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Abstract: We numerically investigate the dynamics of an interband cascade laser (ICL) 
subjected to amplitude-modulated optical injection from a directly modulated master ICL. 
In comparison with steady-state optical injection, the proposed modulated optical injec-
tion significantly enlarges the chaos region. In excess of 10 GHz broadband mid-infrared 
chaos is obtained at large bias currents and with a high gain stage number for the appro-
priate choice of master-slave detuning, modulation frequency, and modulation depth. 

Keywords: mid-infrared chaos; interband cascade laser; amplitude-modulated optical  
injection 
 

1. Introduction 
It is appreciated that the mid-infrared regime (3–5 µm and 8–12 µm) has low-loss 

free-space transmission [1,2]. Chaos is a general physical phenomenon in which noise-like 
waveforms are described by deterministic equations without stochastic terms [3]. A key 
signature of optical chaos is the appearance of broadband optical spectra. In consequence, 
mid-infrared optical chaos is of interest for secure optical communications and anti-jam-
ming lidar in free space [4–7]. As such, the generation of mid-infrared chaos has been the 
focus of recent research efforts. Optical feedback, optoelectronic feedback, and optical in-
jection are three typical external perturbations that have been thoroughly explored for 
chaos generation in the near-infrared regime [8–10]. Attention has been given to mid-in-
frared devices, such as quantum cascade lasers (QCLs) and interband cascade lasers 
(ICLs). A mid-infrared chaotic low-frequency fluctuation was observed experimentally in 
a QCL with optical feedback [11,12]. Although there is no relaxation frequency oscillation 
in a QCL, it is difficult to obtain broadband strong chaos due to its ultra-short carrier life-
time (around 0.1 ps) and the small value of the linewidth bandening factor–less than 0.5 
[12]. QCLs under optical injection produced both periodic oscillations and spiking pulsa-
tions rather than chaos [13,14]. As a type-II quantum well interband transition emission 
laser, ICL possesses a sub-nanosecond order carrier lifetime similar to that of regular 
class-B semiconductor lasers [15]. It also has some unique features, such as a linewidth 
broadening factor of 1.1 to 2.2, and cascading gain stage numbers of 5 to 20 [16]. ICLs 
subject to optical feedback have been investigated theoretically [17] and in experiments 
[18,19] where a 6 GHz bandwidth chaos has been observed quite recently [19]. Optoelec-
tronic feedback is sensitive to the feedback phase. However, only continuous periodical 
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oscillation, low-frequency regular pulses, and intermittent oscillations were observed in 
experiments where the ICL was subjected to optoelectronic feedback [20]. More recently, 
318 MHz mid-infrared chaos was found in ICL subjected to optical injection [21]. How-
ever, this chaos regime is restricted to near-threshold pump currents and some values of 
frequency detuning between the master (transmitter) laser and the slave (receiver) laser, 
and generally the slave laser operates in a period-1 oscillatory state or a stable locking 
regime. It should be noted that the above-mentioned optical injection has a fixed intensity. 
In comparison with fixed intensity optical injection, amplitude-modulated optical injec-
tion with an appropriate modulation depth and modulation frequency would be expected 
to give rise to more complex nonlinear dynamics of the slave laser. Modulated optical 
injection has been applied to conventional distributed feedback (DFB) lasers, in which the 
injection strength is modulated, resulting in broad-bandwidth chaos for appropriate mod-
ulation parameters [22,23]. Such external amplitude-modulated optical injection has also 
been explored in vertical-cavity surface-emitting lasers (VCSELs) where over 40 GHz 
bandwidth chaos was obtained [24]. 

In this paper, we numerically study the dynamics of an ICL subject to amplitude-
modulated optical injection. Here, it is assumed that the master ICL is directly modulated 
to provide amplitude-modulated optical injection into the slave ICL. The dynamics of 
such a slave ICL under both steady-state and modulated optical injection are investigated. 
It is found that the region of chaos associated with modulated optical injection is signifi-
cantly enlarged compared with that obtained with steady-state optical injection. The sta-
ble locking state for steady-state optical injection is replaced by periodic oscillations when 
the slave laser is subject to amplitude-modulated optical injection. In addition, large bias 
currents enable broadband chaos generation in amplitude-modulated optical injection. In 
combination with a large number of ICL gain stages, the bandwidth of mid-infrared chaos 
is further enhanced. 

2. Model for Simulations 
Figure 1 shows the proposed experimental arrangement, which is simulated here. A 

sinusoidal waveform generator (SWG) is used to generate a GHz order sinusoidal wave, 
which is added to the bias current of the master ICL to obtain amplitude-modulated opti-
cal injection. The output light of the master ICL is collimated by an aspheric lens, and then 
a polarization-dependent isolator is used to inject it unidirectionally into the slave ICL. 
Between the isolator and the collimating lens, a half-wave plate is used to adjust the injec-
tion strength by changing the direction of the linear polarization. The light is divided into 
two branches using a beam splitter. One branch is injected into the slave ICL, and the other 
branch is used to monitor the master ICL’s injection power using a power meter. 

 

Figure 1. Schematic diagram of ICL subjected to modulated optical injection. SWG: sinusoidal wave-
form generator, BM: beam splitter. 
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In the simulations, modified Lang-Kobayashi rate equations are used in refs. 
[17,21,25,26]. The dynamics of the slave ICL with optical injection are prescribed by Equa-
tions (1)–(3), where Ns(t) is the carrier number of the slave laser, Ss(t) is the photon number 
of the slave laser, and ϕs (t) is the phase difference between the slave laser and the master 
laser. 

( ) ( ) ( )
( )η ν

τ τ
= −Γ − −s s s s

p g s
sp aug

dN t I N t N t
gS t

dt q
 (1) 

( ) ( )1 ( ) 2 ( ) ( ) cosβ τ φ
τ τ

 
= Γ − + + −  
 

s s
p g s i s m i

p sp

dS t N t
m v g S t m k S t S t

dt
 (2) 

( ) ( )1 sin
2 ( )

φ τα
φ

τ

  −
= Γ − −  

 

s m iH
p g i

p s

d t S t
m v g k

dt S t
 (3) 

where η is the current injection efficiency, 𝐼𝐼𝑠𝑠 is the pump current of the slave laser, Γp is 
the optical confinement factor per gain stage, νg is the group velocity of light, and g is the 
material gain per stage, which is given by g = a0[N(t) − Ntr]/A. a0 is differential gain and A 
is the active area which is given by A = W × L. τsp is the spontaneous radiation lifetime, and 
τaug is the Auger recombination lifetime. m is the number of the cascade gain stage, τp is 
the photon lifetime. τi is the external injection time, and 𝑘𝑘𝑖𝑖 = 2𝐶𝐶𝑙𝑙 �𝑟𝑟𝑖𝑖𝑖𝑖𝑖𝑖 𝜏𝜏𝑖𝑖𝑖𝑖⁄  is the injection 
efficiency, which is defined as the power ratio between the injection light and the laser 
output, where τin is the internal cavity round trip time, and Cl is an external coupling co-
efficient that can be expressed as Cl =(1 - R)/2√R, with R is the facet reflectivity. β is the 
spontaneous emission factor, and αH is the linewidth broadening factor. ∆𝑓𝑓  is the fre-
quency detuning between the master and the slave laser. The relaxation frequency oscil-

lation can be expressed as follows:  fR =�(Γp𝑣𝑣𝑔𝑔𝑎𝑎0S𝑠𝑠)/(A𝜏𝜏𝑝𝑝)/(2π). The threshold current is 

 Ith = (q/η)(A/(mΓp𝑣𝑣𝑔𝑔𝑎𝑎0𝜏𝜏𝑝𝑝) + 𝑁𝑁𝑡𝑡𝑡𝑡)(1/𝜏𝜏𝑠𝑠𝑝𝑝 + 1/𝜏𝜏𝑎𝑎𝑎𝑎𝑔𝑔), and the value of the threshold current is 
17.6 mA. In modulated optical injection, the pump current of the master laser is 
 Im = Im + h( Im - I𝑡𝑡ℎ)sin(2π𝑓𝑓𝑀𝑀t), where fM is the modulation frequency, and h is the modu-
lation depth [27]. In this way, the bias current of the master laser is modulated, and the 
maximum modulation depth should be less than unity to ensure that the master laser is 
always on so as to provide continuous optical injection into the slave laser. Table 1 pro-
vides the detailed parameters of the ICL used in the simulation. Except where indicated 
otherwise, the gain stage number of the ICL is 10. 

Table 1. ICL parameters used in the simulation. 

Symbol Description Values 
L Cavity length 2 mm [28] 
W Cavity width 4.4 µm [28] 
A Active area 8.8 × 10−9 m2 
R Facet reflectivity 0.32 [15] 
nr Refractive index 3.58 [15] 
Γp Optical confinement factor 0.04 [15] 
η Injection efficiency 0.64 [29] 
τp Photon lifetime 10.5 ps 
τsp Spontaneous emission lifetime 15 ns [29] 
τaug Auger lifetime 1.08 ns [29] 
Ith Threshold current 17.6 mA 
a0 Differential gain 2.8 × 10−10 cm [30] 
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Ntr Transparent carrier number 6.2 × 107 [30] 
β Spontaneous emission factor 1 × 10−4 [31] 

αH α factor 2.2 [16] 
m Gain stage number 10~17 
τi Injection time delay 2 ns 

ring Injection strength −20 dB~0 dB 
ki Coupling coefficient 2.52 × 109~2.52 × 1010/s 
∆𝑓𝑓 Frequency detuning −6 GHz~6 GHz 
𝑓𝑓𝑀𝑀 Modulation frequency 2 GHz/2.5 GHz/4 GHz~10 GHz 
h Modulation depth 0~0.85 

Figure 2 presents the modulation response of the master ICL. As expected, the peak 
of the modulation response curves moves to a high frequency as the bias current rises: the 
peak at 1.90 GHz moves to 5.85 GHz and the 3 dB bandwidth at 1.53–2.25 GHz rises to 
2.63–7.89 GHz when the bias current increases from 1.2Ith to 3Ith. When the bias current is 
further increased to 4Ith, the 3 dB bandwidth becomes 9.95 GHz. 

 

Figure 2. Modulation response curves of the master laser. Black, red, blue and green curves respec-
tively present bias current of ICL at 1.2Ith, 2Ith, 3Ith, and 4Ith. The corresponding 3 dB bandwidths are 
marked by black, red, blue, and green dashed lines, respectively. 

3. Results 
3.1. Steady-State Optical Injection 

With steady-state optical injection, that is, the modulation depth is zero, the output 
of the slave laser exhibits a range of dynamical behaviors, including stable locking, period-
1, period-2, quasi-periodic, and chaos in a relatively low bias current, that is, 1.2Ith, where 
the detuning frequency and injection ratio respectively range from −6 GHz to 6 GHz and 
−20 dB to 0 dB. The corresponding map of the dynamics is shown in Figure 3a; chaos (red 
region) appears in a very narrow, scattered region. Even with relatively high values of the 
ICL bias current, here it is 2Ith, and no chaos appears, as shown in Figure 3b. These results 
are in accordance with those of ref. [21]. The absence of chaos can be attributed to the large 
damping factor at increasing bias currents [21,32]. 
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Figure 3. Detuning versus injection strength map of the nonlinear dynamics of the ICL with stable 
optical injection in terms of the modulation. The bias currents of the master and slave lasers are 1.2Ith 
for (a) and 2Ith for (b). 

Figure 4 shows a time series of period-1 at detuning frequencies of 1 GHz (Figure 4a), 
4.5 GHz (Figure 4b), and −6 GHz(Figure 4c). It is found that the frequency span of period-
1 in Figure 4a is around 2.61 GHz, which is a little larger than the relaxation oscillation 
frequency of the slave laser biased at 1.2Ith. For the relatively high detuning frequency of 
4.5 GHz, the frequency span of period-1 is 4.7 GHz, as shown in Figure 4b. With a detun-
ing frequency of −6 GHz, the frequency span of period-1 is 6.09 GHz, as presented in Fig-
ure 4c. These results illustrate that for steady-state optical injection, the detuning fre-
quency plays a key role in determining the frequency span of period-1 oscillations. In ad-
dition, the peak-to-peak photon number decreases as the magnitude of the detuning fre-
quency increases, so that its value is 2.0 for 1 GHz detuning and 1.2 for 4.5 GHz detuning, 
and is 0.9 for −6 GHz detuning. 

 

Figure 4. Temporal waveforms for different detuning frequencies: (a) Δf = 1 GHz, (b) Δf = 4.5 GHz, 
and (c) Δf = −6 GHz. The injection ratio is fixed at −10 dB. The bias currents of master and slave lasers 
in the simulation are 1.2Ith. 
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3.2. Modulated Optical Injection 

For modulated optical injection, the modulation depth and the modulation frequency 
are key control parameters. Considering the modulation response of the ICL, the modu-
lation frequency here is initially set at 2.5 GHz when the bias current is 1.2Ith. It is found 
that modulated optical injection gives rise to the output of the slave laser, which is not 
simply period-1. At a very small modulation depth of 0.01, the output of the slave laser is 
period-1, as Figure 5a shows. As the modulation depth increases to 0.1, and then to 0.6, 
quasi-periodic and chaotic behaviors successively occur, as shown respectively in Figure 
5b and Figure 5c. 

 

Figure 5. Temporal waveforms for different modulation depths: (a) h = 0.01, (b) h = 0.1, and (c) h = 
0.6. The injection ratio is fixed at −17 dB, and the detuning frequency is 0.25 GHz. The bias currents 
of master and slave lasers in the simulation are 1.2Ith. 

Apart from changes in period-1 dynamics, with increasing modulation depth, the 
stable locking found for steady-state optical injection (h = 0, Figure 6a) is replaced by pe-
riod-1 dynamics, quasi-periodic dynamics, and chaos, as shown in Figure 6b–d. The fre-
quency span of period-1 for modulated optical injection is determined by the modulation 
frequency; in Figure 6b, arrows indicate that the corresponding frequency span is 2.5 GHz. 

 

Figure 6. Temporal waveforms for different modulation depths: (a) h = 0, (b) h = 0.3, (c) h = 0.5, and 
(d) h = 0.65. The modulation frequency is 2.5 GHz, the injection ratio is fixed at −9 dB, and the de-
tuning frequency is −3 GHz. The bias currents of the master lasers and slave lasers in the simulation 
are 1.2Ith. 
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An overview of the nonlinear dynamics of the slave laser with modulated optical 
injection as a function of the frequency detuning and injection ratio is shown in Figure 7. 
As expected, the chaos region is significantly enlarged due to the modulated optical injec-
tion, especially at negative detuning frequencies. The stable locking state found for 
steady-state optical injection is replaced by period-1, period-2, and quasi-periodic dynam-
ics. In Figure 7a, the modulation depth is 0.3. It is confirmed that with a relatively large 
modulation depth, the region of chaos is further enlarged, as presented in Figure 7b, 
where the modulation depth is 0.65. 

 

Figure 7. Detuning versus injection strength map of the nonlinear dynamics of the slave ICL with 
modulated optical injection. The bias currents of master and slave lasers in the simulation are 1.2Ith. 
The modulation frequency and the modulation depth of the master laser are set as 2.5 GHz and 0.3 
for (a) and 0.65 for (b). 

Figure 8 presents the time series (Figure 8a), the radio frequency (RF) spectrum (Fig-
ure 8b), the autocorrelation function (Figure 8c), and the maximum Lyapunov exponent 
(Figure 8d) of chaos where the detuning frequency is −5.75 GHz, and the modulation fre-
quency is 2.5 GHz. We use the traditional definition of bandwidth of chaos, that is, 80% 
power bandwidth [6,10,19,23,24,33]. The bandwidth of chaos is 4.26 GHz, as marked with 
the blue dashed line in Figure 8b. The autocorrelation function A(∆t), which is used to 
quantify the chaos synchronization quality, is defined as [4,8,17,23] 



Photonics 2024, 11, 1192 8 of 12 
 

 

( ) ( )( ) ( ) ( )( )
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where 𝑆𝑆𝑠𝑠(𝑡𝑡 + ∆𝑡𝑡) contains the time shift ∆𝑡𝑡 with respect to 𝑆𝑆𝑠𝑠(𝑡𝑡), and 〈∙〉 stands for time 
averaging. Since there are multiple peaks in the autocorrelation function, as presented in 
Figure 8c, it is difficult to obtain the injection time delay. The largest Lyapunov exponent 
λ is the slope of the blue line shown in Figure 8d, λ = (ln(d(𝑡𝑡)) - ln(d(0)))/t [34]. The value 
of λ is larger than zero, indicating that the outputs of the ICL are chaotic. 

 

Figure 8. The nonlinear dynamics of the ICL with modulated optical injection. The injection ratio is 
fixed at −5 dB, and the detuning frequency is −5.75 GHz. (a) time series, (b) RF spectrum, (c) auto-
correlation functions, (d) the largest Lyapunov exponent. The bias currents of master and slave la-
sers in the simulation are 1.2Ith. The modulation frequency and the modulation depth of the master 
laser are set to be 2.5 GHz and 0.65, respectively. 

In addition to the 2.5 GHz modulation frequency case, we found that when the mod-
ulation frequency is 2 GHz, and the bias current is 1.2Ith, a 4.01 GHz bandwidth chaos can 
also be obtained, where the frequency detuning is −4 GHz, modulation depth is 0.15, and 
injection ratio is −10 dB. We notice that under modulated optical injection, frequency de-
tuning in the range of −6 GHz to 6 GHz, relatively high-frequency detuning helps enlarge 
the bandwidth of chaos. For a fixed optical injection, relatively high-frequency detuning 
induces stable high-frequency period-1 oscillations, as shown in Figure 4b,c. 

Further, we explore the influence of a relatively high bias current of 2Ith on the 
chaos bandwidth. Higher bias currents introduce high-frequency responses, as shown in 
Figure 2. Here, the modulation frequency and the modulation depth are respectively set 
at 5 GHz and 0.3 for 2Ith. Figure 9 shows the output state map of the slave laser under 
modulated optical injection. It is found that for a bias current at 2Ith, chaos arises in mod-
ulated optical injection. As such, we can obtain chaos of 6.00 GHz bandwidth when the 
bias current of master and slave laser at 2Ith, modulation frequency and modulation 
depth are respectively 5 GHz and 0.3, the detuning frequency is −3.75 GHz, and the in-
jection ratio is −9 dB. When we set the detuning frequency at −6 GHz and the injection 
ratio at −5 dB, the bandwidth of chaos is enhanced to 7.00 GHz. It can be anticipated that 
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an exhaustive exploration of the effect of varying the experimentally controllable param-
eters would demonstrate other combinations of these parameters, which would yield 
similar chaos bandwidths. 

 

Figure 9. Detuning versus injection strength map of the nonlinear dynamics of the slave ICL with 
modulated optical injection. The bias currents of the master and slave lasers in the simulation are 
2Ith. The modulation frequency and the modulation depth of the master laser are set as 5 GHz and 
0.3. 

As it is found that a relatively high bias current introduces broader bandwidth chaos, 
we further increase the bias current to 3Ith, where 8.56 GHz chaos bandwidth is obtained 
when the modulation frequency and modulation depth are respectively 7.5 GHz and 0.4. 
The bandwidth of chaos can be further enhanced by increasing the bias current to 4Ith, 
with modulation frequencies in the range of 4 GHz to 10 GHz, as presented in Figure 10a. 
Figure 10b displays the corresponding modulation depths. In accordance with Figure 2, 
the peak-to-peak amplitude increases as the modulation frequency increases until the 
modulation frequency approaches the relaxation frequency of the ICL and then decreases 
as the modulation frequency increases further. In order to generate broadband chaos, a 
deep modulation depth is needed when the modulation frequency approaches the 3 dB 
bandwidth of the device. 10.04 GHz bandwidth chaos is generated when the bias current 
is 4Ith, with a modulation frequency of 9.5 GHz and modulation depth of 0.85, as shown 
in Figure 10. It has been pointed out that using a bias current four times the threshold is 
close to the limit of experimentally demonstrated ICLs [35,36]. Therefore, further increas-
ing the bias current to enlarge the bandwidth of chaos would be challenging. 

 

Figure 10. (a) Chaos bandwidth as a function of modulation frequency and (b) the required modu-
lation depth, where bias currents are 3Ith (red circles) and 4Ith (black squares). 
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The above results are obtained for the case when the gain stage number m is 10. In 
ref. [17] we showed that the gain stage number also affects the chaos bandwidth. Thus, 
we increase the stage number from 10 to 17 to examine the enhancement of chaos band-
width while setting the bias current at 3Ith to ensure practical operation. Figure 11 shows 
the bandwidth of chaos as a function of the ICL stage number. When the stage number is 
17, a 10.11 GHz chaos bandwidth is attained, as seen in Figure 11. The insets of Figure 10 
respectively show the RF spectrum (Figure 11a) and time series (Figure 11b) for m = 17. 
We also find that when the stage number is increased to 20, and the modulation frequency 
and the modulation depth, respectively, set at 8 GHz and 0.7, the bandwidth of mid-in-
frared chaos reaches 11.58 GHz. 

 

Figure 11. Bandwidth of chaos as a function of ICL staged-number with bias current 3Ith, modulation 
frequency 7.5 GHz and modulation depth 0.4. The insets show the (a) RF spectrum and (b) time 
series for m = 17. 

4. Conclusions 
In this paper, we have simulated the nonlinear dynamics of ICLs subject to both 

steady-state and amplitude-modulated optical injection. Using different modulation 
depths, the output of the ICL under amplitude-modulated optical injection displays multi-
periodic dynamics or chaos, which replaces period-1 oscillations or a stable locking state 
for fixed optical injection. In order to generate 10 GHz broad-bandwidth chaos, relatively 
large bias currents, high modulation frequency, and modulation depth are necessary; an 
increased gain stage number is also required. The results reported here have taken into 
account the practical limitations of the bias current, which may be safely applied to state-
of-the-art ICLs. Nevertheless, the results obtained provide strong motivation for pursuing 
this approach to provide multi-Gbit/s to 10-Gbit/s long-distance secure optical communi-
cation in free space, as well as offering millimeter-range resolution for remote chaotic lidar. 
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VCSELs vertical-cavity surface-emitting lasers  
SWG sinusoidal waveform generator 
BS beam splitter 
RF radio frequency 
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