t)
and therefore the partial moments (P"p),op can be expanded in

terms of the eigenstates of the system ¢(q, Q) (see Eq. (4.48)),

(73”,0>qu =
iPR
%;cjcjfexp( T[E Ey] >2 rdeexp( > )

x(?) a@"ﬂ[ w(g—r/2,Q— R/2)¢;(g+7/2, Q+R/2)]

r=0
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<p>

Figure 4.3: The dynamics of the first three moments, calculated in an
Fulerian frame for a range of points in the gquantum ¢ coordinate and
a single point in the classical phase-space (Q = —0.2, P = 0.0), for the

double well bilinearly coupled to a classical harmonic oscillator.
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Figure 4.4: Hydrodynamic force Fj,yq and the 0" moment, (P)gop, cOm-
puted at fixed @ = —0.2, P = 0.0 and ¢t = 4410 a.u. for the double well

bilinearly coupled to a classical harmonic oscillator.

(4.52)

where F; are the eigenvalues with coefficients ¢; = (¢;[1). The
eigenstates themselves are expressed in terms of a product harmonic

oscillator basis
$i(0,Q) = > al xm(@)é(Q). (4.53)
m,k

so a general equation can be written for the moments in terms of

associated Laguerre polynomials for the classical (), P phase space

and derivatives of the Hermite polynomial in the quantum ¢ coordi-

nate (see Appendix E). Apart from the finite representation of the
basis in Eq. (4.52) and Eq. (4.53), the moments and Fiyq ,

1 J

Tt = nloear) 30

are evaluated exactly for any point in the entire (¢Q) P) space. This

KPEJO)ZQP - PEQP(M ;QP] (4.54)

eliminates the need for an interpolation routine. Furthermore, as
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Figure 4.5: Lagrangian trajectories for 2 points in 3D (¢QP) space with

initial conditions that differ only in the quantum ¢ coordinate.

the hydrodynamic force is completely defined, there is no need to
propagate the continuity equation Eq. (4.41) directly. Instead, the
trajectories are propagated by numerically integrating Eq. (4.42) us-

ing the explicit Euler solver with time step of At = 0.1 au.

The initial density is taken as a Gaussian in (¢QP) given as

v/ 273, 2
(P)aqp = Tﬁ exp(—26,(q — g.)* — 280(Q — Q.)* — 2%}),(4.55)

with parameters given in Table 4.1 and the initial hydrodynamic
momentum is set to zero, p,op(ty) = 0. The dynamics of the first
three hydrodynamic moments is illustrated in Fig. (4.3) for fixed
values of QP = Qg F,. It is evident that the partial moments exhibit
complicated dynamics with high-frequency intra-well oscillations oc-

curring on a fast time scale of ¢ = 2000 au. On a longer timescale
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Va Vi Vs Ve m
-0.033  0.030 0.010 0.002 2000

ﬁq e 6@ Qc ﬂ/f
28 0.8 14 -0.2 20000

Table 4.1: Parameters in atomic units associated with the potential func-
tion described in Eq. (4.50), the initial conditions specified in Eq. (4.55)

and the masses m and M.

of t = 7000 au there is tranfer of density along the quantum coordi-
nate ¢ from the right-hand well to the left-hand well via a tunnelling
mechanism. An important feature to note also is the widespread

formation of nodes within the partial moments.

The formation of nodes in a wavefunction is a well-known problem in
Bohmian mechanics. It almost always leads to severe computational
problems in calculating the quantum force. Very similar problems
arise in the calculation of the hydrodynamic force Fiyg here. The
presence of nodes in the lowest order moment (p),op leads to sin-
gularities in Fiyq. Fig. (4.4) shows Fiyq along with (p),op. The
formation of a node in (p),qp at ¢ = —0.6 au causes Fyq to become

singular.

Fig. (4.3) also shows clear variation in the magnitude/norm of
the hydrodynamic moments. The density not only flows in a double
well potential along the quantum coordinate ¢ but also in elliptic
orbits in the classical subspace (@, P) . This is characteristic of a
harmonic oscillator. As the density flows around this elliptic orbit,

the amount of density flowing through Qo P, varies periodically with
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Figure 4.6: Fiyq evaluated along Lagrangian trajectories for 2 points in
3D (¢QP) space with initial conditions that differ only in the quantum ¢

coordinate.

the frequency of the harmonic oscillator. Between ¢ = 4000 au and
t = 6000 au, the amount of density at Qo F is at its minimum. The
elliptic orbits can be seen in Fig. (4.5) that shows two trajectories in
3D (¢qQP) space calculated from Eq. (4.42). The trajectories differ
in their initial position in quantum coordinate ¢, the red initially at
go = 0.88 au and the blue is initially at gy = 0.21 au. Note that
the blue trajectory remains in the right-hand side well of the double
minimum potential while the red trajectory tunnels to the adjacent
well. The time dependency of the hydrodynamic force that govern

the dynamics of the two trajectories is depicted in Fig. (4.6).

The temporal evolution of an array of trajectories is shown in Fig. (4.7).
A sample of eight Lagrangian trajectories is illustrated along the
quantum coordinate between 0.2 < gy < 1.1 au for given classical

coordinates Qy = —0.2 au and P, = 0.0 au. As expected, the tra-
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Figure 4.7: Lagrangian trajectories with initial conditions Qp =
—0.2, Fy = 0.0 au and 0.2< gy < 1.1 au for the double well bilinearly

coupled to a classical harmonic oscillator.

jectories follow a complicated path along the quantum coordinate
q as the trajectories perform high-frequency intra well oscillations.
Furthermore, the three trajectories closest to the barrier tunnel to
the other potential well with the first high frequency oscillation. The

remaining trajectories stay in the initial potential well.

4.3.2 Eckart Barrier Coupled to a Harmonic Os-

cillator

To conclude, a second example, the dynamics of a system subject
to an Eckart barrier coupled to a harmonic oscillator is briefly sum-
marised. The underlying wavefunction for the composite system
is obtained by solving the Schrodinger equation on a fixed Eule-
rian grid. The hydrodynamic quantities are then extracted from the

wavefunction and transtaled to the Lagrangian frame in order to ob-
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Vo a W Vs m
0.03 0.5 0.075 0.005 2000

ﬁq qe ﬁQ Qe M
6 2 7 -0.2 20000

Table 4.2: Parameters in atomic units associated with the potential func-
tion described in Eq. (4.56), the initial conditions specified in Eq. (4.57)

and the masses m and M.

tain the hydrodynamic force Fjyq. The trajectories from Eq. (4.42)
can be subsequently computed. Although a scheme based on apply-
ing an interpolation at every time step has potential stability issues,
it was found that a Lagrangian interpolation routine [23] yielded sta-

ble and smooth trajectory dynamics.

The potential of the Eckart barrier coupled to the harmonic oscillator

is given by,
V(q) = Vpsech®a(q — go) + V2@ + V3qQ (4.56)

where the first term is associated with the 'quantum’ Eckart barrier,
the second term is the classical harmonic oscillator and the final term
represents the bilinear coupling.

-

The initial 3D Gaussian density was taken similar to Eq. (4.55),

/2T, 2
(P)eqp = 7:; exp(—28,(q — g.)* — 280(Q — Q.)* - 2’%@ (4.57)

with a translational energy of Fians = 0.01 au. The parameters of

Eq. (4.56) and Eq. (4.57) are given in Table 4.2.
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Figure 4.8: Lagrangian trajectories for a range of points in 3D (qQP)
space with initial conditions that differ only in the quantum ¢ coordinate.
The red coloured trajectories are reflected by the Eckart barrier while the

blue trajectories tunnels through the barrier.
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The resulting trajectory dynamics as obtained from Eq. (4.42) is
presented in Fig. (4.8) and Fig. (4.9). A range of 14 trajectories
with differing initial conditions in quantum ¢ coordinate (between
—2.5 and —1.5 au) are shown for (¢@QP) in Fig. (4.8). The flow of
density around elliptic orbits is clearly seen in the classical (QP)
coordinates. Furthermore, the trajectories coloured blue are seen to
tunnel through the barrier while the red trajectories are reflected
back towards their initial positions. Fig. (4.9) shows the same La-
grangian trajectories as in Fig. (4.8), but in (g,@,t). The periodic
oscillatory motion characteristic of a harmonic mode is seen in clas-
sical () coordinate. Once more, the trajectories coloured blue tunnel
through the barrier towards the right hand side (i.e. positive values

of ¢) while the red trajectories are reflected from the Eckart barrier.
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Figure 4.9: Lagrangian trajectories for the same points as in Fig. (4.8) de-
picted in (g, @,t) space. The blue trajectories are seen to tunnel through
the barrier (in ¢ space) as time progresses while the red trajectories are

reflected.

4.4 Conclusions

This Chapter illustrated the application of the QCM approach [27]
to anharmonic (double-well and Eckart barrier) oscillator systems
coupled to a classical harmonic mode. The dynamical schemes pre-
sented for the examples are exact. The key concept of the QCM as
a hybrid approach is the combination of the quantum hydrodynamic
and classical Hamiltonian trajectory pictures in a mixed Lagrangian

scheme. This approach is unique for several reasons,

i) It captures the details of instantaneous phase-space correlations

between the quantum and classical parts of the system. This goes far
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beyond alternative methods such as mean-field and surface-hopping
approach.

ii) The hydrodynamic force within the quantum sector depends on
the classical variables (@, P), but is absent in the classical (Liouvil-
lian) sector.

iii) The equations of motion for the trajectories do not have an ex-
plicit dependence on fi. The equations are in fact formally identical
to purely classical mixed hydrodynamic-Liovillian equations.

iv) The coupled trajectory equations Eq. (4.42) are deterministic.
This differs from stochastic trajectory dynamics associated with sur-
face hopping type trajectories.

v) The QCM method is exact if the classical sector is harmonic.

Two distinct strategies of propagation were used in the illustrated
examples. For the double well potential coupled to a classical har-
monic mode, a basis set expansion method was used. For the Eckart
potential coupled to a harmonic mode, a grid based approach was
used to propagate the quantities. A Lagrangian interpolation rou-
tine was then used to interpolate the hydrodynamic quantities from
the Eulerian grid to the Lagrangian frame in order to obtain trajec-
tories. Unfortunately, neither of the methods used are fully general.
They both rely on information extracted from the underlying wave-

function.

Chapter 5 in this thesis deal with a general propagation scheme that
attempts to apply approximate truncation schemes for the moment
hierarchy of Eq. (4.32) and Eq. (4.33). This then allows the hydrody-

namic quantities to be caleulated 'on the fly’, in a 'synthetic’ trajec-
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tory approach similar to the quantum trajectory method (QTM) of
Wyatt [25]. Another natural extension to this study is the inclusion
of many classical modes constituting a bath to which the quantum
subsystem is coupled. This would allow the study of dissipation and

decoherence in the hydrodynamic representation.
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Chapter 5

Closure of Quantum
Hydrodynamic Moment

Equations

5.1 Introduction

The quantum classical moment approach [1, 2, 3, 4, 5] (QCM) de-
rived in Chapter 4 is fundamentally based on the hydrodynamic pic-
ture of mixed quantum states. The hydrodynamic representation has
various advantages including reducing the dynamics of a 2/V dimen-
sional density operator to a series of coupled dynamical equations
for the N dimensional hydrodynamic moments. The trajectories are
also easily formulated in the Lagrangian framework. Unfortunately,
there is also a major drawback in applying the moment method.
The hydrodynamic formulation of mixed states is based on generat-
ing momentum moments by an integration over the momentum p of
the Wigner function, pw. A hierarchy of equations of motion for the

moments is obtained that display coupling to both higher and lower
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moments. In general, this hierarchy is non-convergent with no sim-
ple closure for the hierarchy. However, for two limited cases (pure
states [6] and Gaussian moments [7]), analytical closures have been
established. For the QCM approach to be of any use in a numerical
scheme, a methodology of closing the hierarchy is required. Simi-
lar problems arise in classical hydrodynamics as well as in plasma

physics with respect to the Vlassov equation [8].

The maximum entropy approach has been applied to quantum and
classical hydrodynamics [9, 15]. It has the ability to evaluate higher
order moments by finding a phase space distribution function that
maximises an entropy functional under the constraint that the lower
order moments are known. In its conventional form, the maxi-
mum entropy approach has the requirement that the density re-
mains positive. For quantum states, the Wigner density can develop
negative regions so the maximum entropy approach is not always
the best methodology. An alternative approach that is of inter-
est in this Chapter is based on the maximum entropy ansatz. It
involves the linearization of the maximum entropy derived by ex-
panding the quantum state pw in an orthonormal Gauss-Hermite
basis. This is similar to the Grad-Hermite approach used in hydro-
dynamics [10, 11, 12, 13, 14] and differs only in the function that the

expansion is based on.
The following section gives a qualitative description of preliminary

investigations carried out that employed rather simple truncation

strategies for the moment hierarchy.
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5.2 Preliminary Work

To investigate the effect of incorporating high order moments on the
stability of the propagation of the hydrodynamic fields, (P"p), (see
Eq.(3.9)), a simple cold cut-off was applied to the hierarchy. A cut-
off at many orders, including n = 3, n = 10, n = 100 and n = 300
was investigated and this was applied to both harmonic potentials
and double well potentials with differing potential parameters. It
was found that a cut-off at any order gave very little encouraging
results. Indeed, even for very high order truncation of n = 300, the
propagation is stable for { << 1 fs. In this very short timescale,
no deviations from the initial (¢ = 0) moments are observed. Not
only is it highly undesirable to go beyond n = 300 moments, the
magnitude of the moments become very large (~ 10?*5) and solving

the moment equation becomes computationally unfeasible.

As a simple introductory investigation, we initially tried a gradual
‘dampening’ of the moment cut-off. The cold cut-off takes the from
of a step function, Fig. (5.1). This cold cut-off itself may cause in-
stabilities. The sigmoidal-type functions that were invoked to grad-
ually decrease the dependence on higher order moments are shown
in Fig. (5.1). The dampening associated with the three differing
curves was applied to both harmonic and double well potentials,
again with differing potential parameters. Very little or no improve-
ment was seen in the timescales of the propagations. Even for the

most gradual curve, the dynamics is observed for less than 1 fs.

It is clear that smoothing the cut-off has no influence on the sta-

bility of the moment propagation. The hierarchy is non-convergent.
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Figure 5.1: Sigmoidal type curves used for dampening the effect of higher
order moments. Also depicted is the cold cut-off approach that was in-

vestigated.

The dependency of the (n+ 1)th moment cannot be ignored for any
value of n, irrespective of how high the hierarchy is taken. For the
quantum hydrodynamic equations to be of use in a numerical ap-
proach, a moment closure scheme is needed. The remainder of the
Chapter presents a moment closure scheme that accurately recon-
structs the (n + 1)th moment based on the information embedded

within the known lower order moments.

5.3 Numerical Closure Schemes

In order to close the moment hierarchy, a method of approximating
the (n+1)th moment is required. Alternatively, the (n+1)th moment
may be expressed in terms of lower order moments. If the Wigner

density, pw (g, p, t) is known then all the hydrodynamic moments are
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defined by the following prescription,

(P p)g = fdp P"pw(q, p,t) (5.1)

However, when the hydrodynamic moments are propagated using
the moment equation,
k-1

O pmy . 18 “(n\ [h ok A

=

o,

O

(5.2)
the Wigner density, pw(q,p,t) is generally unknown. Even though
the initial density pw (g, p, to) is exactly defined, its time dependency
cannot be extracted from the finite number of moments used. Some
information however can be gleaned about the underlying phase-
space distribution from the moments. The first moment gives in-
formation about the mean momentum, the second moment provides
information about the width of py/ (¢, p) in momentum space p, while
the third moment gives information about the skewness of the distri-
bution. The first few moments are also related to the physical con-
served quantities of density (p), = p(q), flux density (Pp), = mj(q)
and kinetic energy density (P?p), = 2mT(q).

If an infinite number of the moments are known, the Wigner den-
sity, pw(q,p) can be reconstructed exactly. Provided a sufficient
number of moments are known, it should be possible to construct an
approzimale closure scheme for the hierarchy by finding an explicit
expression for (P™"!p), in terms of known lower order moments.
Equivalently, it may be possible to reconstruct the phase-space dis-
tribution itself from the known lower order moments. The (n+ 1)th

moment is then evaluated using Eq. (5.1).
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In the following section, a moment closure scheme based on a Her-
mite expansion is described. The Hermite expansion method is
closely related to the linearisation of the maximum entropy ap-
proach [16] that has been widely used in a number of fields [17, 18],
classical hydrodynamics in particular [19]. To this end, the maxi-

mum entropy approach is first introduced.

5.3.1 Maximum Entropy Approach

In a maximum entropy approach, an entropy functional S[pw]| is

defined as,

Slpw] = — / (pwlnpw — pw)dpdq (5.3)

It is convenient to define the entropy relative to some reference dis-

tribution, pg, such that,

Slow) = | (pwln%";’- +ps — pw) dpdq (5:4)

The principle of maximum entropy states that the distribution func-
tion that maximises S provides the best unbiased distribution func-
tion based on the given information. In this case, the information
is the limited number of moments known. The task of finding an
approximate phase-space distribution, pw, (g, p,t), that most accu-
rately reproduces the true distribution, pw(q,p,t) then becomes a
variational problem of maximising S subject to the constraints that
the lower order moments are satisfied. The Lagrangian functional to

be maximised is given by

Tlow X = 8lpw) = [ S rla,t) ([ o 57 pw = (")) da (55)

where \,(g,t) are the position and time dependent Lagrange multi-

pliers. The local extremum of 7 is sought by setting its variation
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with respect to the density py to zero such that,

5T =0= —1n‘;—w — 3 A" (5.6)
A n

The resulting distribution function that maximises the entropy is

thus,

pwa(a,p) = pgexp(~ ; Anp") (5.7)
It is clear from Eq. (5.7) that the term pj is the reference distribution
that py, adopts in the absence of any constraints. In classical kinetic
theory approaches, it is usual to define pj as the local Maxwellian. In
reality, it can be modelled on any physically justifiable distribution
function. In this work, pg is defined as a momentum dependent

Gaussian function,

ps = (g)%exp(—ﬁﬁ) (5.8)

Here, 3 is a freely determined width parameter. In Eq. (5.7), the
determination of the Lagrange multipliers involves solving a set of n
non-linear equations. In order to obtain the dynamics of a system of
interest, this must be implemented in a time stepping propagation
scheme. The Lagrange multipliers must be solved for all values of
t and g sampled in the simulation; this is computationally intensive
and therefore highly undesirable. In the case that the determination
of pw, requires information only up to quadratic in the moments, the
Lagrangian multipliers {A},, may be re-written explicitly in terms of
the conserved quantities p(q), 7(¢) and T(q) [15]. For the quantum
hydrodynamic equations of motion, Eq. (5.2), a low level closure of

n = 2 is insufficient at reconstructing py accurately.

Another major drawback of the maximum entropy approach as de-

fined here is its inability to deal with distribution functions that have
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both positive and negative regions. It is clear from Eq. (5.7) that
there is a requirement for py, > 0V ¢, p. As detailed previously, the
Wigner function should be interpreted as a quasi probability distri-
bution function as it can develop negative basins in regions where
there is quantum interference e.g. during quantum tunnelling. A
Wigner distribution function of this kind cannot be reconstructed

using the maximum entropy as defined here.

The maximum entropy approach has been adapted to deal with dis-
tribution functions that have both negative and positive parts [20,
21]. This approach has been applied to a number of problems in
image or data reconstruction within the field of astronomy [22, 23],
geophysics [24, 25] and spectroscopy [26, 27]. In this approach, the
image or data that constitutes the distribution function is parti-
tioned into two positive distribution functions labelled py}; and py.
The total distribution function is then defined as the difference be-
tween the two functions, pw = pity — pi- The total entropy to
be maximised is then the sum of the individual entropies associated
with pif; and pyy i.e., S = ST+~ where S(S™) are defined accord-
ing to Eq. (5.4) using gy (pypr). This method is ideal for situations
where part of the distribution function known, for example in image
reconstruction studies. Unfortunately, this approach is less suitable
in situations where only indirect information about the distribution
function is known, as is the case for the hydrodynamic moment equa-
tions. It also has the same disadvantage as previous discussions in
that it still requires a solution of a set of non-linear equations for

determining the Lagrange multipliers.
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There is an alternative method that is fundamentally based on the
maximum entropy approach but with no requirement to solve a set
of nonlinear equations. This method also has the advantage that it
can cope with the presence of negative regions in the density. The

approach involves linearization of the expansion of py,.

5.3.2 Moment Truncation by Hermite Expan-
sion

Starting from the maximum entropy ansatz, a linearization of py,

leads to a polynomial expansion,

pwy = (0,0, 1) = pa(p)e™ 2m M@ ~ o (1 -3 Al t)pm)
" (5.9)
The expansion as defined here may be reformulated with different
types of polynomials. In this Chapter, the expansion is taken as an

orthonormal Hermite basis of the form

(;) ([ BP) Ny = () \/%f), (5.10)

where H,,(v/Bp) is the mth Hermite polynomial. py, is then given
by

pwa(@,0,1) =Y am(q, ) N (g) 4_ Hy(\/Bp) exp(—Bp*/2), (5.11)

The moments are then evaluated by direct integration of the recon-

structed density, pw,,
n g ﬁ 2
(P"0)q = D am(q,t)Nm - fdpp (\/8p) exp(—Br2/2)

- ;am(q,t)Nm (f ) it (5.12)
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It is evident from Eq. (5.12) that the time dependence only appears
in the expansion coefficients a,,(g, (), the integral itself is time inde-
pendent. In fact the integral has an analytical solution that contains
the hypergeometric series (see Appendix F'). Unfortunately, the hy-
pergeometric series is divergent in this case. The integral is however
trivial to solve using a numerical method. The coefficients a.,(qg,t)

are obtained by solving a set of linear equations,

oy by | [ty | [ (o
h.‘f hf{ h’1 al(r?,t) _ (Pp?q(t)  (513)
KL k|| et | _('Pﬂf;)q(t)_
In conventional matrix notation, this is given as,
ha=p (5.14)

The matrix h is time independent and only needs to be inverted
once prior to the time propagation of the moments. Subsequent
evaluation of the coefficients {a(q,t)} are obtained by multiplica-
tion of h™'p where p is contains the updated moments at time ¢.
The (n + 1)th moment can then be reconstructed from the 'known’

lower order moments via the calculated coefficients, {a(qg,t)}.

5.3.3 Hermite Closure derived from p(g,r)

Another route to generate a moment closure scheme can be estab-

lished from the Taylor expansion of the coordinate space density

p(g.r) given by,

Pk (3) - (5.15)
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The Wigner function is generated by taking the Fourier transform

of Eq. (5.15),

pw(q,p)

1 .
= %[dﬂp q,7)exp(ipr/h)

= 2;5 73"’” /d’r( )mexp(z’pr/ﬁ)

_ il 1 m
= 9.7 ol —(P™p qa fdrexp(zpr/ﬁ
1 l

am
= 3 4 ;n_!(pmp)q%()(p)_ (5.16)

Using the Gaussian approximation for the delta function, the Wigner

function becomes,

1 1 am
72 m_!<7>mp>q\/§ 5 OP(=07)
A= 2 = (P0)o(=1)" 8% Hin/Bp) exp(~Bp%).
| (5.17)

The orthogonality of the Hermite polynomial then allows a closed

form of the highest (n + 1)th moment to be established

[ dpow (. ) o (fp) = z (P™p)o(~1)" 8%
| / dpH \/Ep Hoi1(/Bp) exp(—Bp°)
= 0
= Hua (V/B(P)), (5.18)
where
Hoia(\/B(Pp),) c;. (Pp)q (5.19)

implies taking the order of the moments in the Hermite polyno-

mial and not raise the moment to the power of the moment e.g.

114



H3(v/B(Pp),) = 882 (P3p),— 1203 (Pp)q, and ¢, are the Hermite co-
efficients of the polynomial. The implication of setting the (n+ 1)th
Hermite moment in Eq. (5.18) to zero is that a closure for the mo-
ment hierarchy may be established where (P"*'p), is expressed in

terms of the lower moments contained in H,,(v/B(Pp),)

1 n—1
(P™p)y = —— 3 cu(P*a)e. (5.20)
Cn+1 k=0

5.3.4 Grad-Hermite Moment Closure

A final approach, used particularly in classical hydrodynamics and is
closely related to the previously discussed methodologies is the Grad-
Hermite approach [28]. In this instance, the expansion of pgl/ 2 i
is taken in an orthonormal Gauss-Hermite basis and not the direct

expansion of py,

/4

. g\

0 a0, ) = Tt ) (2) espl—012) it/ Bo) N
(5.21)

This ensures that the ¢ dependent coefficients a,, (g, t) may be explic-

itly and conveniently expressed as Hermite functions of the moments,

Uy, = f dppw, 1\ p) = NowHon((Pp)y) (5.22)

Generally, in classical hydrodynamics only the three lowest terms of
the expansion are needed. These are then equated with hydrody-
namic quantities such as the local density, velocity etc. In quantum
hydrodynamics however, a significantly larger number of moments is
required to establish a closure and hence the evaluation of {a,,(g)}
becomes cumbersome and computationally inefficient. In such cases
the hierarchy is best closed by following the approach of Eq. (5.18)
and setting the (n + 1)th Hermite moments to zero in Eq. (5.21) to
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recover Eq. (5.20).

The clear advantage of using Eq. (5.20) for the moment closure is the
compact and explicit representation of (P™"p), required to close the
hierarchy. However, for examples illustrated in this Chapter, it was
found that the closure scheme of Eq. (5.13) was more stable than
Eq. (5.20) in a time propagation scheme. In terms of numerical effi-
ciency, there was very little difference between the two approaches.
The results presented in this Chapter is therefore based on the Her-

mite expansion approach.

The following section demonstrates the accuracy of the Hermite ap-
proach of Eq. (5.13) for reproducing the (n+1)th moment given that
the lower order moments are known. It is demonstrated for both a
Gaussian type Wigner function and for a Wigner function with a
complicated profile. The method is then applied to the moment
equations of motion as defined in Eq. (5.2) in a dynamical scheme.
It is applied to non-dissipative harmonic, double-well and periodic
potentials. The section finishes with an application to the dissipa-
tive dynamics of a harmonic, double-well and periodic potentials.
The moments as obtained from the Hermite approach of Eq. (5.9)
to Eq. (5.14) are compared with ’exact’ moments extracted from a
Wigner function generated either from wavepacket or phase space

quantum dynamical calculations.

116



Figure 5.2: A simple 2D Gaussian Wigner Function.
5.4 Moment Reproduction

The accuracy of the reproduction of the (n+ 1)th moment is demon-
strated for various values of n. It is assumed in all calculations that
the matrix in Eq. (5.13) is a square matrix, hence n = m. This
is first of all illustrated for a simple Wigner function that has a 2D
Gaussian form, as shown in Fig. (5.2). A Gaussian form for the
Wigner function is often used as an initial condition for quantum
dynamical calculations. As shown previously, in the case of a har-
monic potential, this initial Gaussian profile is retained throughout
the propagation. This will provide a good starting point in assessing
the potential of the Hermite approach in reconstructing an approxi-
mate Wigner function from a limited number of known lower order
moments. In Fig. (5.3) it is seen that the approximate moment
matches the true moment very closely, they are truly superimpos-
able. Note also that this is the case for even a low order truncation
at n = 3. It seems that for a Gaussian density, a low order trun-
cation is sufficient to reconstruct higher order moments, and hence

the Wigner function. This is not surprising since as explained pre-
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Figure 5.3: Moment reconstruction for a Gaussian density. Truncation

at various values of n shown.

viously, for Gaussian densities, the third order moment and above

may be represented in terms of lower order moments e.g.
<P3P)q = 353<P>q + 3po (5.23)

with o = (P?p), — p*(p). In fact, Eq. (5.23) suggest that a trunction
at n = 2 should be sufficient.

Another more challenging example explored here is a Wigner func-
tion with a complicated profile that contains both positive and neg-
ative regions. Such a distribution function as shown in Fig.( 5.4) is
a snapshot obtained from the inversion dynamics of the ammonia
molecule. The density is delocalised in both potential wells during
quantum tunnelling. The moments are easily obtained up to any
order by numerically integrating the density pu (g, p) as defined in

Eq. (5.1). For a given n ’known’ moments, the Hermite approach
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Figure 5.4: Wigner phase-space distribution function from the inversion

dynamics of ammonia

and Eq. (5.13) is used to determine the (n + 1)th moment.

The reproduction is depicted for various values of n in Fig. (5.5).
It is evident that a very low order termination (n = 2), as is of-
ten used in classical kinetic theories gives a very poor reproduction.
Increasing the number of moments to n = 10 improves things some-
what. It reproduces the moment relatively well but differences are
still noticable. Truncating at n = 19, the reproduced 20th moment
is visually indistinguishable from the true moment. It is possible
to further increase the number of moments used to reproduce the
(n + 1)th moment, but the benefit over using only 19 is negligi-
ble. In fact using much more than n = 29 is not only unfavourable

computationally but gives a poorer moment reconstruction. These
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Figure 5.5: Reproduction of moments of the Wigner function depicted

in Fig. (5.4) using the Hermite approach.

results illustrate the ability of the Hermite approach to accurately
reproduce the (n+1)th moment associated with particular examples
of static Wigner density pw/(q,p). However a true assessment of the
effectiveness of the approach can only be demonstrated by its per-
formance in a dynamical time propagation scheme where the closure

scheme is applied at every time step.

5.5 Dynamical Calculations

For the dynamical calculations, the moments of an initial Wigner

function of the following Gaussian form,

pw(a,p, to) = %exp(—fla(q —68)* — p*/(2ah?)) (5.24)

are taken as an initial condition. The even order moments therefore

have a Gaussian form in ¢ and are zero for the odd order moments,
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(Pr=eddp) = 0. For the following nondissipative examples, the ref-
erence distribution was defined as the Fourier transform of the initial

Oth moment,

ps = (2ah%7)'/2 exp ((2;;2)) (5.25)

For the dissipative calculations, the reference distribution was taken
as the Maxwell-Boltzmann distribution. The time integration of
Eq. (5.2) was performed using a fourth order Runge-Kutta propaga-
tor with time step At = 0.0004 a.u.

5.5.1 Non-Dissipative Dynamics
Harmonic Oscillator

A harmonic potential of the form V(q) = Vag® with V5 = 0.0025
and a mass of m = 1, with parameters a = 10 and § = 0.25 were
used in Eq. (5.24). The dynamics of (p), is depicted in Fig. (5.6),
(Pp), in Fig. (5.7) and (P?p), shown in Fig. (5.8). The moments
initially placed at ¢ = 0.25 flow from right to left of the well in the
negative direction. The direction of the flow is manifested in the
dynamics of (Pp), which corresponds to the flux density. The initial
flux, (Pp), = 0 aquires a dominantly negative value, which reflects
the direction of density flow. As (p), returns towards the positive
region from left to right, the quantum flux (Pp), becomes positive.
In fact the dynamics of (Pp), as the density (p), returns from left to
right of the well is a mirror image with respect to the ¢ coordinate
axis of the motion of the density from right to left. Finally, the sec-
ond moment initially placed at ¢ = 0.25 moves towards the centre of
the well, spreading out over g space. Its dynamics in, this sense, is

similar to that of (p). The above calculations were performed with
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Figure 5.6: Dynamics of (p), in a harmonic potential. The moment as

obtained from the Hermite approach is plotted against the true moment.

4 1 ' I T T

> approx. Ist moment
= true lst moment

Figure 5.7: Dynamics of (Pp), in a harmonic potential. The moment as

obtained from the Hermite approach is plotted against the true moment.
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Figure 5.8: Dynamics of (P?p), in a harmonic potential. The moment as

obtained from the Hermite approach is plotted against the true moment.

a cut-off at n = 19. The three moments are shown with the true
moments, as obtained from a propagation of the underlying wave-
function. There is excellent agreement between the two approaches,

they are visually indistinguishable.

A comparison of the accuracy of the closure scheme for differing
termination values of the moment hierarchy is shown in Fig. (5.9)
for ¢ = 2000 au. For termination at n = 3, the approximated mo-
ment has negative regions, which cannot occur for a true density.
A termination at n = 9 improves the moment reconstruction but
there remains deviations from the true moment. A termination at
n = 19 shows good comparison with the true moment, even at this
relatively long time scale. Although the reproduction of Gaussian

moments for the static case of Fig. (5.3) shows good results for even
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exact

<p=

Figure 5.9: (p), depicted at ¢ = 2000 au for propagation in a harmonic

potential. It is shown for truncation at n = 3, n =9 and n = 19 levels

low order moments (e.g. m = 3), in a dynamical scheme, a higher

order truncation is required for longer timescales.

Double Well Potential

A double-well potential of the form,
V(q) = Vag* + Vaq® (5.26)

where V; = 0.1, V5 = —0.6 and mass of m = 1 with the parameters
a =2 and 6 = 2 as defined in Eq. (5.24) were used in this exam-
ple. The dynamics of the zeroth moment for this potential is sum-
marised in Fig. (5.10). The initial Gaussian profile of the moment
rapidly disappears resulting in a moment displaying complicated dy-
namics. The complicated profile of the moments provides an ideal

test case for the robustness of the Hermite approach in reproducing
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Figure 5.10: Dynamics of (p), in the double-well potential.

the (n + 1)th moment. A direct comparison of the accuracy of the
closure scheme for various termination values of the hierarchy is il-
lustrated in Fig. (5.11) for two different snapshots taken during the
propagation. It is clear that a termination at n = 2 is unaccept-
able, there is no similarity whatsoever between the approximated
and true density. At a slightly higher value of n = 9, the dynamics
of the reconstructed moment captures the general form of the true
moment but there remains obvious disagreement. In fact, Fig. (5.11)
shows the approximate Oth moment (i.e. density) developing neg-
ative regions, which is of course impossible. A closure at n = 19
is significantly better, with good agreement with the true dynamics
even for relatively long time-scales (1500At = 0.6). The moment
cut-off was attempted at higher order than n = 19 but only very

slight improvements were observed. The computational effort was

125



0.8 a)

exact
n=29
n=9
n=2

0.4

02

<p>
IS
(%]
o
[§5)
N

b
0.6 — )

04—

0.2

0 —— |
-4 -2 0 2 4
q(a.u.)

Figure 5.11: For the double-well potential a) and b) depict (p), computed
at two different time-steps (1500A¢ = 0.6 a.u. in a) and 2750A¢ = 1.1
a.u. in b)) and using different termination values for the hierarchy. In
a) the closure applied at n = 2,9 and 29 is depicted. In b) the closure
applied at n = 9,19 and 29 is depicted.

also significantly higher for larger values of n hence a maximum of
n = 19 was chosen as being practicable. Furthermore, over longer
time-scales the propagation becomes unstable irrespective of how

many moments are used to reconstruct the density.

Although higher order moments are required to capture the small-
scale p structure of the Wigner density, the convergence of the ex-
pansion of p(g,r) is not guaranteed. It is not clear whether the
instabilities is due to numerics or to the failure of the truncated mo-
ment expansion to reproduce small-scale p structure of the Wigner

density.
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Periodic Potential

In the illustration of the double well potential in the previous section,
the derivatives of the potential terminate at the fourth order level.
The summation in Eq.(5.2) thus terminates at £ = 3. The moment
equation contains only two terms involving the potential energy for

moments n > 3.i.e.

a T _ 1 8 n-+1 (')V n—1 1 n aSV n—3
(5.27)
For a periodic potential,
Vs
V(g) = (1~ cos(30) (5.28)

this is not the case. In the Wigner-Moyal equation, this peri-
odic potential would require the evaluation of high order momen-
tum derivatives of the Wigner function. This can be very difficult
in a grid-based numerical scheme and is highly undesirable. In the
moment description however, these high order momentum deriva-
tives of the Wigner function are translated to lower order moments
{P"*p), that involve no derivative evaluation. The moment ap-

proach is therefore the preferred scheme here.

The periodic potential defined in Eq. (5.28) contains three energet-
ically equivalent potential wells. Periodic potentials are associated
with describing quantum dynamics for phenomena such as bond ro-
tation. A widely investigated example is the internal rotation of
a methyl group about a single bond C — O bond in CH3OH. The
three symmetric wells correspond to the three equivalent rotamers

for the 360° rotation. Using a model system with moment of inertia
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of I = 1, potential parameter V3 = 2 and initial condition param-
eters of @« = 2.5 and § = 0.5, the torsional quantum dynamics of
the three lowest order moments are shown in Fig. (5.12). Note that
the model potential and inertia parameters used in this calculation
(i.e. a relatively small moment of inertia and large potential barrier)
dramatically increases the influence of higher order derivatives of the
potential on the dynamics. For 'real’ cases such as the internal rota-
tion in methanol, the barrier would be much lower and the moment
of inertia would be much higher. In this case the truncation of the
expansion of the potential derivatives at k = 3 would be sufficient
for computing accurate quantum dynamics. The model parameters
are therefore chosen to magnify the effect of incorporating higher

derivatives of potential on the stability of the closure scheme.

The moments in Fig. (5.12) develop oscillations which are typical
of interference effects observed in periodic quantum dynamical sys-
tems. During the propagation, the moments that are initially dis-
placed to the right move to the left towards the negative region. As
time evolves, the density represented by the Oth moments delocalised
from the centre well through to the other wells. Because of the flow
of the density towards the negative region, the quantum flux, repre-
sented by the 1st moment becomes negative. The second moments
(kinetic energy density) behaves very similarly to the density, be-

coming delocalised in all three potential wells.
As a further trial, the influence of incorporating higher terms in the

expansion of potential derivatives on the stability of the approach

was investigated. In theory, there is an infinite number of spatial

129




— Exact
— k=15
05 — k=3
— k=1
0.4~
A 03F
v
02+
0.1
0 | , | . | .
2 0 2

Figure 5.13: {p), depicted at 3500At = 0.7 a.u. for propagations in
the periodic potential where n = 19, using terminations of the expansion
of the periodic potential derivatives of Eq. (5.2) at the 1st (k = 1), 3rd
(k = 3), and 15th (k = 15) level.
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derivatives for periodic potentials,

Boe: 18, . o fn Y aN\rev
5P =g ST (5) G aes)

However, in quantum dynamical calculations, the order of deriva-
tives is truncated at a certain value. In Fig. (5.13), a snapshot of
moments are shown at ¢{ = 1750 au for a truncation at the k = 1,
k = 3 and k = 15 level. Taking the classical form (k = 1), the general
form of the Oth moment in captured, but there is clear differences
as compared to the numerically exact results. There is particularly
poor reproduction at the peak, ¢ = —0.15. Increasing to k& = 3
improves the reconstruction somewhat as compared to the classical
case, in particular with respect to the region at ¢ = —1.5. Trunca-
tion at k& = 15 improves the reproduction even further, with little
deviation from the numerically exact results. It is worth noting that
the truncation at & = 15 would involve evaluating the 15th deriva-
tive of the Wigner density pw (q, p) if the alternative Wigner-Moyal
approach was used. It is clear therefore that the moment approach
offers the advantage of involving significantly less computational ef-

fort for quantum dynamical simulations.

5.5.2 Dissipative Dynamics

As the hydrodynamic equations can be derived from the density ma-
trix or the Wigner function for mixed states as well as pure states,
the approach can be extended to be applied to the study of dissipa-
tive quantum systems. A study of systems that are coupled to their

environment is referred to as theory of open quantum systems. When
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the system interacts with its environment, the energy of the system
relaxes and quantum coherence is lost. This process is known as
decoherence. The dynamics of an open quantum system is described
by the reduced density operator pg(t), which governs the dynamics

of the sub-system only,

ps = Trp[p(t)] (5.30)

where the environment degrees of freedom have been traced out.
The equation of motion for the reduced density matrix is called
a quantum master equation (QME). Many methods exist for the
derivation of QME’s and the literature is rich with examples of the
various approaches [33]. This section focuses on the Caldeira-Leggett,
model [29] which describes the Markovian dynamics of a system that
is weakly, bilinearly coupled to a bath of harmonic oscillators. The

key assumptions underpinning the derivation of the C-L equation are

1. Factorised initial conditions so that the system and environment

are uncorrelated at ¢ = 0.
2. Markovian approximation i.e. assume the system dynamics is
much slower than the environmental fluctuations. The reduced den-

sity matrix therefore loses all memory of past.

3. The environment is characterised by a bath of harmonic oscil-

lators.

4. The coupling between the system and environment is weak.

5. High temperature limit, kg7 > hQ, where kg, T and  are
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the Boltzmann constant, temperature of bath and cut-off frequency

of the bath respectively.

The phase space representation of the Caldeira-Leggett equation is

given by,
d i 0 0*
—pw =—=L R MkgT— 5.31
aiPw = ~gLwew +vg pow + YMEsT 5 2 pw (5.31)

where « is the friction coefficient and kg7 is the thermal energy.
This has the same form as the Wigner-Moyal equation, but has two
additional terms. The third term in Eq. (5.31) is the diffusive term
that drives the initial density distribution irreversibly to equilibrium.
The second term is a friction term which slows down the rate drive
to equilibrium. Both these terms are identical to the classical Klein-
Kramers equation (i.e. the Fokker-Planck equation). Translated to

the hydrodynamic form [7], the Caldeira-Leggett equation is given

N U S noom\ (a\*ev
ot (P p)-? - Ea—q(P p)Q k:%dd, (k‘) (21) qu (73 P)q
— (P p)q + n(n — 1)yMkg{P"p), (5.32)

From the above it is evident that the equation of motion for the
Oth moment has no explicit dependence on the dissipative terms.
Furthermore, the temperature dependent term only appears from

the 2nd moment and above.

Harmonic Oscillator

The irreversible drive of the system to thermodynamic equilibrium is
depicted for the average energy (F) in Fig. (5.14) a) and b) for a har-

monic oscillator of frequency w = 7.1 x 107, For these calculations
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Figure 5.14: Average system energy, (E), calculated from the Caldeira-
Leggett equation using the same initial conditions. In a) v = 7 x 1074
was used with the bath temperatures T = 100 K, 200 K and 300 K. In
b) the energy relaxation is depicted for a range of v values and fixed
bath temperature of T=100 K. The thermal energy is depicted by the

horizontal broken line.
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the initial condition a = 10 and ¢ = 0.25 was used in Eq. (5.24).
As in previous results, a cut-off of n = 19 was used for the moment
closure. Fig. (5.14) a) illustrates the approach to (F) = kgT for a
range of temperatures but using the same  and initial conditions.
Fig. (5.14) b) illustrates the approach to (E) = kgT for a range of -y
but for a fixed temperature and initial conditions. Note how the rate
of energy relaxation to thermodynamic equilibrium increases as the
friction coefficient ~ increases, as is usually the case for a Caldeira

Leggett model.

Double- Well Potential

This section illustrates the dissipative dynamics of the double well
potential that was defined for the non-dissipative case. To reiterate,
the potential parameters were given as V; = 0.1 and V5 = —0.6 with
mass of m = 1. The irreversible drive of the system to thermody-
namic equilibrium is shown for the average energy (F) in Fig. (5.15).
Also illustrated is the dynamics of {p),. The relaxation of the system
is depicted for two differing initial conditions. In the first example
the values § = 2 and a = 2 used in Eq. (5.24) centres the initial
moments in the right hand side potential well. The other example
with parameters § = 0 and a = 2 centres the moments on top of
the potential barrier. For both differing initial conditions, the av-
erage energy (F) relaxes to kg7 = 0.59. When taken relative to
the potential energy minimum of —0.9 a.u., kg = —0.31, as illus-
trated in Fig. (5.15). A comparison of the relaxation as calculated
from the Caldeira-Leggett equation using the moment approach is
made with a phase-space representation of Eq. (5.31). The two dif-

ferent approaches show excellent agreement. The time taken for
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Figure 5.15: Dissipative dynamics of the double-well system using the
parameters v = 5 and kT = 0.59 (kT = —0.31 when taken relative to
the potential energy minimum of -0.9 a.u.. a) Average system energy, (E),
calculated from the Caldeira-Leggett equation using two different initial
conditions. The terms in the brackets are the parameters that define
initial Gaussian in Eq. (5.24). Also shown in this figure are the corre-
sponding results obtained from the phase-space propagation of Eq. (5.31).

b) Snapshots of (p), at various times.
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Figure 5.16: System energy relaxation for the double-well system using
moment closures at n = 5,9 and 11. The same dissipative parameters of

Fig. (5.15) a) were used with initial conditions § = 0 and a = 2.

the energy relaxation to occur is around ¢ = 15 a.u.. However, it
takes significantly longer for the moments to relax to a stationary
distribution where both wells are equally populated. The dynam-
ics of {p)y is shown for the case the moments are centred in the
right hand side well (¢ = 0). The stationary distribution is shown
at t = 240 au. For the dissipative examples illustrated above, a
moment truncation at n = 15 was used. It was found that a lower
order truncation would accurately reproduce the dynamics for short
time-scales, but would then become catastrophically unstable very
rapidly. Fig. (5.16) shows the failure of the moments approach at

the lower closure order of n = 5,9, 11.
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Periodic Potential

This system discussed here is the periodic potential with the same
form as described for the non-dissipative example. The potential
parameter V3 = 2 a.u. and mass m = 1 is used in the calculations.
The relaxation of the average energy of the system is depicted in
Fig. (5.17) for a range of friction coefficients, 7. The initial condition
of § = 0.5 and @ = 2.5 was used for all three examples and in all
cases the average energy relaxes to kgT = 1.58 over a time scale
of approximately ¢t = 7 a.u.. As time evolves, a steady transfer of
moment density from the central well to both left and right wells
occurs. Fig (5.17) also depicts the stationary distribution that is
yielded at ¢t = 14 a.u. for v = 0.75.

5.6 Conclusions

It is shown in this Chapter that both a simple cut-off and dampening
of the effect of higher order moments in the propagation of Eq. (3.9)
is met with limited success. The moment hierarchy is non-convergent
and a robust strategy is required to approximate the higher order
moments. To this end, a variety of numerical methods, based on the
maximum entropy approach are introduced. In particular, results
are shown for the Hermite closure scheme as defined in Eq. (5.13)
to produce accurate and stable dynamics. The approach was illus-
trated for the nondissipative and dissipative dynamics of a harmonic
oscillator, double well and periodic potential. One of the main ad-
vantages of the approach is its ability to deal with both positive
and negative regions of the Wigner function. This is in contrast to

classical approaches to hydrodynamics where the development of a
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Figure 5.17: Dissipative dynamics of the periodic system with kT =
1.58. a) Average system energy, (F), calculated from the Caldeira-Leggett
equation using three different values of v. b) Snapshots of (p), at various

times.

139



negative region is a disadvantage. Another appealing feature of the
approach is its linearity. Furthermore, the evaluation of the linear
coefficients involves only a single matrix multiplication at each time

step.

The Hermite approach shows a dramatic improvement as compared
to a cold truncation or other simple closure schemes. The moment
closure issue is a notoriously difficult problem to solve [15, 30] and the
stability offered by the Hermite approach is encouraging. However,
further improvement of the methodology is required to propagate

moments to even longer timescales.

Another drawback of the Hermite approach in its present form is
that it requires a relatively large number of moments to close the
hierarchy. In this Chapter, the results presented is for a single de-
gree of freedom. If the approach was extended to cope with multi-
dimensional quantum systems, the number of moments required to
terminate the hierarchy would be unachievable. For instance, a three
dimensional problem would require the evaluation of 1 743 392 200
moments for a truncation at the n = 19 level. The purpose of the
closure scheme for the present study is its application in the hybrid
hydrodynamic-Liouvillian Quantum Classical Moment approach of
Burghardt et al. [1, 2, 3, 4]. As discussed in detail in previous
Chapters, the QCM approach the quantum subsystem is treated hy-
drodynamically and will usually consist of a single degree of freedom.
The classical part on the other hand is treated in a phase-space rep-
resentation that does not involve any moments whatsoever. This

therefore reduces the number of moments for multidimensional sys-
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tems, so simplifying the application of the Hermite closure scheme.

In the future, the Hermite closure scheme will be applied to a La-
grangian trajectory representation of the hydrodynamic equations
of motion. It is well known that simulating quantum dynamics in
the Lagrangian frame is challenging [31, 32, 34], but these can only
be investigated once a robust closure scheme for the moment hier-
archy has been established. The Hermite approach illustrated in
this Chapter shows promise as a closure scheme for the moments

equations irrespective of the representation used.
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Chapter 6

Mixed Quantum-Classical
Dynamics: Solvation

Phenomena

6.1 Introduction

The properties of a molecule in a vacuum is very different to the
properties of the same molecule immersed in a solvent. As chemical
reactions often occur in a solvent environment, the study of the effect
of the solvent on the solute is crucial and many investigations have
been recorded in the literature [1]. Initially, these investigations were
concerned with equilibrium solvent effects [2]. An example of this
is the effect of solvent polarity on the reaction potential surface. It
has been observed in more recent work that in fast reactions, solvent
dynamics can affect both the rate and outcome of the reaction [3].
There is therefore a need to understand the time dependent response
of solvent to a change in the charge distribution of a solute molecule.

With developments made in ultrafast time-resolved spectroscopy, it
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Figure 6.1: A schematic (revised from Ref. [5]) summarising the solvation
process. This particular example is for biological water in the role of a
solvent. The clectric field from solute is denoted by Ey. The solvent
molecules (labelled 1, 2 and 3) are shown to rotate or translate in response

to the change in the charge distribution of the solute.

is possible to investigate ultrafast events in excited electronic states,
and the response of the solvent environment thereafter [3, 4]. This
aids in the understanding of the role of solvents in many important
chemical and biological processes. Biological macromolecules such
as proteins and DNA are physiologically inactive in the absence of
water [5]. An understanding of the water as a solvent here is there-

fore essential to comprehend the basis of many biological phenomena.

In the time dependent picture of solvation, the solute particle is
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initially in its ground electronic state in equilibrium with the solvent
environment. A sudden change in the solute is made by femtosec-
ond excitation (e.g. by a radiation field), which can lead to the
creation (or change) of a dipole. This newly created dipole induces
an electric field on the surrounding solvent molecules. The solute,
in a sense undergoes a Franck-Condon transition while the solvent
retain its previous spatial and orientational configuration. This cre-
ates a highly non-equilibrium situation. Subsequently, the solvent
molecules move and rearrange themselves to stabilize the new charge
distribution. The resultant energy is the solvation energy of the so-
lute, Fy;. The motion of the solvent can be either rotational of

translational. This process is summarised in Fig. (6.1).

The time dependent response of the solvent (i.e. the progress of
solvation) of a newly created charge distribution that often follows
an electronic excitation is measured by the ‘time dependent fluores-
cence Stokes shift’ (TDFSS) of the emission spectrum of the solute
molecules [6, 7, 8, 9]. In these experiments, large dye molecules are
used as solute probes. These are particularly useful as probes since
their dipoles change dramatically in the event of excitation. They
also exhibit fluorescence and stay in the excited state for 'longer’
periods. This allows the response of the solvent to be investigated.
The time dependence of the rearrangement of the solvent environ-
ment is reflected in the continuous red shift of the emission and this

can be represented by the spectral response function [1],

_ v(t) = v(e0)

Sl = v(0) — v(oc)

(6.1)

where v(t) is the emission frequency of the solute. This normalised

function, also labelled the solvation time correlation function, decays
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from unity to zero as time progresses to t{ = co. The solvation time
correlation is equivalently written in terms of the solvation energy
Fso, given by,

Esol(t) = Esol(oo)
Eso](o) . Esoi(oo)

S(t) = (6.2)

An initial theoretical approach to calculate the Stokes shift corre-
lation function of Eq. (6.2) was offered by the continuum model [10,
11]. This is the extension of the equilibrium solvation model invoked
by Born [12] and Onsager [13] to the time domain. The general
premise of this model is that the dipolar solvent is represented by
a homogenous dielectric continuum medium with frequency depen-
dence given by the Debye equation. Furthermore, the polar solute
is described as a point dipole at the centre of a spherical molecular
cavity. The overall conclusions from application of this approach is
that the correlation function should decay exponentially with life-
time 77, [6]. Because the solvation of a solute is seen to proceed
over a range of timescales rather that a single time constant, 7z, the
application of this approach is severely limited. The homogenous
continuum models also neglect effects such as solvent-solute interac-

tions, which again limits its applicability.

More recently, inhomogeneous dielectric continuum models were de-
veloped to address some of the disadvantages of the homogenous
approach [14]. In particular, the differences in the response of sol-
vent molecules very close to the solute and those in the 'bulk’ were
explored. This was primarily achieved by extending the contin-

uum model to include the shape variation of the solute and include
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space dependence in the frequency dependent dielectric function.
The drawback of these models is they are phenomenological, and al-
though they provide a simple and intuitive description of solvation,
they neglect any consideration of molecular level effects [1]. Many
different theoretical approaches of varying improvement and success
over the continuum model have been developed, including, Brow-
nian oscillator models [15], surrogate Hamiltonian approaches [16],
nstantaneous normal mode descriptions [17] and mode coupling the-
ory [18]. The approach considered in this Chapter is the molecular
hydrodynamic approach [19]. This methodology takes into account
the microscopic solute-solvent and solvent-solvent interactions. The
extended hydrodynamic approach presented in the following sections

follows derivation in Ref. [19].

6.2 Extended Hydrodynamic Approach

The extended hydrodynamic molecular theory was developed in the
1970’s and has been applied to many liquid state phenomena in
chemistry. [19]. The formulation is based fundamentally on the cou-
pled equations for the solvent local density and the momentum den-
sity [20, 21, 22, 23, 24]. The equations include a force term written
in terms of the functional derivative of the solvent free energy. This
includes both the microscopic solvent-solute and solvent-solvent in-
teractions. The extended hydrodynamic approach can be thought of
as a classical time-dependent density functional theory (TD-DFT)
description [19]. Note that in this hydrodynamic approach, the dy-
namics of the momentum field is included. This is not usually the

case for TD-DFT approaches where the rapid relaxation of the time
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dependent momentum is assumed [25]. In TD-DFT, the momentum

field is therefore neglected.

6.2.1 Derivation of the dynamical equations

The coupled equations of motion for the hydrodynamic fields are

expressed as,

%p(r,t) = —-;Vr-g(r,t)
%g(rj{,) = —p(r,t)vr%([—i%%l (63)

where p(r,t) = (f), is the solvent local density, g(r,t) = (Pf), is
the momentum density. These are the same as the hydrodynamic
fields detailed in the preceeding chapters. These are functions of
the solvent translational coordinate r. The solvent local density is
governed by a continuity equation whilst the the equation for g(r, ()

is a generalized Navier-Stokes equation.

The force term in the equations of motion is given as the functional
derivative of the Helmholtz free energy dF/dp. Although the free
energy in question is that of the non equilibrium density, p(r,t), the
actual form can be taken to be the equilibrium form from statistical
mechanics. This approximation is a central theme in the molecular

hydrodynamic approach derived in this Chapter.

The Helmholtz free energy is written as a summation of three dis-

tinct parts,

Flo(t) = Folp(t)] + Fuslo(t)] + [ deplx,)Uaslr)  (64)

The first term is the ’ideal’ part which comes from a non-interacting

Boltzmann gas. This is the entropic contribution to the free energy,
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given by,

Folp(t)) = ks T / drp(r, t)(In[p(r, H)A%] — 1) (6.5)

where A is the thermal wavelength,

h? L
A= (W) )

The second term is the interaction part written in terms of a binary

correlation term,

Fanslp(t)] = —%kBT [ar [aspe n)Cate —x)dple't)  (67)

These first two terms in Eq. (6.4) include the Boltzmann constant,
kp and the temperature, T. The term dp(r,t) = p(r, ) — peq(r) is the
deviation from the equilibrium density in the presence of a solute.
Eq. (6.4) also contains the direct correlation function, Cy(r — r'),
which pertains to the reference equilibrium density, peq(r). The in-
teraction part, Fi[p(t)] is the first term in a density expansion of
the free energy that is expressed in terms of n-particle correlation
functions [20, 23]. The direct correlation term, Cy(r—1'), can include
both solvent-solvent and solvent-solute interactions if for instance,
the solute’s internal structure was also of interest. The final term in
Eq. (6.4) pertains to an external potential, U. This corresponds to

solute-solvent interactions.

The functional derivative of the free energy with respect to the den-
sity is given as [20, 21, 22, 23, 24],

OF [p(t)]

ey = keT {1nA3p(r, ) - [ d'Cylr ~ r’)ap(r,'t)} 2% 18

(6.8)
The force term that appears in the equation of motion for the mo-

mentum density, g(r, ) is the gradient Eq. (6.8).
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6.2.2 Hydrodynamic quantities from the phase

space density

The equations of motion for the hydrodynamic fields, Eq. (6.3) can
be extracted from the equation of motion for the single particle phase

space density [26],

210t) = {4 Vialr,)+ V) S0, 0
= —2 VS (,p,0) + Ve lVear(r, ) + Uen(r)]
/(.1 (6.9)
In the Enskog-Vlassov approximation, the effective single particle
potential Vig is given by [27],
Vi (v, 1) = —kpT / dr'dp' Co(r — )6 f(r', p', 1) (6.10)
where §f = (f — foq) is the deviation from equilibrium. Vg contains

the two particle correlation, Cy(r — r').

The first two moments of the single particle distribution are given

by,

pr.t) = (f)g= [ dps(x,p,1)
grt) = (P)y=[dpp/(x,p,0) (6.11)

where p(r,t) corresponds to the local density and g(r,t) is the mo-
mentum density. The dynamical equations for the hydrodynamic

quantities can be written,

0 1

200D =~V glr,)

2 e _l g(ra t) ) g(r? f)
E)]fg(r, iy = mVr a(r,t) + T

—P(r, t)vr“/cﬂ'(r: t) + ch(r)]
(6.12)
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where o(r, t) is the pressure tensor,

_ g(r: t) i g(I‘, t)
p(rt)

This term o(r, t), is the equivalent to the variance seen in the hydro-

o(r,t) = / dp p- pf(r,p,t) (6.13)

dynamic equations from Chapter 3 and 4. It arises from the kinetic
part of the Hamiltonian and includes the second momentum moment
of the non-equilibrium density. As seen previously, the variance can-
not be written as a functional of p and g, so Eq. (6.12) do not form
an independent closed set [27]. These equations depend on an in-

finite hierarchy of coupled equation for higher order hydrodynamic

fields [29].

The approximation to yield the hydrodynamic equations Eq. (6.3)
was taken as replacing the kinetic energy contribution with an ideal
non-interacting free energy term [19],

0Folp] _ ! 3
5pr) —kgTp(r)V,InA’p(r)  (6.14)

This is the same as truncating the moment hierarchy i.e. a moment

- %Vra(r) — —p(r)V,

closure scheme. The convective term, g(r,t) - g(r,t)/p(r,t) is also
neglected within the approximation. To this end, only the linear

terms in g(r,t) are retained.

The considerations so far have been limited to hydrodynamic quan-
tities that depend on the solvent translational coordinate (and of
course time t) only. This is only valid in some limited cases. In re-
ality, for molecular liquids, this extended hydrodynamic formulation
needs to include orientational relaxation effects as well as the trans-
lational response [19, 20]. In fact, for polar solvation phenomena,

the orientational effects dominate the translational effects.
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The orientational component is formally included in the molecular
hydrodynamic approach by expressing the relevant hydrodynamic
fields as functions of the orientation w as well as the translation
r. To this end, the dynamical equations for the local density and
the momentum density (which now has separate orientational and

translational parts) are defined [19],

9] 1 1

Ep(r,w, /) = —Evr . gT(I',LU, f) — va § gw(r,w, L)
0 SF[p(t)]
g = — t —_—
ath(r‘“” ) PR 2V Sp(r,w, t)
9 0F [p(t)]

, = — f e .

518 (T w: 1) p(r,w,t)V,, 50w 1) (6.15)

The term [ is the moment of inertia and V, is the angular momen-

tum operator.

Although consideration of both translational and orientational ef-
fects is required for many chemical systems, the remainder of the

Chapter focuses only on the translational component.

6.2.3 Extended hydrodynamic equations coupled

to a quantum system

In this section, the extended hydrodynamic formulation incorporates
the coupling to a quantum solute. In particular, the quantum solute
is taken as a two level system, although it can also deal with more
complex systems such as a quantum subsystem including internal

nuclear modes. The derivation follows Ref [19].

The underlying single-particle function for this mixed quantum-classical

description is a hybrid quantum-classical density, f(r,p, t). This
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function is therefore a quantum density operator for the two-level
system subspace while retaining a classical phase space description
of the solvent part [28]. f (r,p,t) is constructed by taking the clas-
sical phase space limit of a partially Wigner transformed density
operator. For a two level quantum system, a discretised basis is
taken for the quantum part and the mixed density is given by,

F@,p) = fam(r,p)|n){m| (6.16)

nmm

The diagonal elements (n = m) correspond to the electronic popu-
lations while the off-diagonals (n # m) are the coherences. In this
hybrid approach, these are parameterised by the classical phase space
variables (r,p). The dynamical equation for the quantum-classical
single particle density is given by the quantum-classical Liouville
equation [28],

SUH. )~ (. 71) (617)

d LA oa
5/ =l 1+
where [,] is the quantum commutator and {, } is the classical Poisson
bracket. The Hamiltonian operator of this mixed quantum-classical
system is written in terms of the same discretised basis of the quan-
tum part [19], such that,
A= 2 SIS v )+ U @] (618)

nm

The first term in the summation corresponds to the quantum two
level system (TLS) potential while the second term is the effective
mean field potential. In this hybrid quantum-classical framework,

the effective mean field is state (n, m) specific,
VE (1,0) = —kpTom / dr’ / dp' O (r — 1) frn (', P, 1) (6.19)

where the term 0 f, = fan — fég“) is the deviation from the reference

equilibrium state. The third term in the summation is the external
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potential it can have both diagonal and off-diagonal components.
The hydrodynamic fields of local density and momentum density are
derived from the hybrid single particle density in the usual way [29,
301,

pnm(rat) = / dpfnm.(rap:t)

Bum(L,t) = f dp P fum (T, P, 1) (6.20)

The dynamical equations for p,,, (now a 2 x 2 matrix of scalar quan-
tities) and g,,,,, (a 2 x 2 of vectors) are obtained by applying prescrip-
tion of Eq. (6.20) to the quantum-classical single particle density of
Eq. (6.17). The same approximation of Eq. (6.14) is also invoked

such that the following matrix equations can be written for the local

density,
%p=_%vfg-guvﬂ8+%§yp_p.@ﬂw+%§ﬂm2u

and similarly for the momentum density,

o] 1 OF OF
Se= = 3D v (D)

ot 2
[(VTLS - %) ‘g—g- (VTLS + {;—?)} (6.22)

)
h
The associated free energy is a functional of the matrix density p,

Flp(®)] = Folp(O) + Funlp®)] + [ drp(r, hUa()  (6.23)

with a non-interacting, entropic term,

Folp®)] = ksT'S 6o f At ppm (r, ) (A2 ppm (v, 8) — 1) (6.24)

The interaction term, Fiy;, from the state-specific effective potential

is given by,

1
Fualp(8)] = —5ksTY f dr ] At 8 pr (v, )OS (1 — 1)8 pran (1 1)
(6.25)
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where 8ppn = prn — p. The final term in Eq. (6.23), the external
P P Peq q

potential may have both diagonal and off-diagonal terms.

The free energy functional derivative is now of a matrix from, given

by,

(%ﬁfg})nm - kBT{énmlnASpnm(r,t)

— Dt [dr'Cén) (r - rl)o_ﬂmpnm(r,: t)} + U:;(r)
(6.26)

As the classical solvent is now interacting with a two level quantum
subsystem, there is coupling between the diagonal (n = m) and
off-diagonal (n # m) fields component in addition to the coupling
between the hydrodynamic fields. This multiple coupling results
in complex dynamical behaviour [29, 30]. The details and effect
of the differing coupling can be better understood by looking at
individual components of the matrices for the hydrodynamic fields.
For example, the density field ground state population, pq; is given
by,

%Pn = —%Vr "B — %[VELS (%—)m] (p21 — pr2)  (6.27)

while the equivalent momentum field,

o OFy 1 5F
?’ﬂg“ - ’O'“v’"(g)lf - §(P21 + Plz)VT(E)m
N %{Vfg[ﬁ + (g)lz] (821 — B12) (6.28)

It is clear that the dynamics of the populations of both the local den-
sity and momentum density depend on the coherence (off-diagonal)

terms. The effect of population transfer mediated by the coherence

157



terms for the local density can be written as a transition flux density
given by [30],

)

Fyp = ﬁﬁ[ Vit + (;—) ],021—1012)

+
= %[VTLS ((;f) ]Jplz (6.29)

Furthermore, the electronic coherence terms for both the local den-
sity and momentum density are seen to be dependent on the popu-

lation terms. The off-diagonal components can be expressed,

0 i
515;012 = = W—Lvr ‘812 — ﬁvl_\plz
1 oF
-3 [Vfgl‘s + (5_,0)12] (p22 — p11) (6.30)
and
0 1 1 OF
ﬁgl‘z = = 2 P12V Vg — Tvﬂglz - 5(911 + 922)vr(5_p)12
i aF
- f[VTLS + (5_10“)12] (822 — &11) (6.31)
where
oF va
_ 1,/TLS oS TLS A
VE/A(I') o Vl]‘ W ( 6p)11 (V22 + ( 6p )22) (632)

These equations for the populations and coherences explicitly shows
the interplay between the diagonal and off-diagonal terms. This

complex coupling will be shown in detail in the results section.

6.3 Results

This section present preliminary work done on propagating the hy-
drodynamic quantities of p(r,t) and g(r,t) for a single degree of

freedom. The derivation performed in this Chapter focussed on the
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Figure 6.2: Dynamics of the solvent local density p(r,t) as extracted

from the phase space single particle density f(r,p).

translational solvent response r only, and to this end, only the trans-
lational component is shown. Furthermore, calculations were limited
to single state dynamics. Since investigations in this field are at a
very early stage, it is crucial that the dynamics are well understood
at this simple level. In particular, the validity of the hierarchy ter-
mination of Eq. (6.14) is investigated.

6.3.1 Hydrodynamic Fields for a single state

To assess the validity of the closure of the hierarchy Eq. (6.14) in
the hydrodynamic equations, along with the neglect of the convec-
tive term g(r)-g(r)/p(r), the dynamics of the hydrodynamic quanti-
ties are compared to those obtained directly from the single particle
phase space density. In the phase space approach, the local density
and momentum field were extracted from time evolution of f(r,p, ¢),
by integrating over momentum space. Because these moments are

obtained from the evolving phase space density, there is no moment
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Figure 6.3: The momentum density obtained from the underlying phase

space single particle density

hierarchy to consider. Any difference in the resulting dynamics of the

two approaches is attributable to the approximation of Eq. (6.14).

The quality of the local equilibrium assumption, i.e. the non-equilibrium
free energy corresponding to a particular density taken as the equi-
librium free energy, has already been investigated. This was achieved
by comparing the approximate TD-DFT approach with the 'known’
non-equilibrium dynamics of hard rods [31]. The conclusions from
that study is that the assumption is valid for states that are not too
far from equilibrium. This is therefore not investigated any further

here.

The evolution of p(r,t) and g(r,t) as extracted from f(r,p) is
depicted in Fig. (6.2) and Fig. (6.3) respectively. The one dimen-

sional electric field was taken as,

B(r) = — (6.33)



with dipole p = 0.01 au and reqym = 12.5 au. This places the solute
at r = 12.5 au. The two particle correlation function of the reference

equilibrium density (peqm = 0.1 au) was modelled as,
Co(r —r') = cos(r — r')exp(—(r — ")) (6.34)

which has a form very similar to (', obtained from experiments and
molecular dynamic (MD) simulations [33]. From the initial uniform
density, p(r,tg) = 0.1, Fig. (6.2) shows a solvent 'dip’ develops as the
electric field generated by the solute placed at ¢ = 12.5 au forces the
solvent particles away. There is initially an increase in density at the
edges of the solvent 'dip’, as the solvent molecules rush away from
the solute at ¢ = 1200 au. As time progresses, this 'build up’ of den-
sity at the edge of the 'dip’ spreads out and decreases in magnitude
as the solvent rearranges to stabilise the new charge distribution of

the solute.

This is further illustrated by looking at the momentum density in
Fig. (6.3). The solvent moving from the solute at » = 12.5 au in
opposite direction is manifested as an increase in the magnitude of
the momentum field. Note that the density moving towards the left
is seen to increase the magnitude of the momentum field in the neg-
ative direction while the solvent density moving to the right hand
side from the solute causes an increase in the positive direction of
the momentum density. Fig. (6.4) shows the underlying phase space
distribution f(r,p) for the system. The origin of the 'build up’ of
density is easier to rationalise here. The phase space density is seen

to move away from the solute with opposite momenta.

The local density and momentum field obtained from the hydro-
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Figure 6.5: Evolution of the solvent local density for a single state solute

obtained from the hydrodynamic approach.
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Figure 6.6: Dynamics of the momentum density for a single state solute

obtained from the hydrodynamic approach.

dynamic approach of Eq. (6.3) are depicted in Figs. (6.5-6.6) for the
same parameters as the phase space calculation. The form of the
electric field is shown in Fig. (6.7). Again, a solvent 'dip’ forms
as the solvent density responds to the electric field. However, a
noticeable difference between the dynamics illustrated here as com-
pared to that obtained from the phase space propagation is that the
build-up of density around the solvent dip never decreases for the
hydrodynamic case. This suggests that the approximations given in
Eq. (6.14) is not fully valid for this situation. It appears that the
immediate presence of the electric field is more than a perturbation

to the homogenous p(r, #y) = 0.1.

To further test the validity of the molecular hydrodynamic approach
it would therefore be anticipated that an initial p(r, {y) chosen not far
from pegm (in the presence of the electric field) would reproduce the

correct dynamics consistent with the phase space propagation. The

163



0.01 . : | ; , |

0.008

T
|

0.006

T
|

E(q)

0.004 - =

0.002

0 L | I/ | L | \\‘r—‘_l L
10 15 20 25
q(au)

Figure 6.7: The electric field of Eq. (6.33) generated by the solute, with
p=0.01 au

initial density was therefore chosen as p(r,ty) = 0.lexp(—0.5E(r)),
which has the inverted Gaussian form. The evolution of p(r, ) from
both the hydrodynamic approach and the phase space approach is
given in Fig. (6.8). Initially, for both the hydrodynamic and phase
space approaches, a build up of density is seen at the edges of the dip.
Once more, in the case of the hydrodynamic approach, the build-up
of solvent density simply moves away from the solute and does not
change in width or height. It seems therefore that even for initial
conditions close to equilibrium, the results from the two approaches
are notably different. This raises some questions over the approxi-
mation of Eq. (6.14) and further studies are required to understand
and comment on the validity of the hydrodynamic approach in its

current form.
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Figure 6.8: Dynamics of the local density p(r,t) with an initial field
closer to final equilibrium density. The figure on the top is from the
hydrodynamic approach of Eq. (6.3) while the figure on the bottom is

from a phase space propagation
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Figure 6.9: Ground state solvent local density pi1 as obtained from the

phase space single particle density.

6.3.2 Hydrodynamic fields of a solvent coupled

to a 2-state quantum solute

Following on from the conclusions from the single state calcula-
tions, it seems there are some issues regarding the closure approx-
imation of Eq. (6.14). These issues need to be resolved before ex-
tending the molecular hydrodynamic approach to a 2-state quan-
tum solute. However, to illustrate the coupling between the hy-
drodynamic moments as well as the interplay between diagonal and
off-diagonal elements of the hydrodynamic fields, the dynamics of
o(r, ) and g(r,¢)nm are shown here. Figs (6.9-6.12) depicts the
hydrodynamic fields (populations only) as obtained from the 2-state
mixed quantum-classical single particle phase space density, f (r,p).
The same electric field of Eq. (6.33) with a dipole p = 0.1 au was
used for the ground state and g = 0 au used for the excited elec-
tronic state. The same correlation function as in Eq. (6.34) was also

employed.
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Figure 6.10: Ground state momentum density gi; as obtained from the

phase space single particle density.

The dynamics of py1(r,t) is shown in Fig. (6.9). The evolution is
very similar to that obtained for the single state calculation. A 'dip’
forms in the solvent density as the solvent moves away from the so-
lute. Again, a build up of density is seen around the edges of the
dip. These broaden and decrease in height as the solvent reorien-
tate to stabilise the new charge distribution. A closer inspection of
p11 shows some variation in the conservation of the density. This is
attributable to the transfer of density associated with a two state
description of the solute. Furthermore, the same behaviour is seen
for g,, in Fig. (6.10) as is seen for the single state case. The mo-
mentum field increases in positive and negative direction, indicating
the movement of solvent particles in opposite directions away from

the solute particle.

The dynamics of the hydrodynamics fields associated with the
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Figure 6.11: The excited state solvent local density pso obtained from

the single particle phase space density

excited electronic states of the solute are shown in Figs. (6.11-6.12).
In particular, for p(r, (), the varying magnitude of density can again
be traced back to the population transfer that occurs between the

two electronic states of the quantum solute.

6.4 Conclusions and Further Work

In this Chapter, the molecular hydrodynamic approach [19] has been
developed to describe the dynamical evolution of a solvent coupled
to a quantum solute. The solvent was treated classically whilst the
solute was taken as a two level quantum system. In principle, this is
therefore a hybrid quantum-classical description [32]. This molecular
hydrodynamic approach goes beyond methodologies such as contin-
uum models [10, 11] in that it takes into account molecular level

effects (e.g. microscopic solute-solvent interactions).
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Figure 6.12: The excited state momentum field gyy obtained from the

single particle phase space density.

The hydrodynamic moments, local density pnm(r) and momentum
density g,,,,,(r) are obtained from the hybrid quantum-classical single-
particle density [29], f(r,p) = Epm fam(r, P)|m) (n]. The dynamical
equations for the hydrodynamic moments exhibit populations/coherence
coupling that emerges directly from the two level description of
the quantum solute [30]. Furthermore, the equations of motion for
pnm(T) and g, (r) contains the Helmholtz free energy, F[p| acting
as the potential term. The solvent-solute interactions and an en-
tropic term is embedded within the Helmholtz free energy. The free
energy also identifies the connection of the molecular hydrodynamic

approach with dynamical DFT.

Preliminary results are shown for the dynamics of the hydrodynami-
cal quantities. It is seen that differing results obtained from a phase
space propagation versus the hydrodynamical approach raises ques-

tions on the validity of the hierarchy termination. Certain test cases
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were explored in this work in an attempt to identify the source of
the discrepancies. This needs to be fully resolved before extending

the application to more demanding systems.

In future studies, it is anticipated that the incorporation of the an-
gular component (see Eq. (6.15)) to the molecular hydrodynamic ap-
proach is investigated. Furthermore, a full three dimensional (z, y, z)
component description will need to be investigated. This will nat-
urally extend to a two state quantum solute, as described in this
Chapter. As the description of a two level quantum solute accounts
for coherences n # m as well as populations n = m, dissipative
effects also can be studied. Further work to develop the molecular
hydrodynamic approach will also incorporate electronic structure of

the solvent, which now requires a quantum description.
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Appendix A

Separating the real and
imaginary parts of the

Schrodinger Equation

The Schrodinger equation is given by,

N h* 92
HE_ S ——= b+ V(r,t)y (A.1)

where m is the mass and V(r,t) is the potential energy. If the

wavefunction, 1, is represented in the polar form of Madelung,
Y(r,t) = R(r,t)ex5" (A.2)

the Schrédinger equation Eq. (A.1) can be rewritten,

hoo®

Sl S0 4V (r, ) RerStrt) (A.3)
T

0
ih— Ren®(mt) =
(] Iat e

i

Expansion of the derivatives and multiplying by e~ #5("" yields

_Rﬁ_;_ ﬁ%— _ h_Qﬁ_ h R OS

ol ar 2m or? m Or Or
ho_0%S 1 a8
éﬁRW 2mR (Br

) +VR(A4)
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The real and imaginary parts of Eq. (A.4) may be separated. Collect-
ing the real terms and dividing by R gives the quantum Hamilton-

Jacobi equation,

+V (A.5)

95 _ 1 (95\"_ w &R
ot 2m \ or 2mR or?

Collecting the imaginary terms and multiplying by 2RA ™" yields,
OR 2 ; OROS 52 028

R =——R—— - —— A.
21 ot m  Or Or m or? (A)
Recognising that,
AR  OR*
o = (A7)
and
1 0R*0S R2A2S 1 a0 ([ _,08
7 —_ = A.
m O O  m s mbr (R 37") (A-8)
Eq. (A.6) may be written as
OR? 19 ([ ,08
" Tmor (R a—) )
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Appendix B

Taking the gradient of the

quantum Hamilton-Jacobi

equation

The quantum Hamilton-Jacobi equation is given by,

oS 1 (as

2
—a = % —Cﬁ) +Q(T, f,) +V(’r,t)

The gradient of Eq. (B.1) can be written as,

a(as) 1 3(55)2 9Q v

“or\3t) " mar\er) "o T ar
Since,
_ 9 (05 _ 9 (95
or\ot) ot \or
and

Z(ZE) 2922
ar \ or or? or
Eq. (B.2) may be re-expressed,

) (35)2 9%5 88

L0 (08\_ 1 50 oq o
ot\or)  2mor?ar or or
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Since v = %2, therefore % =mv and %3 = mj’. This means that

m or?
Eq. (B.5) may be rewritten
(Yoo o0 ov
ot " e T ar

Now,
dv  Ouvdr Ouvdt

at T ordt | otde
Since, dr/dt = v, Eq. (B.7) may be written as,
do_ ov o
dt  or ot
The total time derivative of Eq. (B.6) is thus given as

-m | — —v— —@m1:+@+gz
\dt ar | or ar  Or
which reduces to

v _9Q oV
dt — ar ' dr
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Appendix C

Derivation of the
Wigner-Moyal equation
from the quantum Liouville

equation

The positional coordinates x and z’ are defined as the difference
coordinates which are related to the diagonal coordinate g and the
off-diagonal part of the coordinate r by © = g+r/2 and 2’ = g—r/2.
Consequently, ¢ = 0.5(z+ ') and r =  — 2’. With these definitions

the Wigner function pw (g, p) is related to the density matrix by

1

00 e
pW(Qap) = '27_1_—?}/_&) < .T},O'T’ > e Rmdr

1 o T g s TP
= -%—ﬁf_m<q+%|p|q—%>e—‘%dr (C.1)

and

o0

< alpla’ >=p(z, ) = [ pwlg,p)eFar. (C.2)
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For a single electronic state system the quantum Liouville equation

for the density matrix is given by

splz.a) = —+{ ~ T (L TN V(@) - Vi) ole, )
(C.3)

2m

The equation of motion for py (g, p) is obtained by taking the Wigner
transform of Eq. (C.3). Taking the Wigner transform of the LHS of
Eq. (C.3) yields

el

— " Ly a)e Fdr = oL [ p(a,a0e Fdr = 2 (g, )
27h . —00 Bt af 27'(??, J—0o (3t
(C.4)

Wigner transform of the kinetic energy part of the QLE

For the kinetic energy part in the RHS of Eq. (C.3) the following

relations between the derivatives are used

J dqﬂ dr 8 18 )

Br = By dnbr 5B B (C5)
L g5  drd
ox? drx\dx dqg dxzor
N (£2+2)(1£+£)
20q 0Or/\2dq  or
182 &
= Za—qg‘l'm—Fﬁ (C.6)
) dg@ drd 18 O
o0 ~ dwdg dawdr 39 or (©.7)
02 a ,dg & dr 0
57 = 30\awag T awor)
94 2’ Nda! dg ' Or

(lﬁ_é)(lﬁ_ﬁ)
20q 0Or/\28q Or
18 8 &

102 Broq T o (C8)

Consequently

52 o o?
oz w:%raq' (C9)
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Substituting this expression for the derivatives into the kinetic part
of Eq. (C.3) yields

02

i s
¢+ 35lola—5>. (C.10)

— <
‘m ordq 2

Taking the Wigner transform of Eq. (C.10) gives

— ﬁ 32 T r rd
— - — 15 d
%hf <q+3lola—5 > Je " dr

oo m@r@q 2
ih o " rp
=— = <q+zlplg— 5 >emdr
m2ﬂ'h5’q/ -t |,0|q 2 ¢ '
(C.11)
Integrating by parts gives
ih 0 T T 700
— | < _ - — :
m27rﬁ8q[ q+2|p|q‘ 2 =& er
ih 0

- —foo< + 2|l _Is 9 g,
m27h dq J - g rgind 27 or

ih @ go° r roo—=1 e
PR NP R - N3
m2mh dq J-co Q+2|p|q 2 h pe har

pd 1 /'00 ¥ r i
£ - = — —— d
ﬂ18q2wﬁ.—w<Q+2|piq 2>e I
p 0
= —=—— .P). A2
'rn,aqu(q‘p) (C.12)

In the first line of the above expression the term in square brackets
is zero because of the boundary conditions that the density matrix
tends to zero as r — to0.

Wigner transform of the potential part of the QLE

For the potential energy part of the QLE it is assumed that V can

be expanded in a Taylor series about ¢,

V(z)

Il

oo T.n anv
V(g+r1/2) ~ ng;] I3 D
réV  r2o2V 3 33V
= V(q‘)-f-ia—q-l‘ggq?‘{“@a‘qa——F... (C.13)
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. o0 __pm gt/
roV 29V 3oV
~ vig -t et LT
209 8 Oq 48 dq
Taking V (z) — V(') removes the even powered terms!. To 3'¥ order

; v eV
V(I)~V(Jf)_ﬁ?"a—q+ﬂ5qj+... (C.15)

Substituting this representation of V' into the Liouville equation and

+... (C14)

taking the Wigner transform gives

I 1 g ' .
252 ) {V(:ﬂ) —V(z )}p(:n, 2 e % dr
i 1 o9V oV # r .rp
B o b < i 5 5% dy
horh ﬁm{'8q+24aq3} g+ 3lolg—g>endr
(C.16)
for the potential part. Inserting the relation
—ﬁ, T B” + TP
- I | — n .1
( : ) 8p”e S (C.17)

into Eq. (C.16) gives
i1 oo{ v oV

e TR
} <q+ §\P|q ~ L e¥dr

2T )\ Bg T % O 2
i1 o V-ho 18V-h o r r .
B ok WP I g s BN TR B = _ = -7 q
R onh m{aq P B T BB =i 8p3}<q_|_2|'0|q g~ 8
avVa 1 = r i crp
= — — —— _lzd
B Op 2af oo < I H 3lPla— 5 >eTmdr
oV e 1 /'°° <g+llolg—L >e®d
24 0 0P 21k o 1 2P T g "
av 8 Wt BV &
_Vo k& _ 1
77 8ppw(q,iv) 21 9 apgpw(q,p) (C.18)

Finally, the EOM for pw (g, p) for a single state system is given
by
Opw _ _ p Opw 4 oV dpw B 3V 6% pw

at  m dq dqg Op 24 943 op®

(C.19)

1For the off-diagonal terms of a multi-state system the even powered terms

do not cancel.
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Appendix D

Derivation of dynamical
equations for hydrodynamic

moments

The equations of motion for hydrodynamic moments can be derived
either from the quantum Liouville equation for the density operator
in the coordinate representation or else from its equivalent Wigner
phase space representation. In phase space, the moments are mo-
mentum moments of the Wigner function, py (g, p) and in Liouville
space they are momentum superoperators of the difference coor-
dinate, . The required moment equations are derived from both

spaces in this Appendix.
Liouville coordinate space

In coordinate space the Liouville-von-Neumann equation for the den-

sity operator p(x,z') is given by

iho ple,2!) = [H(D), ple,2)] = LDp(z, o)
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_hﬂ 82 32
o 52~ 52

v, ') + [V(a) - V(2)]p(z, o)
(D.1)

By defining the following superoperators in the z, 2’ coordinates,

h, o %,
Py = 5?—?) (D.2)
h
P- = il ey )
g = %(:ﬁ+:7:’) (D.4)
r = x—a (D.5)
V. = V(z)-V()
= Vig+r/2)-V(g—1/2), (D.6)

Remark 1 [V(q+r/2) = V(g —r/2)] is an odd function. Conse-
quently, 8,[V(q+1/2) — V(g —r/2)] is even and 83V (q + r/2) —
V(g —r/2)] is odd. However, 0.[V(q+1r/2) — V(q—r/2)] is odd.

Remark 2 We will often define P = P..

where g represents the sum coordinate and r the difference coordi-

nates, Eq. (D.1) is given by

p0 ooy 1 o o
lﬁ.ap(.z,, ) = m’Pﬁ'Per(.L, ')+ V_p(x, ") (D.7)

Egs. (D.2-D.3) can be expressed in terms of g and . We first express
the partial derivatives with respect to x,z’ in terms of g, r

0 dez 8 da’ o 0 9, 1

g dq8m+d_q@_%+%_ﬁp' B8
0 dz 8 d2' o 10 10 i
or dr Oz + dr 8z’ ~ 20z 202 ﬁ'P+ 0.8
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The moments of P, are defined as

<Pip>= [ °; S(r)P plq +1/2,q — r/2)dr (D.10)
where the delta function §(r) implies evaluating the operation of P}
on p and then letting » — 0 so that the diagonal z = 2/ = ¢ result
is evaluated.
By applying Eq. (D.10) to both sides of the Liouville-von-Neumann
equation (D.7) coupled equations of motion for the moments are ob-

tained. For the zeroth moment we make use of Eq. (D.8) to get,

., 0 B 798 .
1ﬁa<p>q = 1??,8—[ 6(r)Pyplq+1/2,q—r/2)dr

h 0

= ol 5(r)7>+p(q+r/2 q—r/2)dr

+] (WV_plg+7/2,q — r/2)dr

= ——— D.
dt<,0>q ,q<’P+p>q (D.11)

In the second integral on line 2 of the above equation V_ = V(g +
r/2) — V(qg—r/2) = 0 for §(r). For the first moment, < Pyp >,, we

have

0
<Pip>¢ = at/ r)Piplg+r/2,q—r/2)dr

ot
- _Ea_q./_ 5(r)Piplg +1/2,q —r/2)dr
_%f_o:o (r)PyV_plg+r/2, Q—T/Q)dr
10

= ——— <P >q—[ 5(r) V plg+71/2,q—r/2)dr
(D.12)

Expanding the partial derivative in the integral on the final line,
[y avplatrza—r/2) = [ 60)lpla+r/2,a— /2o
| _8r)g V-pla+r/2,q = [ _8(lpla+r/2q 5 V-

+v§ (q+7/2,q—r/2)]dr
(D.13)

184



As in Eq. (D.11) the second part of the above integral is zero (
V_=V(g+r/2)—V(g—r/2) =0 for §(r)). For the first part of the

integral we note that

0 dz 9 10
2 g9y = 29 9 =2 2) (D.
SV(g+r/2) = ToaV(a+r/2) = 5a-Via+r/2) (D14
5, dz’ 9 10
SV(g=1/2) = SoaoVig=r/2)=~555V(a=7/2)
(D15
giving
0 1p0
5V a+r/2) =5 Vg=r/2) = g[z-Vig+r/2)+55V(a~r/2)]
170 d oV (q)
= 5lgV @+ 55V )] dq .
(D.16)
The equation of motion for < Pyp >, is then
9] 10 q
51 < Pip >a= ~mBa < <Pp ( ) . p>, (D.17)
For the second moment, < P%p >,, we have
0 2 - _lﬁ 3
o <Pip>, = maq<73+p>q

i

~% fo §(r)PIV_plg+7/2,q—r/2)dr
(D.18)

For the potential energy part,
1 o0

g 8(r)PYV_plg+r/2,q—7/2)dr =

hopoo 5
= [ 0) 55 Vopla+ /2,0 - r/2)dr

50 2
- _? | /_m 8(r) [v_%p(q +7/2,9—71/2)

9, 0
+2§p(q +r/2,q— T‘/Q)EV_

+plg+71/2,9— 'r'/Q)E?—;V_]dT
= —? [ 6r)la) +b) + c)lar (D.19)
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As in the equations for the zero and first moments expression a) is
zero. Expression b) is evaluated using the same approach for the

first moment calculation, giving

oV
Za_q = ,JD+,O >q (D20)

Expression ¢) evaluates to zero as shown in the following. First

we express both the partial derivative and V(¢ £ r/2) in the z,2’
representation

0? J 0\, 0 o*

S DY = — — o = N : /
V(g +r/2=Via-r/2] = (5--5-)(5; — 32V @) - V(@)

2 » P ,
= (55 257 T )V @) - V)]

(D.21)

Operation of the cross term derivative on either V(z) or V(') gives

Zero,
0* 0 ) oV (z) V(')
(3 t 3@ lV @ VGl = 5 - 50
V() V(g _ |
e — g2 =0, r—0
(D.22)

The equation of motion for < P?p >, is then

1 : oV
1o, Pip >, —2 ) Pip >, (D.23)

0
g <Pir>e= mdg dq

ot

Wigner phase space

The momentum moments in the Wigner phase space representation

are given by,
"00
<Pip>= [ p"W(apt)dp=<p"W >=Fn  (D24)
o =00
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The equation of motion for the Wigner function is given by

oW p W OVOW ROV PW .
e a4, (D.25
ot m dq * dqg Op 24 d¢® Op? +O(7),( )

Equations of motion for the momentum moments are obtained by
multiplying each side of the above equation by p" and integrating
over p between +oo. Before proceeding it is assumed that the bound-
ary conditions for the Wigner function and its momentum derivatives

tend to zero as p — *oo and so

oo A
< p"W >= / 8
Joso Op"

n—1 &8
dp = [aapnf]_m =0 (D.26)

For the zero order moment, i.e. < W >=< p >, the equation of

motion is
ot N m dg Aq ap 24 Og3 op3
10 10
= 2 W= D.27
mdyq P> mdg < P>y ( )

In the first part of the right hand side,

fV oo o0 1
PBI /‘ BW _1_8_ depzﬁg—<pW>
m m Og

m 8q moq J-o
(D.28)
For the first moment
i<W>——li W>+-ai/~< 8W>—ﬁ§3—v< 83W>
ot P T mdg aq ap 24 d¢3 P op?
(D.29)

For the second integral on the right, < pd,W > we integrate by
parts,

< gW 00
Wi — .
p_dp dp = [pW]%, /_ Wdp=—<W > (D.30)

For the third integral, < pdW >,

/Oﬂ 83W [ ng}w B /_O:o W

P = P50 Gz P =0 (D.31)
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The equation of motion for < pWW >=< P,p >, is then given by,

9 19, oV
E<PW> = —E5&<pw>—%<W> (D32)
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Appendix E

Hydrodynamic Force for the
Double Well Potential

The hydrodynamic force is given by
1 0
m{p)eqpr 04 "
3}

) _m<pl)erP {% (P rlaar - (2<P Jaar <PP)¢QP§q'<73ﬂ)qQP

K hyd

~(Prliar ae hoar ) 0 (©1)
For bound potentials such as a double well bilinearly coupled to a
harmonic oscillator the wavefunction (g, @,t) and hence the pure
state partial moments (P"p),op may be expanded in terms of the

eigenstates ¢(q, 2) of the system,

) i 1 iPR
(P"plaqp = D_cjcyexp (“g[Ej - Ejfﬁ) ﬁdeeXp (— ; )

I’
r\" or .,
X (7) - {(pj,(q —1/2,Q — R/2)

x;(q+1/2,Q+ R/z)] (E.2)

=0
where FE; are the eigenvalues of the composite system and ¢; =

{#;|¥). The eigenstates can be expressed in terms of a product

189



harmonic oscillator basis

6;(q.Q) = Z ad, 1 xm(@)€(Q)

- Tehulnen (——) Ho(y/79)

2

X Ny, exp (—%ﬂ) H(V5Q) (E.3)

1 13 § 1 4%
A B L

and Hy(v) is the k™ order Hermite polynomial. (Note that the

where

integer m is to be distinguished from the symbol used for the mass

in the preceding sections.) Continuing,
(P"plagr = 27rﬁz:cjcJ exp (——[E E; ]t)

X Z G,m_,kaJ;n‘f’krNkaf
m,k

’ (i) e+ /2l )

7 r=0

X / dRexp(—-g(Q + R/Q)Q)Hk(\/E[Q + R/2])
X exp(—g(Q - R/2)2)Hk'(\/3[Q - R/2)) GXP(_%];—R)

(E5)
Setting
\/3 b
— E.6
and using the relation Hy(—v) = —1¥H(v) gives

(P"plagp = o EZCJ(’J exp(——[E Eyt) Z Z amkam’ o NE N

m,km’ k'
X (%)nsﬂn {Xm(q +7/2)Xm (g — r/2)L=O exp(—6Q% — %)(—l)k’%
fduexp NHy(u+ 2)Hy (u+y) (E.7)
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where

\/_Q—ﬁ 2=V0Q -

The integral in Eq. (E.7) has the solution

\fﬁ

/duexp(Aug)Hk(u + 2)Hp(u+y) = va2PEEF L (—2y2) K <k

(E.8)
where Lﬁ_k’(_Qyz) is the associated Laguerre polynomial. For ease
of notation the terms with no ¢ dependency are collected into {2 in
the following
(Pnp>qQP = ’JTh Z Gicj exp( [E E t) Z Z am kam’ k! Ny Ny

g’ mok m! k!
Pe J e k! "
x\fge}cp(_éQ2 - W)T“( 1)* kN 25F LR (—2y2)
fixn O™
%(3)" 5w el + 7/Dxmla = 1/2)|
fixn O™
= SZ( ) an{xm(q—ﬁ—iﬂ Xm:q—r/?} (E.9)
r=0
For the first two moment we have
(Plaqp = QNuNaw exp(—76") Hin(y/79) mf(\/_ q) (E.10)
h d
= =Q|xm(9) 5 Xm — Xm\q) 7" Xm/
(Pplaarp 5 [X (q) 37" (@) = xm(q) aqx (q)]
h
= EQNmNm:ﬁexp(—'yqz){Hm: 2mH,—1 — /79Hm)
—Hp[2m'Hyy -1 — \/7qgHm]}
(E.11)
For the moment derivatives
9 2
8_q<P)qQP = QNu Ny exp(—q" ) { Hw (2mHp—1 — /7qHn)
+H, (2m Hy 1 — /g H ) } (E.12)
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dq

9
dq

0
—(Pp)eqp

(P*p)aqp

Il

2h
TIQNmNquf exp(—v¢*){m(m — 1) Hpo Hpr — /YqmHy—y Hyy

—m/(m' — 1) Hpy —o Hy + Yqm Hyy 1 Hi } (E.13)
—R2QN N2 exp(—yg?) {2m(m — 1)(m — 2) Hyps Hyr
—2y/vgm(m — 1)Hp o H),

—mHpy 1 Hpy — ' Hyy Hyp 1 + VAYGH  Hey

—2mm’(m' — 1) Hypyy Ho—a — 2mm’(m — 1) Hyy o Hyp 4
+4/Amm qH g1 Hpy—1 + 2m/ (m/ = 1)(m = 2) Hyp Hypw 3
—2/vgm'(m' — 1)Hp Hp 2} (E.14)
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Appendix F

Evaluation of A

R has the solution

o — '/'dp p" Hon(\/Bp) exp(— 12 /2)

= n+1 m+1
(_1) /22(m—1/2—n/2)r( 2 )F( 2 )
ﬁn.—l/? ﬁ(1/4)0.5(n+1)

mon 1

F (—%, %, 5,2) n and m even

- (_l)m—l/ﬂ 2(m7'n,/2) r (% T 1) I (gl + 1)
Bn-1/2 J(1/4)050+1)

F (—%, g +1, %,2) n and m odd = 0 otherwise

(F.1)

where I' is the gamma function and F'(a, b, ¢, z) is a hypergeometric
series. Unfortunately the series is divergent for z = 2. However, the

integral is easily solved numerically.
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054115 (2009).
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