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Abstract: Semiconductor nano-lasers have been a topic of interest from the perspective of advancing
the capabilities of photonic integration. Nano-lasers are perceived as the means to achieve improved
functionality in photonic integrated circuits. The properties and performance of nano-lasers have
been examined by means of simulations and laboratory measurements. Nano-lasers lend themselves
to integration to form dense arrays in both one and two dimensions. In a recent work, a theoretical
treatment was presented for the dynamic behaviour of stand-alone electrically pumped nano-laser
arrays. In this work, the response of nano-laser arrays to direct current modulation is examined. As
in previous works, attention is given to two prototype array geometries: a linear three-element linear
array and an equilateral triangular array. Large one-dimensional arrays can be built by repeating this
elementary linear array. Two-dimensional photonic integrated circuits can incorporate the triangular
arrays studied here. Such prototypical configurations offer opportunities to tailor the modulation
response of the nano-laser arrays. The principal factors which provide that capability are the coupling
strengths between lasers in the arrays and the direct modulation parameters. The former are fixed
at the design and manufacture stage of the array whilst the latter can be chosen. In addition, the
enhancement of the spontaneous emission rate via the so-called Purcell effect in nano-lasers offers a
device-specific means for accessing a range of modulation responses. Two-dimensional portraits of
the regimes of differing modulation responses offer a convenient means for determining the dynamics
that may be accessed by varying the laser drive current. It is shown by these means that a rich variety
of modulation responses can be accessed in both linear and triangular arrays.

Keywords: semiconductor nano-lasers; laser dynamics; laser arrays

1. Introduction

Prospects for semiconductor nano-lasers have been explored over a significant period
of time [1–4]. The practical realization of nano-lasers is particularly significant in the
case of optical pumping with nano-lasers, having been achieved with a number of active
media [5–8]. Contrariwise, the demonstration of electrically pumped semiconductor nano-
lasers has been found to be technically challenging and, in consequence, the number of
reports on their successful demonstration has been small [9–14]. Nevertheless, considerable
efforts have been made to simulate the dynamic behaviour of electrically driven nano-
lasers [15–17]. Mention may be made of extensive works which have addressed the response
of electrically pumped nano-lasers to external perturbations including their direct current
modulation behaviour [18], when they are subject to an external optical injection [19], and
when they are affected by both regular [20] and phase conjugate [21] optical feedback. In
general, such works have considered the response of isolated semiconductor nano-lasers.
But some effort has also been directed towards determining the dynamic behaviour of
mutually coupled nano-lasers [22]. In the context of such extensive simulations, it is
hoped that the implementation of electrically pumped semiconductor nano-lasers will
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facilitate opportunities to undertake experimental measurements of the rich dynamics of
semiconductor nano-lasers.

Semiconductor nano-lasers naturally lend themselves to the configuration of one and
two-dimensional arrays. A recent valuable survey [23] showed the potential practical
applications of nano-laser arrays and included a pioneering analysis of the dynamics
of two-element arrays. In that case, it was also possible to make reference to seminal
experimental results obtained with optically pumped nano-laser arrays. In such arrays,
coupling between array elements can be expected to significantly impact both the static and
dynamic behaviours of the nano-laser arrays. A particular aspect of the static behaviour is
the nature of the near- and far-field emissions of the array. In [23], attention is, e.g., given to
a super-mode formation in two-element nano-laser arrays. In contrast, in a recent work [24],
the dynamic behaviour of stand-alone electrically pumped nano-laser arrays was explored
in some detail. As is well appreciated, the evanescent coupling strength between elements
of such an array is determined by the geometry of the lasers and the spacing between them.
There are no extant examples of electrically pumped nano-laser arrays from which we
may derive information of coupling strength; hence, we treated the coupling strength as a
parameter. The present work seeks to advance that study by taking into account a specific
external perturbation viz direct current modulation. For the purpose of this study, we
assume that an appropriate electrical isolation is incorporated between the elements of the
nano-laser array to eliminate electrical cross-talk so that we may independently modulate
the array elements. It is noted here that other external perturbations may be anticipated to
yield novel dynamic behaviours—as has been found in studies of single nano-lasers.

As in our previous work [24], attention is given here to three-element nano-laser
arrays: a linear three-element array and a triangular array. These configurations are seen as
elementary elements of large one- and two-dimensional nano-laser arrays, respectively. It
was observed [24] that the scope for investigating even such simple assemblies is rather
large, and, hence, no claim is made that the present study is exhaustive. Indeed, specific
indicators are given of directions for further exploration. Ipso facto, a comprehensive
categorization of the direct modulation response is challenging. As such, we aim to
delineate a variety of experimentally accessible responses to direct current modulation.

In many respects, nano-lasers and, hence, nano-laser arrays are similar to regular
semiconductor lasers; thus, there is a physical phenomenon which can be accessed in nano-
lasers but is unavailable in other semiconductor lasers: the enhancement of spontaneous
emission via the Purcell effect. This enhancement is characterized in simulations using the
Purcell enhancement factor. Accordingly, considerable attention is given here to delineating
the impact of the Purcell factor on the modulation response of nano-laser arrays. The
model utilised in the present simulations is detailed in the next section. Section 3 comprises
simulation results for the direct current modulation response of both linear three-element
arrays and triangular arrays. Section 3 also contains some indicators of additional op-
portunities for beneficially exploring the modulation response of these prototype arrays.
Section 4 offers a brief conclusion and further pointers to how the present simulations may
be extended.

2. Model

The target structures for the simulations of 3-element nano-laser linear and triangular
arrays subject to direct current modulation are displayed schematically in Figure 1. The
modulation properties of the laterally coupled nano-lasers were modelled using a modified
form of coupled rate equations [25,26] with the Purcell-enhanced spontaneous emission
factor F and spontaneous emission factor β included, as introduced in [27]. The direct
current modulation response of these arrays is described by the following model.
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dSj(t)
dt =

ΓFβNj(t)
τn

+ Γgn[Nj(t)− N0]Sj(t)−
Sj(t)

τp

−
M
∑

m = 1
m ̸= j

2k jmSm(t) sin[ϕm(t)− ϕj(t)] (1)

dϕj(t)
dt = α

2

{
Γgn[Nj(t)− N0]− 1

τp

}
+

M
∑

m = 1
m ̸= j

{
∆ωjm + k jm

Sm(t)
Sj(t)

cos[ϕm(t)− ϕj(t)]
}

(2)

dNj(t)
dt

=
Ij(t)
eVa

− Nj(t)
τn

[Fβ + (1 − β)]− gn[Nj(t)− N0]Sj(t) (3)

where the subscripts ‘j’ and ‘m’ represent the jth and mth laser, respectively. M is the number
of lasers in the array. t is the time. S(t) is the photon density, ϕ(t) is the optical phase, N(t) is
the carrier density, and I(t) is the injected modulation current. I(t) = I0[1 + mcos(2πfmt)],
where I0 is the bias current, m is the modulation index, and fm is the modulation frequency.
Γ is the confinement factor, τn is the carrier lifetime, gn is the differential gain, N0 is the
transparency carrier density, τp is the photon lifetime, k is the coupling rate between the
two lasers, α is the linewidth enhancement factor, ∆ω is the frequency detuning between
the two lasers, e is the elementary charge, and Va is the volume of the active region.
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Figure 1. Schematic diagrams of 3-element semiconductor nano-laser (SNL) arrays with modu-
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Equations (1)–(3) were solved numerically using a fourth order Runge–Kutta integra-
tion method. The 3-element arrays, i.e., M = 3, were simulated, which required the solution
of 9 coupled rate equations. In the simulations, a temporal resolution of ∆t = 0.1 ps was
selected, and the duration of the time series was set to 1 µs. The dynamics of the nano-lasers
were analysed using the device parameters given in Table 1, which are mainly from [12,28].

Table 1. Nano-laser device parameters.

Symbol Physical Meaning Value

β Spontaneous emission factor 0.05
Γ Confinement factor 0.65
τn Carrier lifetime 2.00 × 10−9 s
gn Differential gain 1.65 × 10−12 m3/s

N0
Carrier density at

transparency 1.10 × 1024 m−3



Photonics 2023, 10, 1373 4 of 15

Table 1. Cont.

Symbol Physical Meaning Value

τp Photon lifetime 0.36 × 10−12 s
k Coupling rate variable
α Linewidth enhancement factor variable

∆ω Frequency detuning 0 GHz
e Elementary charge 1.60 × 10−19 C

Va Volume of the active region 3.96 × 10−19 m3

3. Results

The aim of this study was to investigate the dynamic behaviour of laterally coupled
nano-laser arrays in which one of the lasers is subject to direct current modulation.

3.1. Linear Array

A feature of the system which can be easily changed experimentally is the laser
modulation index. It is of interest, therefore, to characterize the dynamics of the system as
a function of modulation index. The results are shown in Figure 2 as a 2D map which was
generated for coupling rates in the range of 0 < k12τp < 1.8 × 10−3 and modulation index
in the range of 0.2 < m < 0.5 to show the dynamic behaviours of nano-lasers. All lasers
were biased at twice the threshold, I0 = 2Ith, where Ith is the threshold current. In Figure 2,
six different representative dynamics were chosen as points A–F. The time series of these
dynamics are shown in Figure 3. An important issue is the extent to which the modulated
behaviour of one laser affects that of the other. Such an interaction may, in general, be
termed cross-talk. From Figure 2, a wide range of zero-cross-talk regions (stable) exists in
nano-lasers 1 and 3. In this region, the nano-lasers act independently of each other, and
the response of the lasers is simply at the modulation frequency of the individual laser
(or possibly at a harmonic of that frequency) [29]. The facility to individually address a
given nano-laser without affecting the behaviour of the other laterally coupled nano-lasers
should find ready applications in dense photonic integrated circuits.
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Figure 2. Two-dimensional maps of dynamics of 3-element linear array nano-lasers 1–3 with mod-
ulation when F = 2, α = 2, fm = 10 GHz and k23τp = 1.8 × 10−4. (a) Nano-laser 1; (b) nano-laser 2;
(c) nano-laser 3.

In Figure 4, the effect of modulation frequency, F, and α is presented. With the increase
in fm (shown as the first and second rows of Figure 4), the zero-cross-talk region in nano-
lasers 1 and 3 shrinks significantly. However, nano-laser 2′s dynamics uniformly display
two local extremums, a property which is preserved. With the increase in F, as shown in
the third row of Figure 4, the zero-cross-talk region in nano-lasers 1 and 3 expands. Finally,
the effect of α is shown in the fourth row of Figure 4, from which the increase in α can
destabilize the lasers so that a large region of chaos appears.
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Figure 5 shows the effect of coupling rate between nano-lasers 2 and 3, i.e., k23 on the
dynamic behaviours. For a relatively small k23, i.e., k23τp = 1.8 × 10−5 and 3.6 × 10−5, the
modulation of nano-laser 2 does not affect nano-laser 3 (see Figure 5i,j). However, with a
further increase in k23 to 1.8 × 10−3, the zero-cross-talk region disappears in nano-laser 3
and is replaced by more complex dynamics.

In an experimental context, a convenient parameter for variation is the laser bias
current. As shown in Figure 6, results obtained with several different values of the bias
current are present. It is seen that the dynamic domains in all lasers change markedly with
the increase in bias current. For nano-laser 1 (Figure 6a–c), the increase in the bias current
first increases and then decreases the extent of the stable behaviour. Chaotic behaviour
is expunged at higher bias, currents but quasi-periodic dynamics persist. In nano-laser 2
(Figure 6d–f), a lower bias current provides access to domains of regular behaviour, quasi-
periodic dynamics, and chaos. As the bias current is increased, chaos and quasi-periodic
dynamics are removed, and the predominant feature is the increase in areas of regular
dynamics. Regions of stability in nano-laser 3 are eliminated as the bias current is increased
(Figure 6g–i). Significant regions of quasi-periodic dynamics appear, sometimes interlaced
with chaotic behaviour (Figure 6i).

Another feature of the system which can be easily changed experimentally is the
frequency detuning between each pair of lasers. Figure 7 displays the dynamics of the
system as a function of frequency detuning, i.e., ω12 and ω23. The effect of coupling
strength on such a 2D map is also explored in Figure 7. It is noted that such variations of
the coupling strength must be considered at the design and fabrication stages and are not
parameters which are available for variation within laboratory experiments. Such variations
do, however, yield the most dramatic changes in the response of the array elements. Nano-
laser 1 (Figure 7a–c) is stable for lower coupling strengths and then exhibits the full gamut
of dynamic behaviour for the largest value of the coupling coefficient. Nano-laser 2
(Figure 7d–f) transitions through regimes of regular motion to an amalgam of regular and
quasi-periodic behaviour. Nano-laser 3 (Figure 7g–i) is strikingly stable for lower values of
the coupling coefficient and then exhibits bands of regular and irregular behaviours. At the
higher coupling values, the portraits of the dynamics of all the nano-lasers display diagonal
lines of regular dynamics. In these calculations, all other parameters were fixed, so it may
be expected that other compositions of dynamics may be accessed with an appropriate
choice of parameters, including the bias current.

In the next section, attention is given to the dynamics of nano-lasers with modulation
in a triangular configuration as a prototype structure for creating two-dimensional nano-
laser arrays. But it is first noted that parallel arrangements of linear arrays may also be
used to create two-dimensional arrays. There is considerable scope for the calculations of
their behaviour.
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3.2. Triangular Array

The foregoing results have shown that the variation of laser drive current and inter-
element coupling strength gives rise to a great variety of dynamics; as such, the same
parameters are utilised in studying the direct current modulation response of triangular
nano-laser arrays. As indicated in Figure 1, mainly for reasons of simplicity, modulation
is applied only to nano-laser 2. An exploration of the response to multiple modulations
is clearly possible but not addressed here. The results demonstrate that several species
of modulation response can be easily accessed. The same qualitative trends appear as in
the case of the linear array, albeit that the detailed features of the dynamics of individ-
ual nano-lasers vary considerably. As with the case of linear arrays, it is observed that
some behaviours appear within relatively narrow parameter ranges and, hence, may not
necessarily be sufficiently robust to be observed experimentally. Nevertheless, there is a
sufficiently rich variety of dynamics which should be capable of exploitation.

Figure 8 delineates the dynamics displayed by each element of the triangular array as
we vary some combinations of the Purcell factor, F, the linewidth enhancement factor, α, and
the modulation frequency, fm. The coupling strength between nano-lasers 1 and 3 and 2 and
3 are set as k13τp = k23τp = 1.8 × 10−4. For lower values of all these parameters (F = 2; α = 2;
fm = 10 GHz), each laser exhibits several forms of regular behaviour and enters regimes of
chaotic dynamics as the modulation index and/or coupling strength is changed. Both nano-
laser 1 and nano-laser 3 have extensive regions of zero-cross-talk (stable) behaviours. With
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the increase in the modulation frequency to 25 GHz but the other parameters remaining
unchanged, nano-laser 2 resides in a state of two local extrema whilst nano-lasers 1 and 3
predominantly display quasi-periodic and periodic dynamics. The regions of zero-cross-
talk are significantly atrophied. Regimes of chaos are also small. Increasing the Purcell
factor by an order of magnitude at the higher modulation frequency does not markedly
change the range of behaviours obtained. However, a significant change is manifest when
the linewidth enhancement factor is increased from 2 to 5, respectively. In these cases, all
the lasers exhibit chaos over a wide area in the modulation index—coupling parameter
space as well as significant regimes of quasi-periodic and regular dynamic behaviours.
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In Figure 9 attention is focussed on the role of the coupling strength between the
lasers in determining the behaviours which may be expected from modulated nano-laser
arrays. Here, the Purcell factor, F, the linewidth enhancement factor, α, and the modulation
frequency, fm, are held fixed: F = 20, α = 2, and fm = 25 GHz. The effect of coupling
strength between nano-lasers 2 and 3 is considered whilst the coupling strength between
nano-lasers 1 and 3 is kept constant as k13τp = 1.8 × 10−4. The difference in coupling
strengths between each laser causes the asymmetry of dynamics in nano-lasers 1 and 3, as
shown in Figures 5 and 9. As the coupling strength is increased, the response of nano-laser
2 is largely unchanged, albeit showing some quasi-periodic behaviour for the strongest
coupling strength considered.
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The behaviour of triangular arrays as the bias current is varied is displayed in Figure 10.
Qualitatively, the impact of bias current variation is similar to that in linear arrays, albeit
with different detailed structures. Thus, for nano-laser 1 (Figure 10a–c), lower bias currents
offer an admixture of regular and irregular dynamics, but as the bias current is increased,
the extent of a stable behaviour is drastically reduced. Nano-laser 2 (Figure 10d–f) offers a
plethora of dynamic species at lower bias currents, but irregular dynamics are atrophied
and then eliminated as the bias current is increased. For nano-laser 3 (Figure 10g–i), a lower
bias current leads to significant domains of stable behaviour which are reduced and then
eradicated as the bias current is increased. However, this case quasi-periodic behaviour
persists as a strong feature at higher bias currents.
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The final set of results presented in Figure 11 explore the effects of varying the cou-
pling strength between the lasers on the 2D maps described by the frequency detuning.
Qualitatively, the impact of coupling strength variation is similar to that in linear arrays,
albeit with different detailed structures. It is noted that, in both linear and triangular
arrays, the stable region can be obtained by tuning the frequency between lasers even for a
relatively large coupling strength.

Photonics 2023, 10, 0 13 of 15Photonics 2023, 10, x FOR PEER REVIEW 14 of 16 
 

 

 
Figure 11. Two-dimensional maps of dynamics of 3-element triangular-array nano-lasers 1–3 with 
modulation for different k13τp and k23τp values when F = 20, α = 2, fm = 25 GHz, and I0 = 2 Ith. 

4. Conclusions 
The salient feature of the present examination of the direct current modulation re-

sponse of three-element nano-laser arrays is that these relatively simple configurations 
provide ready access to many forms of modulation response. Numerical simulations un-
dertaken in this work show that both linear and triangular modulated nano-laser arrays 
can give rise to a wide variety of dynamics. In both cases, the interaction of the nano-lasers 
can range from zero-cross-talk to a complicated non-linear response. The actual response 
of the laser is significantly affected by modulation depth, modulation frequency, modu-
lation bias current, frequency detuning, coupling strength, the linewidth enhancement 
factor, and the Purcell factor. We found that at a relatively low modulation frequency, the 

Figure 11. Two-dimensional maps of dynamics of 3-element triangular-array nano-lasers 1–3 with
modulation for different k13τp and k23τp values when F = 20, α = 2, fm = 25 GHz, and I0 = 2 Ith.
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sponse of three-element nano-laser arrays is that these relatively simple configurations
provide ready access to many forms of modulation response. Numerical simulations under-
taken in this work show that both linear and triangular modulated nano-laser arrays can
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range from zero-cross-talk to a complicated non-linear response. The actual response of the
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current, frequency detuning, coupling strength, the linewidth enhancement factor, and the

Figure 11. Cont.



Photonics 2023, 10, 1373 13 of 15

Photonics 2023, 10, 0 13 of 15Photonics 2023, 10, x FOR PEER REVIEW 14 of 16 
 

 

 
Figure 11. Two-dimensional maps of dynamics of 3-element triangular-array nano-lasers 1–3 with 
modulation for different k13τp and k23τp values when F = 20, α = 2, fm = 25 GHz, and I0 = 2 Ith. 

4. Conclusions 
The salient feature of the present examination of the direct current modulation re-

sponse of three-element nano-laser arrays is that these relatively simple configurations 
provide ready access to many forms of modulation response. Numerical simulations un-
dertaken in this work show that both linear and triangular modulated nano-laser arrays 
can give rise to a wide variety of dynamics. In both cases, the interaction of the nano-lasers 
can range from zero-cross-talk to a complicated non-linear response. The actual response 
of the laser is significantly affected by modulation depth, modulation frequency, modu-
lation bias current, frequency detuning, coupling strength, the linewidth enhancement 
factor, and the Purcell factor. We found that at a relatively low modulation frequency, the 

Figure 11. Two-dimensional maps of dynamics of 3-element triangular-array nano-lasers 1–3 with
modulation for different k13τp and k23τp values when F = 20, α = 2, fm = 25 GHz, and I0 = 2 Ith.

4. Conclusions

The salient feature of the present examination of the direct current modulation re-
sponse of three-element nano-laser arrays is that these relatively simple configurations
provide ready access to many forms of modulation response. Numerical simulations under-
taken in this work show that both linear and triangular modulated nano-laser arrays can
give rise to a wide variety of dynamics. In both cases, the interaction of the nano-lasers can
range from zero-cross-talk to a complicated non-linear response. The actual response of the
laser is significantly affected by modulation depth, modulation frequency, modulation bias
current, frequency detuning, coupling strength, the linewidth enhancement factor, and the

Figure 11. Two-dimensional maps of dynamics of 3-element triangular-array nano-lasers 1–3 with
modulation for different k13τp and k23τp values when F = 20, α = 2, fm = 25 GHz, and I0 = 2 Ith.

4. Conclusions

The salient feature of the present examination of the direct current modulation re-
sponse of three-element nano-laser arrays is that these relatively simple configurations
provide ready access to many forms of modulation response. Numerical simulations under-
taken in this work show that both linear and triangular modulated nano-laser arrays can
give rise to a wide variety of dynamics. In both cases, the interaction of the nano-lasers can
range from zero-cross-talk to a complicated non-linear response. The actual response of the
laser is significantly affected by modulation depth, modulation frequency, modulation bias
current, frequency detuning, coupling strength, the linewidth enhancement factor, and the
Purcell factor. We found that at a relatively low modulation frequency, the modulated nano-
laser arrays with a low linewidth enhancement factor and Purcell factor have an extensive
region of zero-cross-talk. In this region, the nano-lasers in the array act independently of
each other. As has already been signalled, due to the several opportunities for affecting
the direct current modulation response of these arrays, no claim is made of a definitive
exploration of the species of their modulation response. A consideration of the response
when more than one nano-laser is subject to direct current is expected to be of interest.
The dynamic response of nano-laser arrays to other external stimuli will be examined in a
future work.
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