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Abstract: Semiconductor nano-lasers have been actively investigated both theoretically and exper-
imentally with to the aim of providing a highly compact laser amenable to photonic integration.
Such devices are naturally suited for assembly in close-packed one- and two-dimensional arrays. In
such arrangements, optical coupling between elements of the array opens opportunities to generate
a range of dynamical behaviours. In this paper, we present the first theoretical treatment of the
dynamics of electrically pumped nano-laser arrays. Two specific forms of such arrays are analysed
in detail: a three-element linear array, and triangular arrays. The former is the basis for extensive
one-dimensional arrays, whilst the latter is a building block of many possible geometric configu-
rations of two-dimensional nanolaser arrays. Using these prototypical configurations enables the
identification of novel dynamical behaviours, which may be accessed using nano-laser arrays. A
distinguishing physical feature of nano-lasers is the enhancement of the spontaneous emission rate
via the so-called Purcell effect. Allowing for a range of Purcell enhancement factors, the analysis
focusses on the effects of experimentally controllable parameters such as the laser drive current. It
is shown that the Purcell enhancement factor is critical to the availability of a range of dynamical
behaviours which arise simply due to inter-element optical coupling. Two-dimensional portraits of
the regimes of differing dynamics offer a convenient means for determining the dynamics which may
be accessed by varying the laser drive current.

Keywords: semiconductor nanolasers; laser dynamics; laser arrays

1. Introduction

Semiconductor nano-lasers have been of interest for some time [1–4]. Much progress
has been made in the development of optically pumped nano-lasers fabricated in a range
of materials [5–8]. On the other hand, fabrication of electrically driven semiconduc-
tor nano-lasers is quite challenging; hence, there have been relatively few reports on
their successful implementation [9–14]. It is possible that advances in nano-laser fabri-
cation may arise using relatively novel material platforms [15,16]. Significant theoretical
work has been undertaken exploring the dynamical behaviour of electrically pumped
nano-lasers [17–19]. Particular effort has been expended in assessing the impact on the
dynamics of semiconductor nanolasers of external perturbations such as: their direct cur-
rent modulation response [20]; their response to optical injection [21]; and when subject to
both regular [22] and phase conjugate [23] optical feedback. Such investigations have been
largely confined to the behaviour of stand-alone semiconductor nano-lasers. In addition,
attention has been given to the dynamical behaviour in mutually coupled nano-lasers [24].
It is hoped that development of practical electrically pumped semiconductor nanolasers
will lead to experimental investigations of the rich dynamics of semiconductor nano-lasers.

By their nature, semiconductor nano-lasers are particularly apposite for the formation
of one- and two-dimensional arrays. A recent authoritative survey [25] has highlighted
the potential applications of nano-laser arrays and has pioneered the analysis of their
dynamics through considering two-element arrays. That work also is able to cite sem-
inal experimental results obtained with optically pumped nano-laser arrays. In such
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arrays, coupling between array elements can be anticipated to significantly affect both the
static and dynamical behaviour of nano-laser arrays. The static behaviour would include
the form of the near and far-field emission of the nano-laser array. In [25] attention is,
e.g., given to super-mode formation in two-element nano-laser arrays. In contrast, the
theme of the present paper is the dynamical behaviour of electrical nano-laser arrays. It is
suggested that additional degrees of freedom which become available when use is made
of electrical pumping enhance the interest in exploring the dynamics of such arrays. The
focus of the analysis provided here is the dynamical behaviours which can be accessed
using experimentally variable parameters—without any external perturbations. Even in
the absence of such external stimuli it is found that a remarkable diversity of dynamics
may arise in electrically pumped nano-laser arrays.

As a means for initiating such studies, the work reported in this paper is concerned
with three-element nano-laser arrays: a linear three-element array and a triangular ar-
ray. These configurations are perceived as building blocks of extensive one- and two-
dimensional nano-laser arrays, respectively. Even with such relatively elementary arrays,
there are many possibilities for influencing their dynamics; hence, an exhaustive explo-
ration of their dynamics is not tractable. The work undertaken here limits attention to
behaviours which may be easily excited using experimentally accessible device parameters.
Our aim is to offer a flavour of the rich dynamics available from such arrays whilst hoping
that these insights may serve as a further stimulus to the implementation of electrically
driven nano-laser arrays.

A distinguishing physical factor which strongly influences the richness of the dy-
namics in nano-lasers, in general, and nano-laser arrays, in particular, is the possibility of
enhancement of spontaneous emission via the so-called Purcell effect. The influence of the
Purcell factor on nano-laser array dynamics is explored in some detail here. The model
used in this analysis is described in Section 2. Results for linear three-element arrays and
triangular arrays are described and interpreted in Section 3 where, in addition, pointers
are given to further avenues for exploration. Section 4 provides a conclusion and brief
perspective on future analysis.

2. Model

Schematic diagrams of three-element nano-laser linear and triangular arrays are shown
in Figure 1. In the arrays, the nano-lasers are laterally coupled which can be modelled using
a modified form of coupled rate equations [26,27] with the Purcell enhanced spontaneous
emission factor, F and spontaneous emission factor β included, as introduced in [28].

dSj(t)
dt =

ΓFβNj(t)
τn

+ Γgn
[
Nj(t)− N0

]
Sj(t)−

Sj(t)
τp

−
M
∑

m=1
m 6=j

2k jmSm(t) sin
[
φm(t)− φj(t)

] (1)

dφj(t)
dt = α

2

{
Γgn

[
Nj(t)− N0

]
− 1

τp

}
+

M
∑

m=1
m 6=j

{
∆ωjm + k jm

Sm(t)
Sj(t)

cos
[
φm(t)− φj(t)

]} (2)

dNj(t)
dt

=
Ij

eVa
−

Nj(t)
τn

[Fβ + (1− β)]− gn
[
Nj(t)− N0

]
Sj(t) (3)

where the subscripts ‘j’ and ‘m’ represent jth and mth laser, respectively. M is the number
of lasers in the array, t is the time, S(t) is the photon density, φ(t) is the optical phase, and
N(t) is the carrier density. Γ is the confinement factor, τn is the carrier lifetime, gn is the
differential gain, N0 is the transparency carrier density, τp is the photon lifetime, k is the
coupling rate between the two lasers, α is the linewidth enhancement factor, ∆ω is the
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frequency detuning between the two lasers, I is the injection current, e is the elementary
charge, and Va is the volume of the active region.
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Figure 1. Schematic diagrams of three-element semiconductor nano-lasers (SNLs) arrays. Circles
represent SNLs. The double arrows represent the lateral light coupling between each two lasers. k12,
k13 and k23 represent the coupling rate between each two lasers. (a) Linear array; (b) triangular array.

Equations (1)–(3) have been solved numerically using a fourth order Runge–Kutta
integration method. The three-element arrays, i.e., M = 3, were simulated which required
the solution of 9 coupled rate equations. In the simulations, a temporal resolution of
∆t = 0.1 ps is selected and the duration of the time series is set to be 1 µs. The dynamics
of the nanolasers are analysed using the device parameters given in Table 1, which are
mainly from [12,29].

Table 1. Nano-laser device parameters.

Symbol Physical Meaning Value

Γ Confinement factor 0.65
τn Carrier lifetime 2.00 × 10−9 s
gn Differential gain 1.65 × 10−12 m3/s
N0 Carrier density at transparency 1.10 × 1024 m−3

τp Photon lifetime 0.36 × 10−12 s
k Coupling rate variable
α Linewidth enhancement factor 6.00

∆ω Frequency detuning 0 GHz
I Injection current variable
e Elementary charge 1.60 × 10−19 C

Va Volume of the active region 3.96 × 10−19 m3

3. Results

The aim of this paper is to delineate the dynamical behaviour of laterally coupled
nano-lasers arrays with non-identical operating parameters and notably taking account
variations in the coupling strength between lasers and considering differing laser injection
currents. Attention is first given to the behaviour of nano-laser arrays with varying coupling
strength. The results presented here have been found using the rate Equations (1)–(3). As
already indicated, the salient parameters for nano-lasers include the Purcell factor F. The
injection current used to drive the lasers is an important operational parameter. Variations
in these parameters lead to the results presented here.

3.1. Linear Array

For definiteness, initial calculations have been performed of the characteristics of
three-element linear array when three nano-lasers possess the same Purcell enhancement
factor, F = 20 and all are driven at double the threshold, I = 2Ith where Ith is the threshold
current. In Figure 2, time series of the three nano-lasers are presented as the coupling rate
between nano-laser 1 and nano-laser 2 increases from k12τp = 0 to 3.5 × 10−3, whilst the
coupling between nano-lasers 2 and 3 is kept constant at k23τp = 1.8 × 10−5.
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for different coupling rate of k12τp when F = 20, I = 2Ith and k23τp = 1.8 × 10−5. (a–f) Time series of
nano−laser 1; (g–l) time series of nano−laser 2; (m–r) time series of nano−laser 3.

From Figure 2, for a relatively small coupling rate, e.g., k12τp = 6.1 × 10−4, 8.2 × 10−4,
2.3 × 10−3 (Figure 2b–d,h–j), nano-lasers 1 and 2 show stable periodic oscillations with
2–4 local extrema. As the coupling between the lasers further increases, nano-lasers 1 and
2 may enter an unstable regime where stable oscillations are finally lost. The results are
shown in Figure 2e,k, where quasiperiodic time series of nano-lasers 1 and 2 are presented
at a high coupling rate, namely k12τp = 2.7 × 10−3. When the coupling rate increases to a
relatively high value, such as k12τp = 3.4 × 10−3, one can observe chaos which is similar to
that seen in conventional semiconductor la-sers subject to external perturbations [30,31].
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It is worth emphasizing that in the subsequent delineation of the dynamical behaviour
of nano-laser arrays, the occurrence of chaotic dynamics has been confirmed by examination
of the power spectra of the dynamics. In Figure 3, exemplars of such spectra are provided.
In the case of quasi-periodic dynamics many prominent peaks are retained in the spectrum,
whereas a broad spectrum characterizes the chaotic dynamics.
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In the foregoing results, nano-laser 3 remains stable. Due to the latter observation,
results for nano-laser 3 are omitted from subsequent results where the behaviour of the
nano-laser array is portrayed under a range of operating conditions. Before proceeding to
the presentation of those results, it is noteworthy that the dynamics displayed in Figure 2
are merely an exemplar of the array dynamics. Many permutations of drive currents for the
three nano-lasers may be envisaged and their detailed dynamics can be expected to differ,
albeit one may expect that the generic features of such behaviours retain many similarities.

A parameter of the system which can be easily changed experimentally is the laser
injection current. It is of interest, therefore, to further characterize the dynamics of the
system as a function of injection current. When considering the response of a dynamical
system to variations of a single parameter, it is possible to represent changes of the non-
linear dynamics by means of a bifurcation diagram. In the present work, it is wished
to explore the appearance of different dynamical behaviours when two parameters are
varied viz the inter-element coupling strength and the laser drive current. To represent
all those cases would require the use of a large number of bifurcation diagrams. As
such, we adopt the approach of displaying the dynamical regimes using two-dimensional
portraits parameterized with the coupling strength and laser drive current. Such results are
shown in Figures 4 and 5 as 2D maps which were generated for coupling rate in the range
0 < k12τp < 3.5 × 10−3 and injection current 1 < I/Ith < 4 to show the dynamical behaviours
of nanolasers for different values of F. Different colors represent different dynamics within
the maps.

Echoing the caveat entered after discussion of the results in Figure 2, it is observed
that although Figures 4 and 5 capture a wide range of operating conditions, the cases
explored are far from a complete catalogue of possible dynamic scenarios. However, they
do highlight the richness of the available dynamics. In essence the above portrayals display
the forms of dynamics already shown via time series in Figure 2. The critical role of the
Purcell enhancement factor in amending the extent of various forms of dynamics is evident
with, e.g., the operating regimes in which quasiperiodic behaviour is obtained changing
significantly. Clearly, the Purcell enhancement factor and inter-laser coupling factors are
largely fixed features of any given device; hence, it is the variation in the drive current
which would be the practical means for accessing specific dynamical behaviours.
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Figure 4. Two−dimensional maps of dynamics of three−element linear array nano-laser 1 simulated
using Equations (1)–(3) for different F, as shown in (a–e), when the other two nano−lasers are
driven at double the threshold. The couplings between nano−lasers 2 and 3 are kept constant at
k23τp = 1.8 × 10−5.

Photonics 2023, 10, x FOR PEER REVIEW 6 of 10 
 

 

 
Figure 4. Two−dimensional maps of dynamics of three−element linear array nano-laser 1 simulated 
using Equations (1)–(3) for different F, as shown in (a)−(e), when the other two nano−lasers are 
driven at double the threshold. The couplings between nano−lasers 2 and 3 are kept constant at k23τp 
= 1.8 × 10−5. 

 
Figure 5. Two−dimensional maps of dynamics of three−element linear array nano−laser 2 simulated 
using Equations (1)–(3) for different F, as shown in (a)−(e), when the other two nano−lasers are 
driven at double the threshold. The couplings between nano−lasers 2 and 3 are kept constant at k23τp 
= 1.8 × 10−5. 

  

Figure 5. Two−dimensional maps of dynamics of three−element linear array nano−laser 2 simulated
using Equations (1)–(3) for different F, as shown in (a–e), when the other two nano−lasers are
driven at double the threshold. The couplings between nano−lasers 2 and 3 are kept constant at
k23τp = 1.8 × 10−5.

The convenience provided by these portraits is to offer—at a glance—a summary of
the dynamics which may be seen in a given nano-laser array as defined by its normalized
coupling factor kτp. Thus, for example, from Figure 4, with a Purcell enhancement of
5 and a normalized coupling factor of 1 × 10−3, increasing the drive current of nano-
laser 1 unlocks in turn: quasi-periodic behaviour, and then alternating regimes of three
local extremum and two local extremum dynamics. For a normalized coupling factor of
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2 × 10−3, the sequence of dynamical regimes is as follows: stable operation; quasi-
periodicity (with narrow borders of four local extremum dynamics); two local extremum;
three local extremum and four local extremum. These cases exemplify the alacrity with
which the kind of dynamics arising can be chosen.

At this stage of electrically driven nano-laser array development it is not possible to
be definitive about the practically achievable of Purcell enhancement and coupling rates
and hence the scope for further amendment of these regimes of dynamics is unclear. The
calculations performed here are constricted to cases where the Purcell enhancement is the
same for all lasers. Other opportunities open if non-identical array elements are considered.

In the next section, attention is given to the dynamics of nano-lasers in a triangular
configuration as a prototype structure for creating two-dimensional nano-laser arrays. Prior
to that it is noted that parallel arrangements of linear arrays may also be used to create
two-dimensional arrays. There is considerable scope for calculations of their behaviour.

3.2. Triangular Array

Having established in the preceding section that variation in laser drive current and
inter-element coupling strength leads to a wide spectrum of dynamics, the same parameters
are used for the case of a triangular nano-laser array. This arrangement delivers a similar
mix of dynamical behaviours as found for the linear three-element array but with the
boundaries between various behaviours being, not unexpectedly, amended. As in the case
of the linear arrangement, with the combination of drive currents used here, nano-laser
3 remains stable and hence its dynamics is omitted from the portraits below. As was
discussed in detail for the linear array above, the selection of forms of dynamics available
for a given Purcell enhancement factor and specific coupling coefficient can be read off from
the portraits below. Similar admixtures of periodic, quasiperiodic and chaotic behaviours
can be found.

In respect of the influence of the Purcell enhancement factor, it is apparent from
Figures 6 and 7 that in the range of 5–20, relatively little change occurs in the regimes of
different dynamics.
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Figure 6. Two−dimensional maps of dynamics of three element triangular array nano−laser 1
simulated using Equations (1)–(3) for different F, as shown in (a–e), when the other two nano−lasers
are driven at double the threshold. The couplings between nano−laser 1 and 3, and nano−laser 2
and 3 are kept constant at k13τp = k23τp = 1.8 × 10−5.
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Figure 7. Two−dimensional maps of dynamics of three−element triangular array nano−laser 2
simulated using Equations (1)–(3) for different F, as shown in (a–e), when the other two nano−lasers
are driven at double the threshold. The couplings between nano−laser 1 and 3, and nano−laser 2
and 3 are kept constant at k13τp = k23τp = 1.8 × 10−5.

4. Conclusions

The primary conclusion of this work is that rather simple configurations of nanolasers
can provide easy access to many kinds of dynamics. In the case of both the linear three-
ement array and the triangular arrays, various forms of periodic dynamics, quasi-periodic
dynamics and chaos are generated depending upon the coupling strength between the
elements of the array and the laser drive current. It is reiterated that the coupling strength
will essentially be fixed at the design and fabrication stage of the arrays whilst the laser
drive current is available for variation experimentally. As such, reading the the two-
dimensional portraits at fixed coupling strength, the regimes of dynamics which can be
accessed in a given device may be identified by examining the regimes encountered as
the drive current is varied. Nano-lasers offer the opportunity for enhanced spontaneous
emission, which is expressed via the Purcell enhancement factor, F. It is underlined that,
as with the inter-element coupling strength the Purcell factor is mainly determined by
the geometry of the laser cavity and so is not available for variation when measuring
the perfromance of nano-laser arrays. Two-dimensional portraits of the dynamics have
been presented for a range of values of the Purcell enhancement factor. In combination,
the use of the variation in the inter-element coupling strength and the Purcell factor has
provided a wide arnge of dynamical scenarios which are anticipated to arise in nano-laser
arrays. Nevertheless, the results presented are necessarily selective and thus illustrative,
and are by no means claimed to be exhaustive. The opportunities for expanding the
combination of drive currents, coupling coefficients and Purcell enhancement factors have
been indicated. It is conjectured that the inclusion of external stimuli will add to the facility
with which those varieties of dynamics may be generated. Our future work will examine
that proposition.
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