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Abstract

If X is a topological space then there is an equivalence between the category, m (X)) — Set,
of actions of the fundamental group of X on sets, and the category of covering spaces on
X. Moreover the latter is also equivalent to the category of locally constant sheaves on
X

Grothendieck has conjectured that this should be the ‘n = 1’ case of a result which is
true for all n, and it is the ‘n = 2’ case we look at in this thesis.

The desired generalisation should replace actions of the group 7 (X) (which is an
algebraic model for the 1-type of X') by actions of a crossed module (i.e., by an algebraic
model for the 2-type) on groupoids; ‘locally constant sheaves of sets’ by ‘locally constant
stacks of groupoids’; and ‘covering space’ by a locally trivial object whose fibres are
groupoids.

This last object we handle using the machinery of simplicial fibre bundles (twisted
Cartesian products) and formal maps, building a simplicial object, Z(\), where the fibre
is now a (nerve of) a groupoid. To interpret Z(\) as a stack, we show that just as sheaves
on X are equivalent to étale spaces, we can define a notion of 2-étale space corresponding
to stacks and show that from Z()) we can construct a locally constant stack on X.



1 Introduction

1.1 Introduction and Motivation

If X is a topological space, then covering spaces on X correspond to actions of the
fundamental group, m1(X), on sets (this is sometimes called the ‘Galois-Poincaré cor-
respondence’). Since ‘fundamental group’ can be generalised to a higher dimensional
algebraic object, Grothendieck conjectured in his famous Pursuing Stacks [25] that this
correspondence generalises to higher dimensions in the following (approximate) way.

First we note that the fundamental group, 7 (X), classifies (i.e., is an algebraic version
of) the 1-type of the space X, and ‘action’ means a functor into Set, the category of
0-types (sets). On the other side of the original correspondence, ‘covering spaces’ (i.e.,
locally trivial bundles £ —— X whose fibre is a set) are equivalent to locally trivial
sheaves of sets i.e., a ‘l-stack of O-types’

Grothendieck’s conjecture is that we can generalise the above to get a correspondence
between ‘locally trivial’ n-stacks of (n — 1)-types and actions of an algebraic model for the
n-type of X on structures that model (n — 1)-types. Of course this has all been lacking
in details: part of the problem (the hardest part?) is defining all these things correctly.
For that we need higher dimensional category theory-—for example ‘correspondence’ will
presumably be some form of n-equivalence of (some form of) n-categories. In this thesis
we look only at the case n = 2: we know from [37] that the 2-type for a space can be
modelled by a crossed module (up to weak equivalence), and what Grothendieck called a
‘2-stack in 1-types’ is usually just called a ‘stack of Groupoids’ (or just simply a stack in
an algebraic geometry context). Thus we should be looking at actions of crossed modules
on groupoids (i.e., functors from the crossed module, considered as a 2-group, to the
category Grpoids).

Note that this is linked to the idea of categorification ([2, 1]) namely the replacing of
sets by groupoids and groupoids by 2-groupoids.

There is a standard construction which, given a group G (or more precisely, given a set
of generators and relations for G) gives us a space X with I1;(X) = G. Simply take a
bouquet of circles, one for each generator, and add in a disk for each relation, attaching
it according to its generators. Thus we can start with the group rather than needing to
first have a topological space. Similarly, any crossed module is the fundamental crossed
module of some space X, so instead of starting with X and trying to classify actions of
its fundamental crossed module we can instead take the (notationally less complicated)

approach of starting with a crossed module M = (C’ .1 P) (since we can always

construct an appropriate X if we need to).
However, a given X only determines M up-to weak equivalence. If X is given



as a CW-complex, then the crossed module we are interested in is given by M =
(W'Z(X, X1 = m (Xm)) but now if X’ is a second decomposition of X as a CW-

complex, then the corresponding M’ is weakly equivalent to M rather than isomorphic.
(In the original Galois-Poincaré case the relevant groups are isomorphic: m1(X) & 7 (X)),
so we have replaced isomorphism with equivalence here). Thus we need to regard M as
only being defined up-to weak equivalence. (See section 5.2.)

Finally we note that general topological spaces are difficult to use, or at least it is
easier to use a more algebraic model, namely simplicial sets. (Quillen’s theory of model
categories shows that the homotopy theory one gets from simplicial sets is equivalent to
that coming from nice topological spaces [44, 16, 29] so there should not be a problem to
make the move from topology to the simplicial world here.)

Describing the Galois Poincaré correspondence in a simplicial setting is not new, but
it does not appear to have been written down in one place in a modern, categorical
form. So we first give an exposition of the classical correspondence, then look at some
generalisations, getting some of the way to an answer.

For the analogue to ‘actions of the group m1(X)” we consider actions of our crossed
module M on a groupoid Y, which we model as simplicial maps Ner X(M), —
aut(NerY). Here Ner X(M), is the ‘vertical nerve’ of M (see section 5.1.2) and aut(Ner Y)
is the simplicial set of automorphisms of the nerve of ¥ (see section 2.2.2). In chapter 7
and section 8.3.5 we just consider the case where Y = Ner X(M), and the actions comes
from that of M on itself by multiplication, but for more general actions we could perform
similar constructions without difficulty. For the generalisation of ‘covering space’ we
fix a cover U of X: our ‘higher dimensional covering space’ should be isomorphic to a
trivial bundle over the sets U; in U (i.e., over Uj; it should be a product of U; with the
nerve of the groupoid Y'), and these isomorphisms should be compatible over double
intersections Uj;. To get such an object, we use the theory of simplicial fibre bundles
(TCPs, chapter 4): we apply the W construction to our simplicial group Ner X(M)y, to
get a simplicial set W (M) with a universal fibre bundle W (M) (which actually depends
on the action of M on Y). We can interpret these as simplicial étale spaces on X
by taking Cartesian products X x W (M) and putting the discrete topology on W (M)
(and similarly for W(M)). The cover U also gives a simplicial étale space through the
well-known Cech nerve construction (section 6.2), and so from a simplicial formal map
A: C(U) — Ner X(M), we can induce, by pullback, an object Z()A) over C(i). In
section 7.3.1 we see that this is a reasonable simplicial analogue to a covering space in
the case where M = 1 —— P, and in section 7.3.2 we find it has the properties we
would expect for the desired ‘higher dimensional covering space’ where the fibre is the
Y on which M is acting. To interpret this as a stack, we generalise, in section 8.2, the
relationship between sheaves on X and étale spaces to a 2-equivalence between stacks
and what we call 2-bundles on X, and in section 8.3 we use this to reinterpret Z()) as a
locally constant stack on X.

This is not quite a complete ‘n = 2’ version of the Galois-Poincaré correspondence since
we do not give a complete description of the 2-category structure on the Z(\) objects.
(However, the description of morphisms of simplicial fibre bundles in Theorem 4.1.5.54



is a partial result in this direction.) We also note that since simplicial sets form a
simplicially enriched category, we have a simplicial set of maps between fibre bundles
and so conjecture that the most general statement for even the n = 2 case will need a
simplicial enrichment on the 2-category of stacks.



2 Simplicial Sets

Much of this chapter is standard material which we shall need later. Mostly things
are included because there is no one reference that includes them using modern (i.e.,
categorical) notation. We should note that we are writing composition in the ‘opposite’
way to normal, so when f, ¢ are some objects that may be composed then f # g means we
have composed them in the order ‘f then g¢’; if f and g are 2-cells (or higher dimensional
objects) then f #; g means to join f and g along a common i-cell, again with f ‘first’, so
f # g can also be written f #g g.

2.1 Simplicial Sets
2.1.1 The topologists’ A

We write A for ‘the topologists’ A’, meaning the skeletal category of non-empty totally
ordered finite sets and non-decreasing maps, i.e., objects are the non-empty finite totally
ordered sets [n] = {0 <1< -.--<n} (one for each n > 0), and morphisms are order-
preserving functions.

From [35] (but noting that our A is his AT) we have the following description of
morphisms in A. Let d;: [n — 1] >— [n] be the injective map which ‘omits 4 from
its image’, and let o;: [n + 1] —= [n] be the surjective map which ‘doubles i in its
image’, e.g., for n =1, o1: [2] — [1] sends 0 to 0 and both 1 and 2 to 1. Every map
t: [m] — [n] can be uniquely reduced to ‘normal form’

ﬁ=o~jh‘#"‘#ajl#57:k#..'#éil (2.1.1.1)

withm —h+k=nn2di > >4 20 and0< j; < - < jp £ m—1 using the
following identities

8y 85 = 0, # 651 5 < (2.1.1.2)
O'i#O’j=U'j+1#O';; _72?. (2.1.1.3)
Oj—1#0 <]
id i=]
d = 2.1.14
=14 i=j+1 el

gj# 61 i>j+1



This gives the following picture of the (first few) generating morphisms of A:

do
[mﬁiijpw- (2.1.1.5)

o1

The category, SSet, of simplicial sets is the presheaf category [A°P,Set]; we refer
to morphisms of simplicial sets as simplicial maps—they are of course just natural
transformations.

More generally for any category C, we have a category simp(C) of functors from A°P
to C. Apart from C = Set we will also be interested in simplicial groups (simp(Grp)),
and (special kinds of) simplicial groupoids.

2.1.2 Faces and Degeneracies

From (2.1.1.1) we see that X € SSet is determined by the images under X of the
following data from A.

« Objects [n] € A. We write X,, := X ([n]) and call these sets the n-simplices of X.

« The injective maps &;: [n — 1] — [n]. We write X (;) = d;** (or just d; if context
allows) and call d; a face map for X.

« The surjective maps o;: [n + 1] — [n]. We write X (g;) = s;** (or just s;) and

call s; a degeneracy map for X.

In view of the notation for the set of n-simplices, it is common to use a notation such as
X, (instead of just X') for a simplicial set. Of course we cannot just choose arbitrary
functions for d; and s;: the basic simplicial morphisms §; and o; satisfy certain equations
(as generated by the basic identities shown in (2.1.1.2)), and the functor X must preserve
these equations; the relations satisfied by d; and s; are called the simplicial identities
and are as follows [11, 40, 14, 35]

dj # di = diyy # d; j < (2.1.2.1)
B # 8 =898 Ji (2.1.2.2)
di #sj-1 1<)
id i=j
8 di = . 212.3
1% d id =541 ( )

di_l#sj 1>j+1



2.1.3 The standard n-simplex A[n]

The representable functor A[n] = Hom(—, [n]): A°P —— Set is called the standard
n-simplex. We can look at these in more detail since they are important. The 0-simplex
A[0] has (A[0])m = A(m,0) = {x }, a 1-element set, for all m. This is clearly the terminal
object in SSet (this is also true for categorical reasons: [0] is terminal in A, and the
Yoneda embedding preserves limits).

An element o € An],, = A(m,n) can be identified with the (m + 1)-element list
a(0)e(1)...0(m), where the symbols o (i) are increasing and each 0 < (i) < n. If we
let m = 0 we have that the O-simplices of A[n] are just the n singletons, 0,1,...,n.

The list d;j(c) has the ith element removed and s;(0) has the element in position 4
doubled (where we start counting at zero), so s1(012) = 0112. Hence every simplex
in A[n] can be obtained by applying some combination of the face and degeneracy
operators to the n-simplex id,, = 0123...n; this list corresponds to the identity map
(idp: [n] —=[n]) in A[n], = A(n,n).

We saw in section 2.1.2 that d; and s; must satisfy the simplicial identities: if we think
of d; as “delete the ith element of a list”, and s; as “double the ith element of a list” then
we can work out all the identities that d; and s; must satisfy, for example dydy = dpdg
because both sides delete the first two entries in the list.

Geometrically, the identities for the d; say how, given an n-simplex t, we can fit its
faces (i.e., all the d;(t)) together. A 0-simplex has no faces, it is just a vertex, and a
I-simplex ab (0 < a < b < n) has two vertices a and b which we call vertex number 0
and 1 respectively, numbering by the position in the list ab. The faces are dy(ab) = b
and dy(ab) = a. Thus d;(ab) is the vertex that does not contain the ith vertex, i.e., d; is
the face opposite vertez i. Thus we draw our 1-simplex as

a—%s b (2.1.3.1)

with the arrow pointing from vertex 0 to vertex 1. Similarly the 2-simplex abc has faces
do(abc) = be, di(abe) = ac, and da(abc) = ab. These faces fit together to give a triangle,
because, for example dydy(abc) = b = didp{abe), so we think of our 2-simplex as the
“filled-in triangle”

abe . (2.1.3.2)

ac

We can continue, drawing a 3-simplex as a tetrahedron, and a 4-simplex as the analogous
object in 4 dimensions.

So far we have been drawing individual m-simplices from some (A[n]),,, but the same
pictures illustrate the whole simplicial set A[n] itself. For example, A[2] has a 2-simplex
012 which looks like (2.1.3.2), but every m-simplex in A[2] is obtained from this one
by applications of d; or s;: we can think of (2.1.3.2) as illustrating the non-degenerate

10



elements of A[2]. (A simplex is degenerate if it is equal to s;(¢) for some 7 and t). Similarly,
A[l] can be adequately represented by the picture (2.1.3.1).
2.1.4 Geometric Interpretation
The Yoneda lemma for SSet says that
SSet(A[n], Xo) = X, (2.14.1)

so we may think of X, as ‘n-simplices in X’. So for example a 2-simplex x € X5 can
be drawn exactly like (2.1.3.2), but a, b, c are elements of Xy, and we replace the edges
ab, be, ac with elements of X;.

Vertices and generalised vertices

Elements of X are called vertices of X. Starting with a vertex by € Xy we can apply
degeneracy operators to get higher dimensional degenerate simplices which ‘look like by
Because [0] is terminal in A, once we get above dimension 1 it does not matter which of
the s; we apply—we always get the same result, namely a simplex with all faces ‘at bg.
For example s2(bp) can be pictured as

bo
(2.1.4.2)

bo by

where each edge is degenerate. We call these iterated degenerate copies of by generalised
vertices, thus the above is a generalised vertex of dimension 2.

2.1.5 Representing Maps
Definition

The Yoneda lemma says that that for every z € X, we have a unique simplicial map
Z: Aln] — X. with Z(id,,) = z. (id,, € A[n], is the identity map id,: [n] — [n] in
Al)

Explicitly, naturality of Z says that for any o: [m] — [n] in A[n],, the following
diagram commutes

Alnln = X,
0#—-1 lX(o) (2151)
A[n]m = Xm

Chasing the element id,, € A[n], shows that Z(¢) = X (o)(z) where X(o): Xy, —= X
is the map induced by ¢ (regarding X as a contravariant functor); we call this T the
representing map for x.

11



Calculus of representing maps

The following properties of representing maps are more or less immediate from the
defining property (2.1.5.1).

Proposition 2.1.5.2. Let o: [m] — [n]| be an n-simplez of (A[n])m.

1. Let b e B, be an n-simplezx of the simplicial set B. Then:

b(o) = B(a)(b) (2.1.5.3)
b(8;) = d;b (2.1.5.4)
5( ;) = sib (2.1.5.5)
B([im1] — [m] <> [n]) = B(o") (o) (2.15.6)
fO)=b# f for f: B——C a simplicial map (2.1.5.7)

2. Let G by a simplicial group(oid) and g,h,€ G, (composable). Write e, for the
identity of the group G, and the multiplication (composition) as #) then

en(0) = em (2.1.5.8)
g # h(o) =glo) # h(o) (2.1.5.9)

2.1.6 Nerves of Categories

As a final example of a simplicial set we introduce the nerve of a category. Let C be a
category and consider the poset [n] as a category. A functor [n] — C is then an n-tuple
of composable maps

f2

Ap h Ay As s 1 An (2.1.6.1)

in C (when n = 0 this just means an object Ap). NerC is the simplicial set whose
n-simplices are these n-tuples:

(NerC),, = Cat([n],C). (2.1.6.2)

The face maps, d;, takes an n-tuple to an (n — 1)-tuple by composing f; with fi11, and
the degeneracy s; inserts id4, after f;.
This gives us a functor Ner: Cat —— SSet which is in fact full and faithful.

2.2 Cartesian Closedness of SSet

2.2.1 The internal hom
Definition of S(X,Y)
As with every presheaf category, SSet is Cartesian closed,

SSet(X x Y, Z) = SSet(X, S(Y, Z)). (2.2.1.1)

12



The ‘internal hom’ is given by
S(X,Y) = Ya # (X x =) # SSet(—,Y), (2.2.1.2)

where Y = A[—] is the Yoneda embedding A —— SSet. To see this, put X = A[n]
n (2.2.1.1), and deduce that the internal hom (if it exists) must have, as n-simplices, the
set SSet(X xAl[n],Y). To finish the proof, show that (2.2.1.2) does always satisfy (2.2.1.1)
(in fact there is nothing special about A here, and the same proof may be used to show
that any presheaf category is Cartesian closed).

Faces and degeneracies in S(X,Y)

We can also find the face and degeneracy maps from (2.2.1.2): for f: X x A[n] —Y
an n-simplex in S(X,Y),

(el = 2 o6 B 1] SEEHORY A[n] S, (2.2.1.3)
(dif) (@, [m] — [0~ 1]) = f(g, [m] = [n — 1] —> [n]), (22.1.4)

and analogously for the degeneracy maps s;f. Note that f itself is simplicial, so we have

di(f(z,0)) = f(diz,di(0)) = f(diz, [m — 1] =" [m] === [n — 1]; in particular we note
that (d;f)(z,T) # d;(f(z,7)). (Indeed both sides cannot both be defined at once, since
dif(xz,7) € Yo, but d;(f(z, 7)) would be in ¥y,—1).

As an example of the face maps we offer this lemma which is useful for proving propo-
sition 4.1.2.8

Lemma 2.2.1.5. For (fxA[n]) € S(4, BXxA[n])n, i.e., fxAln]: AxA[n] — BxAln]
we have d;(f) = f x Al§;] = (f x A[n —1]) # (B x A[d]).

Proof. The map d;(f) is the diagonal of the commutative square

AxA[;)

Ax Aln—1]——Ax Aln|
FxAln—1) fxAln] . (2.2.1.6)
BxAn—1]——= TN B x Aln]

Similarly, we have lemma 2.2.1.12 for the degeneracies.
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Representing maps in S(4, B)

If t € S(A, B), then the representing map is t: Aln] — S(A, B), which must map
ot [m] — [n] to t(o) € S(A, B)m. Using (2.1.5.3) we get
o) (yw, 72 [k] — [m]) = t(ym, [k] == [m] == [n]) (2.2.1.7)
This is exactly the formula for transposing the map ¢: A x A[n] —= B across the
Cartesian closed adjunction. ~
If b € B, is any n-simplex, we can regard the map b as an n-simplex of S(A[0], B),
and in this simplicial set we get

(d:B)(0) = Tb(o) (in S(A[0], B)ar)
B i 5 (2.2.1.8)

= B([m] =2 [n — 1] < [n])

(siB)(0) = 5B(0) (in S(ALD], B)s1)
(2.2.1.9)

Il
=]

([m] > In + 1] = [n]).

Alternate description of S(X,Y)

If C is a category and A € C an object, write SSet/A[n| for the slice category of objects
over A.
The universal property of products tells us that we have mutually inverse bijections

X x Aln] Y x Aln|

S(X,Y)n = SSet/Aln] | o
Aln] Aln]
(2.2.1.10)
fi (f,Prapm)
9 # PrA[n) X
pictorially,
X x Aln]
g .
i (2.2.1.11)
Y x Aln]
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Lemma 2.2.1.12. If a: A —— B is regarded as a 0-simplex of S(A,B), then

so(a) € S(A, B); is equal to the composite A x All] A A2, B and corresponds to
ax A[l]: A x A[l] — B x A[1] under (2.2.1.10). O

2.2.2 The internal automorphism group

The description of (2.2.1.10) makes it clear that we have a simplicial map
#:S(X,Y)xS8(Y,Z2)— S8(X, Z) (2221
(just compose maps in the slice category). In terms of the original definition (2.2.1.2),
(s # ) (z,o) = t{s(x, o), 0). (2.2.2.2)

Another way of saying this is that for (a: A x A[n] — B) € S(A, B),, and (b: B x
A[n] —= C) € §(B, C),, the composite a # b € S(A, C), is

a#b= (A x Aln] —%= B x A[n] —">c> (2:2:2:3)

where a corresponds to & under the isomorphism (2.2.1.10).

Taking X =Y = Z, we see that S(Y,Y) is an internal monoid in SSet. Pass now to the
slice category description of S(Y,Y), and we have a subobject consisting of the invertible
simplicial maps. This gives us a simplicial group (see section 2.5) aut(Y") C S(Y,Y), with

gut(Y )n = { a:Y x Aln] W, Aln]: a is an invertible simplicial map over A[n]

(2.2.2.4)
In terms of the original definition, an n-simplex t: ¥ x A[n] — Y is in aut(Y) iff for
every m and every o € A[nl,, the map y — ¢(y,0) is a bijection ¥, — Y, i.e., iff
t(—, o) is a bijection for all o.

2.2.3 The simplicial action of aut(Y) on Y

In any Cartesian closed category with terminal object, 1, the internal hom of maps
from 1 to the object A is isomorphic to A. For SSet this is just the Yoneda lemma, as
elements of S(A[0],Y),, are maps t: A[0] x A[n] —= Y where the domain of such a map
is isomorphic to A[n] (because A[0] is terminal), so we get a map A[n] — Y which is
the representing map for t(*,id,) € Y;,.

Taking X = A[0] and Z = Y the map (2.2.2.1) says that S(Y,Y) acts on Y (and
moreover this is a simplicial action). Explicitly ¢ € aut(Y"), acts on Y}, via

¥t = t(y,id,) € Yy. (2.2:3.1)

(This is a right action: (y*)® = y*#° because we wrote composition on the right as ‘#’ If
we had written composition the other way, as ‘o’, we would get a left action here.)
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To see the explicit form of the action, from y € Y, find the representing map for y and
consider it as T: A[0] x A[n] = A[n] — Y, an element of S(A[0],Y),. Then

y' =g #t: Al] x Aln] —Y, (2.2.3.2)

which (using the definition of # from (2.2.2.2), and the Yoneda correspondence from
section 2.1.5) corresponds to the n-simplex

(T # £)(%,idn) = £(F(, idn), idn) = t(y, idn) € Y. (2.2.3.3)

(where * is the unique element of A[0],) Setting 7 = id,, in (2.2.1.7) gives us

Y5 = t(ym, o). (2.2.3.4)
Note that this is true more generally: if we have ¢t € S(A, B), and a € A, we can
write a® for #(a,id,), and (2.2.1.7) tells us that ¢(a, o) = a™®), whilst (2.2.2.2) gives us

ale#) = (g2}, (2.2.3.5)

When we specialise to S(Y,Y) acting on Y, we get the right-action property (a®)! = als#t),

As an example, take n = 0. A O-simplex of aut(}") is just an automorphism of the
simplicial set ¥, and the action on Y is y* = ¢(y).

To further understand the action of aut(Y) on Y we offer the following observation.
Although (2.2.3.4) tells us we can recover ¢ from the actions of all the maps #(¢), it is
not true that if y* = y for all y € ¥;, we must have ¢t = id: even for n = 0, we have that
t(yo) = yo for all yo € Yo, so the zeroth level of ¢ is trivial, but ¢ need not fix higher levels.
For example, let G be any group with ¢ a non-identity automorphism. Using section 2.1.6,
there is only one vertex in ¥ = Ner G, so ¢ must induce something in aut(Y )y acting
trivially on the vertices.

We do, however, always have that b* = ¢! iff b = ¢ (just act on both sides by ¢~1).

2.3 simp(C) as an S-Cat

We can generalise the previous section to more general simplicial objects; this section
follows [33] closely.

2.3.1 The Grothendieck construction for a simplicial set

If we regard a set as a discrete category (i.e., only identity morphisms), then a simplicial set,
X, can be regarded as a functor into Cat. Further, if we regard X as a covariant functor
X: A°P —— Cat then we can apply the Grothendieck construction (see section 3.1) to
e X
get let(X) with Grot(X)(n, z) = n.
AP
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For example, when X = A[n], we have

(A/[n])P
Grot(A[n]) = lU (2.3.1.1)
AP
the forgetful functor.

2.3.2 Definition of SIMP(C)

For any C we let SIMP(C)(X,Y),, be the set of natural transformations from Grot(A[n])#
X to Grot(An))# Y.

Explicitly, a € SIMP(C)(X,Y),, is specified by a family of maps a(¢): m ——n, one
for each ¢: m —— n in A and the naturality condition says that for 7: ¢ ——=m in A
(i.e., for each 7: ¢ — 7 # o in (A/[n])°P), the square

X _a@,_ Y,

o

X, —a¥;
o(r#o)

commutes in C. Thus we get a S-Cat, denoted SIMP(C) with the objects of simp(C)
but using SIMP(C) as the simplicial set of morphisms.

¥() (2.3.2.1)

233 C=Set

Note that a is a function a: A(n,m) —= C(X, Yy,) and when C = Set we can use the
Cartesian Closed property to get a family a(m): X, X A[n]y, — Yi,; the square (2.3.2.1)
corresponds exactly to the condition that @ be a natural transformation X x A[n] — Y,
i.e., we recover the ‘traditional’ definition of the internal hom in SSet.

2.3.4 Copowered categories C and tensoring in simp(C)

More generally, suppose C is copowered. By definition (see e.g., [35]) this means that for
A € C and F € Set we have an object A® F' € C and a natural isomorphism

C(A® F, B) = Set(F,C(A, B)). (2.3.4.1)

Immediately we observe that this gives an adjunction A ® — 4 C(A4, —), but also A® F
is a coproduct, [ [ rer A, 80 we only need C to have small coproducts. If C = Set then ®
is just Cartesian product and we are back in the Cartesian closed situation.

Just as in the case where C = Set, we can now transpose the map a(m) to get a map
a(m): Xm® A(n,m) — Yy, in C. The naturality condition (2.3.2.1) can be written as
the equality of these two composites

R s W . ST ) (2.3.4.2)
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and

Aln](T) alg) C(XTYy)

A(n,m) Ag,n) —=C(X,,Y;) — C(Xnm,Yy). (2.3.4.3)

The transpose of this equality across the adjunction (2.3.4.1) gives us the commuting
square

a(m)

Xm ® Aln)ym — Y
X1'®A[n]'rl l}"r (2.3.44)
X¢®Anjg—Yq
o(q)

hence, for copowered C we have SIMP(C)(X,Y), = simp(C)(X @ Aln],Y) where we
have extended the ® notation to cope with A € simp(C) and F € SSet by defining
(A® F), = Ap @ F,,. This is a direct generalisation of section 2.3.3.
2.3.5 simp(C) is a tensored S-Cat

In this section we will see that (for copowered C) simp(C) is a tensored S-Cat. By
definition (see e.g., [10]) this means that we have a natural isomorphism

SIMP(C)(A® K, B) = S(K,SIMP(C)(A, B)) {2.3.5:1)
Proof. We can reduce to the ‘non-enriched version’
simp(C)(A @ K, B) = SSet(K,SIMP(C)(A, B)) (2:3.5.2)

as replacing K by K x Aln] in (2.3.5.2) gives us (2.3.5.1) (this depends on section 2.3.4
and the isomorphism (A® K)® L =2 A® (K x L) which is easily proved using the
definition of ®).

To prove (2.3.5.2) we first note that if K = A[n] then both sides are just the set
SIMP(C)(A, B)y. K is a presheaf on the category A so can be expressed as a colimit of

representables: K 22 [ M A[M]. Because colimits are computed pointwise and A ® — is a
left adjoint, we have

M
A@KE/ A® A[M], (2.3.5.3)
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and then we are left with an easy exercise using the end/coend calculus:
M
simp(C)(A ® K, B) =simp(C)( | A® A[M],B)
E/ simp(C)(A ® A[M], B)
M

o / SIMP(C)(A, B)u
M

(2.3.5.4)
= / SSet(A[M], SIMP(C)(A, B))
M
=~ SSet( " A[M],SIMP(C)(A, B))
~ SSet(K, SIMP(C)(A, B)).
0

2.4 Homotopy of Simplicial Sets

We have already looked at the category of simplicial sets, but there is a 2-category
structure obtained by adding homotopies of simplicial maps. We follow [33] as well as
the standard references [11] and [40].

2.4.1 Definition

Let 4 B be simplicial maps, then a simplicial homotopy h: f —= ¢ is a

1-simplex f —= g in S(A, B), i.e., a simplicial map h: A x A[l] — B with d,(h) = f
and dg(h) = g.

2.4.2 Interpreting the definition
The following is adapted from [33].

We have
di(h)(a, o) = h(a, [m] =< [1] —= [0]) (2.4.2.1)
= h(a, [m] == [1]). (2.4.2.2)

Using the notation of section 2.1.3, d; is the list with every entry zero and dg is the list
with everything equal to 1, so we sometimes write h(a,0) = g(a) and h(a,1) = f(a) (for
this reason some authors write h: g —> f).

Note that this determines h on vertices of A x A[l]. Let (a,0) € (A x A[1])n, we have

a diagram

Al x Al Z2Y 4 x At B (2.4.2.3)

19



and h(a,o) = h(a x id)(id,, o). The non-degenerate simplices in (A[n] x A[1])n41 are
7 = (s4(idy), ti) where t; has image (0,0,...,0,1,1,...,1) (the last 0 occurs in position
i so that #; is degenerate, but is not equal to s;(u) for any u, because s;(id,) # sg(u) for
k # i we see that 7* is non-degenerate). If (the list corresponding to) ¢ involves only one
of the symbols 0 and 1 then A(a, o) is either f(a) or g(a), otherwise o = d;7]" for some 4,
and hence h(a, o) = h(a x id)(d;n;).

Write h;: A, — Bp41 for the map (of sets) sending @ to h(a x id)(id,, 7*), then the
h; determine h. Of course not every set of maps h; determine a homotopy, for example
in (A[1] x A[1])2 we have di7§ = di7}

(0,0) —(1,0)
l b 2 l (2.4.2.4)
(0,1) — (1,1)

so that we must have diho(a) = dihi(a). The complete list of conditions for a family

{hi: A, — Bpy1: 0 << n}todetermine a homotopy h: f — g is as follows (where
we omit the a’s using the obvious conventions) [40]

doho = f, dny1hn =g (2.4.2.5)
hj—1d; 0<i<ji<gn
diyhyg— lLd=7Em

dihy = ¢ 41 LR (2.4.2.6)

’ djt1hjpr 1<i=j+1<n

hjdi—y 1<j+1l<ig<n+1
hjyisi 0<i<j<

sihy = { A1 Mt el (2.4.2.7)
hjSig1 0<Lj<ign

Visualising a simplicial homotopy

h
For n = 0, each vertex a € Ag is assigned a 1-simplex f(a) il g{a) in B. Explicitly,

ho(a)

h(@ x id)(m)

h(@ x id)((00), (01))
= h(spa,id)
= (

(2.4.2.8)
soa)t

where in the last line we are extending the notation of section 2.2.3 for the map
#: A x S(A, B) — B. We will further abbreviate (soa)” to just a®.
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For a € A; the conditions on hp(a) and hi(a) give us two 2-simplices as shown here

gao
ho(ao)=al} ga
ho(a) = ha(a)
fag v gai
2.4.2.9
fay ( )
fa ho(a1)=al
hi(a) = hi(a) ]
fag gay

al

where the common 1-face is easily checked to be a”*, giving us the square

[
fag —— fay

ag alt al (24210)

In dimension 2 the h; give us three tetrahedra which fit into a triangular prism with
fa and ga as the two end triangular faces. If we ‘flatten’ the 2-simplex fa and draw it
as fag — fa; — fagy (this of course makes perfect sense if A and B are nerves of
categories) then the prism becomes

fag — fay — fag

l \l \l (2.4.2.11)

gag — gal —- gag

and in general we just add more ‘squares with diagonals’ on the right, and, in flattened

alt

notation, hi(a) = (fao fa; — ga; gan).

Contracting homotopies

For example, if g is the identity map and f maps everything to a (iterated degeneracy of
a) vertex, » then all we need is to give each a € A, an ‘extra degeneracy’ s_i(a), which
looks like (% ag e an), and is called a contracting homotopy.
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2.5 Simplicial Groups and Groupoids

We now introduce the machinery needed to understand bundles. The main reference
for these results is [40], with [11] providing an overview. The only difference is we have
attempted to adopt more explicitly categorical notation.

2.5.1 Definitions

A simplicial group is a simplicial object in Grp, thus it is a simplicial set G in which all
the GGy, are groups, and with all d; and s; group homomorphisms.
An example is the simplicial automorphism group discussed in section 2.2.2.

2.5.2 Simplicial actions

Recall from section 2.2 that SSet is Cartesian closed. Thus we have a bijection between
the sets of simplicial maps (of simplicial sets) of the form

*YxG—Y (2.5.2.1)
B: G— aut(Y) (2.5.2.2)

(the Cartesian property gives us § going into the internal hom, but, as we will see shortly,
it has image inside the automorphism group). Explicitly, given the action as above, define
£ in dimension n by
id X
Blgn) = (Y x Aln] =% v x G—*:»Y)
(2:5.2.3)

B(gn)(ym, [m] s [n]) = ym * Gn(o)

(here g, is an m-simplex of Y'). It is easy to see that f is a group homomorphism iff x
satisfies the axioms for a right action, so in particular 3(gy) really is in aut(Y’). (Note
however, that for 3 to be a homomorphism in a single dimension n requires more than just
the corresponding action axioms in that dimension: for f to be a group homomorphism
in dimension n we must have that ym % (Gn(0) # hn(0)) = (Ym * Gu(o)) * hn(o) for all

m and all o: Thus we need that the g, € G, act on all the Y, via g(c).) Conversely,
from 3 we get an action with y, x g = B(gn)(Yn,idy,). This is yg(g”) using the notation
of section 2.2.3, and indeed that section can be recovered by taking G = aut(Y) and
[ = id. Diagrammatically, this says that given an action x of G on Y, the corresponding

[ is the unique map making the diagram
Y xG—=Y
Yxﬁl
Y x aut(Y)

. (2.5.2.4)

commute, where # is the action of aut(Y") on ¥ from section 2.2.3; thus we might regard
aut(Y") with the action # as the ‘universal action of a group on Y.
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2.5.3 The regular Representation

Let G be a simplicial group, and write G x G — G as composition, so the result of
multiplying g and h is written as g # h. This gives us a (right) action of G on itself, and
applying section 2.5.2 gives us a map of simplicial groups, pg: G — aut(G), called the
(right) regqular representation for G.

Explicitly, pc(g)(h, o) = hg(o).

Examples of the regular representation

Some examples. We will see what pg(g) does to (z,0) where z € G, and o € A[n),, are
m-simplices and g € G, is an n-simplex.

» Let n=0and g € Gy a 0-simplex. Then ¢: [m| — [0] can only be of*, and hence
pc(g)(z,0) =z # 7o) = z # s (g) so pe(g) is ‘multiplication by the generalised
vertex corresponding to g’

o Let n =1 and g € G; a l-simplex. Then pg(g): G x A[l] — G is (by definition;
see section 2.4.1) a homotopy from pg(dig) to pa(dog).
Referring to the pictures in section 2.4.2 we can draw our homotopy (in dimension

1) as

ago
apgo ——— @190

\fsm)(m)
aog aig (2.5.3.1)

(soa)(s19)

apngdi

a
o 191

« For a general g € G, let 0 =id, and h € Gy, also. Then pg(g)(h,idn) = h#g.
Note that the left hand side is also h?¢(9), the action from section 2.2.3.

« Completely generally, pa(g)(h,o) = h # g(o) by (2.5.2.3).

2.5.4 From Groups to Groupoids

Classically, generalising groups to groupoids is ‘a good thing’ [6], and the simplicial case
is no exception. However since a simplicial group is both an internal group in SSet and
a 1-object category enriched over SSet, there are two “obvious” generalisations available,
both useful.
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‘Simplicially Enriched-Groupoids’ versus ‘Simplicial Groupoids’

A simplicially enriched groupoid is a groupoid enriched in SSet. So we have a set! of
objects A, B,...; for each pair of objects, A and B we have a simplicial set Hom(A, B).
playing the réle of ‘Hom set’; and composition is a family of simplicial morphisms
#: Hom(A, B) x Hom(B, C) — Hom(A, C) which satisfy obvious associativity and
identity axioms (see [34] for enrichment in general). The category of these is denoted
S-Gpds.

A simplicial groupoid is a simplicial object in Grpoids, i.e., for each n we have a
groupoid of n-simplices, with face and degeneracy functors satisfying the simplicial
identities.

We picture a simplicial groupoid H, as

do &
—
N==(l==(1) =
09 Oy Qo

and notice that (2.5.4.1) gives us two simplicial sets?, M, and O, which we call the
“simplicial set of morphisms” and “simplicial set of objects” respectively. If all the
groupoids H; := ( M; O; ) have the same objects (“have the same base”), and
if the face and degeneracy functors are the identity on objects, then O, is constant: a
constant simplicial object of objects.

Proposition 2.5.4.2. The category of simplicially enriched groupoids is equivalent to
the category of simplicial groupoids with a constant simplicial object of objects.

Proof. The relationship between a simplicially enriched groupoid X and a simplicial
groupoid M, O, with O, constant is given by the equations

My (A, B) = X(A, B)n, (2.5.4.3)
On=O0bX (2.5.4.4)

(and similarly for composition and identities) where if we are given either one of the sides
we may use it to define the other. O

2.5.5 The G 4 W adjunction
From S-Gpds to SSet: The W construction

There is a functor W: S-Gpds — SSet which looks a lot like a nerve. It was
discovered independently by Joyal-Tierney and Dwyer—-Kan. Let H € S-Gpds. If H was
an ordinary groupoid we would call two maps h; and hy composable if hg starts where

1Let us assume all categories are “small” for simplicity
2 Again we need a smallness assumption here.
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hy finishes: dom(hs) = cod(h;), an equation between objects. In the SSet-enriched case,
where H has a simplicial set of morphisms, the equation dom(hy) = cod(hi) still makes
sense even though we may only actually compose the two maps when their dimensions
agree.

Recalling that the n-simplices of the nerve of a category are the composable n-tuples
of morphisms in that category, we define (W H), as the set of ‘composable’ n-tuples of

the form
hn

iy (2.5.5.1)

where each h; is an (n — ¢)-simplex in H(A4;_1, 4;), and ‘composable’ means only that
cod h; = dom hj4+1 (in the notation of section 2.5.4, h; € My_;(A4;—1, 4;) is a map in the
groupoid H;). For n =0, (2.5.5.1) is to be interpreted as the set of objects of H (and
hence of each groupoid H;).

The face and degeneracy maps are in general more complicated than those of the nerve:

for the lowest dimensions, (WH); (WH)y are the domain and codomain

51
functions from H (and the degeneracy, sg, is the ‘identities’ map), which is the same as
the usual nerve, but in higher dimensions we have

(h2y.. ., hn) i=0
di(h) =  (di-1h1, di—2ha, ..., [dohi] # hit1, hita, ... hn) 0<i<n (2.5.5.2)
(dn—lhla dn_gh.g, vy dlhn_l) =1
and
ida,, hl,... b, =0
si(h) = (idag, 1 ) ' e (2.5.5.3)
(si-1R1, - -5 S0hi, id Ay, Rit1y o he) 0<i<n

See [17] for a detailed proof that this does give a simplicial set.
On morphisms W acts in the obvious way: (W f)(h1,...,hn) = (F(h1), ..., f(hn)).

From SSet back to S-Gpds: The G construction

The left adjoint to W is the loop groupoid functor G: SSet —— S-Gpds, again it was
first studied by both Joyal-Tierney and Dwyer—Kan. If X € SSet a simplicial set, then
GX is the simplicially enriched groupoid with:

» Objects {ZT: z € X}

» n-arrows the free groupoid on X,+; modulo sg(X,), i.e., arrows are words in 7,
with y € Xp41, but so(z) ~ (), the empty word, for each z € X,,. (Since we are
just killing some generators, the set of n-arrows is still a free groupoid)

e The source map is dom¥y := dids...dp11y, and the target map is cod7y :=
doda . ..dp+1y. (If Yo, v1,- -+ , yn are the vertices of y then 7: Jog — 71)
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« The simplicial structure on the arrows is given by

do7 = (d1y) # (d_oy')‘l (2.5.5.4)
8T = §i+1y i=0 (2.5.5.6)

On morphisms f: X —— Y, Gf is defined on the generators in the obvious way:

G1)@) = fy)
The adjunction G W

Proposition 2.5.5.7. We have an adjunction

g

/\
SSet L S-Gpds (2.5.5.8)

R
w

Proof. The unit is given (in dimension n) by

nx: X WGx
o (2.5.5.9)
T —— (T, doz, d2z, . . ., d3 ')
and the counit is defined on generators by
EH: QWH H
(2.5.5.10)
91,y gn) 91

We shall omit the rest of the proof, which is just verifying that the triangle identities
hold. t

26



3 Homotopy Colimits and the Grothendieck
construction

This chapter is to introduce the notion of homotopy colimits [4, 47] which will be needed
later. The theorem that homotopy colimits are related to the Grothendieck construction
is proved (in more generality than we give here) in [47] and there is a different proof in
[9]; our proof here is slightly different, using elements from each.

3.1 The Grothendieck construction

From any strict functor! F: C — Cat there is standard construction called the
Grothendieck construction, C [ (F), which is a generalisation of the semidirect product of
groups.

3.1.1 Functors as actions

If b: B——=C is a map in C then F(b): FB —— FC is a functor. So if f is a map in
the category FB, we get a map F(b)(f) in the category FC. Denote this map by f°,
then the condition that F'(b) be a functor is just the familiar rules

(F#g)l=f#g

3.1.1.1
id? = id ( )

In this notation, the coherence maps are isomorphisms (if F' is strict then these are also
equalities) z(®) — (29)? and 2'9 — 1.
As an example of this ‘action notation’, suppose G is a group, then to regard G as a

category, G, we take a single object % and one map * —2+ « for each g € G. We want the
composition in G to reflect the multiplication in G, but we could equally well define the

: g } gh hyg A ;
composite * —— % — * to be * * Or * *. Of course the resulting categories

are both dual and isomorphic, but to be consistent we shall always choose the first way.
This means that a right action of G on a set X is a precisely a functor G — Set
sending * to X; a (right) action of G on a group H is precisely a functor G —— Grp
sending * to H (where H is obtained from the group H in the same way we got G from G);
and the rules (3.1.1.1) are the usual definition of a (right) action. Since Grp C Cat,
from every G-action we get a (strict) functor from G to Cat. (In later sections we will
use the same symbol, G for the group and the category.)

"When F is merely op-lax, with F(a # b) — (Fa) # (Fb) and F(ida) —idpa just natural maps, a
slight modification lets the following construction still works.
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3.1.2 The Grothendieck construction for F' a (strict) functor

Given a functor F': C — Cat, we can construct a functor Grot(F): C [ F—C.

The category C [ F' is constructed as follows: for objects take all pairs (a,z) where
A € C and z € FA; for morphisms take a map (a, f): (4,z) — (B, y) for every
a: A—— B in C and f: Fa(z) — y in FB. The composition

(4,2) 28 (B,y) P4 (€, 2) (3.1.2.1)
is given by the pair
A e
- (3.1.2.2)
Fab(i) = Fh(Fa(z)) 22 me(y) 2> 2

(where we have used that F' was a strict functor for the first equality). Using our
notation (3.1.1.1), the above just says that

(a,f)# (b,9) = (a#b, f* #g), (3.1.2.3)

which is the usual group law in a semidirect product. So when C = G (the category
corresponding to a group G), and F' represents an action of G on a group H, then C [ F
corresponds to the group G x H.

3.2 Bisimplicial Sets
3.2.1 Definition

A bisimplicial set, X, is a simplicial object in SSet, i.e., a functor X : A°® —— SSet,
which looks like
dp d
Xy —az;‘*XI +XU (3.2.1.1)
_—

with each X; a simplicial set, and each d; and s; a simplicial map. Now X may be
considered as a functor X : A% x A°? —— Set sending ([p], [¢]) to (Xp)q. In other words
we are writing the simplicial sets X, vertically, and redrawing (3.2.1.1) as a 2-dimensional
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(infinite in both directions) square array,

dg

W, . S dg
Xop —dt— X9 Xoz
TR d;l’
J * J | J
dy | dy |d3 dg | dy |dp dy | df |dj
ds J/ dh l
i 0 (3.2.1.2)
Xg1 —di— X1q Xo1
= a
b 1
dy | |ay ay | |ay g | |ay
dh
0 dS‘
Xog —d}— Xyo Xoo
—_—
dh 4

Here, the dl are horizontal face maps—these are X (d;) = d; in the notation of (3.2.1.1),
which is X (d;,1d) in the bifunctor notation above (to get the component of the simplicial
map d; at level n, replace the id by id,). The vertical maps d are the face maps inside
the X,,, which are X (idy, d;) in the bifunctor notation. Of course we also have horizontal
and vertical degeneracy maps, denoted s’; and sy, which we omit from diagrams for
purely typographical reasons.

We can extend the ‘horizontal-vertical’ notation to any map a: [p] — [p/] in A,
writing X (a)? := X(id, @) and X(a)" := X(a,id). If B: [g] — [¢] is another map in
A, then we have the following square

X(a)':.:.'
XP'JI' Xp,q’

X(8)%, \\kmélx X@)} . (3.2.1.3)

XPG’

q

The resulting category of bisimplicial sets is denoted BiSSet.

3.2.2 Example: The Double Nerve

Let D be a double category, then its nerve, Ner D, is the bisimplicial set with Ner D) 4
the grids of p x ¢ squares from D (thus we may also call it the double nerve). If ¢ = 0 we
have p horizontal arrows, if p = 0 we have g vertical arrows, and if p = ¢ = 0 we have
the points of D.

The face maps are induced by composition of squares, exactly analogous to the usual
nerve of categories.
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3.2.3 Some functors involving Bisimplicial sets
The Diagonal

The diagonal functor, A: A°? —— A°P x A° induces a functor
diag = A #¢ —: BiSSet —— SSet, (3.2.3.1)

with (diag X ), = Xy (referring to picture (3.2.1.2), the diagonal is on the main-diagonal,
going from bottom-right upwards and leftwards). We have d;(z) = dldY(z) = dVd}(x)
and similarly for the degeneracies.

The ‘Total Dec’

Ordinal sum +: A% x A°? —— A°P jg defined by [n]+ [m] = [n+m+1]. For morphisms
f:n—-=n'and g: m — m’ we have

f(@) =00 57

. . (3.2.3.2)
n+1l+g(i—-n—-1) i=n+1,...,n+m+1

(f+9)0) = {

This induces a functor Dec = + # (—): SSet —— BiSSet called total dec, which has
(Dec X )p,qg = Xp+g+1- The picture is

d .
—O>. do
X5 dy— X4 X3
PR S 3 >
dy | da |ds do| ds |d4 dy| d2 |da
o |
. _ o (3.2.3.3)
Xy —di— X3 X9
— 4 N
da
d.'3 d4 dz d3 dl dz
dg d
e 0
X3 di— Xo X1
& d

(for example, from &;: [p — 1] — [p] and id,: [g] — [¢] we get &; + id,, is the map
§i:[(p+q+1)—1] — [p+q+1], from which d of Dec X is di: Xpiq+1 — Xpiq,
and similarly, df = dpyit1).

3.2.4 The V construction

The functor Dec has a right adjoint, V: BiSSet —— SSet. From the desired adjunction
isomorphism it is possible to construct V directly, and this is done in [17], where
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the following definition is derived (and the adjunction proved in detail): Let X be a
bisimplicial set, then V(X) is the simplicial set with

(VX)g= { (Z0y- -+, 2p)t 5 € Xip—i, and d¥(z;) = diq (zi1) for 0 < i < p} :
(3.2.4.1)
We can picture x = (zo,...,2p) € V(X)p as lying on the pth ‘codiagonal’: (in the
diagram below, vertical arrows are dfj, and horizontal arrows are d?H, so where two
arrows meet is where the ‘d(z;) = d'; (zi+1)’ equality takes place).

Xop
Xl,p—l ->-l
(3.2.4.2)
Xp—l-,l
Koo
The degeneracies are given by

dox = (db(21), ..., di(zp)) (3.2.4.3)

dix = (d} (o), di_(21), - -, &} (@im1), 4} (@iy1), df (@iga), - .- A () (3.2.4.4)
si(x) = (s} (2o), s3_1(21), .. ., 88(ms), 8P (i), ] {(@iga), 5P (iga), . .., 8P (zp))  (3.2.4.5)

(note that the formula for dy is actually the same as the formula for the other faces).

These are similar to the ilassical W construction defined in section 2.5.5, and indeed
V(Ner G) is the same as Wg.

3.2.5 Example of V

To further understand (3.2.4.1), let us consider the example of V Ner D, where D is
a double category, and NerD is its double nerve as defined in section 3.2.2. Let us
examine the 3-simplices, x = (2, 1,22, 23) € (V Ner D)3, which are as follows: start
with wg € Ner Dpa: it is 3 composable vertical maps from D (i.e., a 3-simplex of the
nerve of the vertical structure of D). We must have d(z¢) = dff(x1), which determines
one half of the objects in z1; using d§(z1) = d3(z2) then tells us something about z,
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and we can proceed from top-right to bottom-left as indicated in (3.2.5.1).

T3 = [d*‘d’*’d”*d’”] %[d—’d""‘d"]

thus x is the ‘staircase’

Iy =

d

Q, =<0

|
:

\
o<
¥
/<

|

:

-

1\

Q<O <o
b
o
QS O=<=O <= Q=< O0=<-CT =<2

Q:_-(—-O\

2 =

Q. -0

v

d." dh’

d.’h’

g =

-

~

~

€ Xogs

(3.2.5.1)

(3.2.5.2)

The staircase above has 3 steps, (starting at a, we can take 0, 1, 2 or 3 steps down the
staircase to get to d” at the bottom; another way to think of this is that we can move
from xp to x; where i goes from 0 to 3). The face and degeneracies then act on the steps
of this staircase picture: dp removes the zeroth step, (and with it the first column); d;
removes the first step, (so the new staircase will have steps from a to ¢ to d”, thus we
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must remove b’, and compose squares and arrows so that we get a two-step staircase,

' 3\

a

di(x) = (3.2.5.3)

c > C.U’

|

d d.'.' dh’i

\ /

i.e., something with a single square in the bottom-left corner); do removes the second
step, which takes out ¢”, giving

b——V

da(x) = (3.2.5.4)

d dl dl.’!

\ /

and finally ds removes the bottom row completely. Similarly, the face map s; doubles
the ith step in the appropriate way.

The map ¢: diag ——V

There is a natural map from the diagonal to the V construction, given (at level p) by

o) = ()" (@), () (dB) (@) (B 7 () (@), ., (d8)°(2)) . (3:25.5)
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In general, remembering that elements of VX lie on the anti-diagonals (see (3.2.4.2)), ¢
can be pictured as follows (for p = 3 for brevity)

dt dh dh
T e X3,3 c E 1

Xo3

db di

_ — X1‘2

& (3.2.5.6)

dg
—:-—Xg‘l

X30

Example of ¢
Returning to the example of section 3.2.5, the map ¢: diagNer D —— V Ner D takes
square grids to their ‘sub-diagonal’, so for p = 3 we have

P (3.2.5.7)

¢ is a weak equivalence
Theorem 3.2.5.8. ¢ is always ¢ weok equivalence

Proof. See [9] for a proof. O
Combining this with proposition 3.3.2.10 gives us

Corollary 3.2.5.9. For any F': I —— SSet, we have a weak equivalence

hocolimF;‘)vH*F (3.2.5.10)
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3.3 Homotopy Colimits

3.3.1 Definition
Slice Categories

Let I be a category, and I € I an object. We get a functor —/I: I°°P — Cat sending
to the slice category I/I. On maps we send u: I — J to the functor u/I: J/I—I/I
where

w/l: JJ1—— /I

-

Jd i
al|lt—s lu#a
o= | K (3.3.1.1)
( 3
J J J J
i la — l,@ ——————s luq —_— lu,@
K K’ K K’

(i.e., u/T acts as the ‘identity’ on maps)

The bifunctor for homotopy colimit and homotopy limit

We get a functor Ner — /1 —— SSet sending I to Ner /I, where

el = d B T, ) , (3.3.1.2)

¥ :
0 ‘fl _['2 fﬂ

the set of strings of n composable maps under —the dotted arrows may be inferred
from the arrows fo, f1,..., fa, SO we may omit them, giving the description

(Ner I/Dn = { (folf1,. .., fn): dom fo=1,(for..., fn) € (NerDnp1}.  (3.3.1.3)

Then, from our given F': [ —— SSet, we can form Ner —/I x F' which is a bifunctor
[°P x I —— SSet, and this will have a coend, f[ Ner I /I x FI which is the homotopy
colimit of F.

3.3.2 Constructing the homotopy colimit
Coend construction

The standard construction of a coend [ d f(I,I) for a functor f: I1——C is

]I f(I,I) = CoEqualiser (u: IU L) —— LL AT, 1) ) ) (3.3.2.1)

—] 3 Iel
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where the maps a and § are defined to make the following squares commute.

i‘ll. j

[, F(, 1) — 11; £, )
f, 0 2 a1y

zul ji} (3.3.2.2b)
Uu g ] —ﬁ> I_II I

flidu)

lyu, (3.3.2.2a)

First we need to understand the maps from (3.3.2.2): here the ‘f’ now becomes
Ner —/I x F. First consider the domain of @ and 5, [[ NerJ/Ix FI. We will

w: [—J
frequently represent a coproduct [],. 4 B(a) as the set { a, B(a) }, then the domain of a
and 3 has, as n-simplices, the set

{(, (folfas o fa)s@): 2 € (FD)n } (33.2.3)

where (fo|f1,..., fn) is the notation we used in (3.3.1.3) for an n-simplex in the nerve of
the slice category.

Then from (3.3.2.2) we see that « sends the triple (u,(folfi,...,fn), %) to
(J, (folf1,- .-, fn), %) (which is in []; Ner I/I x FI and, as usual, z* is Fu(z) € (FJ),).
Similarly, 3 takes that same triple to (I, (u # fo|f1,.-., fa),z), and hence the construc-
tion (3.3.2.1) says that

{(I!(fﬂlfla"':.fn)awe (FI)?'L)}

(hocolim F),, = ; (3.3.2.4)
(I, (I = J == Dolf1,---, fu)s @) ~ (J, (fol fr, - -, fn) 2)
If we write elements of the above as z ® (fo|f1,..., fa), then the relations say that
z® (u# folfi,- o fu) = 2% ® (folfi,. .1 fn) (3.3.2.5)
so we have a ‘tensor product’.
Simplicial replacement
Working from (3.3.2.4), the relations say that
(Ia (flela' 5 fn)v T e F-[n) = (I; (I i" jr0 _ld—)' IOL.fl; o dimig .fn)a T e FIn) (3326)

~ (107 (idfo |f11 | o ?fn)) :Cfo € (FIO)T?»)
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Now (id |f1,...,fn) gives us the string (f1,...,fn) € Nerl, and we get a simplicial
isomorphism

hocolim F & { (Lo, (f1,---» fn)s%): To €L, (f1,+. ., fn) € Nerl,dom f = I,y € (Flo)n }
= 11 (FIo)n
(L,L}) ver,
(3:8:2.7)
Define the simplicial replacement, [[, F' for F' to be the bisimplicial set with

(I, Flra= 11 (Flo), (3.3.2.8)
(i)
Tp————>T, | €(NerD)p
This is a bisimplicial set as follows: the definition above says that (p, ¢)-simplices are
of the form (z,a) with @ € F(Agp), and a = (A() s _ﬁr)_Aq> € (NerC),. The

horizontal simplicial structure is that of F'(Ap), meaning

d}(x,a) = (diz, a) (3.3.2.92)
sl (z,a) = (six,a) (3.3.2.9b)

while the vertical structure comes from Ner C:

di (z,a) = ‘ (3.3.2.9¢)
(z*,dpa) i=0
si(z,a) = (2, s:a) (3.3.2.9d)

the ‘twist’ in dfj is because when we apply dp to a, we remove Ay, leaving a string of
arrows starting from Ay. Thus for the result to be a simplex of ] % Iy we need to move
the z from F(Ag) to F(A;).

Then we have shown

Proposition 3.3.2.10. For any F': I — SSet, its homotopy colimit is

hocolim F' = diag H*F (3.3.2.11)

3.3.3 An Example of a homotopy colimit

Consider the category

0
I= Ozl (3.3.3.1)
2
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whose limit is a pushout. For a functor F: I —— SSet the homotopy colimit is a
homotopy pushout, which we will construct using the coend construction of section 3.3.2.
A functor F: [ —— SSet is a ‘corner’

A-L-B
gl (3.3.3.2)
C

The first step is to understand Ner I/l x FI for I € [

1

o« When I =1, 1/T has just one object, lid , and just one (identity) morphism:
1

1/1 = [0], therefore Ner 1/I = A[0], the terminal object of SSet, and Ner 1/Ix F1 =

F1=108
e« When I = 2, a similar argument gives Ner2/I x F2 = C

» I =0 is the initial object of I, so 0/I = I, which we can see explicitly, as 0/I looks
like this

0 0
lid — lm
0 1

l (3.3.3.3)
0

lﬂ?‘
2

So Ner 0/I 2 Nerl, so we must understand NerI.

n (NerI),

0 Obll={0, 1,2}

1 0 ——1, 0 — 2 plus degenerate arrows
(identities)

5 composable pairs, (e.g., 0 —=1——1), all
of which are degenerate

so in higher dimensions everything is degenerate, and we see that Ner is generated
by 0 — 1 and 0 — 2 in dimension 2.2 Moreover, since the non-degenerate

% Generates means that every element (in every dimension) may be obtained from these two by repeatedly
applying face and degeneracy maps—See [17].
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1-simplices have equal d; faces we see that Nerl is a pushout in SSet,

NUESNN

/_\.[50]1 l (3.3.3.4)

All] —fEer I
(A[4;] is the image of the basic face map defining the ith face; alternatively it is the
representing map for vertex 4 in A[1]: A[1](idg) = 4, and by the Yoneda embedding

this defines the whole map. The unnamed maps pick out the non-degenerate
simplices of NerI),

The above shows that Nerl is two copies of A[l] glued at the ends—a subdivided

interval
/ (3.3.35)

and hence A x Nerl is a subdivided cylinder with cross-section A

(3.3.3.6)

To finish the construction of the homotopy pushout, we now glue B and C to the above
cylinder by the relations (3.3.2.4). For example, (using the same notation as (3.3.2.4),
when u = 0 —— 1, we have that the f; must be identities id;, and we get the relation

(0,(0—>1—951|id,...,id),a € 4,) ~ (1, (id|id, .. .,id), f(a)) (3.3.3.7)

the left hand side is the copy of A at the right-hand end of the cylinder (3.3.3.6), and
right hand side is just f(a) € B, so we are saying that B is glued to the end of the
cylinder via f. Taking u = 0 —— 2 tells us to glue C to the other end of the cylinder,
and the only other possibilities are u = id, but these give us nothing new as they just
say things like (0, (0 —%= 0 —9> 0|id,. .., id),a € An) ~ (0, (id|id, . .., id), !¢ = q) i.e.,
they identify already equal elements.
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Thus the homotopy pushout is a double mapping cylinder, which we picture as follows.

¥ ¥
(3.3.3.8)
A attached -
to B via f A attached
to C via g

A % Nerl

3.3.4 Thomason’s theorem on homotopy colimits in Cat

We now turn to Thomason’s theorem, which tells us how to compute homotopy colimits
of functors into Cat: if F': C —— Cat is a functor from a small index category C, then
we can compose F with the nerve functor to get Ner F': C —— SSet, which will have a
homotopy colimit, hocolim Ner F': Thomason’s theorem says that this simplicial set is
Ner(C [ F), the nerve of the category C [ F from section 3.1.

The double category D(F")

Let F': C — Cat be a functor, and write z? for Fa(z) € F'B whenever z € FA and
a: A—— B. Define the Thomason double category of F, D(F'), by taking squares of the
form

(A.f)
(4,2) ——(4,7)

(ﬂ.,l‘) (CL,f) (a,y) (3341)

(B1ma)’('§‘"f_a’)‘ (B7ya)

So: squares are (a, f) with a: A—— B in C and f: x — y a map in F'A; horizontal
arrows are (4, f) with A € C and f: 2 — y in FA. vertical arrows are (a,z) with
a: A—— B in C and z an object of FA. Thus a square is actually determined by its
domain arrows (top and left sides).

Proof of Thomason’s theorem

Lemma 3.3.4.2.
Ner(D(F)) = H*(NerF) (3.3.4.3)



Proof. A typical element of Ner D(F),, . is exactly determined by its top and left-hand
edge:; the top is an element of (NerC,) and the edge is in (Ner F'Ag),.

(Ao, f1) (o.f2) (Ao, fq)

(A, o) (Ao, 1) (Ao, p)
(a1,20)
(A1, 2] s T T gk
(az,m00) (3.3.4.4)
Y ¥
(aq’mgnal...uq_l)
(Aq’mgﬂ---“q—laq) e tsspes ety seeseenad N L L ———— - V
O
Lemma 3.3.4.5. For any functor F': C — Cat,
V NerD(F)C f F (3.3.4.6)

Proof. We saw how to calculate V of a nerve of a double category in section 3.2.5, so
taking D = Ner D(F') we have that elements of (V NerID(F))3 are of the form

(4,2)

(a,x)

o (B

(B,2% 20 (B,y)

(b:2%) l(b.y) (3.3.4.7)
(C,2%) C12 (6,40 G0 (D, 2

(:8°%) l(cxy!’) l(w)

(D, fbe) (D (D,k)

9°) ” W
(D’xabc) '_)(D)ybc)—)(D?z )%(D’w)

which corresponds to (and is determined by)

) b, Jh
(4,2) 21 (B,y) L2 (€,2) L (D, w) (33.4.8)
giving us a simplicial isomorphism as required. a
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To finish the proof we note that we have a weak equivalence built as follows:

hocolim Ner F = diag H*(Ner F)
= diag Ner D(F)

(3.3.4.9)
2, VNerD(F)

NNerC/

This completes the proof of Thomason’s theorem.
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4 Bundles and Twisted Cartesian Products

We recall the notion of twisted Cartesian products and recall how they are classified by
homotopy classes of maps into the classifying space of a simplicial group: in the next
chapter we generalise this result, replacing ‘group’ with ‘crossed module’ and look at a
generalisation of ‘classifying space’ and what that might classify.

4.1 Fibrations and Fibre Bundles

We follow both [40, 11] in this section. We wish to consider ‘locally trivial’ structures
over some base simplicial set, and the notion of fibre bundle, and its representation as a
‘twisted Cartesian product’ provide the structure we need.

4.1.1 Bundles

A bundle over a topological space B is an element of the slice category Top/B.! We
often require extra structure on such an object (i.e., choose a suitable subcategory),
but in a general C it is not clear a priori which subcategory to choose, so introduce the
following general concept. (This viewpoint is taken from [3].)

In any category C, the category of bundles over B is the slice category C/B. The total

E
space of a bundle l;ﬂ is just the object E. The trivial bundles with fibre Y € C are
B

those (isomorphic to) the projections from a product with Y, ¥ x B —— B, and a locally
trivial bundle is a p for which there is some pullback diagram

VY xA—F

|
P“J ‘P (4.1.1.1)

A — B
Here we say f trivialises the bundle p, and instead of a single map f, it can also be
useful to require a family of trivialisations (often this is equivalent since we can define
A to be the coproduct of these and get a single trivialisation). For our purposes in
simplicial categories we just want our trivialisations to be representing maps: f = b to
be a representing map, for some b from B. If B was a topological space, we would look

!'Note that the slice categories in this chapter are dual to those used in section 3.3.1.

43



at inclusions of open sets covering B (so we could have one map for each open set in the
cover, or form the coproduct of all such).

4.1.2 Kan Fibrations

We will be using some of the well-known theory of Kan fibrations from [11] and other
places.

E

Definition 4.1.2.1. A bundle lp in SSet is a Kan fibration if every commuting
B

square
'mclusioul p (4.1.2.2)

induces a map A[n] — F making the resulting triangles commute.

Interpreting definition 4.1.2.1 we see that p is a Kan fibration iff the following occurs:
whenever we have a horn, h, in £ whose image under p has a filler w in B, then we can
lift w to a filler for the original horn in F.

A simplicial set E is called Kan if the unique map to the terminal A[0] is a Kan
fibration.

Here is an application of the diagram-based definition.

Proposition 4.1.2.3. The property “being a Kan fibration” is pullback-stable

Proof. Let p be a Kan fibration and f a simplicial map. We must show that the pullback
bundle f*(p) is a Kan fibration, so consider a square of the form (4.1.2.2), and adjoin
the pullback square defining f*(p)

L

Ak[n] —h)—EJrJ—}E

inclusionl lf‘(p} ll” . (4.1.2.4)

Because p is a fibration, the combined square has a diagonal filling map 6: A[n] — E.
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We have 0 # p=w # f and, since F is a pullback, we get a map 7: A[n| — Ef

(4.1.2.5)

We just need to show that 7 is a filler for the left-hand square of (4.1.2.4). The
bottom triangle of (4.1.2.5) is the same as the bottom triangle of (4.1.2.4), so we
just need to show that (inclusion) # 7 = h. To see this we use the fact that ¢+ and
f*(p) are jointly monic: we have (inclusion) # 7 # ¢+ = (inclusion) # 6 = h # ¢ and

(inclusion) # 7 # f*(p) = (inclusion) # @ = h # f*(p). O
E
Proposition 4.1.2.6. S(A, —) preserves Kan fibrations, i.e., if lp is a Kan fibration
B
S(A,E)
then so is lQ(A,P)
S(A, B)

Proof. There is a direct proof in [11], but we can (almost) see this directly as follows.
Given a square of the form (4.1.2.2) (with p replaced by S(A,p)), transpose it across the
adjunction A x — 4 S(A, —) and observe that the outside of the diagram

Ax Akl —2 . AxS(AE)—F ~F
Axinclusion AxS(A,p) p (4.1.2.7)
A x A[n] o= A x _‘S(A, B) m B

commutes. Then, since p is a fibration, we can (for example by constructing the map
at each dimension by induction, see also [22]) fill the rectangle by 6: A x A[n| — E,
whose transpose fills the original square for S(A, p). O

In the next proposition we use the more explicit ‘horn lifting’ property.
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E
Proposition 4.1.2.8. Let lp be a Kan fibration and let A

B

B be homotopic

via F: f —== g. Then the bundles induced by pulling-back over A are homotopy
equivalent: f*(p) ~ g*(p).

Proof. This proof is taken from [40], but changed to use a more modern, categorical,
notation. First we construct the pullback f*(p) by writing f = di(F) as the composite
(A x Ald]) # F,

E “ .
f_l E_J E
f*('p)l lp* lp (4.1.2.9)
A= ae Ax All] F B
where we have identified A and A x A[0]. Similarly, for g = do(F'), we get
By N
EgJ E” 5 E
g‘(P)J l?" JP . (4.1.2.10)
A—>AxA[50] A x All] = B

Now ¢y := S(Ey,—)(p*): S(Ey, B*) —= S8(Ey, A x A[l]) is a Kan fibration by proposi-
tions 4.1.2.3 and 4.1.2.6, and similarly we have g, := S(E,, —)(p*). Recall that these maps
are simply “compose with p*”, for example g¢(¢y) is the diagonal of the right-hand pullback
square in (4.1.2.9). By lemma 2.2.1.5 we have g;(¢f) = f*(p) x A[d1] = di(f*(p) x A[1]).
But now we have a horn (—,¢y) in S(Ey, E*)g whose image, (—, qs(.f)), under g has
a filler f*(p) x A[l] € S(Ey, A x A[l])1; therefore, since gy is a Kan fibration, we can
lift the filler f*(p) x A[l] to some l-simplex y; € S(Ef, E*); with di(y;) = ¢; (and
ar(ys) = f*(p) x Af1]).

We now claim that the other end, do(y;) € S(Ey, A x A[1])g, induces a map, o between
our induced bundles. To see this, calculate

do(yys) # p* = qr(do(yy)) (definition of gy) (4.1.2.11)
=do(qs(yy)) (g is a simplicial map) (4.1.2.12)
= do(f*(p) x A[1]) (defining property of yy) (4.1.2.13)
= f*(p) # (A x A[dg]) (by lemma 2.2.1.5) (4.1.2.14)

46



and then « is the factorisation through the right-hand pullback square in (4.1.2.10)

T (4.1.2.15)
A x A[l]

——
AXA[&D]

(the lower triangle says that o is a map f*(p) — g*(p) of bundles. 1, is monic as it
is the pullback of the monic A x A[dg], so the upper triangle commuting says that « is
do(yy) ‘corestricted to its image’).

A similar argument produces first y, € S(£,, E*)1 with do(yy) = ¢4 and then g,(y,) =
g*(p) x A[l], and finally # making

C
Ty »

ar E* (4.1.2.16)
*(p) p*

A—a-—AxA[&l} A x All]

commute.

We now have maps between the two bundles over A, and we must show that the
composites a # 0 and [ # a are homotopic to identities. To this end, regard « as a 0-
simplex of S(Ey, E;). Then, using the composition defined on the internal hom (2.2.2.2),

A
we have an element £ := sp(a) # yg € S(Ey, E*)1. We can write £ as Ey x A[l] e

E, x All] . E* using (2.2.2.3) and the construction of y,. We also have

do(€) = doso(a) # do(yy)
= (4.1.2.17)

= do(yy)

and

di1(€) = diso(a) # di(yg)

4.1.2.18
= a# B # L, ( .
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which gives us a horn, h say, in S(Ef, E*)s.

aBiy

h = & (4.1.2.19)

by —5— dolyy)

Now qs(ys) = f*(p) x A[l] by the definition of y, and

qr(§) =E#p" (4.1.2.20)
=(ax All]) #y, #p* (definition of &) (4.1.2.21)
= (a x A[l]) # (¢"(p) x A[1]) (definition of y,) (4.1.2.22)
= (a#g%(p)) x A[1] (4.1.2.23)
= f*(p) x A[1] (definition of «) (4.1.2.24)

which means that the image of the horn h under g; is filled by so(f*(p) x A[1]) in
S(E¢, A x A[1])a. Since ¢y is Kan we can lift to get a filler, z € S(Ey, E*),, for h. Let
w = dg(z) E é(Ef,E*)l.

afiy

/ \\
z
L 77 do(yy)

[qf (4.1.2.25)

) x A[1])
sody (f*(p)x A[l]) p)xA[l]
so(f* (p)x A[1])
x All ]) 1(]'10 (f*(p) x A[1])

This w is almost the required homotopy a # G =~ id, but it has the wrong codomain, so
we calculate

w#op* = qp(w) (definition of gy) (4.1.2.26)
= sodi(f*(p) x A[l]) (definition of w) (4.1.2.27)
= so(f*(p) # (A x Ald1]) (by lemma 2.2.1.5 withn =1) (4.1.2.28)
= prg, #15(p) # (A x Al61]) (by lemma 2.2.1.12) (4.1.2.29)
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which tells us that w factors through the pullback to give us w': Ef x A[l] — E;

¢

B (4.1.2.30)
I
——>—AxA[§1] A x All]

This says that w' is part of a strong homotopy (i.e., has the identity on the base) on the
bundle f*(p), and further di(w') # o5 = (Ep x Ald;]) #w' # 15 = (Ef x Alg]) #w = di(w)
hence do(w') #tp = afiy giving do(w’) = a# [ because ¢ is monic. Similarly di(w') = id
so w' is the required homotopy from the identity to ag.

A similar construction gives a homotopy between fa and the identity and we are

done. |
4.1.3 Fibres
E
The fibre, Y, of a bundle lp over a point  is the inverse image Y = p~!(x). In a
B

general category C (with finite limits), interpret a point, *, of B as a map, "=, from the
terminal object to B, and the inverse image as the pullback

Pr—sg
‘ ‘P. (4.1.3.1)

l==+8

From the above diagram we can also see that the sequence ¥ — F —— B is ‘exact’ in
the sense that the composite collapses all of Y to a point, and the ‘kernel’ of p (i.e., the
inverse image over %) is the ‘image’ of Y —— E. This ‘exact sequences’ framework can
be made rigorous, for example, if C is an Abelian category.

b
Let lp be any bundle (in SSet), and let by € Bp any vertex. Then the fibre over
B
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bg is given by the pullback

V ——

& E
l l‘f’ (4.1.3.2)
[ B

A O] a—a
bo
and “Y = p~1(bp)”, means that ¥y = p~(bp), Y1 = p(sobo), Y2 = p~t(s0s0bo), ete.
If we pull back (4.1.3.2) against the unique map A[n] — A[0], we get
Y x Aln] — Y—E
l l lp (4.1.3.3)
Aln] — A[0] — B

where the bottom map is the representing map for the generalised vertex, sf(bg), of
dimension n corresponding to bg. So knowing the fibre above by determines the fibre
above the generalised vertices corresponding to byg. But of course we cannot say anything
about other n-simplices of B, nor can we even say that all vertices have the same fibre.
This brings us to the notion of fibre bundle.

4.1.4 Fibre Bundles

E
A fibre bundle of fibre Y over a simplicial set B is a bundle f | such that for any
B
n-simplex, b € By, the pullback against the representing map is a trivial bundle.
¥z
l ‘p (4.1.4.1)
Aln] B

<l

Lemma 4.1.4.2. The trivial bundle over B with fibre Y is a fibre bundle

Proof. Trivial bundles are stable under pullback. Explicitly, we have a commuting
diagram

(pry #B) xid
Y x A
x Aln] Y X B+ 14
- ot (4.1.4.3)
Aln) - B A[0]

where the top composes to give the projection from the product ¥ x A[n] to Y. Hence
the outer rectangle is a pullback, and hence the left square is also a pullback, showing
that ¥ x B is a fibre bundle. O



4.1.5 Twisted Cartesian Products (TCPs)
Motivation

We shall use the discussion of atlases in [40] to motivate the idea of a TCP. The definition
can also be found in [11].
Atlases of a fibre bundle
E
Let lp be a fibre bundle as above. Looking more closely at the definition in section 4.1.4

B

we see that for b € B, we have an isomorphism a(b) from ¥ x Aln| to the standard
pullback E x g An].

m

YXA[ —>EXBA[TL — B
| (4.1.5.1)
Aln] B
Let a(b) := a(b) # m1. Since a(b)(y,o) = (a(b)(y, o), ), a(b) determines a and we call

either of the two families { a(b): b € B} or {a( ) b€ B} an atlas for p. We usually
regard a(b) as an element of S(Y, E x g A[n]), and a(b) € S(Y, E)y. Let G be a subgroup
of aut(Y), then any family of elements g(b) € G defines a new atlas { g(b) # a(b): b€ B}
(or { g(b) # a(b): b€ B}). We call two atlases G-equivalent if they differ by such a family
of g(b)’s.

Atlas Normalisation
We do not necessarily have a(s;b) = s;a(b) in S(Y, E), but we can define a new atlas

{d'(b): be B} by
2 (b) = a(b) b non-degenerate (415.2)
si(a’(b)) b= s;cis degenerate
(by induction this is well-defined. We would get the same formula if we used the
maps { a(b): b € B} instead of {a(b): b€ B}). We call the new atlas {a/(b): be B}
normalised.

Transition elements
Let { a(b): b € B} be an atlas. We do not necessarily have a(d;b) = d;a(b), but

di(a(b)) = (y % Al — 1) v Al 1] B x5 Aln ]) (4.1.5.3)
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is an isomorphism onto its image. We get a 6 making

Y x Afn — 1] —22

-kl

(dib)

Y x Afn— 1] — E x g Afn — 1]

(4.1.5.4)
B

Aln —1]

commute. We have 0(e,0) = (e,0 # &;), and the images of the maps d;(a(b)) and
a(d;b) # 6 are the same, both being the elements of the form (e, # 6;). Thus there is a
(unique) isomorphism ¢;(b): ¥ x Aln — 1] —Y x A[n — 1] with

t:(b) # a(d; (b)) = di(a(b)). (4.1.5.5)

We call the t;(b) the transition elements of the atlas. If the transition elements all lie in
G then we say {a(b): b€ B} is a G-atlas (we omit the G when possible). An atlas is
regular if its transition elements are all identities for ¢ > 0.

Lemma 4.1.5.6. Every (normalised) G-atlas is G-equivalent to a (normalised) reqular
G-atlas.

Proof. Let {a(b): b€ B} be a (normalised) regular atlas with transition elements ¢;(b)
as above. We define a new G-atlas {a'(b): b € B} which is (normalised and) regular
and G-equivalent to {a(b): b € B } by induction. On dimension 0 we let a'(b) = a(n),
so assume we have defined {a’(b): b € B } on dimensions at most n — 1, and let b € B,

(non-degenerate, as the normalisation process takes care of the degenerate elements).

Find elements g;(b) € Gp,—1 with

a'(dib) = gi(b) # a(di(b)) (4.1.5.7)
= gi(b) # t:(b) ! # di(a (b)) (4.1.5.8)

where h; := g;(b) # t;(b)~!. Since {a'(b): b€ B} is regular we have, for 0 < i < j,
dihy # didja(b) = di(a'(d;D)) (4.15.10)
= o/ (dyd;b) = o' (dj_1dsb) (4.1.5.11)
= dj_la’(dib) (4.1.5.12)
= dj_1h; # dj—1d;a(b) (4.1.5. 13)
= dj_1h; # didja(b) (4.1.5.14)
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which implies d;h; = d;_1h;. Now use the Kan property of G to get h € G, with d;h = hy
for i > 0, and define a'(b) := h # a(b). We have

di(a'(b)) = dih # dia(b) (4.1.5.15)
= h; # d;a(b) (4.1.5.16)
= d'(d;b) (4.1.5.17)

for i > 0 and so a’ is still (normalised and) regular and G-equivalent to a. a

Fibre Bundles are TCPs
Let {a(b): b€ B} be a normalised regular G-atlas and let ¢(b) = tp(b) which means that
doa(b) = t(b) # a(dpb). Note that the uniqueness condition in (4.1.5.5) implies that ¢
satisfies some properties which are listed in (4.1.5.30); these are verified by applying a d;
or s; to the equation dpa(b) = t(b) # a(dob), and noting that £(b) is the unique solution
to that equation. Deviating from the standard references, we write ¢(b, o) for the unique
element of G for which

o-a(b) = ¢(b,o) #alo - b). (4.1.5.18)

Here b € B, and ¢ € Aln|, so the defining property of ¢(b) says that (b, dp) = ¢(b). The
calculation

(r#0)-a(b) =7 (0-a(b)) (4.1.5.19)
=7 (p(b,0)a(o - b)) (4.1.5.20)
= (7 ¢(b,0)) # (7 - a(o - b)) (4.1.5.21)
= (1 @(b,0)) # (el - b,7)a(r o b)) (4.1.5.22)

shows that
(b, (r#0)) =71-p(bao)#e(o-bT). (4.1.5.23)

We also note that if o can be written (for example using the normal form (2.1.1.1)) as a
product of o; (j = 0) and &; (¢ > 0) only (i.e., no dy), then ¢(b, o) = id. Thus taking 7
to be §; and o; in (4.1.5.23) gives us the following rules

(b, do(0)) = do(@(b, o)) # t(o - b) (4.1.5.24a)
(b, d;i(0)) = di((b, o)) 1>0 (4.1.5.24Dh)
(b, si(0)) = si(p(b, o)) 1.2 0. (4.1.5.24c)

We now note that our atlas almost gives a simplicial map a: B — S(Y, E), except
that a does not commute with dy (and ¢ is measuring the degree to which a is not
simplicial; the normalisation process just says that we can move all the failure to the

dop-face). Nevertheless, we can ‘transpose a across the Cartesian-closed adjunction’ to get
1Y x B—=F;

£= (Y x B XX ¥ x S(V,E) > E) (4.1.5.25)
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which sends (y, b) to y*®), ¢ inherits all the ‘simplicialness’ of a, i.e., it commutes with
all s; and all d; with ¢ > 0, and

— (dgy)!©#aldod) (4.1.5.27)
= £((doy)™™, dob) (4.1.5.28)

So we can make & simplicial by defining a new simplicial set, which we call ¥ x; B, which
is the same as Y x B but we redefine the 0-face to be do(y,b) := ((doy)*®, dgb). Of
course to be a simplicial set we need to check the simplicial identities, but these follow
from the aforementioned properties of ¢ (i.e., (4.1.5.5)).

Proposition 4.1.5.29. The map & is an isomorphism Y x4y B =2 E.

Proof. Using the notation of the diagram (4.1.5.1), we have a(y,b) = (a(y,b),b), the
inverse is given by a(e, o) = (v(e,0),0) where v = a(b)™! # pry is a simplicial map
v(b): E(b) — Y.

When e € E, we get (e,id,) € E(p(e)), so it makes sense to write ”¢) for v(b)(e, idy,),
and it is easy to check that the map sending e to this element ¢“(®® is an inverse for

€. 0
Y Xt B
We can consider Y x, B as a bundle lp: where p;(y, b) = b and then the above
B

shows that p; = p as bundles.

Definition

Abstracting from the previous section, let G' be a simplicial group acting principally on
the simplicial set Y. A twisted Cartesian product (TCP ) with base B, fibre Y, group G

Y Xt B
and twisting function ¢ is the bundle lm where

B

o Asaset, (Y x;B)y=(Y X B),=Y, X By

» The twisting function t: B+, — G, (one t for each n) satisfies

t(d1b) = do(t(b)) # t(dob) (4.1.5.30a)
#(dib) = di_1t(b) ) (4.1.5.30b)
t(s:b) = s;—1t(b) iz1 (4.1.5.30c¢)
#(sob) = id (4.1.5.30d)
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o The faces and degeneracies are given by

do(b,y) = (dob, (doy)t(b)) (4.1.5.31a)
di(b,y) = (dib, diy) i1 (4.1.5.31b)
si(b,y) = (sib, siy) i>0 (4.1.5.31c)

e The map to B (making the TCP a bundle) is projection, p(y, b) = b.

If Y is the underlying simplicial set of G and the action is the regular representation
(section 2.5.3) then call Y x; B a principal TCP (PTCP).

Lemma 4.1.5.32. The class of TCPs (with fibre Y ) is stable under pullback, with
f*(pe) = praws
Y X f#t A—>Y Xy B
Pf#tJ l?’t ; (4:1.5.33)
A B

i

Proof. Using the standard description of pullbacks in SSet, we have that the set of
n-simplices in the pullback is { ((y,b),a): (y,b) €Y x, B, a€ A, f(a)=>b} and the
faces are just like a product except for the zero face, which is given by do((y,b),a) =
(((doy)*'®, dob), a) = (((doy)"/®), f(doa)),dpa). Thus we have a simplicial isomorphism
from ‘the standard pullback’ to Y x s, A sending ((y,b),a) to (y, a). O

We saw above that every fibre bundle gives rise to a TCP, we will show in proposi-
tion 4.1.5.36 that every possible TCP (i.e., every choice of ¢ satisfying (4.1.5.30)) gives
a fibre bundle. Since we are starting only with ¢, we do not, a priori, have the map ©
from (4.1.5.18), however we can define ¢ as follows. If b € B, and ¢ € A[n],, then write
o in normal form using (2.1.1.1); if this form does not involve &y then set (b, o) = id,
otherwise we have o = o' # do # 6’ where ¢’ is a product of a; (i = 0) and ¢’ is a product
of 4; (7 > 0), and we define

(b, o’ # 8o # d") =o' - t(8'D) (4.1.5.34)

Lemma 4.1.5.35. Let t be a twisting function and ¢ defined as in (4.1.5.34), then ¢
satisfies the properties of (4.1.5.24).

Proof. This is an easy exercise using the simplicial identities. O
Proposition 4.1.5.36. Any TCP, Y x; B (as defined in section 4.1.5) is a fibre bundle

Proof. Let b € By; using lemma 4.1.5.32 we just need to find an isomorphism A[n] x; ”
Y = A[n] x Y. This can be done by the following map

n:Y x Aln]

Aln] Xgu, Y
4.1.5.37
(o) ———— (4, q) ( )
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where (b, o) is defined from ¢ as in (4.1.5.34). To show 7 is simplicial is exactly the
properties (4.1.5.24); because ¢(b, o) € G, n is a bijection in each dimension, with inverse
sending (y, o) to (y?®o) ™" o). O

Corollary 4.1.5.38. The TCP Y x; B has a normalised atlas given by
a(b)(y,0) = ("), b(e)) (4.1.5.39)
i.e., we have a pullback diagram

ut(b)

Y x Aln] Y x; B
- (4.1.5.40)
Aln] - B

Proof. a;(b) is just i from the proposition composed with the top map in the pullback
square (4.1.5.33) from (4.1.5.37) O

We note in particular that putting o = id, in (4.1.5.39) tells us that y®®) = (y,b).

Twisting functions as simplicial maps
Lemma 4.1.5.41. Twisting functions t: Byy1 — G, correspond naturally to maps of

S-Gpds, t': GB — G, and hence to simplicial maps B— WG

Proof. By definition of GB (section 2.5.5) t': GB — G in level n is exactly specified
by its action on the generators, i.e., by a function ¢: Bpy1 — G, with ¢/(spz) = id:
t(b) = t'(b).

The condition that ¢’ should commute with the simplicial structure on the arrows of
GB is exactly the rules (4.1.5.30) applied to ¢. For example, #'(d§5b) = dS(t'(b)) says
exactly that dot(b) = t(dib) # (¢t(dob)) ™" because do(t'(b)) = do(t(b)) and

¢ (doB) = ¥ (@b # (d5) )
— ¢/(dob) # (tf(d—lb))—l (4.1.5.42)
= t(dob) # (t(cab)) ™"
The final statement follows by transposing across the G 4 W adjunction. |

Note that a given twisting function alone does not determine the TCP, as different
actions of G on Y will give different values for do—it is both the twisting function and
the action that are required.
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Classification of TCPs by homotopy classes

In this section we will see how TCPs with base B and fixed fibre are classified by
homotopy classes of maps B — WG. By fized fibre we mean that we choose a group
G, fibre Y and a fized action of G on Y—what we really classify is twisting functions
from B into G, and then to get a TCP you just need to choose an appropriate action.

Furthermore all TCPs arise as pullbacks against a ‘universal TCP’ The obvious
candidate for a universal twisting function is given by the counit of G 4 W: we have
eq: GWG — G which gives us a twisting function which we will still call eg. The
corresponding TCP, Y x., WG, is denoted by W(G)y. If the fibre ¥ is the underlying
simplicial set of G itself, and the action is multiplication on the right (i.e., the regular
representation from section 2.5.3), then we denote the TCP by W(G).

We have the following corollary to lemma 4.1.5.32.

Corollary 4.1.5.43. Any TCP p; (with fibre Y ) arises as a pullback against the TCP
with twisting function eg (and the same fibre as py):

2= (e, (4.1.5.44)

where t': B — WG is the transpose of the simplicial map t': GB — G corresponding
to the twisting function t.

Proof. t' = G(t') # ¢, so the result follows from lemma, 4.1.5.32. O

In [11, 40] the following approach is now used: First show that TCPs are Kan fibrations
and then use proposition 4.1.2.8 to show that homotopic maps induce the same TCP.
To complete the classification, they then show that two maps inducing the same TCP
over A are homotopic.

However we can take a slightly different path to this result. Suppose we have a map

Y x..B Y x; B
0: lps — l,’ﬂg (4.1.5.45)
B B

If b € By, we have a pullback diagram

as(b)

Y x Aln]

Y x, B

(4.1.5.46)
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where the dotted line is an element of S(Y,Y'), using the description in section 2.2.1; it
is convenient to write this map z(b)(y, o) = (2(b)(y, o), o) where now z(b)(y,0) € ¥;.
We now calculate

0(y, b) = 0(as(b)(y,idn)) (4.1.5.47)
- at( )(2(b )(y, id ) id,) (4.1.5.48)
z(b)(y,idy, (4.1.5.49)
(y ®) p) (4.1.5.50)
It is easy to check that the following equations will ensure that 8 be simplicial
z(sib) = s;2(b) i20 (4.1.5.51)
z(dib) = d;z(b) t>0 (4.1.5.52)
s(b) # z(dgb) = (doz(b)) # t(b) (4.1.5.53)

Conversely, if @ is simplicial, we would get, for each of the equations a statement that
each side acts on all y in the same way, (so for example y*=#() = y#(:) for all ), and it
should in fact be possible to prove that the equations hold without the y(*) part from
this. In any case, we will always be constructing our # from a z which definitely satisfies
the above equations.

We will say that 6 is a morphism of TCPs of group G if those equations hold and
z(b) € Gp. As an example we note that the equations (4.1.5.24) say exactly that the
map 7 from the proof of proposition 4.1.5.36 is a morphism of TCPs.

The requirement that z(b) € G, implies that # must be an isomorphism, for it has an
inverse given 6=1(y,b) := (y*® 7", b).

We saw earlier that TCPs are classified by maps B —= WG, i.e., by elements of
S(B,W@G)o. In our standard references [11, 40] it is shown that isomorphism classes of
TCPs are classified by the homotopy classes in S(B, W@)p based on the fact that a TCP
is a Kan fibration and using proposition 4.1.2.8; in fact we can follow a more modern
spirit of categorification (in the sense of, for example [1, 2]) and instead of classifying the
homotopy classes we will instead look at the actual homotopies themselves.

We first note that elements of (WH)y are the objects of the simplicially enriched
groupoid H, so in dimension 0, § maps every object to = € (WG)O where « is the single
object we have when we consider the simplicial group G as a simplicially enriched groupoid.
In higher dimensions, 5(b) is the list (s(b), s(dob), s(d3b), . ..,s(da*(b))) (which is an
element of (WG),.

Theorem 4.1.5.54. Morphisms 0:Y x3 B——=Y x; B of TCPs induce homotopies

Z: 5 —=>1 between the elements of S(B,W@G)g corresponding to the TCPs we started
with.

Proof. Referring to section 2.4.2, we will just draw the lowest parts of the homotopy—it
is clear how the construction can be continued for the higher levels, but we will not give
all the details here.
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b) -
In dimension 0 we assign to each b € By the 1-simplex 5(b) 2, t(b).
In dimension 1, we must assign to bg b, b a pair of 2-simplices which fit together to
form the square (which lives in WG)

3(b)

——

* *
\ hi(b)
2(bo) z z(by) (4.1.5.55)
ho(b) \
* *

—_—N

(b)

here the common face b* will be determined when we define hi(b). Now (b) € W(G); is
just the element t(b) € Go, and ho(b) € W(G)2 consists some a1 € G1 and az € Go. As
we will find in later sections, it is helpful to take a categorical view and draw a; as a
2-cell, so that ho(b) is drawn as the following diagram in G.

z(bg)
*/ﬂ}‘*i}* (4.1.5.56)

The formula for dy and dy in W(G) tell us everything apart from dg(aq)). The d; part
tells us only that do(a) # t(b) = b*, but once we choose a € G; we will have specified
ho(b) completely. Similarly, specifying h;(b), which is drawn as

s(b)

I

* ﬂﬁl . (4.1.5.57)

do(B1)

is equivalent to giving §; € G; with

do(B1) # 2(b1) = b* = do(a) # t(b). (4.1.5.58)

Comparing this requirement to the last equation (4.1.5.53) suggests we take a; = z(b)
and 1 = so(s(b)). This specifies the homotopy in dimension 1, and clearly the process
can be continued for dimensions 2 and above: the h; (as described in section 2.4.2) are
built from z(b) and various degeneracies. O

Corollary 4.1.5.59. If we fiz an action of G on'Y, then isomorphism classes of TCPs,
Y x; B, are classified by homotopy classes of maps B — W(G).

39



Proof. We saw in the theorem that we can construct a homotopy from an isomorphism,
for the converse we can either do a similar construction in reverse, building 2z (and hence
6) from the homotopy, or note that in the proof of proposition 4.1.2.8 we constructed,
from a homotopy, maps, a and 3, between the induced bundles E; and E,, and these
will automatically be isomorphisms of TCPs. O

In fact one should be able to do the construction in further dimensions, i.e., if given a
‘triangle’ of maps of TCPs,

YXtB

(4.1.5.60)

Y x; B Y x, B

03

a homotopy X: 6, —> 305 ! will, given some conditions on X (i.e., the analogues
of the conditions on z) correspond to an element of S(B,W(G))a. Indeed we should
expect that higher n-homotopies of T CPs should be the same, in some sense, as ele-
ments of S(B, W(GQ)), for all n. However even drawing the pictures as in the proof
of Theorem 4.1.5.54 becomes rather involved.

Returning to the case of a single map 6: ¥ x; B —Y x; B, we can instead interpret
s and t as maps §B — G, and we can interpret our homotopies in a similar manner:
s and t are morphisms of S-Gpds, so we expect our # to be some kind of natural
transformation between them; a brief sketch of this idea follows.

First the objects: both maps s and ¢ can only map the object of GB corresponding
to b € By to the single object x € G. We have a z(b) € Gy between these objects as we
might expect for a natural transformation.

On the morphisms it gets more complicated. Dimension zero of GB is generated by

the by ——> by from B, and this is mapped to s(b) and t(b) in Gp. Our map € provides a
1-simplex, z(b), of the form

b= o (Bl LB (4.1.5.61)

or equivalently we can look at Z(b) := z(b) # so(t(b)), which may be pictured as a 2-cell
filling the square

" zbp "
sb‘ % \tb. (4.1.5.62)
*— %k

zb1

The other morphisms are products of the generators, and can deal with them by combining
those by multiplying the basic squares of the form (4.1.5.62). For example, if we have



a second 1-simplex by i by in By (which corresponds a O-morphism b which we can
compose with the one corresponding to b) we can form Z(bb') as

solz{by -1 J

s(bb')z(ba) (4.1.5.63)

which fills the square

zbg
*——> %

s(bb') %ﬁb,) LB’ (4.1.5.64)

*

*
2bo

In the next dimension (when b is in By, corresponding to a generator for G(B);) we get
a z(b),

S(bm)z( t(bm) 1

b bo12)2(b12)t
%b \ ) (4.1.5.65)

which, if we multiply it by so(t(b))a can be interpreted as a 3-cell filling in a prism in
which the three square sides are essentially Z(d;b) (¢ = 0,1,2). In this way our homotopy
corresponds to a sort of ‘infinitely lax natural transformation’ between the functors s
and .

Relationship with homotopy colimits

Let G be an ordinary (not simplicial) group acting on the simplicial set Y. This means
that, considering G as a category with one object, x, we have a functor p: G —— SSet
sending * to Y. Write K (G, 0) for the simplicial group with K(G,0),, = G for all n (and
all face and degeneracy maps are the identity).

Theorem 4.1.5.66. For G an ordinary group acting on the simplicial set Y via a functor
p, the universal TCP W(G)y is isomorphic to the homotopy colimit of p.

Proof. Because all the faces and degeneracy maps are constant, W(K(G,0)) = Ner G
and the universal twisting just picks out the first go from (go,91,...,9n) € NerG.

Then level n of W(K(G,0))y consists of elements of the form (y, (go, g1, - -+, gn)), With
y €Yy, and

do(y, (90,91, - -, 9n)) = ((doy)*, do(g0, 91, - - -, gn)) (4.1.5.67)

is exactly the formula from the simplicial replacement formulation of the homotopy
colimit (see (3.3.2.11)). O
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In the light of this theorem, we can regard a TCP as a kind of generalisation of a
homotopy colimit: the simplicial set Y x; B is a sort of ‘formal homotopy colimit’ where
we have replaced the nerve of the category GG with the simplicial set B and have replaced
€ with ¢ in some sense.

We will generalise this result in section 7.4.
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5 The Classifying space of a crossed
module

We now apply the ‘classifying space’ machinery of the previous section to crossed modules.

5.1 2-groups, crossed modules

Let M = (C‘ s P) be a crossed module.

One of the difficulties is that we may view M as a crossed module, cat!-group,
simplicially-enriched group(oid) or as a special kind of 2- or double category. All of these
views will be useful, so let us set out some notation for the various (equivalent) views of
M.

Above we said C —2> P was a crossed module. We must clarify whether we are using
right or left actions here; for action now, we will use right actions, thus the group P acts
on the group C' on the right and 9 is a group homomorphism which satisfies the following
rules:

NcP) =p~tOcp in P, (CM1)
% = cTlec; in C. (CM2)

5.1.1 ‘Algebraic’ views of M
catl-groups

It is well-known ([37], and see also the exposition [21]), that the category of crossed
modules is equivalent to the category of cat!-groups, the latter being (equivalent to)
internal categories in Grp (the category of groups). Here is the cat!-group corresponding

to our crossed module M:
PxC

H (5.1.1.1)

P

i.e., P is the group of objects, P x C the group of arrows. The source and target maps are
such that we have (p, c): p — pde, with composition given by (p,c) # (p,¢') = (p, cc’).
Note that this is automatically an internal groupoid in Grp, simply because all internal
categories in Grp are in fact internal groupoids.

Let us write X(M), for the cat!-group arising from M all such cat!-groups arise (up-to
isomorphism) from some M.
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Internal Categories, Internal Group(oids)

An internal category in groups is also an internal group in categories, and since Grp is a
subcategory of Grpoids, we can replace ‘group’ by ‘groupoid with one object’ giving the
‘horizontal’ picture

PxC 1
ll ll (6.1.1.2)

i.e., the category of objects is the terminal category and the category of arrows is the
category described in the previous section. The composition is given by multiplication in
PxC: (pc)# (p,c) = (pp, " ¢).

Although we do not need it for our present purposes, for completeness we should
write (M) for this internal group in Grpoids; all such objects arise (again up-to
isomorphism) from some M.

Double categories, Double groupoids

A category object in Cat is a double category, and the previous two sections can be
explained as showing the vertical and horizontal structures of a double category; the

squares look like
P

_—

*
id | (p
*

—_—

) (5.1.1.3)
pde

re————3
o

with vertical and horizontal composition of squares exactly as in the previous two sections.
Because both vertical and horizontal structures are groupoids, we actually have a
double groupoid, and since there is just one object, x, we have a double group.
Let us call this double group X¥(M)g; all double groups with trivial vertical structure
arise in this way.

2-groups

Because the category of vertical maps is trivial, we actually have a 2-groupoid; and even
a 2-group: a single O-cell and all higher cells invertible.
Here is a typical 2-cell in our 2-group.

(pc) * (5.1.1.4)
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We will use the ‘#;’ notation (which seems to be due to Crans) for composition, so we
write horizontal composition as (p, ¢) #o (¢, ¢') = (pp', ¥ ¢'), and vertical composition is
as (p,c) #1 (v, ) = (p,cc).

Let us write X(M) for the 2-group arising from M. All 2-groups arise (up-to isomor-
phism) as X(M) for some M.

5.1.2 ‘Simplicial’ views of M

From any category object (in a category with pullbacks) we may produce a simplicial
object by taking the (internal) nerve: the n-simplices are the strings of n composable
arrows in the internal category (in general these are constructed using pullbacks, but we
only need this for categories in which we have actual elements so will omit the details
here); because the nerve functor is full and faithful this loses no information and offers a
“simplicial view” of M. From our crossed module we thus have several simplicial views
available, one for each of the more “algebraic” views above. Let us quickly list these.

Vertical nerve

Taking the nerve (internal to Grp) of X(M), gives a simplicial group, Ner X(M ), which
looks like

e PrxCwr(C PxC

P. (5.1.2.1)

_—

Horizontal nerve

Taking the nerve (internal to Grpoids) of X(M )y, gives a simplicial groupoid Ner X(M )y,
which looks like this:

(P C)? PxC 1
| =] |==l] =
P2 P 1

The ‘double nerve’

The double category, X(M)q has a double nerve as in section 3.2.2 which we denote
Ner X(M)q.

Getting a simplicial set

Because X(M), is a simplicial group, it can be considered as a simplicially-enriched
groupoid (with one object), and we can apply W to get a simplicial set.

Alternatively we can apply the Artin-Mazur codiagonal to the double nerve of X(M)q4
(the other obvious approach is to apply the diagonal, but this gives the same simplicial
set up-to weak equivalence [9]).
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The above constructions give the same simplicial set and a final way to arrive at this set
is that M is a 2-category, i.e., a category enriched over Cat. Replace each hom-category
with its nerve, and we have a SSet-enriched category (in fact a SSet-enriched group).
The obvious nerve construction of a SSet-enriched category is a bisimplicial set, and
taking the codiagonal gives exactly the description above.

In summary, this simplicial set, which we will call Ner M, is

Ner M = W (M) = WE(M), = V Ner X(M)q (5.1.2.3)

There are further generalisations to get nerves of bicategories, for example [14], but we
do not need these here.

5.1.3 Explicit description of the nerve

Using section 5.1.2, we can give an explicit description of the nerve of a crossed module.
It is probably just as easy to give the case of a general 2-category, so let us do that.

In general, (NerC), involves ‘generalised whiskering’. Here are the first few levels,
drawn both as diagrams in C and as simplices. Unnamed arrows are identities and 0,1, ...
are arbitrary objects of C (so all are equal to * in the crossed module case).
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n staircase 2-category picture simplex picture
0 Ao AO AO
0
1 l | 0—2. 1
0 = 1
b 1
ap
l e TN . w o
2 0——1 ap ] ——2 {o,bo)
L o l S ¥
0 < 1 o 2 " 0 a1#obo 2
1
0
ag 1 . bico
0
—2Ps g JJeo /\
3 o l )—a——1 ﬂﬁo 2*3 bo
0—251 B 2 Ural \b/ ______QE?LCE_-——’ 3
din l B l az . 0
b co
0 = ] —s = 3 a1bo
2

The faces of the above 3-simplex (which we may denote by (g, @1, o, o)) are: do = {(Bo,co), di = (a1 #o0 Po, o), d2 =

(oo #1 a1, bo #o co) and d3 = (ao, bo)-



5.2 Weak Equivalences and the Vertical Nerve of a crossed
module

5.2.1 Homotopy groups of a crossed module

Let M = (C = P) be our crossed module. The homotopy groups of M are defined to
be the homotopy groups of the Moore complex of M. This means that M has just two
non-zero groups w1 (M) = coker 8 = Pfimg and ma (M) = ker 0.

5.2.2 Weak Equivalences of Crossed Modules

Let M; and Mgy be crossed modules with M; = C; "N P;. A map ¢: My —— M> is (as
usual) a weak equivalence if it induces isomorphisms on the homotopy groups, i.e., on the
kernel and cokernel:

s

ker 8] —— ker &

Il

o e
& s (65.2.2.1)
P = Py

coker 0y —ZJ-— cokédr dq

Write 71 and mg for the common homotopy groups. We can subsume the isomorphisms
(given by ) into maps into C; (or out of P;), and rewrite the above diagram as

/\

Ch Cy
all laz ; (5.2.2.2)
P P

N A

m
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5.2.3 Example of a weak equivalence

Let My =N —2. P be the crossed module corresponding to the inclusion of a normal
subgroup N < P, and let My = 1 —— G a 1-type with G = P/y the quotient group.

Then the quotient map, g: P — G, induces a weak equivalence M, = Mo.

5.2.4 Weak equivalences induce homotopy equivalences on the vertical
nerve

Proposition 5.2.4.1. Let ¢ be a weak equivalence p: My — My. Then ¢ induces a
homotopy equivalence on the vertical nerves.

Proof. Case 1: ¢ comes from a quotient map
It is instructive to first consider the case where ¢ comes from a quotient map, g, as
in section 5.2.3.

We have to prove that the simplicial set Ner,[X(M;),] is homotopy equivalent to
Ner, [X(M3)y] = K(G,0). We produce a contraction by specifying an extra degeneracy
S—1

do
PxNxN @ PxN—>@q (5.2.4.2)

Note that, since ¢ is a quotient map, g(a) = g(b) <= a = bn for some n € N.

Let s be a splitting in Set for ¢ (of course no splitting exists in the category of groups
unless N = 1), i.e., s: UG — UP is a map of the underlying sets such that ¢(s(g)) =1
for all g € G. This means that s(g) is any choice of element from the coset g, i.e., s is a
transversal.

We can now form a map

U(G x N) UP

(g,n) ———s(g)n

(5.2.4.3)

this map is a bijection. (For any p € P we have ¢(p) = gsq(p), hence p = sq(p)n
for some n; the inverse sends p to (sgp,n).) We use this bijection to define our extra
degeneracy s_1. Namely, given (p,n) write p = s(g)n (where g = ¢(p) € G) and set

5—1(p1 1’1) = (391 (’TL, n))
Note that the equation p = s(g)n says that we have a 2-cell

P
/ﬂ\\

s |m s (5.2.4.4)
Y

p
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in M; (equivalently: a l-simplex in the its nerve) and s_; just prepends this 2-cell to the
n-simplex (p, n).

The General Case
We now turn to a general weak equivalence ¢: M; — My (using the notation of sec-
tion 5.2.2; in particular see (5.2.2.2)).

As before, pick a section s; for the quotient map g;. This gives us a section s for g9
with s2(g) = ws1(g).

We require maps f: Ner X(M;), — Ner X(Ma)y, g: Ner X(Ms), — Ner X(M;),
and homotopies H: id —> fg and L: gf — id. We set f = Ner ¢ and define g and
H together.

In dimension 0 we need g to map Ps to P, so define g(p2) = s1(g2(p2)). H must assign

to pz a l-simplex ps == fgpa in X(Ma)y. We have g2(fgp2) = q2¢51q2p2 = q252q2p2 =
g2(p2) so there is H(p2) € Cy with fgps = padaH (pa), i.e., we have a 1-simplex/2-cell

P2

* ﬂH(m)* (5.2.4.5)

fap2

as needed for H.

Note that the defining property fgps = p202H (p2) does not uniquely determine H (ps);
in fact it determines it uniquely only modulo ker dy = o

Now consider a 2-cell

P2
* \ﬂ@/r* (5.2.4.6)
padace

We have g(p20ac2) = s1q2(p20aca) = s192(p2) = g(p2); hence fg(p2) = fg(padaca), which
means that aco02H (padaca) = 02H (p2), or equivalently, H (p2) LcoH (p2dacs) € ker 9y =
2. So we may define a map (of sets)

g:PgD(CQ )

(5.2.4.7)
(p2, ca) ———— H(p2) ' caH (padacs)

using the map my >— C; we can consider g to map into Cj, (i.e., @g(ps,ca) =
H(po) teoH (paBaca) € Cy (here we are using that ¢ gives an isomorphism on ),
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and this defines g in dimension 1, i.e.,

/;7_2\ g(p2)
g * \\H’CQ/{* = * ﬂg(pz,()z\a (5248)
p202¢2 g(p2)

For our homotopy, H, we need 2-simplices hg and h; with

P2 M’" p28262

hi

(p2,H (p2) (p2dacz,H(p2daca) (5.2.4.9)
ho

Fopy s f9(p2bscs)
since the vertical nerve is determined by dimensions 0 and 1 only, the above diagram
determines hg and h; provided the common d;-face is well-defined, i.e., we must have
coH (paBaca) = H(pa)fg(pe2, ca) which is true by construction of g. Again using the
coskeletal property of the vertical nerve this is all we need to construct the map g and
homotopy H: id —= fg.

A similar construction gives us ¢’ and L: id — gf. By lemma 5.2.4.10 this shows
that the two vertical nerves are homotopy equivalent. O

I

Lemma 5.2.4.10. Suppose we have A h. B A-2LspB composable maps and

homotopies h # f — idy and f # g —> idp. Then f is a homotopy equivalence
B—=>A.

Proof. g# f~(h# [)# g# [ =h#(f#9)# [ =h#[~ida O
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6 Sheaves and Covering spaces

In this chapter we recall some well-known tools from topology (sheaves, covering spaces
and the nerve of a cover) that will be needed in the next chapters. The main reference
is [36].

6.1 Sheaves, Etale spaces, and Covering Spaces

To make a connection with locally trivial bundles in topology, and to start moving
towards stacks, we recall the proof that locally constant sheaves on a space are equivalent
to covering spaces. The proof comes from [36] and [3] but the result is rather older. We
will attempt to generalise some of this section in section 8.2.

6.1.1 Preliminaries

For a functor F': C —— Set we can form the Grothendieck construction (section 3.1)
which comes with a projection functor Grot(F'): C [ F — C back to C.

Given any T': C — € with £ cocomplete, write [C°P, Set| for the category of presheaves
on C, and Y for the Yoneda embedding. We have a diagram

op L
[CoP, Set] —=¢
R

6.1.1.1
y = ( )
with L 4 R and Y # L = T. Explicitly,
L(F) = colim (ch Gret() c_T>5> (6.1.1.2)
R(B) = £(T(-), B) (6.1.1.3)
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Proof.

(Az)eC[F
E(LF,B) = 5(/ TA, B)

o / E(TA, B)
(Az)

= /( 1y B (6.1.1.4)
~ f [C°®, Set] (Y(A4), R(B))
(Az)
(A2)
= [c°P, Set] ( / Y(A), R(B))
= [C°P, Set] (F, R(B))

where the last line uses density!: [ (42) Y(A) =2 F. L(Y(A)) = TA now follows from
putting F = Y(A) in the adjunction isomorphism (6.1.1.4). a

6.1.2 Germs and sections

Take £ = Top/X and T the following functor

T:O0(X) Top/X
U Ue—sX (6.1.2.1)
UCVi—=UCV

Stalk(F)
From (6.1.1.2) we get L(F) = lfr (the stalk of F) with
X

and where the equivalence relation defining the colimit is generated by

[p, (U, 2)] ~ lg, (V,y)] if (Grot(F) # T) ((V,y) — (U, 2)) (¢) = p. (6.1.2.3)

Now a map (V,y) — (U, z) exists iff V' C U and z|y = y (here z|y is the image of
@ € FU under the ‘restriction’ map F'U — F'V, which is itself the image under F' of
the inclusion V —— U in O(X)), and when such a map exists (6.1.2.3) just says ¢ = p.
So we see that the equivalence relation is just ‘[p, (U, z)] ~ [g, (V,y)] iff p = q and there
is We O(X) with W C U,V and z|w = y|w’ The equivalence class of a triple (p, U, z)

Density actually follows from this adjunction result: taking 7' = ), we see R = id, whence F = id also.
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under this equivalence relation is called the germ of z at p and is written germ,, x); thus

Stalk(F') is just the set of germs for F. The map 7 is just projection: W(germpgm)) =7
A
From (6.1.1.3) we get that R (which we will write as I') takes a space | |o | to the
X
presheaf I'(a) with

U A
['(a)(U) = Hompep, x l ’ l”‘ (6.1.2.4)
b 1 A8,

= { sections of « over U },

where a section of o over U is a map s: U — A with s # a = idy.

6.1.3 The Sh(X)-Etale/X equivalence

The above gives us an adjunction between the presheaf category on C and spaces over X.
Restricting attention to those presheaves for which the unit of L 4T is an isomorphism
gives us the full subcategory Sh(X) of sheaves on X; restricting attention to those
spaces over X where the counit of L 4T is an isomorphism gives us the full subcategory
Etale/ X of étale spaces over X. It then follows that that the adjunction of section 6.1.2
restricts to an equivalence Sh(X) ~ Etale/X: the sheaves are exactly the presheaves at
which the unit is invertible and the étale spaces are exactly the spaces over X where the
counit is.

Finally, the sheafification functor from presheaves to sheaves is obtained as Stalk #T",
and we have Stalk #I" - inclusion.

6.1.4 Locally constant sheaves and covering spaces

From now on we assume our space X is locally connected. We recall two classical local
definitions.

Definition 6.1.4.1. Call a sheaf F' € Sh(X) locally constant if each p € X has a basis
of neighbourhoods, A, such that whenever U,V € Np with V' C U, the restriction
FU —— FV is isomorphism.

We get a full subcategory Sh(X),. C Sh(X) of locally constant sheaves on X.

E
Definition 6.1.4.2. Call a space lﬂ € Etale/X over X a covering space (or some-
X

times just a cover on X) if every € X has a neighbourhood U (called fundamental)
with 7=1(U) 2 U x F for some discrete space F (called the fibre).
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We get a full subcategory Cov(X) C Etale/X of covers of X.

Theorem 6.1.4.3. The equivalence of section 6.1.3 restricts to an equivalence between
locally constant sheaves and covering spaces on X: Sh(X);. ~ Cov(X).

E
Proof. Let lw be étale corresponding to F' € Sh(X'). We must show that 7 is a cover
X

iff F'is locally constant.

(=): If w is a cover, let U be a fundamental neighbourhood for = € X. Since X was
locally connected we can take U to be connected and it will still be open. Let N, be
the connected open sets in U (this is a basis since if p € W € O(X) then W contains a
connected component of W N U which is in N,). Then for V € N, sections, s, of w over
V are of the form s(e) = (e, 5(f)) where 5: V —— F is continuous from the connected
V to the discrete F—all such § are constant, so s(e) = (e, f) for some fixed f € F, and
L(m)(V) = F for all V e N,

(«=): Let F' be locally constant with U € A,. Then

o {(U) = { germ,(z): p € U,z € FV for some V > p open in X. } (6.1.4.4)

Given U and V as in (6.1.4.4), find W € N, with W C UNV. Write 0y for the restriction
bw: FU — FW.

Claim: 8;;} (z|w) € FU does not depend on the choice of W € A,

Proof of claim: If W’ is another choice, we find W C W N W' with W € A,. We have
the following commuting diagram (in Set, with the ‘upwards pointing arrows iso)

v

/ \
Fw FW'
\ / (6.1.4.5)
ow \ FW /o,
T
FU

since x € FV, we get 0 (z|w) = 0y (z|w) as required. A similar argument shows
that for V € N, 9‘}1 (zlw) does not depend on the choice of = € germ,(z). Finally, if
germ,(z) = germp(y) then applying 7 gives us p = ¢, so we have shown that the map
7} (U) — FU x U which sends germ,(z) to (057 (z|w), p) is well defined. If we give
FU the discrete topology then the map is continuous. It is a homeomorphism with
inverse (y, Q) — germg(y) thus we have shown that U is a fundamental neighbourhood,
and 7 has fibre FU. O
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6.1.5 Constant Sheaves

We can embed Set into the category of presheaves via the constant functor, (=), which
is defined on objects A € Set by

A: O(X)oP Set

U— >4 . (6.1.5.1)

UCVi—idy
Now A is not generally a sheaf because a sheaf must take a singleton value at the
empty set.? So to define the notion of ‘constant sheaf with value A’ we must apply the
sheafification functor to A. By the remark at the end of section 6.1.3 we see that the

sheafification is defined as follows. First we apply the stalk functor, Stalk, to A and then
the sections functor I' to the result. The resulting functor is const: Set — Sh(X).

Lemma 6.1.5.2.

X xA
Stalk(A) = lpr (6.1.5.3)
A
Proof. The total space is
{(2.U): 2eX,U€0(X),0eAV)=A}/ (6.1.5.4)

where the equivalence relation is (z,U, a) ~ (y, V,b) iff z = y and the restrictions of a
and b to some common open set W agree. But since the restriction maps are the identity,
we have (z,U,a) ~ (z,X,a) for all open sets U (and all z € X and a € A), thus do
not need to keep U in the notation, and the total space is just X x A where A gets the
discrete topology. O

Lemma 6.1.5.5.

const(A) = I' Stalk(4) = Set(ITp(—), A), (6.1.5.6)
the set of locally constant functions from U to A.
Proof. T'(Stalk(A)) = {s: U — X x A: prx(s(u)) =wu all u € U }, so the elements, s
are of the form s(u) = (u, s'(u)) where s’ = s # pr, is a continuous map into the discrete

space A, By definition Il is the left adjoint to the “discrete space” functor Set —— Top,
so &' corresponds to a map IIy(U) — A of sets, i.e., is locally constant. O

Lemma 6.1.5.7. IIp - const 4 T'(—, X).

“The empty set is open and is covered by the empty cover. A product over this cover is a product over
the empty set, which is the terminal object, so the sheaf condition for F with respect to the empty
cover of @ says that F(0) is the equaliser of the parallel pair 1 ———=1 , which is 1 as required.

76




Proof.

Sh(X)(const(A), F) = Sh(X)(I' Stalk A, F) (6.1.5.8)
>~ [O(X)P,Set] (A, F)  using Stalk #T - inclusions  (6.1.5.9)
=~ Set (A, Ueg&)opFU) using (=) 4 lim (6.1.5.10)
=~ Set(4, FX) since X is initial in O(X)° (6.1.5.11)
& Set(A,[(F, X)). (6.1.5.12)

For the other side,

E XxA
Sh(X)(F, const(A)) = Etale/X lp , lprx (6.1.5.13)
X X
= Etale(FE, A) (same argument as in (6.1.5.6))
(6.1.5.14)
= Set(Ily(E), A) (6.1.5.15)
so we define Ilp(F') = Ilp(E) and we are done. g

6.2 Covers and the Cech nerve

6.2.1 Open covers as simplicial sheaves

Let {U;: i € I} bean (open) cover of X. Taking coproducts gives us a space, U = [[;; U;,
and a map p: U — X which is an étale space over X. Now the terminal étale space is
idx, and (because Etale/X is a slice category), p also serves as the unique map

U X
o lp _— lid . (6.2.1.1)
X x

Using section 6.1 we can replace p with a map U —— 1 of sheaves where 1 is the terminal
sheaf (whose value on every open set is a singleton—this is the sheaf-theoretic version of
our space X)

6.2.2 The Cech nerve of a cover

Taking the kernel pair of our map U —— 1 gives us a groupoid

UxU U (6.2.2.1)
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internal to Sh(X) (in fact it us an equivalence relation on U). The Cech nerve of our
cover is defined as the internal nerve of (6.2.2.1)

M

C(U)=(---U><U><U UXU_}U)- (6.2.2.2)

Note that to get the simplicial étale space, C(U), corresponding to C(U), we just replace
the products by ‘pullback over X

Explicit Description

The standard description of the coproduct U = [[,; Ui is U = {(z,1): z € U; } with
the map p: Y —— X then given by p(z,7) = . We note also that there is a functor
I —— Etale/X where the indexing set I is regarded as a discrete category: we send
i € I to the inclusion U; “— X. The colimit I/ with the map p down to X is the colimit
of this functor, but because I is discrete, this is also the homotopy colimit as well.

C(U) is defined by (multiple) pullback of p against itself. We have (C(U))o = U x x U =
{(z,i,5): = € Uy}, and in general (C(U))y, = {(z,40,...,in): T € Uiy, 4, } with the
obvious map down to X. The face maps act on the i,’s in the obvious way, for example
dl(&:, 7:, j, k) = (.I‘, i, k)
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7 Simplicial Formal Maps

7.1 Formal maps

We are interested in simplicial formal maps which are just maps of simplicial sheaves
C(U) — const Ner M with U coming from a cover, M a crossed module as above and
const: Sh(X) — SimpSh(X) is the ‘constant simplicial sheaf’ functor. They have
been introduced in [43, 42].

To get an explicit description it is easiest to work in the category of étale spaces over
X, where the constant sheaves become trivial bundles. This is because a constant sheaf
does not have F(U) = A for all U (e.g., F(#) = 1). In fact F(U) would be the set of
locally constant functions U — A.

Let A: C(U) — W(M) be a map of simplicial Etale spaces, where the codomain is
a constant bundle, i.e., it is really X x W (M) with the projection map to X.

We can use the TCP formula to define W(M) = M x. W (M), again a trivial bundle.
By analogy with lemma 4.1.5.32 we want to study the pullback bundle Z(\) defined by

l : (7.1.0.1)
CU) + W (M)

and from this we get something like a locally constant stack on X.

7.2 G - W for simplicial sheaves

We wish to extend G 4 W to an adjunction between simp(Etale/X) and S-Gpds.
Because the definitions are ‘constructive’ in the sense of topos theory, it would be possible
to define the adjunction if we replace the étale category with the category of simplicial
sheaves. However we can do it in the étale category as follows.

There is an obvious way to turn W(G) into a simplicial étale space: we just use
the tensor of section 2.3.5 and tensor with the terminal object, i.e., the new functor

X x W(Q)
W: §-Gpds — simp(Etale/X) sends G to lpr , where we give the sim-
X

plicial set W(G) the discrete topology. Categorically we are composing the classical
W: S-Gpds — SSet with 1 ® —: SSet — simp(Etale/X). We have an adjunction
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X
ITp 4 1®—, which lets us define G of lpr € simp(Etale/X) to be G(Ilp(X,)). Because
X

we are composing adjoint functors, the new G and W are still adjoint.

Iy G

T
simp(Etale/ X)L SSet L S-Gpds (7:2.0.2}
T v

Moreover the counit is given by the same formula as that from the original G 4 W
adjunction.

7.3 Explicit Description of Z()\)

7.3.1 Example: M =1——P

First we consider the case where the crossed module M is just 1 ——= P.

Description of WM for M =1 ——> P
It is casy to see that Ner M = W(M) = Ner P.

Description of a formal maps, A, for M =1—— P

With our M = (1 —— P) our map A: C(U) — X x Ner P is particularly simple, being
determined by its effect in dimension 1: for every i,j € I we get A\y; = A(z,4,7) € P
and in dimension 2 we get the requirement that A\j;\jx = Ay (and this automatically
implies A;; = 1 as required for compatibility with the degeneracies). In higher dimensions
we get, for example, A(z,i,7,k) = (Nij; \jg) € P2, and in general A(z,iq,...,in) =
(Aioilﬂ 153 1A'-';n-—17:n)'

Description of W(M) for M =1 —— P

W (M) is the TCP M x. Ner P, where ¢ is the counit of G 4 W (section 7.2), so we have

&(p1y.- -, Pn) = p1.
Thus W(M)g = P and W(M), = {(p,p): p,pi € P}, where p is ‘vector notation’ for
(p1,...,Pn) € (Ner P), = P™. The face maps are given by

. _ Jpydi(p1y--5pm)) 120
di(p, (p1y---,pn)) = {(Ppl,do(pl,---,pn)) . (7.3.1.1)

where the d; in the second factor comes from the nerve.
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For example, a 1-simplex (p, po) € W (M), has do(p,po) = (ppo) and di(p,po) = (p),
which gives the picture
p B2 pp, (7.3.1.2)

and similarly, the picture for a typical 2-simplex is

PDo
(p.po) (ppo,p1)
(p,(po,p1)) (7.3.1.3)
p Ppop1
(p,pop1)

W(M) has the ‘full equivalence relation’ property that there is always exactly one
1-simplex, (a,a~'b) from a to b.

X x W(M)
As étale spaces we have trivial bundles with the right-hand map, l?r , of
X x W(M)
the pullback (7.1.0.1) being just n(z, p,p) = (z, p).

Description of Z(\) for M =1 —— P

We now have enough information to describe the pullback Z(A). We will use the vector

notation p € (Ner P), as above, and also i = (ig,...,%,) for a (n + 1)-tuple of indices

from our open cover. We have
( ( )) = {( ) (yapap): zelU,ye X,pe P,pe Ner P, A\i = P, = y} (7314)
> {(z,p,i):zelU,pe P} (7.3.1.5)

where in the second line we have removed all redundant information.
The face maps look as follows (using the description in (7.3.1.6)).

di(z, p,i) = (di(z, 1), di(z, p, Ai)) (7.3.1.6)

{ (1), (=, p, di(M))) 1> 0
(1), (=, PAigiy, do(Ni))) i=10

(7.3.1.7)

where we have used (Ajgiy,.-.,Ai,_1,4,) = Aj in the 4 = 0 case.
Passing to the descrlptlon of Z(A) in the second line of (7.3.1.4) we get,

(i _ ("Eapa d;(l)) i>0
@LHM—{@m%m%m)izo (7.3.1.8)

We draw the low dimensional simplices in the following table
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n Element of (Z(A)),

simplex picture

()
(:I:’ p? i?j)

= O

2 (z,p,4, 4, k)

3 (mﬁp)iﬂjik’g)

(z,1)

( 1 'iil) .

) 2 (z, pAig, 4)
(m:p)\z_j:j}

(z,p, 0

(-Txp)?::j) (:'?»p)\ij' vjsk)
(a:',;u,i,j,k')

(:E:p:’t) (z.9,i,K) (wsp)\zk'ak)

{I"v p/\‘ija j)

. (xlp)\ij |j=£)
(,pyi,5)

(z,pNij.0.k)

(@,py,£) e (wﬁp’\igag)

(z,p, 1)

(z, pAir, k)

(@,pAik k,2)

We can interpret Z(\) as saying that over U; we have a copy of P, thus over z we have
(x,p,1), one O-simplex for each p € P. If z € Uj; then we have a gluing which identifies
(z,p,i) with (z,p, jAi;), i.e., we are using A to identify over double intersections. Because
AijAjk = Ay this is all we need to do, and we get a model for a covering space whose

fibre is the underlying set of P.

Actions of P

If P acts on a set Y, consider the action as a map K(P,0) — aut(K(Y,0)), this gives
us a different universal TCP, W(M)y, and replacing W (M) above by W(M)y gives a

cover with fibre Y.

7.3.2 Description on Z()\) in the general case

Now we can describe Z(A) when M = (C = e P) is a general crossed module.

Description of W (M) for general M

We use the following notation for elements of W (M ). (Here the 2-cells of the form (p, c)
are denoted merely by ¢, since p can be inferred from the domain.)



2-category picture

simplex picture

*

Po
* — %

Po
1IN -
* HCOJ * — %

po1=pod(co1)

Po1—— %
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bop

*

Po
heo—— %

P2

po1p1=pop19(c
*

P1p20(ci3)
P
D2
pop18(ch]
*



The faces of the 3-simplex are

”n

C12 *L}* (7321)

@

pop18(chi)

d=, H%WL* (7.3.2.2)

®

g~
<

P2
€1 Cozk M * (7.3.2.3)

=1
(&)
|
*
>

> ¢

d3 = % ﬂcm * L)—* (7324)
X x W(M)
and the étale space we need is the trivial bundle iw
X

Description of A for general A
The map A has the form A(z,i) = (z, \;) where \; € W(M).

Dimension 0
A maps all O-simplices (z,i) € C(U) to a 0-cell, which means we must have

M =% (7.3.2.5)

Dimension 1
Aij € W(M); has the form
Aij
=\ — =% (7.3.2.6)
with A;; € P.
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Dimension 2
Using our description of W (M)s, we have

)\jk
Aijk = {LijrsAik) (7.3.2.7)
* *
Aik
where the d; face gives us the equation
A = )\”/\JAS(LWJ (7.3.2.8)

in P.

Dimension 3
The equations do(Aijre) = Njke and dz(Aijke) = Aiji tell us that that Az is the diagram

L .. . (7.3.2.9)
Now we use d(\ijre) = Aige which gives
ik A Lijk) A=Ak
* ﬂlalu * % T * Uc)\jk.g * L— * (7'3'2-10)
where cAjg¢ is an abbreviation for the 2-cell
A =
(XijO(Lijk), coz) #o (Njro Like) = (Miks €03 Lijke) (7.3.2.11)
and we used (7.3.2.8) for its domain. Thus we must have
Aok
cofg_’“ijg = Lips. (7.3.2.12)

From dg(}\ijkg) = Az’jg we have

/—\ AjkO(Ljke) Ape=Aje

/\ X .15 AR e
* “Lije ‘k—ﬂ}* = % HAich*—>* (7.3.2.13)
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where Aj;rc stands for the 2-cell

(Aigs Lijr) #1 (Mij@(Lije), co2) = (Aig, Lijrcoz)- (7.3.2.14)
This gives us
Lijrcoa = Lije. (7.3.2.18)
Eliminating cop from (7.3.2.15) and (7.3.2.12) we get the equation (in C)
LY¥Lje = LY L, 7.3.2.16
ije Hikl = Ly Hike- ( s IR )

One way of looking at the condition (7.3.2.16) is that it says that the tetrahedron A;;pe
is commutative, i.e., the composition of the even faces is equal to the composition of the
odd faces: (dada #o do) #1 d2 = (d3 #0o dodp) #1 d1. With this point of view we regard
Aijke as being the (necessarily identity) three-cell

gk ij
| *U/HE : (3O)(k£)—1 5 § =1 (ik) (k)1 -7‘ k ¢ (7.3.2.17)
(i)(j0)~? (i) ()1

where we have omitted the A symbols for brevity. The equation (7.3.2.16) actually
corresponds to the picture (7.3.2.17) without the final Ay, but as we are working in
2-groupoids the two forms are equivalent.

Dimensions 4 and above

The action of A in higher dimensions is determined by that in dimensions 0-3. (From dy
and d, we get all but the 2-cell ¢,,, and any other ‘interior’ face allows us to determine
Cnn- 1t remains to show that the resulting 2-cell does not depend on the choice of interior
face, which is possible using (7.3.2.16).)

Description of W (M) for general M

Now we describe W (M) = (Ner X(M)y)n % W(M). As a set, the n-simplices are given
by
W(M) ={(ts): t € (NerX(M)y)n,s € (W(M))n } (7.3.2.18)
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For s we use the notation as in section 7.3.2, and

t=*_ | _xe(NerZ(M))n (7.3.2.19)
~Uf3n
e

poler...en)

which we abbreviate to ¢t = (p, e1,...,e,). Here we can see the twist in the dy face, as for
i >0, di(p,e) = (p, d;e) but do(p, e) = (pdey, dy(e)); thus we might think of the nerve as
being

Ner X(M)y = K(P,0) xg Ner C (7.3.2.20)

The face maps are what we expect from a TCP, namely

di(t, s) = kel i (7.3.2.21)
(dot #0 (p,co1, .- -1 Com),dos) =0

some pictures will be useful.

(W(M))o
(W(M)o={(p,x):pe P} (7.3.2.22)
(W(M))1
A l-simplex has the form
p
O
* €1 * yk — % (73223)
\5/
poel
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with

P

do */P*’*ﬂ)* = ((pBe1 #o po), *) (7.3.2.24)
P

di */ﬂm\*,*ﬂb—* = (p, %) (7.3.2.25)

s0, as a simplex, we have

P
*/J'P* Fa
L
\/

pdey
(p, %) (ppod(€f®), ) (7.3.2.26)
(W(DM))2
Going to level 2, we have elements
P
U Po
el
L — P */Jl}*——a-pl * (7.3.2.27)
UEQ \—/
pd(erea) Pl
where the dp face is
do((p; (e1, €2)), (Po, cor, 1)) (7.3.2.28)
= ((pd(e1), €2) #o (po, co1), p1) (7.8.2.29)
= ((p0(e1)po, €5°co1), 1) (7.3.2.30)
PPod(el®)
* Hegnmn‘* ,-kﬁ-}*
Ppod([e1e2]P0can)
= (ppod(el”), *) (ppop1 ([e1e2]PP1ch]) ) (7.3.2.31)
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and the other faces are

>ﬁ

Sy
partiy

ﬂelez * % pop18leni) (7.3.2.32)

=

=
Il
*

C

po(erea)

>ﬁ

dy= | * JJrEI * L x i (7.3.2.33)

¢

pdle1)

Figure 7.1 shows how these fit together to give a 2-simplex.

89



06

Figure 7.1 2-simplex in W (M)

(ppod(el®), %)

ppad(el?)

™ p1
* Yellcor *x , ¥ —>*
\______/

ppod([e1e2]P0cor)

P p
P Do
* derk | k—* Po
N U,el N -
pd(e1) *— ok, Kk ook — %
Uez ~—7
Podcor
pd(erea)
(p %)
P

Sl
* Jere2 * . %
\______/r

pd(eiez)

PR
pop10(chy)

(ppop10 ([erea]PPrcg}) , %)




The pictures show that W (M) = Dec W (M), where the isomorphism just joins the
two parts along the middle » to get a ‘staircase’ in W (M), but of one higher dimension.

7.3.3 Description of 7 and p. in the general case

X x W(M)
As an étale space we have ln with m(z,t,s) = z, and the right-hand map
X
of (7.1.0.1) is just
pe: X x W(M) X x W(M)

b, b B e (3] (7.3.3.1)

7.3.4 Description of Z()\) in the general case

We now describe Z(A) for our general crossed module M. We start with the standard
description of pullbacks in SEtale(X)

(Z(M)n = {(2,1), (1, 8): pe(y, £, 8) = Az, 1) } (7.3.4.1)
& (e 1d,8) a=A1 } (7.3.4.2)
& {(=z,i,t): @€ Uy= Ul (s o1 Uy b€ [(Ner E(M )y )y } (7.3.4.3)
= {(z,i,(p,e)):zeUi=U;,N---NU;,,(p,e) € (Ner X(M)y)n }. (7.3.4.4)

the faces are

di(,1, (p, @) = (dE@ (@,1), VM (5, (p,€), X)) (7.3.4.5)
:{w@ﬁme@m >0 .
(z,do(i), (pO(e1),do(e)) #o Ai) i=0

From this we can describe the lower dimensions explicitly.

Dimension 0
In dimension 0 we have

(Z(\)o = {(z,i,p): 7 € Us,p € P} (7.3.4.7)

Dimension 1
In dimension 1 we have

(Z(A))h = A (pe)x | : z € Us,pe P (7.3.4.8)

A

pd(e)

A



with

do(z, i, J, (p, e1)) = (z, 4, p8(e1)Miz) = (@, 5, PAi;0(e17)) (7.3.4.9)
di(z,4, J, (p,e1)) = (z,4,p) (7.3.4.10)

giving us the picture

(z,4, p) (z, 5, pAi;O(e})) (7.3.4.11)

Dimension 2
In dimension 2 we have

(Z(A)2=1% | zyi,j, *——=* | 1z € Uiskap € Pei,e3 € @ (7.3.4.12)

\ /

by now it is clear how to find the faces, so we will just draw the simplex in figure 7.2.

7.4 W (M) as homotopy colimit

7.4.1 Simplicially enriched homotopy colimit

Nerve of a S-Cat
The nerve of a SSet-enriched category, C, is the bisimplicial set, Ner C, with

ap

(NerC)pq = (NerCy)p = { Ay > Ay Ay dima; = q} (74.1.1)
A relevant example is when C is obtained from a 2-category: by replacing the hom-
categories with their nerves we get an §-Cat whose nerve is exactly the double nerve of
the associated double category.

We can pass from BiSSet to SSet using either diag or V. We might write V NerC as
W(C) to agree with the case where C is in S-Gpds. The argument (3.2.5.1) can be used
to describe (V NerC),, as the set of diagrams of the form

a1 ap

Ay

(VNerC), = {Ao Ap: dimay =p—1 } (7.4.1.2)
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Figure 7.2 2-simplex in Z(\)

Xz
p . pAijd(e; )
Tyt ]y * ‘U’e]* /\ Ty Js k: * ‘U’ezwL"k*
= ‘U’el i W B
pd(e1) .G‘L‘,?;,j,k, W3k p)‘ija([elez]/\ij‘['ijk)

Ucz

pd{erez)

(z,%,p) (:1:, k, pAij A0 ([Eleg]Aij/\jkL;?:))

m,z,k,*\_-_{}ffﬁr*

po(erez)
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Simplicially enriched homotopy colimit

The homotopy colimit of a simplicially enriched functor F': C — SSet is defined via
simplicially enriched coends in [10]. As might be expected the simplicial replacement
generalises as well, and we have

(hocolim F),, = 11 (FAg)n (7.4.1.3)
(AOL..."_C‘LL)'ATI)E (diag Ner Cp,)

a

~ {(.q;, (Ao ... 22> A,)): & € (FAo)n,dimas =n—i} (7.4.14)

Another version of hocolim: hocolim"V
If we replace diag with V in (7.4.1.3) we get a new simplicial set hocolim¥. Because V
is weakly equivalent to diag, hocolimV is a good replacement for hocolim.

7.4.2 SSet-functors

If C is an S-Cat, then a simplicially enriched functor F: C —— SSet is specified by a
map Ob(C) —— SSet from the objects of C to SSet and either

1. simplicial maps

c(4,B) S(FA,FB)
(7.4.2.1)
J—t-
with the usual functor conditions, or
2. simplicial maps
FAxC(A,B) FB
(7.4.2.2)

@ fi———ze f
with the usual “action” conditions (2 ® f)@¢g=2z® (f #g) and z ® id = z.

(the two are equivalent by the Cartesian closed adjunction).

7.4.3 The regular representation for a crossed module

Consider a simplicially enriched category, M, with one object x. There is a SSet-
functor par: M —— SSet with paq(x) = M(*,*) and whose action is the composition
#: M(x,%) X M(x,%) — M(*,) from M. This is just like the regular representation
from section 2.5.3.

Theorem 7.4.3.1. Let M be our crossed module C —2> P and M the corresponding
S-Gpds. Then W (M) = hocolim" pay.

Proof. This is basically just the argument used in Theorem 4.1.5.66. O
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8 Stacks

We now introduce stacks and attempt to reinterpret the formal maps of the last chapter
in terms of stacks.

8.1 Stacks and Descent

8.1.1 Definitions
Definition 8.1.1.1. Let F': C°P —— Cat be a functor, and

X.: "‘XQTX] i Xo—p:-—X (811.2)

51

an augmented simplicial object in C (thus F(X,) is an augmented cosimplicial category).
Then the category Des(X,, F') of descent data on X, with coefficients in F is the following
category:

1. Objects are pairs (z, f) with z € FXq and f: Fd;(z) e Fdy(z) an isomorphism
satisfying the cocycle condition, which says that the following triangle commutes:

ng(Fdl () = ng(Fdo(a: ) =

F(dy #do)(z) =i Fdof)  F(dy#do)(z) =
F(dy # dv)(z) = F(do # dv)(z) =

...... f’? .q}‘.(ﬁ.‘fl‘.(.?fz.)...”.. ?......%‘7?’9_.(%'???1(:"f?))......

(8.1.1.3)

Fdy() Fdo(f)

 Fdo(Fdy(x)) = |

. Fdi(Fdo)

2. Morphisms m: (z, f) — (y, g) are maps m: & —y in F X making the square

Fdi() 22, (y)

f[ lg (8.1.1.4)
Fdy(z) Fdo(y)

Fd(](m)
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commute in F'X;.

We call an object (z, f) € Des(X,, F') a descent datum on z. If we ignore the cocycle
condition then we have a pair (z, f) which we call a gluing of z. A descent datum (z, f)

is called normalised if Fso(f): = —=5 7 is the identity id,, and trivial if f itself was an
identity (thus ‘trivial’ implies ‘normalised’).

Definition 8.1.1.5. From any X, and functor F' as above we get a functor

des: FX Des(X,, F)
Ar——— (Fp(A),1d pepya)) (8.1.1.6)
a: A Bt Fp(a)

sending A to the trivial descent data on Fp(A). (The map Fp(a) is a map of descent
data since the simplicial identities give F(dop) = F(d1p), and hence

Fdy (Fp(a))

Fdy(Fp(A)) Fd\(Fp(B))

id id (8.1.1.7)

Fdo(Fp(A)) Fdy(Fp(B))

T —
Fdo(Fp(a))
commutes as required).

Definition 8.1.1.8. The map p: Xg — X is a map of 1-descent if the above functor
des is full and faithful, and a map of effective descent if des is an equivalence.
A descent datum (z, f) is called effective if it in the essential image of des, i.e., if there

is some A € FX and an isomorphism m: Fp(A) =2 making

Fdy(m)

Fdi(Fp(A)) Fdi(z)
id H (8.1.1.9)
Fay(Fp(4)) - Fdi(z)

commute.
Note that applying F'sp to the square (8.1.1.9) gives
Fpld)—"+

T
idl ‘Fso(f) (8.1.1.10)
T

Fpl A}~



which means that effective descent data are automatically normalised. It is equally
easy to see that the class of normalised descent data is closed under isomorphisms in
Des(X,, F'), and hence when des is essentially surjective, all descent data are normalised.

Definition 8.1.1.11. Suppose C has a Grothendieck topology (i.e., we have a collection
of covering families). Each covering family induces a simplicial object; in fact we could
define Grothendieck topologies by asking for a collection of covering augmented simplicial
objects (+ some axioms) augmented simplicial objects X,. If (for each covering X,) des
is full and faithful, we say that the functor F': C°P —— Cat is a prestack. If the des
functors are equivalences then we say that F is a stack.

8.1.2 Stacks categorify sheaves, Stacks and equalisers
For any F': C°? —— Cat, and for any A, B € F'X, interpreting (8.1.1.4), we have

Hompeyx,,r)(des(A), des(B)) = {m: Fp(A) — Fp(A): Fdy(m) = Fdo(m) }
1.

(8.1.2.1)

hence Hompegx, y(des(A), des(B)) is the equaliser of the diagram
Fdy
Hompx, (Fp(A), Fp(B)) —= Hompx, (F(dop)(4), F(dop)(B)), (8.1.2.2)
0
thus the prestack condition is equivalent to the requirement that

P, rd
Hompx (4, B) —= Hompx,(Fp(A), Fp(B)) —= Hompx, (F(dop)(A), F (dop) (B)

]

(8.1.2.3)
also be an equaliser, which is exactly the condition that the functor
Hompx (A, B): (C/X)® ——— Set
(v
l"y ————— Hompy (Fy(A), Fy(B))
\ < J (8.1.2.4)
¢ 3
Y Z
o ly lz ' Fa
X X

satisfy the sheaf condition for the cover induced by X, (i.e., regard the augmented
simplicial object as a simplicial object in C/X, augmented over the terminal object idx).
So we have proved

Lemma 8.1.2.5. F': C°’ —— Cat is a prestack for a topology iff all the functors
Hompx (A, B) are sheaves for that topology. O
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Lemma 8.1.2.6. Suppose that the functor F: C°® — Cat factors through Set (i.e.,
FX is always discrete). Then F': C°° —— Cat is a (pre-)stack iff F': C°®P — Set is a
(separated pre-)sheaf.

Proof. Des(X,, I')>— F X is discrete with objects

{z € FXy: Fdy(z) = Fdi(z) }, (8.1.2.7)
i.e., for any presheaf F', Des(X,, F)) is the equaliser of the diagram
Fdy
FXg—x FX,. (8.1.2.8)
Fdy

For any F': C°’ —— Set we have a commuting diagram

Fdy
Des(Xe, F)>> FXg—= FX;

Fdy
desT A’ (8.1.2.9)

FX

so Fp is the unique factorisation through the equaliser Des(X,, F).

Then F': C°® —— Cat is a prestack iff des is a full and faithful functor between
discrete categories, i.e., iff des is a monic map of sets F'X >— Des(X,, F), which is
exactly the condition that F': C°P —— Set be a separated presheaf.

Similarly, F' is a stack iff des is an equivalence of discrete categories, i.e., iff des is an
isomorphism in Set. But this last condition says exactly that F'X is also the equaliser of
(8.1.2.8), which is exactly the sheaf condition for F (see [36]). O

8.1.3 Comparison of definitions of Stacks

The paper [20] defines a stack in a slightly different way. There, a stack is a groupoid
fibration over C satisfying some additional properties. In this section we will show that
(under some mild assumption) the notion of a stack in [20] is equivalent to a special case
of the definition just given, namely to the case where the covering simplicial objects X,
came from a Grothendieck topology and the functor F' factors through Grpoids. This
result is well-known, but perhaps not written down in one place.

Covers

In [20], a ‘cover’ means a Grothendieck topology, i.e., a collection of covering families
(8; — S)ier- In [13], a ‘cover’ is an (augmented) simplicial object: the link is that from
a covering family (S; — S), we can form the following (augmented) simplicial object

T, e s ol _d._KlTl R PR (8.1.3.1)
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Where Ty =[], 5, Th = ]_[” Sij, Ty = ]_L-’j’k Sijk etc., in which e.g., S;; is the pullback
of S; — S against §; — S.

Having identified the notion of covers, we will now show that F is a stack in sense
of [13] iff m was a stack in the sense of [20].

X
Let lr be a stack over C in the sense of [20]. Assume that C has coproducts (we

C

also need C to have pullbacks to make the definition in [20] work).
Form a functor F': C°°? —— Cat (this is the standard “inverse” to the Grothendieck
construction):

F(S) =n~1(9) (8.1.3.2)
F(f: S ——T) =restriction to S. (8.1.3.3)

On morphisms F' acts as ‘restriction’ (an object 2 € X over T is sent to Ff(z) = z|s,
the codomain of ‘the’ (Cartesian) lift of f to a map ending at z). It is a fibration in the
sense of [46]. For notational convenience, we will assume that the fibration is split, so
that F' is a genuine functor, rather than a pseudo-functor. Since 7 is a stack, every F.S
is a groupoid, so F' factors through Grpoids, the category of groupoids. Conversely any
F: C°* —— Grpoids gives us a category m over C via the Grothendieck construction.

The Descent Category

In [13] the descent category Des(S,, F) for F' has objects (z, f) where = € F'Sy means that
z is a lift of Sp. The map S; — []; S; gives us objects z; := F(S; — [, Si)(z) = z|s,
over each S;.

Now the face map dy: S1 —— Sp is defined by the following commutative diagram (in
which unnamed arrows are canonical arrows corresponding to the coproduct)

d
Hi,j Sij : I_[a S;

/ / (8.1.3.4)

i S;

And lifting this diagram to X' gives us z;|s;; = F(Sij — S;)(zi) over Sy;:

Fdi(z) T

/ (8.1.3.5)

Similarly we get mj{sij over S;;, and hence from a glueing, f, of z, we can form isomor-
phisms

wilsij

fij =F (Sij — HSz‘j) (f): zils,; —> 518, (8.1.3.6)
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Once we have our f;;’s, we can further restrict, forming

fijlsiji = F(Sije —= Sij)(fis), (8.1.3.7)
(i.e., we have a diagram
F(dgdl)(sc) Fd1($)
/ Fda(f) / f
‘rilsijk milsij
J T (8.1.3.8)
fillsgje  F(dadp)(z) Fdy(z)
il zjls,;

lifting the diagram defining ds).
The cocycle condition (8.1.1.3) gives us the requirement that

fij"s‘ijk # f,?klslgk = fileij;; (8139)

So from a descent datum (in the sense of [13]) on z, we get a descent datum in the
sense of [20] ([20] defines a descent datum as a collection of objects E; over S;, with
vertical isomorphisms f;; satisfying (8.1.3.9)). In fact this description is exactly what we
find in [41], except that the extra condition ‘f;; = id’ is required. This corresponds to
the ‘normalisation’ condition of definition 8.1.1.1.

Maps of descent datum are not discussed in [20], but it is clear what they should be,
(and indeed we can read this off from definition 8.1.1.8, or from the description in [41],
since although that paper defines a stack as a (lax) functor to Cat, the topologies used
are Grothendieck topologies, and the descent category used is exactly the Des(S, 7) we are
defining here): A map m: (s, fij) — (yi, 9i5) of descent data (for ) is a collection of
vertical maps m;(= I'(S; — [[; Si)(m), so each m; is automatically an isomorphism),
making the diagram

mils;
'I“'ilsij — yilsz'j

fz'j‘ ng‘j (8.1.3.10)

mjlsi.j WSU} yjlsij

where m-ilgij = F(Sz‘j I S@)(mt) = F(S{j — H Sij)(Fdl(Tn)).
From [20], we get a category Des(S, ) of descent data for m on S, and the above
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argument gives us the following functor

F: Des(S,, F) Des(S, )
(:C,f)l—><a:‘si,f[5ij> (8.1.3.11)

mb——m|gs,

F is full and faithful, because any collection of maps m;: (z|s,, f|s;;) — (ls;, gls;;)
give us a unique map m = [[, m;: (z, f) — (y,g) with m|s, = m;.
To show that F is essentially surjective, we need the following result

Proposition 8.1.3.12. Let m: X ——C be a groupoid fibration (in the sense of [46]),
and suppose that C and X have coproducts. Then m preserves coproducts.

Proof. Let E; € X be objects over objects S; € C. Form the coproducts
hi ;
Ei—=C=]1,E; in X
(8.1.3.18)
S; — [1; S in C
Applying 7 to the coproduct diagram defining C, we get a unique # making

5~ 7(C)

o (8.1.3.14)
| A

commute. Lift 8 to some map, m, ending at C; since h; is cartesian we get a unique
lifting n; of a; making

hi
B, —C

nli A’ (8.1.3.15)

T

commute in C. But C is a coproduct, so the maps n; induce a unique g: C — z with
n; = h; # g for all . We now have

h.i =niym = higm, (81316)

and the h; are jointly epi, so we have idg = gm, and thus id, ) = 7(g)7(m).
In C, (8.1.3.14) and the definition of g give us

agm(m)m(g) = mw(hi)m(g) = m(n;) = ey, (8.1.3.17)

and since the a; are jointly epi, we get that m(m)m(g) = id[yg,, i.e., 7(g) is the required

isomorphism 7 (]| E;) —= [[ 7 (E). O
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Corollary 8.1.3.18. F is essentially surjective.

Proof. Given (z;, fi;) € Des(S, F), let = be []z;. By proposition 8.1.3.12, we have (up
to isomorphism) z|s, = z;, and 7(z) = [[ i, i.e., z € F'Sy. To define f we take

1% [ails, — [1ils, (8.1.3.19)
Y] 1,5 i

and observe that

n (H Iilsa’j) = Hﬂ'(milsij)
~ Hsij (8.1.3.20)
= W(Fdl(m))

Since 7 is a groupoid fibration it reflects isomorphisms and hence we have [ z;] 5y =
Fd(z). Similarly we get [ [ x;]s,; = Fdo(z), and thus ][ f;; induces a unique isomorphism

f: Fdy(z) —> Fdp(z) in FS). Because the f;; satisfied (8.1.3.9), this f satisfies
the Duskin cocycle condition (8.1.1.3). So we have found (z, f) € Des(S,, F) with
F((z, f)) = (i, fi;) as required. O

Putting the above results together we conclude:

Proposition 8.1.3.21. For any groupoid fibration m corresponding to F': C°? — Cat,
Des(S,, F') >~ Des(S, 7) (8.1.3.22)

for every covering family S,. O

The functor des

Again we do not have an explicit description of des in [20], but it is clear what the
definition should be, and that definition should agree with definition 8.1.1.5 (and [41]).
Thus, instantiating definition 8.1.1.5, the functor des: F'S — Des(S, w) should map
an object A over S to the decent datum corresponding to (Fp(A),id) € Des(S., F), i.e.,
des(A) = (A;,id) € Des(S,m) where A; := Alg, over S; (this works because we have a
diagram

Als, —= Fp(4)

N

(8.1.3.23)
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where the top triangle lifts the bottom), and the map 4;|s, . == Ajls,; is the identity
on Als,;. On maps m: A —— B, we get the family m|g, (which corresponds to Fp(m)
in the Duskin picture).

Prestacks and sheaves of isomorphisms

Proposition 8.1.3.24. Let I' and 7 be as in proposition 8.1.3.21. Then F is a prestack
(in the sense of [13]) if and only if m satisfies the condition ‘isomorphisms form a sheaf’
from [20].

Proof. The condition that F' be a prestack is that whenever A and B are lifts of S, and we

have isomorphisms m;: A; — B;, then there is a unique m: A — B with m|g, = m;.
This is the condition ‘isomorphisms form a sheaf’ we find in [20]. |

Effective Descent data

Proposition 8.1.3.25. Let F' and 7 be as in proposition 8.1.3.21, and let (Bi, aij) €
Des(S, ) correspond to (z, f) € Des(S., F) under the equivalence (8.1.3.22). Then (z, f)
is effective (in the sense of [13]) if and only if (E;, ay;) is effective in the sense of [20].

Proof. This is immediate from the description of des: F.S — Des(S, 7) above. O

The Notions of Stack agree

Putting the previous sections together we get the following theorem.

Theorem 8.1.3.26. Let F' and m be as in proposition 8.1.8.21. Then F is a stack (in
the sense of [13]) if and only if 7 is a stack (in the sense of [20]). O

8.2 2-Bundles and 2-Etale spaces

We have already discussed in chapter 6 the adjunction between the category of presheaves
on X and the category Top/X of bundles over X, and the resulting equivalence between
sheaves and étale spaces on X.

We now describe a similar equivalence between fibred categories on X and what we
will call 2-bundles on X which gives a way of moving between stacks on X and 2-étale
spaces on X.

Throughout we work with a fixed topological space X, which is locally connected. A
bundle on X will just mean a space over X, i.e., an object of the category Top/X. Recall

E
that the bundle lrr is étale over X if, for every e € E, we can find neighbourhoods
X

B C E for eand U C X for w(e) such that 7|g: B S, Uisa homeomorphism. The
inverse for 7|y can be considered as a section, s: U — E, of F over U.
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8.2.1 2-Bundles over X
2-truncated simplicial bundles

We wish to consider groupoids E in Top/X; we regard E as a 2-truncated simplicial space

EQ El
over X. So we have lw , @ ‘bundle of vertices’ and l?r , & ‘bundle of morphisms
X X

(or 1-simplices) over X' We require that the two face maps (i.e., codomain and domain),
do,d1: By — Ey the degeneracy map, sp: Ey — Ej and composition (which is a face
map d; from level 2 of the simplicial structure induced by F) be continuous, commute
with 7, and satisfy the simplicial identities. In particular, if zg —> z; € E) then
m(x) = m(xo) = w(x1). We write E’ for the subspace of non-identity morphisms; the
identity maps are given by the subspace soEy. Since dosg = id we have E; = E'[] soEp.
This is a coproduct of sets, but often we will have topologies chosen so that this is a
coproduct of spaces as well.

Definition of 2-Bundles

A 2-bundle on X is a groupoid, E, in Top/X in which all open sets U C Ej are closed
under isomorphism, i.e., if u € U u = v then v must also be in U.

Example: 2-discrete spaces and trivial 2-bundles

As an example we generalise the notion of a discrete space to our 2-dimensional context.
A topological groupoid, G, is 2-discrete if G’ is discrete and a subset is open in Gy iff it
is closed under isomorphism. (Thus G; = G'[] Gy as a topological space.)

Thus Gy is not discrete, but if we identified isomorphic points then the result becomes
discrete. If we think of the open sets as providing a way to measure the distance between
two points, then in a discrete space all points can be distinguished, but in a 2-discrete
space isomorphic points become indistinguishable.

Gx X
A trivial 2-bundle is a 2-bundle of the form lpr where G is 2-discrete. This

X

means that as sets we have an object (f, ) for each f € Gy and = € X (and similarly for
morphisms), and the open sets are products of opens from G and X.

Note that the fibre over x € X is the groupoid G, but with a not-entirely discrete
topology: if we made both Gy and G; discrete then we would “just” have two bundles
over X, corresponding to a sheaf of groupoids. Since we want a stack of groupoids, we
need the non-discrete topology.
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The 2-category TwoBundles/X
We get a 2-category TwoBundles/X of 2-bundles over X, where the picture is

s Y (8.2.1.1)

Explicitly, a 1-cell f: 7! —= 72 is a functor f: E — F which is continuous (i.e., the

maps on objects and morphisms are both continuous) and satisfies 7%(f(z)) = 7! (z) (for
all objects and maps z).

For the 2-cell, o, we want a continuous natural transformation. Let I be the ‘unit
groupoid’ with the 2-discrete topology: Iy = { 0,1} with the codiscrete topology and
I’ has two non-identity maps, t: 0 — 1 and ¢~!: 1 — 0, with the discrete topology.
Then we can form a topological groupoid E x I in the obvious way, and we have two
maps 4o, 41: £ —— E x I with ig(e) = (e,0) and 4;(e) = (e,1). These are continuous:
iy LU x W) is empty unless 0 € W in which case it is . We can now define a: f=>y
to be a continuous functor a: £ x [ —— F which is ‘over X’ in the sense that

Bxl—=F

I j?rz (8.2.1.2)
E i X

commutes, and agrees with f and g in the sense that f = (iy # «) and g = (i) # «).

In particular if z € E, we get a map o, = a(sez,t) in F from a(z,0) = fz to
a(z,1) = gz, and given m: x — y in E applying a to the equation (sox, t) # (m, sgl) =
(m, 1) = (m, s00) # (soy,¢) gives the usual naturality square

fo—Svg%

fmj ng (8213)
fy——>9v
If such an a exists then the ‘closed under isomorphism’ property tells us that if

U C Ep is an open set of objects, then f~1(U) = g~}(U) (because if f(x) € U then the

isomorphism a, : f(z) Sy g(z) forces g(z) € U and conversely)
Also the requirement (8.2.1.2) is automatically commutative because f and g are maps
over X.
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2-Etale spaces

E
A 2-étale space on X is a 2-bundle, lw , on X with the following properties. First,

X

Ey
lw is homotopy-étale over X. This means (by definition) that given e € Ey we can
X

find neighbourhoods B C Ey for e and U C X for n(e) and a map s: U — B such
that s # m|p = idy and 7|g # s ~ idp where the homotopy, H, is a strong homotopy,
meaning that

B x5 5

prlj J:'r (8.2.1.4)
B ——U

commutes. On the morphisms we require the following étale-like condition: For all maps
p:x—yin Ey let p=7(p) = 7(z) = 7(y) € X. We have (using the homotopy-étale
condition) sections sy, s,: U — Ey with s5(p) = z and sy(p) = y. Then there must
exist an open set W and a map s: W —— E; with s(p) = ¢, and then the condition is
that the sub-bundle EYY (z,y) := ims = {sq: ¢ € W } must be étale over X.

The paper [8] appears to provide a similar construction, and there they end up with
an actual stack.

8.2.2 The fibred groupoid of a 2-bundle

E
Given a 2-bundle, lw , on X we define a fibred groupoid I'[r] on X (i.e., a functor

X
[[r]: O(X)°® — Grpoids as follows. On an open set U we have a groupoid I'[x](U)
Ey
whose objects are the sections of l'.rr over U, and whose maps are sections of E;.
X

Note that on maps we are doing the ‘classical’ construction of a presheaf of sections from
a bundle.
Explicitly, an object is a continuous map a: U — Ep with 7(a(z)) = z for all z € U;

a morphism a —=bis a: U —— Fj over p with a # d; = a and a# dy = b, i.e., for

each u € U we have a 1-simplex (i.e., a morphism) a(u) o, b(u) in E. Composition
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of morphisms happens pointwise (this is why we required 2-bundles to have E be a
groupoid, rather than a general simplicial set). Restriction functors I'[7](U) — C[x](V)
just pre-compose with the inclusion V —— U. (Thus we always get that I'[r] is a strict
functor O(X)°®? — Grpoids.)

Descent data

A descent datum for a cover, (Uy: @ € A) of U, is given by maps ¢u: Uy — Ey

and isomorphisms @aa(u): @a(u) —=5. wa(u) (which are ‘continuous in v’ meaning that
U — pqp(u) is a continuous map from U to E;) plus the condition that whenever u lies
in a triple intersection Uygy, @ag(u) # vay(u) = @ay(u).

The descent datum is effective if we have a collation of the ¢, (u), consisting of a
continuous map ¢: U —— Ej and isomorphisms (again forming a function continuous

in u) Yalu): p(u) —> ¢a(u) which satisfy 1o (u) # @ap(u) = g on Uag.

Gluing conditions in I'(r)

We would like I'(7) to be a stack, so let us examine how true this is.

Let (Ua: a € A) be an open cover of U, and let there be a descent datum for this
cover given by maps ¢, : Uy —= Ep and @, g: Uyg — Ey.

Choose a section s: U — ][, U, for the map [], Uy — U coming from the
coproduct (on the underlying sets: s need not be continuous), i.e., we have s(u) = (su, u)
where su € A is an index for which u € Us,. This is used to define ¢ with

w: U

Ey
(8.2.2.1)
U —————— gy ()

Claim: ¢ is continuous

Proof of claim. If V C Ep is open then ¢™1(V) = {w: psp(w) € V'}. For w € o~ 1(V)
we have that By, = @i (V) C Usy, is an open neighbourhood of w, so we just need
to show that By C ¢~ (V). But if @ € By, then gg,(z) € V and the isomorphism
Psw,sz(Z) Pow(®) — @sa(2) = p(z) shows p(z) € V, i.e.,, By C ¢~} (V). O

Now |y, still sends u € Uy to g (u), but we have u € Ug(u),o @nd an isomorphism

‘Ps(u).a(u) D Ps(u)U > Pall.

But now we have a problem as the above is almost the 1, we need (the condition on
%o being compatible with a5 over double intersections Uy, g is exactly the condition on
Psu,a,p Over triple intersections Ug, o ) but 1), need not be a continuous map U, — Ej.
We conjecture that there is a way to repair this, perhaps by a better choice of s, for at
least some ‘nice’ contexts. In other words, we define a nice 2-bundle to be one for which
I'(7) is an actual stack, and call the resulting category nTwoBundles.

This would give us a map I': nTwoBundles/X —— [O(X)°P, Grpoids| whose image
was inside Stacks(X). Even if the 2-bundle is not ‘nice’, I'(F') acts on morphisms just
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like the functor from (6.1.2.4), so we do have image inside the (2-)category of prestacks,
and there is a ‘stackification’ map from PreStacks(X) to Stacks(X) (which is left
adjoint to the obvious forgetful functor)

8.2.3 The 2-stalk of a fibred category

The above generalised sections of a bundle, and the stalk of a presheaf can be generalised
as follows.

We define a functor Stalk: [O(X)°P, Grpoids| — nTwoBundles called a 2-staik.
Let F: O(X)° — Grpoids, then Stalk(F) is a generalisation of the usual stalk
construction.

For objects, Stalk(F')o consists of (equivalence classes of) elements (p, U, z) where z is
an object of FU and p € U € O(X) with the equivalence relation (p, U, z) ~ (p, V, z|v)
whenever V C U.

For the maps, we essentially apply the usual stalk construction to the arrows of F, i.e.,
Stalk(F)((p, U, z), (p, V,y)) is obtained from

{(p,W,0): @: zlw —>ylw,pe W e O(UNV)} (8.2.3.1)

where we have the usual equivalence relation (p, W, ) ~ (p, W, ) iff p|q = ¢'|q where
pe e O(WNW’). This defines all the maps, including the identities, in the same way,
however the to define the topology we treat the identities differently. The equivalence
relation on the objects ensures that domain and codomain are well-defined.

We are not yet done because we have not defined a topology on Stalk(F'), for which it
is easiest to introduce the map n in the next section.

8.2.4 n: F —— T Stalk(F)

Ignoring the topology on Stalk(F')q for the moment, we have a map np(U): FU —
[ Stalk(F)(U), where on an open set U we define np(U)(z) = (&)°, with

U
(%). R Stalk(F")

P (p,U,x)

(8.2.4.1)

If  is an arrow, this is the usual unit for the Stalk 4 I" adjunction and we choose basic
open sets in Stalk(F)’ to be images (&)° (U) = {(¢, W): g € U} (we only do this for
the non-identity arrows as the basic opens at an identity sox are just soV where V is a
basic open at the object x).

If z is an object, then we choose our basic opens in Stalk(F)g to be ‘essential images’,

essimg (%) = { (0, V19): (¢, Vyy) = (%) (p) for some p € U}

={(g,Viy): (&,V,y) = (q,U,z), e U}

(the second line follows because we can only have an isomorphism if p = q).
If z is a morphism, then (%)' is continuous—this is the result for the stalk of a sheaf

plus the lemma below.

(8.2.4.2)

108



Lemma 8.2.4.3. For z € ObFU, (£)": U — Stalk(F), is continuous

Proof. We must show that ((%)*)~(essimg((£)")) = B is open in X.

If p € B then p € U and there is an isomorphism (p, W, ¢): (p,U,z) — (p, V, ). We
will show that W C B which shows B is open.
If ¢ € W then we have isomorphisms

(%).(Q) =1, Vi) = (o, Woalw) L (g, W) = g, T, o) = (—)'(q) (8.2.4.4)

therefore ¢ € B. O
Lemma 8.2.4.5. 7: Stalk(F)g —— X is continuous.
Proof. If U is open in X, and (p, U, z) € 7~ (U) then essimg (£)* € »~1(U). O
Lemma 8.2.4.6. Stalk(F') is a 2-étale space over X .

Proof. Open sets in Stalk(F")g are closed under isomorphism by definition. The maps sg,
do, dy are continuous. (so we have a 2-bundle over X).

Stalk(F')o is homotopy-étale: if (p,U,z) € Stalk(F)y then we have an open neigh-
bourhood B = ess img((%)') of (p,U, z) and an open neighbourhood U for p for which
7|p and (%)' form a homotopy equivalence with (%)' # m = id. (The homotopy
H: B x [0,1] — B can be given by H(b,0) = (¢,U,z) and H(b,t) = b if t > 0. This is
continuous because all functions with codomain a codiscrete space are continuous)

The condition on Stalk(F);: Given a non-identity map (p, W,¢): (p,U,z) —
(p,V,y) we can restrict z and y to W, so without loss of generality we can assume
U=V =W, then let s, = (#%)°, sy = (#%)" and s = (&)". Then El(z,y) =
ims = {(¢,W,¢): g € W} is étale by the argument showing the stalk of a sheaf is
étale. Similarly if sg(p, U, z) is an identity map then s, = (%)' and s = s, # sy gives
EY(z,z) = {s0(q,U,z): q € U} is again clearly étale.

O

We get a (2-)functor Stalk: [O(X)°, Grpoids] — TwoBundles/X whose image
is inside TwoEtale/X.

8.2.5 The counit, ¢: Stalk['(r) —— 7

If m is a 2-bundle over X, we have a map (over X)

ex: Stalk'(n)

T

(8.2.5.1)
(p, U, z) —————z(p)

on level 1 this is the usual counit of Stalk 4 I', and hence continuous for the same reasons.
On level 0 it is continuous because we required that open sets in Ey be closed under
isomorphisms: If B C Ej is open, then e™'(B) = {(p,U,z: U — Ey): z(p) € B}.
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If (p,U,z) € e }(B) then let V = z~1(B), which is open in X and we claim that
essimg (z‘v") C 71(B). To prove this we must show that if (g, W,Y) € essimg (IIT") .

then y(¢) € B. To do this, just observe that the isomorphism (g, W, y) = (q,V,z|v)

gives us y(q) - z(q). Since ¢ € V we have z(q) € B, and since B is closed under
isomorphism, y(¢) € B also.

8.2.6 The adjunction Stalk - I"

In section 8.2.4 we defined a map (np)(U) for each open set U. These form a natural
transformation np: F' — I' Stalk(F'), which is natural in F, i.e., they fit together to
form n: id == I'Stalk. Similarly the map e, from section 8.2.5 is natural in 7, i.e., we
have a natural transformation e: Stalk ' == id. These are the unit and counit of an
adjunction

Stalk

[O(X)°P, Grpoids] L nTwoBundles/X (8.2.6.1)
\_/

I

as can be easily verified by checking the triangle equalities.

We have seen that the adjunction restricts to one between Stacks(X) and TwoEtale/X.
We now show that this new, restricted, adjunction is actually a 2-equivalence, i.e., that 7
and € are equivalences when restricted to stacks and 2-étale spaces.

Proposition 8.2.6.2. If F is a stack on X then np is an equivalence.

Proof. We must show that each nr(U) is an equivalence of categories, i.e., full, faithful
and essentially surjective. On arrows, ng(U) is full and faithful because the arrows of F
form a sheaf.

Let o € T Stalk(F)(U). We need Z € FU with a2 (£)".

a has the form a(p) = (p, Vp, xp) where 2, € F(V,). « is continuous, so we have open
sets

K, = a (essim (ﬁ)
s ( \¥, ) (8.2.6.3)
={qeU:alq) = (g, Vpzp) }
with p € Kp CU. Let L, = V, N Kp, then we have

T [ ]
ez, 2 (Vz) |,

.’Ep 2
o 2.64
(Kpmvp) (8.2.6.4)
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L]
Let Z, = xp|1, € F(Lp) with p: (%ﬁ) — a|r,. We get pp; making the following
diagram commute:

Zp|Lpr1Lq)° = (z ) =
= ——
L,NL Q| L,NL
( LpNlLg Ly | P q¢p|bpan p' g

¥Ppg | = (8265)
Zplepnrg \*
LpnLq
Using the diagram (8.2.6.5) it is easy to show that ¢pe# @ = pr over triple intersections:

we simply put the diagram for ¢, above the diagram for ¢g,, and notice that the outside
of the resulting rectangle is the diagram for ¢p,.

N WqlLpnig
(E;f) |LnL, —=— alz,nL,

Iie

Also note that because np is full and faithful, ¢, = (%) for a unique map 1, in

F(Lypq). Since UyLy, = U and F is a stack, the descent datum (Z,, ¢,) thus glues to give
Z € FU with Z|r, = Z,.
We now have

(

= (ZJTJ'?) (») (8.2.6.6)
(
(

VA
= 5) |z, (p)
Z L]
-(z) @
therefore a = np(U)(Z) as required. O
E
Proposition 8.2.6.7. If lvr is 2-étale over X then e; is a homotopy equivalence
X

e: Stalk () == .

Proof. Given e € E we have a homotopy inverse s: U — B for some U and B, and
mapping e to (w(e), U, s) gives a homotopy inverse to €. O

Corollary 8.2.6.8. Stacks(X) is 2-equivalent to TwoEtale/X
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8.2.7 Trivial and Locally trivial stacks

Since we know what a trivial 2-bundle is, we should be able to see what a trivial stack is:
it should be the stackification of the constant fibred category which maps all U to some
fixed groupoid G.

We should be able to define locally constant 2-bundles, and thus locally constant
stacks.

8.3 Z()\) as a stack

We turn Z () into a locally trivial stack using the 2-equivalence in section 8.2 and the
fact that Stacks(—) is a 2-stack on Top. This is a generalisation of a process from [5]:

essentially all we are doing is replacing the crossed module G —2~ Aut(G) used there
with M.

8.3.1 QOver U

Ug‘ X Ner X(M)U
On the open set U; we place the object Z; = l . where now on
Ui

Ner X (M), we use the 2-discrete topology from section 8.2.1, i.e., we have a constant
stack on Uj, where the fibre is the (2-dimensional part of the) simplicial set Ner X' (M),,.

8.3.2 Over Uij
We can restrict Z; to a subset of U; by pullback; the result is another constant stack:
V x Ner X (M), —— U; x Ner X (M),
Zily Z (8.3.2.1)
Vv U;

We have a map Z;;: Zi]U,;j — Zj|u,; induced by the action of M on itself by multipli-
cation and the formal map A: Z;; = — #¢ Ay;.
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Explicitly this looks like
Zij(ﬂ?,?:,p) — (‘T?va)\zj)

/\ p)\ij
i m’i’*\@* - m’j’*/ﬂ}*
pae \/
(8.3.2.2)
D PA{_-,-
Zt_‘} Tyt ¥ x = | By ————%
po(erea) pd(erea)ij

etc.

8.3.3 Over Uijk

Restricting to a triple intersection, Uy, the maps Zz-|UUch # Zjlu,;, and Zk'lUijk become
homotopic, the homotopy begin given by multiplication by the two-cell Aiji (referring
to section 7.3.2 we are here writing A;j;, for the composition of the diagram (7.3.2.7), i.e.
Aijke = Ligr #0 Mk = Nijhi, L%’f))-

We can use section 2.4.2 to visualise the homotopy Z;j; as follows.

On a O-simplex (z,4,p) € Ziy,,, is assigned the 1-simplex

3

PAij Ak

34
.k, * JJ'LI.]:’: *

Y A

PAik
(2, ky pAijAje) (z, k, pAix) (8.3.3.1)

in Ziu,,- (The codomain of the 2-cell is pAyjAjd (Lj;';) which is pA by (7.3.2.8))
To save space in the diagrams we could abbreviate the above to

)‘jk
itk
(2, k, pAiAjk) — (, k, pAig) (8.3.3.2)
The picture is
. A
e i M e W
[ Aijk (8.333)
ook = *
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Looking at the next dimension, a 1-simplex, (z, 1, (p,e1)),

(z,1,p) (z,i,pler) (8.3.3.4)

is assigned a square

(@, ky PAijAjik) (z,k,p(Be1) Nij\jk)
hy
L L3k (8.3.3.5)
ho
(J"a k: p)\‘ik) a (m:k:p(ael))‘ik)
PAik
2k, @ *

The common d;-face of hy and hy is given by composing the two-cells in the other
two faces (and by the interchange law in the 2-category M the two composites are
equal), i.e., dihg = dihl = (p, e1) #o Aijk (this is (2,7, (p, e1))%9* in the ‘action’ notation
of section 2.4.2). Explicitly we have

AiAjk
Ro(z, i, (p, e1)) = Tk, , P 4 . (8.3.3.6)
o
P
o
hi(z,i, (p,e1)) = | 2.k, | L (8.3.3.7)
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8.3.4 On Uijkg

Over quadruple intersections Uyjre the equation (7.3.2.16) induces an equation between
the Z;:

Zk. Zj

. ™

8.3.5 Getting a stack

Hence the Z, form a 2-descent-datum so we can glue to get a stack, Z, on X. Z is locally
trivial in the sense that over the open cover I/ it trivialises.

More generally we can replace the regular action of M on itself by any action of M on
a groupoid, and we conjecture that similar construction should work if ¢ is a hypercover
as in [5].

115



Bibliography

[1]

[4]

[5]

[6]

[7]
8]

[10]

[11]

[12]

[13]

John Baez and James Dolan. Higher-dimensional algebra and topological quantum
field theory. Journal of Mathematical Physics, 36(11):6073-6105, 1995. Available as
arXiv:q-alg/9503002.

John Baez and James Dolen. Categorification. In Higher Category Theory (Evanston,
IL, 1997), number 230 in Contemp. Math, pages 1-36. American Mathematical
Society, Providence, Rhode Island, 1998. Available at arXiv:math.QA/9802029.

Francis Borceux and George Janelidze. Galois Theories. Number 72 in Cambridge
Studies in Advanced Mathematics. CUP, 2001.

A.K. Bousfield and D.M. Kan. Homotopy limits, Completions and localizations,
volume 304 of Lecture Notes in Maths. Springer-Verlag, 1972.

Lawrence Breen. Classification of 2-gerbes and 2-stacks. Société mathématique de
France, 1994. Astérisque 225.

Ronald Brown. From groups to groupoids: A brief survey. Bulletin of the London
Mathematical Society, 19:113-134, 1987.

Ronald Brown. Topology and Groupoids. BookSurge, 2006.

A.L. Carey, M.K. Murray, and B.L. Wang. Higher bundle gerbes and cohomology
classes in gauge theories. J. Geom. Phys., 21(2):183-197, 1997. Available at
arxiv:hep-th/9511169.

Antonio Cegarra and Josué Remedios. The relationship between the diagonal and
the bar constructions on a bisimplicial set. Topology Appl., 153(1):21-51, August
2005.

Jean-Marc Cordier and Timothy Porter. Homotopy coherent category theory. Trans-
actions of the AMS, 349(1):1-54, 1997.

Edward Curtis. Simplicial homotopy theory. Advances in Mathematics, 6(2):107-209
1971.

bl

John Duskin. Simplicial methods and the interpretation of “triple” cohomology.
Mem. Amer. Math. Soc., 3(issue 2, 163), 1975.

John Duskin. An outline of a theory of higher dimensional descent. Bulletin de la
Société Mathématique de Belgique (série A), XLI(fascicule 2):249-277, 1989.

116



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

24]

[25]
[26]

[27]

John Duskin. Simplicial matrices and the nerves of weak n-categories I: Nerves of
bicategories. Theory and Applications of Categories, 9(10):198-308, 2001. Available
from http://www.tac.mta.ca/tac/volumes/9/n10/9-10abs.html.

W. G. Dwyer and D. M. Kan. Homotopy theory and simplicial groupoids. Nederl.
Akad. Wetensch. Indag. Math., 46(4):379-385, 1984.

W. G. Dwyer and J. Spalinksi. Homotopy theories and model categories. In
Handbook of algebraic topology, pages 73-126. North-Holland, 1995. Available at
http://hopf.math.purdue.edu/Dwyer-Spalinski/theories.pdf.

Philip Ehlers. Simplicial groupoids as models for homotopy type. Master’s thesis,
University College of North Wales, 1991.

Philip Ehlers and Timothy Porter. Joins for (augmented) simplicial sets. J. Pure
Appl. Algebra, 145(1):37-44, 2000.

R. et A. Douady. Algébra et Théories Galoisiennes, volume 2. Cedic/Fernand
Nathan, 1979.

Barbara Fantechi. Stacks for everybody. Preprint, available from http://www.cgtp.
duke.edu/~drm/PCMI2001/fantechi-stacks.pdf, 2002.

Magnus Forrester-Barker. Group objects and internal categories. Available at
arviv:math.CT/0212065, December 2002.

P. Gabriel and M. Zisman. Calculus of Fractions and Homotopy Theory. Number 35
in Ergebnisse der Math. und ihrer Grenzgebeite. Springer, 1967.

Paul Goerss and John Jardine. Simplicial Homotopy Theory. Number 174 in Progress
in Mathematics. Birkhauser, 1999.

Marco Grandis and George Janelidze. Galois theory of simplicial complexes. Dip.
Mat. Univ. Genova, Preprint 459, 495, September 2002.

A. Grothendieck. Pursuing stacks. manuscript, over 600 pages, 1983.

Alexandre Grothendieck. La longue marche a travers la théorie de Galois. Tome
1. Université Montpellier IT Département des Sciences Mathématiques, Montpel-
lier, 1995. Transcription d’un manuscrit in édit. [Transcription of an unpublished
manuscript], Edited and with a foreword by Jean Malgoire.

Alexandre Grothendieck. Revétements étales et groupe fondamental (SGA 1). Docu-
ments Mathématiques (Paris) [Mathematical Documents (Paris)], 3. Société Mathé-
matique de France, Paris, 2003. Séminaire de géométrie algébrique du Bois Marie
1960-61. [Algebraic Geometry Seminar of Bois Marie 1960-61], Directed by A.
Grothendieck, With two papers by M. Raynaud, Updated and annotated reprint of
the 1971 original [Lecture Notes in Math., 224, Springer, Berlin; MR0354651 (50
#7129)).

117



[28]

[29]

[30]

Sharon Hollander. A homotopy theory for stacks. Available at arXiv:math.AT/
0110247, 2001.

Mark Hovey. Model Categories. Mathematical surveys and monographs 63. American
Mathematical Society, 1999.

Dale Husemoller. Fibre Bundles. McGraw—Hill, 1966.

[31] Peter Johnstone. Topos Theory. Number 10 in LMS Monographs. Academic Press,

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

1977.

André Joyal and Miles Tierney. An extension of the Galois theory of Grothendieck.
Mem. Amer. Math. Soc., 51(309), 1984.

K. H. Kamps and T. Porter. Abstract Homotopy and Simple Homotopy Theory.
World Scientific Publishing Co. Inc., 1997.

G. M. Kelly. Basic concepts of enriched category theory. Lecture Notes in Mathe-
matics, 64, 1982,

Saunders Mac Lane. Categories for the Working Mathematician, volume 5 of
Graduate Texts in Mathematics. Springer-Verlag, second edition, 1998.

Saunders Mac Lane and Ieke Moerdijk. Sheaves in Geometry and Logic. A First
Introduction to Topos Theory. Springer-Verlag, second edition, 1994.

Jean-Louis Loday. Spaces with finitely many homotopy groups. J.Pure Appl. Alg.,
24:179-202, 1982.

Luca Mauri. Two-descent, two-torsors and cohomology. Phd thesis, Rutgers,
New Jersey, May 1998. Available at www.math.rutgers.edu/~mauri/Two-descent,
Hh20two-torsors%20and’%20cohomology . pdf.

Luca Mauri and Myles Tierney. Two-descent, two-torsors and local equivalence.
Journal of Pure and Applied Algebra, 143:313-327, 1999. Available from http: //www.
math.rutgers.edu/~mauri/Two-descent, two-torsorsandlocalequivalence.
pdf.

J. Peter May. Simplicial Objects in Algebraic Topology. Number 11 in Mathematics
Studies. D. Van Nostrand, 1967.

leke Moerdijk. Introduction to the language of stacks and gerbes. Available as
arXiv:math.AT/0212266, dec 2002.

Timothy Porter. Interpretations of Yetter’s notion of G-colorings: Simplicial fibre
bundles and non-abelian cohomology. Journal of Knot Theory and its Ramifications
5(5):687-720, 1996.

3}

Timothy Porter. Topological quantum field theories from homotopy n-types. Journal
of the London Math Society, 58(2):723-732, 1998.

118



[44] Daniel Quillen. Homotopical algebra. Number 43 in Lecture Notes in Maths.
Springer-Verlag, 1967.

[45] John Stillwell. Classical Topology and Combinatorial Group Theory. Number 72 in
Graduate Texts in Mathematics. Springer Verlag, 1980.

[46] Thomas Streicher. Fibred categories & la J. Bénabou. Available from http://www.
mathematik.tu-darmstadt.de/~streicher/FIBR/FibLec.ps.gz, apr 1999.

[47] Robert Thomason. Homotopy colimits in Cat, with applications to algebraic K -theory
and loop space theory. PhD thesis, Princeton University, 1977.

[48] R.M. Vogt. Homotopy limits and colimits. Math. Z., 134:11-52, 1973,

119



Index

(£)°, 108-111
C [ (F), see Grothendieck construction
V, see codiagonal, V
(b, o), 53, 55-56
@, 33-34, 42
[14 F, see simplicial replacement
®, see copower
#; notation, 8, 65
1— P, 6,80
2-bundle, 6, 103-108
2-discrete, 104, 112
2-stalk, 108-111
homotopy, 105
locally trivial, 112
morphism, 105
nTwoBundles, 107
sections, I', 106-111
trivial, 104, 112
2-category, 6, 66, 83, 92, 105, 114
2-descent, 115
2-étale space, 4, 103, 106, 109, 111
2-equivalence with stacks, 111
2-group, 5
2-stack, 112

a(b), see fibre bundle, atlas
Abelian category, 49
action
functor as action, 27, 40, 94
of aut(Y) on Y, 15-16, 23
of S(Y,Y), 15
of n-type, 5
of a simplicial homotopy, 20
of crossed modules, 4-6, 112, 115
of groups, 4-6, 27, 28, 63, 82
of homotopy, 114
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of simplicial groups, 22-23, 54, 56,
57, 59, 61
of simplicial groups, universal action,
22
adjunction
A®@—-C(A,-), 17
Dec 1V, 30
G W, 26, 56, 57
G 4 W for simplicial étale spaces,
79-80
41®—, 79
[Ty - const, 76
Iy - discrete, 76
Stalk #I" 4 inclusion, 74
Stalk 4 I', 74, 108-110
const 4 I', 76
stackification, 108
a(b), see fibre bundle, atlas
analogy, 10, 29, 79
augmented simplicial object, 95, 97
aut(Y), 6, 15-16, 22, 51

bifunctor, 29, 35
bisimplicial set, 28-29, 37, 66, 92
diagonal, see diagonal
BiSSet, see bisimplicial set
bundle, 43
2-bundle, see 2-bundle
constant, 50
fibre, see fibre bundle
locally trivial, 5, 72
trivial, 6, 43, 50, 76, 79, 81, 84
bundle gerbe, 106

Cartesian closed, 12-15, 17, 94
cat!-group, 63



categorification, 5, 6, 58, 97
Cech nerve
explicit description, 78
classifying space, 43, 63
closed under isomorphism, 104, 105, 109,
110
cocycle, 95, 96, 100, 102
codiagonal, V, 30-34, 41, 42, 65, 92, 94
codiscrete topology, 105
coend, 19, 35
simplicially enriched, 94
coequaliser, 35
coherence, 27
cokernel, 68
colimit, 18, 73, 78
collation, 107
constant sheaf, see sheaf, constant
constant simplicial group, see K(G,0)
constant simplicial object, 24
continuous functor, 105
copower, 17, 18
coproduct, 17, 35, 36, 43, 44, 78, 99, 101,
104, 107
corestriction, 47
cover, 6, 44, 72, 76-79, 107, 115
Grothendieck topology, 97, 98, 107
covering space, 4-6, 72, 74-75, 82
crossed module, 4-6, 43, 63, 65, 66, 68,
69, 79, 80, 82, 91, 94, 112
as 2-group, 64
as double group, 64
as simplicially enriched groupoid, 94
double nerve, 65
homotopy groups of, 68
horizontal, 64
horizontal nerve, 65
vertical, 63
vertical nerve, 65, 69
weak equivalence, see weak equiva-
lence
CW-complex, 6

D(F'), see Thomason double category
Dec, see total Dec
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degeneracy maps, 13
definition, 9
in 8(X;¥), 18, 14
degenerate simplex, 11, see simplex, de-
generate
A, 8
di, 9
density, 18, 73
des, 96-98
descent
map of 1-descent, 96
map of effective descent, 96
descent category
for groupoid fibration, 99
descent category, Des(X,, F'), 95-98
descent data, 95-98, 100, 111
effective, 96-97
for T, 107
for groupoid fibration, 100
normalised, 96
trivial, 96
diagonal, 30, 37, 42, 65, 92, 94
discrete
category, 16, 78, 98
topology, 6, 74-76, 79, 104
double category, 29, 63-65, 92
double category, Thomason, see Thoma-
son double category
double group, 64
double groupoid, 64
double intersection, 6, 82, 107
double mapping cylinder, 40
double nerve, see nerve, of double cate-
gory
Dwyer, 24, 25

equaliser, 97, 98
equivalence
between sheaves and étale spaces, 4
between sheaves and covering spaces,
6
of 2-categories, 6
of n-categories, 5
of categories, 4



of stacks and 2-bundles, 6
étale space, 4, 6, 74-77, 79, 81, 91, 103,
109
equivalence with sheaves, 75
extra degeneracy, 21, 69

face maps, 10
definition, 9
horizontal, 29
in §(X,Y), 13
in a simplicial set, 9
vertical, 29
fibration, see groupoid fibration or Kan
fibration
fibre, 4-6, 43, 49-50, 57, 74, 75, 82, 104,
112
fibre bundle, 4, 6, 7, 43, 50-56
atlas, 51-54
is a TCP, 53-54
universal, see W(G)
filler, 44, 46
finite sets, 8
forgetful functor, 17
formal map, 4, 6, 79-86, 112
explicit description, 79
explicit description for 1 — P, 80

explicit description for C' =P , 84—
86
free groupoid, 25
fundamental crossed module, 5
fundamental group, 4, 5

G, see loop groupoid
Galois-Poincaré correspondence, 5, 6
generalised vertex, see vertex, generalised
vertex
generalised whiskering, 66
generater
for simplicial set, 38
generator
for a group, 5
for simplicially enriched groupoid, 26,
56
germ, 74
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glue, 39, 115
gluing, 82, 96
grid, 29, 34
Grothendieck, 4, 5
Grothendieck construction, 16, 28, 40-42
72, 99
inverse, 99
Grothendieck topology, 97, 98
groupoid fibration, 99, 101, 102
Grp, 22, 27, 63, 64

homotopy

theory of simplicial sets, 6
homotopy class, 43, 57, 58
homotopy colimit, 34-37, 40, 42, 61, 78

hocolimV, 94

as coequaliser, 36

as tensor product, 36

in Cat, 40

normal form, 36

simplicially enriched, 94
homotopy pushout, 37-40
homotopy-étale, 106, 109
horn, 44-46
hypercover, 115

id,: [n] — [n], 10, 11

infinitely lax natural transformation, 61
internal category, 63-65

internal group, 23, 64

internal groupoid, 63

internal hom, 13, 15, 17, 22

internal monoid, 15

isomorphisms form a sheaf, 103

Joyal, 24, 25

K(G,0), 61, 82

Kan, 24, 25

Kan fibration, 44-49, 57, 58
kernel, 49, 68

kernel pair, 77

lift, 44, 46, 48, 99, 101
locally connected, 74

1



locally constant sheaf, see sheaf, locally

constant

locally constant stack, see stack, locally
constant

locally trivial bundle, see bundle, locally
trivial

loop groupoid, 25-26, 60
for simplicial étale spaces, 79-80

model category, 6
Moore complex, 68

n-simplex
A[n], 10, 50
normal form, 8, 53, 55
A[0], 10, 15, 44
All], 11, 19
Al2], 10
as a list, 10, 19
in a simplicial set, 9, 11
n-type, 4, 5
nerve
Cech nerve of cover, 6, 72, 77-79
of 2-category, 66
of category, 12, 25, 35, 40, 41, 62
of crossed module, 6, 65-68, 79, 87,
112
of crossed module, explicit descrip-
tion, 6668
of crossed module, explicit descrip-
tion for M =1—— P, 80
of double category, 29, 31-33, 41, 42,
92
of functor into Cat, 40-42
of group, 16, 61, 80
of groupoid, 4, 6
of internal category, 65
of simplicial group, 31
of simplicially enriched category, 92
non-decreasing map, 8

open, 75-77, 104-110, 112, 115
order-preserving, 8
Ordinal sum, 30
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IIH(X), 76

m (M), 68

m1(X), see fundamental group

mo (M), 68

prestack, 97

principal action, 54

products, 14, 78, 104

projection, 43

pseudo-functor, 99

pullback, 6, 43, 44, 46, 50, 51, 55, 57, 78,
79, 81, 99, 112

pushout, 38, 39

quadruple intersection, 115
Quillen, 6

regular atlas, 52
regular representation, 57, 115
explicit description, 23
for a crossed module, 94
for simplicial group, 23
representing map, 11-12, 43, 50
for simplicial group, 23
for simplicial group(oid)s, 12
in S(A, B), 14
restriction, 73, 74, 76, 99, 107

S(X,Y), 12-15, 94
preserves fibrations, 45
semidirect product, 27, 28, 63-65, 69
sheaf, 4, 6, 72, 74-77, 97, 98, 103, 104,
108-110
constant, 4, 76, 79
is a discrete stack, 98
locally constant, 4, 72, 74-75
equivalence with étale spaces, 75
locally trivial, 5
sections, 74, 76
stalk, 73-76
sheafification, 74, 76
sheaves, see sheaf
g, 9
SIMP(C), 16-19
simplicial étale space, 6, 78, 79
simplicial categories, 43



simplicial enrichment
for simp(C), 16-19
for SSet, 12-15
simplicial formal map, see formal map
simplicial group, 15, 22-23, 43, 54, 58,
61, 65
constant, see K(G,0)
simplicial groupoid, 23-24, 65
simplicial homotopy, see simplicial set,
homotopy
simplicial identities, 9, 10
simplicial map, 9
simplicial object, 97
simplicial replacement, 34, 37, 40, 61
simplicially enriched, 94
simplicial set, 9-10
2-category structure, 19
automorphism, 15
Cartesian closed property, 53, see
simplicial enrichment, for SSet
geometric interpretation, 10-11
homotopy, 19-21, 23, 46
contracting, 21, 69
definition, 19
explicit description, 19-21
simplicial sheaf, 79
simplicially enriched
category, 7
functor, 94
groupoid, 24, 58, 63, 65
homotopy colimit, see homotopy col-
imit, simplicially enriched
skeletal, 8
slice category, 15, 35, 36, 43, 77, 97, 105
split fibration, 99
squares, 29, 33
stack, 4-6, 97-104, 106, 107, 110, 111
2-equivalence with 2-étale spaces, 111
n-stack, 5
arrows form a sheaf, 97
as categorified sheaf, 98
as groupoid fibration, 98
constant, 112
definition, 97
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locally constant, 4, 79, 112, 115
trivial, 112

stackification, 108, 112

staircase, 32, 41, 67, 91

stalk, 76, 108

strong homotopy, 49, 106

subdivided cylinder, 39

subdivided interval, 39

7", 20
TCP, 4, 6, 43, 51-62, 79, 80, 82, 87
as homotopy class, see twisting func-
tion, as homotopy class
as homotopy colimit, 61, 62
atlas, 56
definition, 54
is a fibre bundle, 55-56
morphism of, 57-61
motivation, 51
PTCP, 55
universal, see W (G)
tensor, 36, 79
tetrahedron, 10, 86
Thomason double category, 40-42
Thomason’s theorem, 40-42
proof, 40
Tierney, 24, 25
topological space, 4-6, 43, 103
topos, 79
total Dec, 30, 91
total space, 43, 76
totally ordered, 8
triangular prism, 21
triple intersection, 107, 113
triple intersections, 111
trivial bundle, see bundle, trivial
trivialisation, 43
truncated simplicial space, 104
twist, 37, 87
twisted Cartesian product, see TCP
twisting function, 54-62
as homotopy class, 57-60
as simplicial map, 56
definition, 54



homotopies of, 60-61
unit groupoid, I, 105

vector notation, 37, 81

vertex, 10, 21
bundle of, 104
generalised vertex, 11, 23, 50
of a simplex, 10, 11

vertical isomorphism, 100

W(@), 57, 61
as homotopy colimit, 61
W(G)y, 57
as homotopy colimit, 61
W (M), 6, 79, 94
explicit description for 1 — P, 80—
81
explicit description for C E.p , 86—
91
(M)y, 82
, 6, 31, 65
for S-Gpds, 24-25
for crossed modules, 6, 66, 79-81
for crossed modules, explicit descrip-
tion, 82-84
for simplicial étale spaces, 79-80
for simplicially enriched categories,
92
weak equivalence, 5, 6, 34, 42, 65, 68-71

w
w

Yoneda, 10, 11, 13, 15, 16, 39, 72

Z(A)
as a stack, 4, 6, 112-115
as simplicial étale space, 4, 6, 79
explicit description for 1 —— P, 81—
82
explicit description for C' — P, 91-
92
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