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Summary of Thesis

We investigate the algebra and category theory arising from the Geometry of Interaction series
of papers, with the aim of abstracting the essential ideas behind these models of fragments of
linear logic. The main tools used in this investigation are inverse semigroups (in particular the
polycyclic monoids, and an inverse monoid of partial bijections on a term language that we call
the clause semigroup) and the theory of symmetric monoidal categories, (in particular traced and
compact closed categories).

Applications of the above program are given to the following

(i) Ring theory — the conditions for a (corner of a) ring R to be isomorphic to all matrix rings
over K.

(i1) The construction of a composition and tensor preserving map from a category to a monoid,
giving almost monoidal structures on monoids satisfying certain algebraic or categorical condi-
tions, and a partial dual to this construction given by a restriction of the Karoubi envelope.

(iii) The Geometry of Interaction I system — the identification of the Resolution formula as a
categorical trace and the cut-elimination procedure as compact closure.

(iv) Two-way automata — the identification of the composition of global transition relations
as the composition in an endomorphism monoid of a compact closed category, and an explicit

description of global transition relations of singleton words in terms of Girard’s Resolution formula.

The thesis is not intended to be a study of the logical models used in the Geometry of Interaction,

rather, it aims to identify the underlying algebra and category theory, and give applications.
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Chapter 0

Introduction

0.1 Background

The background to the following thesis is far from stfaightforward. The main concepts arose from
two independent sources — firstly was the study of various forms of self-similarity, motivated by
the idea that the proper symmetry structures for objects displaying self-similarity (the canonical
example being fractals, and in particular, the Cantor set) were inverse semigroups, rather than
groups. Secondly, an attempt was being made to understand the algebra behind the Geometry
of Interaction series of papers ([20, 21, 22]) — dynamical models of (various fragments of) linear
logic, by J.Y. Girard. These use various algebraic structures, including (matrices over) partial
isometries in C*-algebras, (partial) homeomorphisms on the Cantor set, partial bijections on
the natural numbers, and contracted semigroup rings of inverse monoids of actions on a term
language.

It was a major surprise to discover that the same algebraic structures were arising from both
lines of work. In particular, the natural symmetry structures of the Cantor set appear to be the
polycyclic monoids (as demonstrated in Chapter 2), and the first two papers in the Geometry of
Interaction series use matrices over an embedding of the polycyclic monoids into a C*-algebra,
the partial bijections on the natural nmbers, and the Cantor set.

The next step in the development of the thesis came from the visits of Prof. Ross Street to
Bangor, and subsequent discussions with him — in particular, the theory of categorical traces,
and their connections with compact closed categories. This led to the identification of the cate-
gorical structures behind the dynamics of Girard’s cut-elimination processes, as presented in the

Geometry of Interaction program. An unexpected spin-off was the identification of the dynamics

of two-way automata in the same terms.
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After that, an appropriate categorical formulation of self-similarity in terms of monoidal cate-
gory theory, and its close connections with the various algebraic structures used in the remainder
of the thesis (see, for example, Chapters 3, 4 and 5) led to a categorical formulation of the models
used, and the construction of a one-object compact closed category that is proved in Chapter 8
to be a model of the dynamics of Geometry of Interaction 1, as used in [20].

A start was made on analysing the third Geometry of Interaction paper (Chapter 9), but this
paper is very different from the other two, and we have not yet put it in the same categorical
terms.

The thesis cannot be considered to be a complete analysis of the Geometry of Interaction
program — a great deal of work remains to be done. However it does demonstrate that self-
similarity is absolutely fundamental to these logical models, and the correct algebraic models are
inverse semigroups (in particular, the polycyclic monoids). It also demonstrates that the categor-
ical trace can be considered to be a dynamical model of computation, and the correct categorical

closure required is the compact closure arising from the categorical trace on a symmetric monoidal

category.

0.2 The structure of the thesis

The thesis is split up into 10 Chapters (together with this introduction, and a conclusion). These

are as follows:

Chapter 1

This chapter is mainly concerned with setting up the algebraic framework for the following alge-
braic structures. However, it does introduce the disjoint closure, which is a method of constructing
inverse semigroups from other inverse semigroups in a way that can be considered to be an inverse-
semigroup theoretic version of the power set construction. The definitions of polycyclic monoids

are also presented, and a method of embedding P, into P;, for all countable « is given.

Chapter 2

Chapter 2 considers the different representations of polycyclic monoids we are interested in. It
analyses the self-similarity of the natural numbers, and shows how this is equivalent to embeddings
of polycyclic monoids into the symmetric inverse monoid on the natural numbers. It also demon-

strates how an embedding of an inverse monoid (with a zero) into the symmetric inverse monoid
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of partial bijections on a set determines a natural topology on the underlying set in which all
the members of the (embedding of the) inverse monoid are partial homeomorphisms. In the case
considered, the polycyclic monoids arise naturally from topological considerations on the Cantor
set. It then constructs an embedding of the symmetric inverse monoid on N (and hence the various
embeddings of P, previously constructed) into the C*—algebra of bounded linear operators on the

Hilbert space [2.

Chapter 3

This Chapter is concerned with consequences of polycyclic monoids being embedded into the
multiplicative monoid of a ring, in terms of the symmetric monoidal structure of the set of all
(finite) matrices over a ring. This leads to some very strong ring-theoretic results; in particular,
the conditions for the matrix rings M, (R) over a ring R to be embedded in, or isomorphic to R
itself, for all » € N, and the construction of a non-trivial one-object symmetric monoidal structure
(apart from the units) on a ring. These results are then used to simplify the construction of the

Ko groups of rings, assuming an embedding of a polycyclic monoid.

Chapter 4

This is an attempt to put the general idea of self-similarity into a categorical setting, using
(symmetric) monoidal categories. Starting with the assumption of maps d : N - N ® N and
c: N® N — N that satisfy dc = 1ygn, it demonstrates how the monoidal structure of the
category is modelled in the endomorphism monoid of the object N, and constructs a map that
can reasonably be considered to be a (partial) dual to the Karoubi envelope. The self-similarity
considerations motivate the definition of M-monoids, which are fundamental to the remainder of
the thesis, and can be considered to be weakenings, or generalisations of one-object symmetric
monoidal categories.

It is also demonstrated how the construction of C-monoids (one-object cartesian closed cate-

gories, used to model the untyped lambda calculus) fits into this self-similarity framework.

Chapter 5

Chapter 5 presents the monoidal category theory of the category of relations, and its subcategory
of partial bijective maps. A matrix representation of relations and partial bijective maps is

presented, and given a graphical interpretation. The conditions for a matrix to represent a partial

bijective map are also found.
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It then puts the self-embedding results of the natural numbers from Chapter 2 into the cat-
egorical framework developed in Chapter 4. In particular, two distinct M-monoid structures
are identified on I(N) that we call the internalised tensor, and internalised direct sum (using
terminology derived from their implicit construction in [20]). The canonical associativity and
commutativity elements for these are specified explicitly, in terms of embeddings of polycyclic

monoids, and a construction of a ‘fixed point’ for the direct sum, arising naturally from the

tensor, is given.

Chapter 6

Chapter 6 considers the categorical trace, and proves that both the category of relations, and the
category of partial bijective maps are traced. Self-similarity properties are then used to motivate
the definition of traced M-monoids, and one-object traced monoidal categories, and a routine
method of constructing traced M-monoids from self-similar objects of traced symmetric monoidal
categories is given.

Compact closed categories are then defined, and demonstrated to be traced. The construc-
tion of compact closed categories from traced symmetric monoidal categories is presented, with
particular reference to the category of relations, to give concrete examples to work with.

An alternative set of axioms for compact closed categories is given, and the equivalence with
the usual definition is proved. This alternative set of axioms allows us to define compact closed
M-monoids, and hence one-object compact closed categories. The self-similarity of objects in
the compact closed category arising from the trace on the category of partial bijective maps is
analysed, and this is used to construct self-similar objects of a compact closed category using
the results of Chapter 5 on the natural numbers. Finally, these results are combined to give an

explicit description of a one-object compact closed category, which is also proved to be inverse.

Chapter 7

This Chapter is entirely expository. It presents (in a non-rigorous way) Gentzen’s sequent calculus,
and following the approach of [23], constructs linear logic in terms of linearity considerations
on Gentzen’s sequent calculus, and gives the cut-elimination algorithm for the multiplicative
fragment. The main part of this chapter then follows, which is an exposition of the ‘Geometry
of Interaction’ model of multiplicative linear logic taken from [20], and a statement of the cut-
elimination theorem. No new results are presented, but the description of the Geometry of

Interaction 1 system is (hopefully) clarified.




Chapter 8

Chapter 8 is the description of the Geometry of Interaction 1 system in terms of the structures
developed in Chapters 1 to 6. It demonstrates how this system can be represented in terms
of partial bijective maps on the natural numbers, and in particular, the disjoint closure of an
embedding of the polycyclic monoid on two generators.

It also shows that all the logical and structural operations can be given in terms of (variations
of) the canonical elements of the M-monoid structures on I(N) developed in Chapter 5, and how
every element of I(N) representing a proof is a partial symmetry.

Finally, the cut-elimination procedure is demonstrated to be given by the internalisation of
the categorical trace at the natural numbers, and, when combined with the cut procedure, is
given by the composition of the elements (together with the dual on elements) in the one-object
compact closed inverse monoid, presented in Chapter 6. This allows the simplification of results
from [20]; in particular, the ‘essential case’ of the cut-elimination procedure (a cut between two

axiom links) follows directly from the monoid identity 101 = 1.

Chapter 9

This Chapter is the first stage of an analysis of the grd part of the Geometry of interaction
program. It proves that the algebraic structures used are in fact a (family of) inverse semigroups
that we call the clause semigroups. These are defined in terms of a semilattice-theoretic approach
to substitution and unification on term languages, and the concept of a ‘linear pair’ of terms in a
term language, which is a pair that have exactly the same free variables.

The action of a term language on ground terms (as defined in [22]) is proved to be well-
defined, and is extended to the semilattice structure of the term language given by substitution.
The conditions on a term language required for the representation of linear logic (as given in
[20]) are also considered, and demonstrated to imply an embedding of the polycyclic monoids into
the clause semigroup of the term language. Finally, the Resolution formula (which is claimed to
model cut-elimination in [22]) is proved to be given by the categorical trace in the category of

partial bijective maps.

Chapter 10

This chapter demonstrates how composition in compact closed categories and Girard’s resolution
formula are both vital to the analysis of 2-way automata. In particular, the composition of

global transition relations of a 2-way automaton, as defined in [3], is given by the composition in
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the endomorphism monoid of (two copies of) the set of states of an automaton in the compact
closed categories derived from the category of relations. This allows short proofs of the facts that
composition of global transition relations is associative, and (finite-state) 2-way automata can be
simulated by (finite-state) classical automata.

It is then proved that the global transition relations of singleton words can be calculated
directly, using Girard’s resolution formula. Finally, a method of ‘sticking together’ two one-way
automata to construct a 2-way automaton is given, and the construction of the global transition
monoid of this 2-way automaton in terms of the transition monoids of the one-way automata is

given.

Note that we use a slightly different model of 2-way automata to [3]; however, the equivalence

of the two models is immediate.
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Chapter 1

Introductory ideas

1.1 Introduction

In this chapter, we present the basic theory of categbries, semigroups, and inverse semigroups. We
introduce a restriction of the compatibility relation, which we call the disjointness relation, and
use this to construct new inverse semigroups. We then present the theory of polycyclic monoids,
and construct embeddings of the polycyclic monoid on « generators into the polycyclic monoid

on 2 generators, for all countable a.

1.2 Category theory

1.2.1 Basic definitions

Definitions 1.1

A category C is defined to be a set! of objects, Ob(C), and for every pair of objects X,Y, a set
of arrows, or morphisms, denoted C(X,Y). For f € C(X,Y), the object X is called the domain
of f, and Y is called the codomain of f. These are denoted dom(f) and cod(f) respectively.
We sometimes denote f € C(A4,B) by f: A — B. However, this should not be taken to imply
that f is a function in the set-theoretic sense. The set of all arrows of C, written Arr(C), has

an associative partial binary operation (generally denoted by concatenation) defined on it, that

satisfies, for all a,b € Arr(C),

1. ba is defined iff dom(b) = cod(a), in which case, dom(ba) = dom(a), and cod(ba) = cod(b).

! Category theorists will note that technically, this is only the definition of a small category. The general theory,

in terms of classes, can be found in [41].




2. For all X € Ob(C), there exists 1x € C(X, X), satisfying, for all f € C(X,Y), flx = f,
and 1y f = f.

A category is called regular if each arrow a € C(X,Y) has a generalised inverse ' € C(Y, X)
satisfying aa’'a = a and a’ad’ = d. If the generalised inverse is unique, the category is called
inverse, and the generalised inverse of an element a is denoted by a=!. If the generalised inverses
satisfy aa~! = 1y and a™'a = 1x for all @ € C(X,Y), then the category C is called a groupoid.

A functor I' : C — D between categories is a map from Ob(C) to Ob(D), and from Arr(C)
to Arr(D), that satisfies, for all a,b € Arr(C),and X € Ob(C)

e I'(lx) = Irx),
e ba is defined in C implies I'(b)I'(a) is defined in D, in which case I'()I'(a) = I'(ba).

A functor from a category to itself is called an endofunctor. A natural transformation between

two functors I' : C — D and A : C — D, is a function 7 from Ob(C) to Arr(D) that satisfies
7(c) € D(T'(¢), A(c)) and T'(f)7(c) = 7(<')A(f) for each arrow f € C(c,c’). The members of the
set (or class) {7(c) : ¢ € Ob(C)} are called the components of T.

A set of morphisms indexed by objects of a category, {7z, z,,..z, : ¢ = ¢, ¢, ¢’ € Ob(C)}, is said
to be natural in {z;: 1= 1...n} if its members are the components of a natural transformation
between functors from C" to C.

1.2.2 Symmetric monoidal categories

Definitions 1.2

A category M is said to be symmetric monoidal if there exists a functor ® : M x M — M,

together with a unit object I € Ob(C), and families of isomorphisms
e typc E M(AR (B®C),(A® B)®C),
e suB€M(A®RB,B®A),
e MieM(UI®A, A,
e pa e M(AR®I,A),
that are natural in A, B, C, and satisfy, for all arrows «a, b, c,

1. tle® (b®c)) = ((e®b) ® c)t,



2. s(b®a)=(a®b)s,
3. Ar=pr1,

(we will sometimes omit the object subscripts for clarity, when the meaning is clear) together

with the following coherence equations for all objects A, B,C, D

1. The MacLane Pentagon:
t(aoB),c,DtA,B,(ceD) = (t4,B,c ® 1D)t4 (Bgc),D(la ®tB,c,D)-

2. The Units Triangle:

(pB®14)tB,1,4 = (1B ® Aa)

3. The Commutativity Hezagon:
tc,A.BS(4eB),ctA,B,c = (sa,c ®1B)tac,B(la® sBc).

A monoidal category M is called strictly monoidal if the morphisms t4 p.c, A4, pa are identity

morphisms for all A, B,C € Ob(M). Unless stated explicitly, we shall assume that a category

that is stated to be monoidal is not strict.

1.3 Semigroup theory

1.3.1 Basic definitions

We refer to [30] for the basic definitions of semigroups, monoids, subsemigroups, congruences,

homomorphisms, and other basic concepts.

Definitions 1.3

For any set S, its power set, written P(S), is the set of all subsets of S. When S is a semigroup,

the power set of S, together with with the induced binary operation on subsets
AB ={ab:a€ A,be B}

is also a semigroup. Also, § € P(S) for any semigroup S, and satisfies 0 A = § = AD. Therefore
P(S) is a semigroup with a zero, for all semigroups S. Finally, if S is a monoid, then the subset
{1} € P(S) satisfies {1} A = A = A{1}. Therefore, if S is a monoid, so is P(S). Note that, for any

operation on an algebraic structure S, we define induced operations on its power set pointwise,




so given a function © : S — T, we define Q : P(S) — P(T) by Q(A) = {Q(a) : a € A} for
all A € P(A). (We abuse notation, and use the same symbol for an operation and the induced
operation on the power set, unless the distinction is important). Note that P(S) is also closed

under arbitrary unions, by definition. This leads to the following result:

Lemma 1 For all X € P(S), {A;:t € I} C P(9),
x| Jai=JxA.
i€l el
Proof by definition of the induced composition,
XUAi:{wa::ceX,ae UAi}>
el el
and

UXA,; = U{xa rz € X,a € A},
€1 el
and it is immediate that these are the same. O

1.3.2 Rings and semigroup rings

We refer to [5] for the basic definitions of rings, homomorphisms, left and right ideals, quotient

rings, and similar concepts.

Definitions 1.4

For any semigroup S and commutative ring with identity R, the semigroup ring RS is defined in
[39] as follows: The elements of RS are functions @ : S — R, where a(s) = 0 for all but a finite
number of elements of S. Addition in RS is the usual addition of maps into an abelian group.
The product on RS is then defined by

(@B)(s) = 3 a(u)B(v).

It is proved in [39] that RS is a ring, and there is a canonical embedding of S into RS, given by
& — ¢(z), where

1 s=z

0 s

Also, if S is a monoid, with identity e, then there is a canonical embedding of R into RS, given

¢z(s) =

by r — t(r), where



Finally, it is proved in [39] that if we denote by az the unique function whose value at z is ¢ and
is zero elsewhere, then every element has a unique representation as ) ;—; a;z;. Therefore, we can

think of RS as the set of all finite formal sums of elements of S indexed by a member of R, with
the composition

n m n m

(Z Ozisi> Z ﬂjt]‘ = Z Z aiﬂjsitj.

=1 g=1 =1 j=1
If S has a zero, Og, it is immediate that the set of all formal sums of 0g, together with their
additive inverses, is an ideal of RS. In this case, the contracted semigroup ring is the semigroup
ring RS quotiented by this ideal. By convention, the elements of RS are identified with their
equivalence classes under this quotient, unless the distinction is important. An important con-
tracted semigroup ring for our work will be the ring ZS, for various semigroups S. See [39] for a

more detailed discussion of semigroup rings, and [12] for contracted semigroup rings.

1.3.3 Inverse semigroups

Definitions 1.5

A regular semigroup is defined analogously to a regular category; every element s € S is required
to have a generalised inverse, s' € S that satisfies ss's = s and s'ss’ = s’. Similarly, a regular
semigroup is called inverse if each element has exactly one generalised inverse. This condition is
equivalent to the condition that all the idempotents of an inverse semigroup commute [44]. By
convention, the unique inverse of an element s € S is denoted by s™'. The same reference ([44])
also proves that all idempotents of an inverse semigroup are of the form f~!f, for some f € S.

An inverse semigroup S has a partial order defined on it, called the natural partial order, given
by s < t iff there exists an idempotent e satisfying s = et. It can also be shown that s 'S <
s = tf, for some idempotent f.

It is easy to show that a homomorphism of inverse semigroups f : S — T satisfies f(s)™! =
f(sH and 2 <y = f(z) < f(y). If S and T both have a zero, then a 0-homomorphism is
defined to be a homomorphism that satisfies f(0) = 0.

The canonical example of an inverse semigroup is that of the symmetric inverse monoid on
a set X. This is the set of all partial bijective maps on the set X, written I(X). Its theory is
well known; see [44]. Its elements are partial bijective functions from X to itself, which can be

thought of as relations {(f(z),z) : ¢ € dom(f)} with composition

gf ={(a,c) :3b € X;(a,b) € g,(b,c) € f}.




The inverse of an element is given by f~! = {(y,z) : (z,y) € f} and the partial identity on the
domain (resp. image) of an element f is given by f~* f (resp. ff~1). Also, I(X) contains 1, the
global identity, and 0, the empty map, for any set X. Hence, it is an inverse monoid with a zero.

See [44] for proofs of these results, and more details of the theory of symmetric inverse monoids.

1.4 The disjointness relation

We introduce a new relation on inverse semigroups that was motivated by a construction of J.-Y.

Girard for partial isometries in C*- algebras.

Definitions 1.6

Given a,b € S, where S is an inverse semigroup, a and b are said to be compatible if both a='b
and ab~! are idempotent. The compatibility relation is a reflexive, symmetric relation; see [44]
for more details of its theory. We define the following refinement of the compatibility relation:

Let S be an inverse semigroup with a zero. Then a,b € S are said to be disjoint?, if they satisfy

ab™! = 0 = b~la. We denote this by a L b. Clearly, disjointness implies compatibility.

Proposition 2 Given a,b € I(X), for some set X, then a and b are disjoint iff they have disjoint

domains and tmages.

Proof (=) Let @ L b € I(X). Then ab™! = 0 = b~ 'a. Therefore, a=tab™1b = 0 = bb~laa~!.
However, by the properties of symmetric inverse monoids, the partial identity on the domain of a
is a~'a, and the partial identity of the image of a is aa™!; similarly for b. Therefore, the partial
identity on the intersection of their domains is a~'ab~'b; however, this is zero. Similarly the
partial identity on the intersection of their images is 0. Therefore, disjoint elements of /(X)) have
disjoint domains / images. O
(<) Let a,b € I(X) satisfy dom(a)Ndom(b) = § = im(a)Nim(b). Then a~tab='b = 0. Therefore,
aa"tab~1bb™! =0, and so ab™! = 0.

Similarly, aa=1bb~! = 0, and so e~ 'laa"1bb~'b = 0, and so a~'b = 0, and hence b~la = 0.

Therefore, @ and b are disjoint. O

2Note that we use the term disjoint in place of the mathematically more accurate orthogonal. This is because

in Girard’s Geometry of Interaction system [20], which this thesis is based on, the term orthogonalis used for an

entirely different concept.



Definitions 1.7

We say that a subset of an inverse semigroup A C S is disjoint if any two distinct elements

z,y € A are disjoint.

Examples

(i) A set of elements A C I(X) is a disjoint subset of I(X') when the elements of A have pairwise-
disjoint domains / images. Note that this implies that the set-theoretic union of the elements of
A is also a partial bijective function.

(ii) Let (R,.,+) be a ring, and let S C R be a subsemigroup of (R,-) that is inverse. Then the

set of all sums of disjoint subsets of S in R is also an inverse semigroup.

In what follows, we consider the properties of disjoint subsets.

Lemma 3 Let A,B C S be subsets of an inverse semigroup, and let f : S — T be a 0-

homomorphism. Then

(1) If A is a disjoint subset, then f(A) is a disjoint subset of T

(ii) If A and B are disjoint (in the sense of Definition 1.7), then AB is a disjoint subset of S.
(iii)If A is a disjoint subset of S, then A™! is a disjoint subset of S, (A™1)™! = A, and
AATIA = AU{0}.

(The composition of subsets of S is defined in the natural way, as for the power set construction).

Proof
(i) As f is a homomorphism, f(a)f(b) = f(ab) for all a,b € A. Also, as f is a 0-homomorphism,
f(0) = 0. Therefore, f(a)~f(b) = f(a='b) = f(0) =0, for all a,b € A. A similar proof gives
that f(a)f(b)~! =0, and so f(A) is a disjoint set.
(ii) Let A={a; :1 € I}, B={by: k € K}, then consider distinct elements a;b; and a;b; of AB.
Then for any i # j € I,

(a:be) " (ajbr) = by 'a; tajb =0,
since a;'a; = 0 for all i # j. When a; = aj, then by # b; (by the assumption that the two
elements of AB are distinct). Therefore (a:b5)~!(a;ib))™! = b;'a; a;b;. However, a;la;b =

bie, where e = bl_lai_laibl, by the commutativity of idempotents in an inverse semigroup, so

(a;bk) "' (a;b;)~! = by 'bie = 0, by the condition that B is a disjoint subset.



Similarly,

(aibr)(ajby) ™ = a;beb; 'ajt =0,

when by # by, since bkb,_1 =0 for all j # k. When by = b;, then a; # a; (by the assumption that
the two elements of AB are distinct). Then (a;b;)(a;b;)~! = aiblbl‘laj_l = aiaj_lf, where f =
ajblbl_lajfl, by the commutativity of idempotents in an inverse semigroup, and so (a;b;)(a;b;) ! =
aiaj_lf = 0, by the condition that A is a disjoint subset. Therefore, AB is a disjoint subset of S.
(iii) For all a # b € A, a L b; that is, =16 = 0 = ab™!. Therefore, (a71)~1(b!) = ab~! = 0, and

a 1(b~H)"1 =a71b =0, so A7! is also a disjoint subset of S. Also,
A D T={(eH) 1 :acA}={a:ac A} = A.

Finally, for all a,b,c € A,

g a a=b=e
o=

0 otherwise

Therefore, AA™'A = {aa"'a : a € A}JU{0} = AU{0} since aa’' =0 =a"'a' foralla # a’ € A. O

Definitions 1.8

We define the disjoint completion of S, an inverse semigroup with a zero, to be the set of all disjoint
subsets of an inverse semigroup S containing 0, together with the composition and inverse induced

by the power set construction.

Theorem 4 Let S be an arbitrary inverse semigroup with a zero. Then
(i) DC(S) is an inverse semigroup,

(i1) S is embedded in DC(S).

Proof (i) By Lemma 3, DC(S) is closed under composition and taking inverses, and the inverse
map satisfies (A71)7! = A and AA~1A = A, for all A € DC(S). Therefore, DC(S) is a regular
semigroup. Now let F be an idempotent of DC(S). Then for all non-zero ¢ € E, there exists
a,b € E which satisfy ab = ¢, as E* = E. Therefore, a™'c is non-zero. Therefore, by the
disjointness assumption, a = ¢, and from this, it follows trivially that @ = b. Hence a? = q,
and so all members of E are idempotent. Conversely, let F = {e; : €2 = ¢;} U {0}. Then
F? = {e;e;} U {0}, since e; = e;* for all idempotents e;, and e;e; = e 'e; = 0 for all i # j.

Therefore F2 = F, and so we have characterised the idempotents of DC(S). To see that DC(S)



is inverse, any idempotent E? = E must satisfy E = {e; : 1 € I'}, where e? = ¢;. Therefore, given

two idempotents E ={e;: 1 € I} and F ={f;j: j € J},
EFZ{eifj:iEI,jEJ}Z{fjei:iEI,jEJ}ZFE.

Hence, the idempotents of DC(S) commute, and so DC/(S) is inverse.
(i) This follows immediately from the definition of the embedding i(s) = {s, 0} for all s € S; this

map is clearly an injective homomorphism. O

There is an analogous definition of closure for inverse subsemigroups of symmetric inverse

monoids, as follows:

Definitions 1.9

Let S be an inverse semigroup with a zero, and let ¢ : S — I(X) be an injective 0-homomorphism.
We define the disjoint closure of S in I(X), denoted by DCx(S), to be the image of the map
¢ : DC(S) = I(X) defined by

o ¢({s,0}) = i(s),
e ¢(AUB) = ¢(A)UD(B), when A and B are disjoint.

We denote the set-theoretic union of disjoint partial bijections by V, and refer to this as the

disjoint join of partial bijections. This operation then satisfies the following:

Proposition 5 Let S be an inverse subsemigroup of I(X). Then for all disjoint sets {a; : i €
I} C S,

\/ sa; = s \/ .

el i€l
Proof
(1) We have seen that elements z,y € I(X) are disjoint iff they have disjoint domains and images.
Therefore, any disjoint set A = {a; : 7 € I} C I(X) consists of a set of partial bijective functions
whose domains and images do not intersect. Hence, Ua; is also a partial bijective function. Then
by definition

vsai = U{(:I:,Z) : ($7y) € s, (y,Z) € ai}'
i€l

However,

Voai=U{®2): (¥ 2) €a},

1€l



SO

g\l = U{(a:,z) i (z,9) €5, (y,2) € ai} = \/ sa;.

1€l

Therefore, our result follows. O

We also have the following related definition: Given an inverse subsemigroup S of 7(X), and
an idempotent e = e of S, then e satisfies e = 14 for some A C X. Then we define its complement
el € I(X) by el = 1x\4. Note that, forall e?> =e € S, eVel =1.

This idea was also motivated by J.-Y. Girard’s (implicit) embedding of I(N) into B(?) in [20].
It is also used in [9], where it was defined (for I(N)) in terms of an operation, denoted by ( ), on
arbitrary elements. This definition is equivalent to f = (f~1f)*.

The final notion of disjoint closure we introduce is the finite disjoint closure of S, which we
define to be the collection of all finite disjoint subsets of S containing zero, together with the
induced composition and inverses. It is trivial that this is an inverse semigroup, from the results

given for DC(S); we only need to check that the composition and inverse operations preserve

finiteness, and this is immediate. We denote this inverse semigroup by DC'<*°(S).

Proposition 6 DC<*(S) is embedded in the multiplicative monoid of the contracted semigroup

ring Z.S.

Proof We define a map from DC<*(S) to ZS by {s;}-, +— Y., and it is trivial from
the distributivity of multiplication over addition in a ring that this is an injection that preserves

composition and (multiplicative) inverses. O.

1.5 Polycyclic monoids

Definitions 1.10

Polycyclic monoids are inverse semigroups that are useful for modelling self-similarity properties
in terms of partial bijections (e.g. see [27]). They were first introduced in [43], where Py,
the polycyclic monoid on the set X, was defined to be the inverse monoid (with a zero, for
n > 2) generated by a set of countable cardinality, X, say {po,...pn—1}, subject to the relations

pip;1 = 6;;. It will be convenient to denote the generators of P, by p, q.

10



In [43], it is proved that words in the polycyclic monoid Px have canonical form z71y, where

z,y € X*, the free monoid on X, and composition of canonical forms is given by

v thy if w = ha for some h
(U_lw) (x"ly) =< vk ly if 2 = kw for some k
0 otherwise.

See [43] for a proof of the above statements. The same paper also proves that the polycyclic
monoids Px are congruence-free, for |X| > 2. The monogenic polycyclic monoid is referred
to as the bicyclic monoid, and differs from the other polycyclic monoids by having non-trivial
congruences, and not having a zero.

The polycyclic monoid on n generators can also be constructed as the inverse hull of the free
monoid on n generators. The inverse hull construction is defined on arbitrary left-cancellative
monoids, as follows:

Given S, a left-cancellative monoid, consider the set of maps from S to itself defined by A, (s) = as
for all @ € S. Since S is left-cancellative, {A, : @ € S} is a subset of the monoid of all partial
bijective maps from S to itself, I(S). The inverse hull of S, denoted %(S), is defined to be the
smallest inverse submonoid of I(S) that contains {A, : ¢ € S}. See [42] for a fuller introduction
to the theory of inverse hulls. If we take S to be the free monoid on n generators, say S =

{po, p1,-..P;11}*, and use the embedding A : S — I(S), then it is proved in [43] that X(S) 2 P,.

Proposition 7 Let S = {q1, ¢}, and let F,, = {wy,wy,...w,} be a set of words in S* that gen-
erate a free submonoid of S*. Then the construction of the inverse hull of F); gives an embedding

of P, into P;.

Proof By definition, $* and F} are free monoids on 2 and n generators respectively. However,
Y(5*) C I(S*), and X(Fy) C I(Fy). We can embed X(Fy) into I(S*) by extending the action of
Ao : F* — F* in the natural way, so that A,(s) = as for all a € F* and s € S*.

Therefore, {:\; : f € F,} C{Xs:s € S}. and this embedding is a monoid homomorphism.
Hence {/\FJTW1 : f € F,} C{A;!:s € S} and so, by definition of the inverse hull construction,
L(Fy) € X(S*). Therefore, since £(S*) & P,, and X(F}) = P,, we have constructed an embed-
ding of P, into P,. O

We present an explicit example of the above construction, and derive an embedding of P, into P,

for all n > 2.

11



Theorem 8 Let P, be the polycyclic monoid on two generators, p,q. The following set of maps

are embeddings of P, into P, for all n € N.

P =0
bn(pi) =4 p¢¢ 2<i<n-2
il 1=n-—1,

Proof The submonoid of {p, ¢}* generated by {6,(p;) : 0 < i < n — 1} is free in (g1, ¢2), since
{p; : 0 < 1 < n— 1} is the set of leaves of a subtree of the prefix tree of {p,¢}*. Therefore,
(by [2] p.85-88, where this example is considered) they form a prefix code, and so the semigroup
generated by {6,(p;)} is free in {p,q}*. Hence, by the construction of P, as the inverse hull of
the free semigroup of n generators, the semigroup generated by the {6(p;)} is free in {p, ¢}* so

the above construction gives an embedding of P, into P, for all n € N. O

There is a natural extension of this to the infinite case, as follows:

Theorem 9 Let P, be the polycyclic monoid on two generators, p,q. Then the map 0. (p;) = pq’

generates an embedding of P., into Py (where we assume that ¢° = 1).

Proof The submonoid of {p, ¢}* generated by {6 (p;) : ¢ € N} is a free submonoid, as before.
Hence, by the construction of P, as the inverse hull of the free monoid on a countably infinite

set of generators, the inverse hull of {6(p;)} is isomorphic to Py, and is a submonoid of P,. O

Definitions 1.11

We refer to the above embedding as the right-associative embedding of P, into P;.

12



Chapter 2

Representations of polycyclic

monoids

2.1 Introduction

In this chapter, we consider the representation theory of polycyclic monoids as partial bijective
maps on the natural numbers, and relate this to self-embedding properties of N. We then demon-
strate how an embedding of an inverse monoid with a zero into the symmetric inverse monoid on
a set X gives a natural topology on X, which in the case of the Cantor set and the polycyclic
monoid, gives the standard topology on the Cantor set. Finally, we give an embedding of I(N)
into the C*-algebra of bounded linear operators on the Hilbert space {2, and use this to construct

an embedding of P, into B(I?).

2.2 The product and coproduct on the natural numbers

We establish various procedures for constructions involving, and determined by, embeddings of

P, and P, in I(N). In the following section, we identify generators of polycyclic monoids with

their images.
Definitions 2.1

An embedding 6 of an inverse semigroup S into a symmetric inverse monoid I(X) is called an
effective representation when, for all z € X, there exists s € S satisfying € dom(6(s)). See [30]
for more details of the theory of effective representations. We will define a special case of this for

polycyclic monoids; however we first require the following:

13



Lemma 1 Consider the polycyclic monoid P, on a countable set of generators, which we denote

{p;:i € I}. Then for alli+# j € I, the elements p; 'p; and pj"lpj are disjoint idempotents.

Proof Idempotency follows immediately, since both elements are of the form a~'a for some
a € P,. Also, pi“lpi(pj_lpj)"l = pi_lpipj_lpj = 0, since p,-pj_l = 0 for ¢ # j. Similarly,
(pi_lpi)'lpj_lpj = pz-"lpipj_lpj = 0, as before. Therefore, p;'p; L pjflpj. a

We define a special case of effective representations, and say that an embedding of a polycyclic
monoid P, into a symmetric inverse monoid I(X) is strong when it satisfies

V etn=1

1€a
In what follows, we will relate strong embeddings of P, and P., into I(N) to bijections between

the natural numbers and their coproduct and Cartesian product, where the coproduct X UY of

two sets is defined by X UY = X x {0}UY x {1}.
Lemma 2 There erists a strong embedding of P, into I(N).

Proof Define the partial bijective maps p~!,¢7! : N — N by p~!(n) = 2n and ¢~!(n) = 2n + 1.
Then these maps, together with their generalised inverses, satisfy pp™ = 1= g¢~! and ¢p~! =
pg~! = 0. Therefore, as P, is congruence-free, this is an embedding of P, into I(N). To see that
this embedding is strong, note that dom(p) Udom(q) = N, and so p~'pV¢~lq = 1. Hence we have

constructed a strong embedding of P into I(N). O
Definitions 2.2
We refer to the above embedding as the interleaving embedding of P, into I(N).

Lemma 3 A bijection ¢ : NUN — N, determines, and is determined by a strong embedding of
P2 m I(N)

Proof

Determining an embedding from a bijection

Let ¢ : NUN — N be a bijection. We define maps p~t,¢7! € I(N) by p~!(n) = ¢(n,0) and
¢ 1(n) = ¢(n,1). Using this definition, p~1, ¢! both have domain N, and they also have disjoint
images (by the injectivity of ¢). Hence, if we denote their (generalised) inverses by p and ¢
respectively, then pp™! = 1 = q¢~! and gp~! = 0 = pg~'. Therefore, as p~1, ¢! are partial

bijective maps that satisfy the axioms for the generators of P, and are contained in I(N), we

14



can deduce, by the congruence-freeness of P, that they generate an embedding of P, into I(N).
Finally, to show that this embedding is strong, dom(p) = ¢(N x {0}) and dom(q) = ¢(N x {1}).
Therefore, dom(p) U dom(q) = N, and so p~'pV ¢~1¢ = 1. Hence, a bijection ¢ : NUN — N

determines a strong embedding of P, into I(N).
Determining a bijection from an embedding

Given a strong embedding of P, into I(N), we have, by definition, a pair of partial bijective maps
) I

p~l,q7! satisfying pp7! =1 =4¢qq !, qp ! =0 =pg !, and p~lpV ¢ lq = 1. We define a map
#:NUN— N by
-1 .
: p(n) i=0
¢(n,1) =
¢ l(n) i=1

This is injective, since p~!, ¢! are injective maps, and as gp™ = 0 = pg~!, we can deduce that
p~1, ¢! have disjoint images. Also, since p~'pV ¢~1¢ = 1, we know that im(p~!) Uim(¢~!) = N.
Therefore tm(¢) = N, and so ¢ is surjective. We can then deduce that a strong embedding of

P, into I(N) determines a bijection from N U N to N. Therefore, a strong embedding uniquely

determines a bijection, and vice versa. O

Lemma 4 A bijection ¢ : N X N = N, determines and is determined by a strong embedding of
P,, in I(N).

Proof

Determining an embedding from a bijection

Given a bijection ¥ : NXN — N, then we can define an infinite countable family of partial bijective
maps p; " : N — N (i € N) by pi(n) = ¥(i,n) Vi,n € N. These maps are injective, since 9 is a
bijection, and so we can define their partial inverses, {p; : i € N}. By definition, dom(p;!) = N
for all ¢ € N, and so p;p;' = 1. As % is injective, im(p;!) N im(pj"l) = () for 7 # j, and so
pipj_l = 0. Therefore, pipj_l = d;;, the required condition for a generating set of Py,. Also, as P,
is congruence-free, the inverse subsemigroup of I(N) generated by {p;' : i € N} is isomorphic to
P,,. To prove that this embedding is strong, we require [J22, p; ' (N) = N; this follows trivially
from the fact that 7 is a bijection, and from the definition of {pi_1 : 1 € N} in terms of %. Hence,
any bijection from N X N to N determines a strong embedding of P, into I(N).

Determining a bijection from an embedding

A strong embedding of P, into I(N) specifies a countably infinite set of partial bijective maps,
{pi’! : i € N}, satisfying pipj_1 = &;; and V2, p;'p; = 1. We define a map ¢ : Nx N — N by
¥(i,n) = p7*(n). This map is injective, since pi_l,pj“1 have disjoint images for i # j, and the {p;'}

are all injective maps. Also, Im(¢)) = UR,p; ! (N); however, we know that U Im(p;!) = N,
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since \/$2o p; 'p; = 1. Therefore we can deduce that Im(v) = URp;*(N) = N and so % is also
surjective. Therefore, a strong embedding of P, into /(N) determines a bijection from N X N to

N, and so a strong embedding uniquely determines a bijection, and vice versa. O
Lemma 5 A strong embedding of Py, into I(N) determines a strong embedding of P, into I(N).

Proof (We will identify the generators of P,, with their images under this embedding). The

construction is then as follows:

First note that, for any 7 # 7,

1

3 Pi(p3; pi) ™' = pai pibj ' paj = Pai 6ijp2; = 0,

and

(P3i Pi) '3 pi = P} ' p2ip%i Pi = Pj 62 2ipi = 0.
Therefore, pz_ilpi and p;jlpj are disjoint; similarly, p2_i{|-1pi and pz_jl_Hpj are disjoint. Therefore, we
can define

oo oo
v =\ patei s ¢ =V vatapn
1=0 1=0
and let p, ¢ be their partial inverses. We show that these satisfy the relations for a strong embed-

ding of P, into I(N). First,

IeS) -1 [ 00 o0
pp ' = (\/ p#m) \ p2ipi | =\ pi'peiny; i
1=0 7j=0

1=0 j=0

o0 oo o0
=V V pi'6izpi =V pi'pi=1,

=0 j=0 i=0

since the embedding of P, is strong. Similarly,

(oo} _1 o0 o0 [oe]
=1 - -1 _ _
9 = (\/ P2i+11’i) \/ PajiPi | = \/ \/ p; 1p2i+1p2]-1+1pj
=0

j=0 i=0 j=0
(o ol o] o0
-1 -1
= \/ \/ P; 02it1,2j4105 = \/ p; pi=1,
1=0 j=0 1=0

again, since the embedding of P, is strong. Hence p~'p =1 = ¢~ 1q. Also,

o0 _1 o0
-1 -1 -1
pgt = (\/ Py pz-) \ p3lipi
1=0 ]

J=0
oo OO oo o0
=\ V o 'paingjapi =\ V b 62i2i410 =0,
1=0 7=0 =0 j=0
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since 21 is even, and 27 + 1 is odd, for all 7,5 € N, and

o0 =1 o0
gt = (\/ p;hm) \/ P2 p;
1=0 7=0

= \/ \/ Py ' P2iq1py; Pj = \/ \/ Py 00i41,2ip5 = 0,

1=0 7=0 1=0 7=0
since 2i + 1 is odd, and 2j is even. Therefore, pg~! = 0 = ¢gp~! and so p, ¢ satisfy the axioms for
the generators of the polycyclic monoid P,. Hence we have constructed an embedding of P, into

I(N) derived from a strong embedding of P, into I(N). To see that this embedding is strong,

p"lp Vg lg=

o %) - oo !
) -1 =
(\/ Ph; Pi) \/ p2;'p; (\/ p2k+1pk) (\/ pzﬁsz>
1=0 7=0 =0

00 o

(\/ p2z sz2j v (\/ vp2k+16klp2l+1)
1=0 =0 k=0 [=0

o0 o0

= (\/ Do; p21) \ (\/ P2k+1p2k+1)

o0
=\ & =1
r=0

Hence this embedding of P, into I(N) is strong, and our result follows. O

Lemma 6 A bijection bijection ¢ : N X N — N, provided the bijection ¢; : N — N, defined by
#1(n) = ¢(n, 1) satisfies the ‘no fized point’ condition

Also, the interleaving map from NUN to N, constructed by applying Lemma 3 to the interleaving

embedding of P, into I(N), satisfies this condition.

Proof Given a bijective map ¢ : Nx {0,1} — N, we construct an injective map ¢ : NXxN — N, as
follows: We first define injective maps ¢g, ¢1 : N = N by ¢g(n) = ¢(n,0), ¢1(n) = ¢(n,1). These
maps are clearly injective and have disjoint images, since ¢ is bijective (they are the p=!,¢~!
generators of the polycyclic monoid derived from a bijection from NUN to N, given previously).
We then define a map ¢ : N x N — N by ¢(z,y) = ¢¥(¢o(z)), where ¢7 is the identity map.

We first show that 9 is injective; assume that 9 (z,y) = ¥(a,b) for some a,b € N. That is,
&Y (do(z)) = ¢4 (¢o(a)). Then assume (without loss of generality) that y = b+ k for some k € N,
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so that qb[{"'k (¢0(z)) = #%(po(a). However, as ¢; is injective, this implies that ¢¥(¢o(z)) = ¢o(a),
which implies that k& = 0 since ¢g and ¢; have disjoint images. We can then deduce that ¢o(z) =
¢o(a), and so z = a, by the injectivity of ¢o. Therefore 9 is injective.
Also, from the definition ¥(z,y) = ¢7(do(z)), we can see that, since ¢ is bijective,
U 4160(W) = N\ 671 ().
=1
Therefore, tm(9) = N if and only if
() i(m) =0.
1=0

This result clearly holds for the ‘interleaving’ bijection ¢(z, i) = 2z + 1, since qb{ (n) < ¢{+1(n) for
all n, j € N. Therefore, we have proved that a bijection v derived from a bijection ¢ that satisfies

the condition given is bijective, and the standard interleaving embedding satisfies this condition. O

We give an example of a bijection from NUN to N that does not satisfy this condition, and

hence does not determine a bijection from N X N to N by the above construction.

Example Consider the interleaving bijection ¢ given in Lemma 6, and construct a function ¢’ by
#'(n,0) = ¢(n,0) and
3 n=20
¢(n1) =14 1 n=1
#(n,1) otherwise.

It is trivial to check that ¢' is a bijection from Nx {0, 1} to N, since ¢ is, but (%24 ¢4 (N) = {1} # 0.

Lemma 7 A strong embedding of P, into I(N) determines a strong embedding of P., into I(N),
provided the embedding of Py satisfies

Proof The result follows from Lemma 6, and the correspondence between strong embeddings of
P., and bijections from NXN to N (Lemma 4), and the correspondence between strong embeddings
of P, and bijections from NUN to N (Lemma 3). The embedding of P, is given by pi_l =gq *p 1,
the right-associative embedding of Definitions 1.11 of Chapter 1. Hence we have constructed an

embedding of Py into I(N). O
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2.3 Topological spaces and inverse monoids

In this section, we demonstrate how a representation of an inverse semigroup as partial bijective
maps on a set X determines a topology on X, and show how this construction gives the standard

topology on the Cantor set from an embedding of the polycyclic monoid on two generators.

Definitions 2.3

Given an arbitrary set X, a topology on it is defined to be a set of subsets of X, 7 C P(X), that

satisfies the following conditions:

1. 0, X er.
2. A, B € 7 implies that AN B € 7.

3. Ugex k € 7 for any subset of the topology, x C 7.

So, a topology on X is a collection of subsets of X containing X and the empty set, that is closed
under unions and finite intersections. The study of topologies on sets is an extremely wide-ranging
subject; we refer to [7] for an introduction to the basic theory of continuity and homeomorphisms.
The elements of a topology T are called open sets, and a subset of the form X \ 7', with T € 7, is
called a closed set. Note that a subset of X may be both open and closed. In particular, X and
() are both open and closed.

A basis B for a topology T on a set X is a set of subsets of X that satisfies

e b€ Bimplies b € T.
e T € 7 implies T = U;¢1b; for some subset of B, {b;: i € I} C B.

If B is a basis for 7, then 7 is said to be generated by B. Also, given a set of subsets B whose
union contains X, which is closed under finite intersections, the set 7 consisting of all unions of
members of B (including the empty one) is the topology generated by the basis B. Note that,
for a topology generated by a basis B, a function between topological spaces is continuous if the
inverse image of every basic open set is an open set.

We give an example of a topological space, determined by a basis, that will be important in

the theory of polycyclic monoids.
Definitions 2.4

The Cantor space Q is defined to be the set of all countably infinite sequences of {0, 1}, written
Q = {0,1}", and the Cantor topology, or standard topology on the Cantor set, is defined to be the
topology generated by the basic open sets C' = {C; : s € {0,1}*}, where C; = {sw : w € Q}.
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Proposition 8 The Cantor set, with the standard topology, is Hausdorff.

Proof Consider two distinct points w,w’ € Q. Then there exists n € N such that the two sequences
represented by w,w’ differ after the n** place. Hence, if u, v’ are the two members of {0,1}* given
by the first n + 1 places of w and w’ respectively, then clearly the open set C,, contains w but not

w’, and C contains w’ but not w. Hence the Cantor set, with this topology, is Hausdorff. O

2.3.1 Topologies generated by inverse monoids

We demonstrate how embeddings of inverse monoids into symmetric inverse monoids can be used

to construct topologies on sets.

Theorem 9 Let X denote a set, and let S be an inverse submonoid of 1(X) that satisfies0 € S.

Then the partial identities on X given by the idempotents of S form a basis for a topology on X.

Proof Recall from Definitions 1.5 that for all €2 = e, f2 = f € I(X), e = 14 and f = 1p for
some A,B C X. Also, ef = fe = 14np. Hence, if we denote the set of all domains of elements
of S by B(S), then B(S) is closed under finite intersections. Finally, X € B(S), as 1 = 1x, and
0 € B(S), since 0 = 1y. Therefore, B(S) is a collection of subsets of X that contains X, {, and is

closed under finite intersections, and so is a basis for a topology on X. O

Definitions 2.5

Let S be an inverse submonoid of I(X), as above. We denote the topology generated by the basis
B(S) by Top(S) C P(X).

Proposition 10 Fvery element of S is a partial homeomorphism of the topological space

(X, Top(S)).

Proof Consider arbitrary f € S, and A € B(S). Then 14 = e, for some e € S. Therefore,
fYHA) = dom(fef), and (flef)? = flefflef = fleff~1f = f~lef, as idempotents
commute in an inverse semigroup. Therefore, f~!ef is an idempotent of S, and so f~1(A4) € B(S).
Hence f is continuous in (X,Top(S)), and as every element f of an inverse semigroup is of the
form f = ¢g! for some g € S, then f~! is also continuous. Also, as f is a partial bijective map

(by definition of I(X)), f is a partial homeomorphism. O
Corollary 11 Every element of the disjoint closure of S in I(X) is a partial homeomorphism.

Proof By Proposition 5 of Chapter 1, a disjoint set of elements of I(X) is a set of partial bijective

maps that have disjoint domains / images, and the disjoint join of a set of disjoint elements in
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I(X) is their set-theoretic union. Hence, any element of DCx(S) is the union of a set of disjoint

partial homeomorphisms, and so is also a partial homeomorphism. O

2.3.2 The topology generated by P,

We demonstrate how the topology generated by P; gives rise to the standard topology on the

Cantor set.

Lemma 12 There exists a strong embedding of Py into I1(2).

Proof We define the following partial bijective maps on €2:
P ) =0, ¢ (w) = 1w,

p(w) =w, g(lw) = w,

for all w € Q. Note that p~! and ¢~! have domain 2, and p and ¢ have domains 02 and 1Q
respectively. From these definitions, pp~' =1 = g¢~! and pg~! = 0 = gp~!, where 0 is the empty
map. Hence, these elements of I(Q) satisfy the axioms for the generators of an embedding of P,
into I(Q2). Therefore, as they are clearly non-trivial, and as we have seen in Definitions 1.10 that
polycyclic monoids are congruence-free, we have defined an embedding of P, into I(2). Also,

p~H(Q) U ¢ H(Q) = Q; therefore, p~Ip VvV ¢71¢ = 1, and so this embedding is strong. O

We refer to this embedding of P into I(2) as the standard embedding into the Cantor set.

Theorem 13 The topology on the Cantor set generated by the standard embedding of P; is the
standard topology on the Cantor set.

Proof From the definition of the standard embedding, the members of B(P,) are given by w{?, for
all w € {0, 1}*, since all the domains of embeddings of elements of P, are of this form. Therefore,
the basis of T'op(P2) is the same as the basis for the standard topology on . Our result then

follows from the definition of the topology generated by a basis. O

2.3.3 Properties of topologies generated by P,

Let X be a set, with the polycyclic monoid on two generators strongly embedded into I(X), and
consider the topology on X generated by the embedding of P, (we identify the elements of P,
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with their images under the embedding, for clarity). We give a characterisation of the members

of B(P,).

Definitions 2.6

For each w € {p~!,¢71}*, we define a subset of X by O,, = {w(z) : z € X}.
Lemma 14 B(P) ={0,:we {p~t, ¢ 1}*}.

Proof Recall that all idempotents of an inverse semigroup are of the form ff~! for some element
f. Therefore, all members of B(P,) are of the form im(f), for some f € Ps.

Next consider an arbitrary element of P, written in canonical form (as given in Definitions
1.10) as v~!w. Then the partial identity on its image is given by v w(v" w)™! = v ww v =
v~lv, by the composition of elements in canonical form. However, v € {p,q}*, and so v™'v is
the partial identity on v=!(X), and so all elements of an embedding of P, in I(X) have image in
{p~',¢71}*(X). Therefore, our result follows. O

Proposition 15 Given O,,0s € B(P,), then

O, s is a postfiz of r

0,N0; =4 O, r isa postfic of s

0 otherwise.
Proof By definition, O, N0, = {r(z) : 2 € X} N {s(z) : ¢ € X}. Let us assume without loss
of generality that the length of r is greater than or equal to the length of s. If r = s, then
O, N O; = O, = Oy, and so the result follows trivially. Now assume that r # s. If s is not a

postfix of r, then the set O, N O is empty, since p~!, ¢! have disjoint images. On the other
hand, if is s is a postfix of r, then O, C Oy, and s0o O, NO, = O,.. O

Proposition 16 Any open set of Top(P,) can be represented as a disjoint union of sets from the

basis B(P,).

Proof Let | J;c 7 Ow; be an open set of 7(B) (where w; € {p™',¢~'}* for all j € J). Assume that

this cannot be written as a disjoint union. We must then be able to find 2 distinct open sets
Ou, 0y € {Ou; : w5 € {p77,97 Y Yiem,
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that satisfy O,UO, # Oy, for any w € {p~1,¢"'}*, and O,NO, # 0. However, by Proposition 15,
0,NO, # 0 implies that O,NO, = O, or O, NOy = Oy, and so O, U0, = O, or O, UO, = O,
contradicting our assumption. Therefore, any open set of Top(P,) can be represented as a disjoint

union of members of the basis B(FP;). O

Proposition 17 For any pair of basic open sets O, and O, there exists a unique element of P,

that gives a continuous bijective map that takes O, to Oy, and is undefined elsewhere.

Proof Given a pair of open sets O,,O;, then by definition, r=1(0,) = X, and s(X) = O,.
Therefore, if we compose the two maps, sr~1(0,) = O,. Also, dom(r~1) = O,, and im(s) = O,
from Definitions 2.7, so this map is undefined elsewhere.

To show that this element is unique, note that, for all ' # r € {p7!,¢71}* satisfying
O, C dom(r'~1), we have, by Proposition 15, O, is a strictly contained in O,.. Conversely,
for all s’ # s € {p~%, ¢ '}* satisfying Oy C s(X), we have that, by Proposition 15, s(X) is
strictly contained in §'(X). Therefore, uniqueness follows by the requirement that the map is

undefined elsewhere. O

2.4 Embedding I(v) into B(?)

We show how the symmetric inverse monoid on the natural numbers, I(N), can be embedded into
the C*—algebra of bounded linear operators on the Hilbert space of square-summmable sequences
of complex numbers, B(I%). This gives a method of ‘converting partial bijective maps into globally
defined maps’, by letting the members of I(N) act on a basis set of a countably infinite dimensional
Hilbert space. There is no space to present the full definition of Hilbert spaces and C*-algebras

here; see [47] for a readable introduction. However, we do present a special case.
Definitions 2.7

The Hilbert space 12 is defined to be the countably infinite dimensional vector space of sequences

of complex numbers (zp, 21, 22, . ..) that satisfy

oo
E 2;Z; < 00,
1=0

together with the inner product

((CLO, A1, a9, .. )I(bo, bl, bz, S )) = Zai i

1=0
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See [47] for the proof that this is a Hilbert space. A function ® : [2 — [? is called linear if it
satisfies ®(aa + fb) = a®(a) + f®(b). It is called bounded if, for all a € [2, there exists a fixed
constant K € R such that (®(a)|®(a)) < K(ala). The set of all bounded linear operators of /2
forms a C*-algebra (see [47] for an introduction to the theory of C*-algebras), denoted by B((?).

An orthogonal basis set for [% is a countable spanning set of linearly independent members
of 12, which we denote {b;}2,, satisfying (b;|b;) = 0 for all ¢ # j. If the additional condition
(bi|b;) = 1 is satisfied, for all 7 € N, the basis set is called orthonormal. Note that, given an
orthogonal basis set {b;}$2, for [2, any bounded linear function ¥ € B(I?) can be written as a

countably infinite matrix My, over C, whose entries are given by
mij = (b;|¥(b:)).

This is enough to uniquely specify the operator ¥, and composition of operators in this form is
given by the usual matrix multiplication. There is also an additional operation ( )* : B(l?) —
B(I?), given by:

U™ is the operator represented by the matrix M', where m{; = ;. This is called the conjugate

transpose of the matrix M.

We consider how I(N) can be embedded into the multiplicative structure of B(I?). Let {b;}$2,
be an orthogonal basis set for the Hilbert space (2. We define a map [ : I(N) — B(I?) by

I(f) (Z Olibz) =D by,
1=0 j=0

where by = 0, the null vector, when f(z) is undefined.

Theorem 18

(1) [ is an injective monoid homomorphism,
(i) 1(f~1) = U(f)*, for all f € I(N),
(iii) fLgeI(N) = U(fVg)=1Uf)+(g)-

Proof
(1) From the definition,

Ha)I(f) (i aibi) ~ i(g) (fj O‘jbf(j)) =% iy =g (f: aibi) |
i=0 i=0 k=0 $=0
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Therefore, [ is a homomorphism. Also,

l(g)=U(f) & (i O‘jbf(j)) = (i %’bgu)) )

and so f(j) = g(j) for all j € N. Therefore, f = g € I(N), and so [ is an injective homomorphism.
Finally, note that

[ee) (e}
1) (Zaibi) =3 gy
1=0 1=0
and so (1) = I, the identity of the C*-algebra, B(I?). Therefore, [ is an injective monoid
homomorphism.
(ii) Recall the definition of ( )* in B(I?) as the ‘conjugate transpose’. The ( )* operator in B(I%)

then satisfies A* = A", where A;j is the complex conjugate of a;j, and so AJ; = a3;. Then, from

Definitions 2.8, the matrix form M of [(f) satisfies

1 if f(5) =

0 otherwise.

Mij =

Now, I =1, and so M* = MT, and M7 satisfies

L if flf) =
ML= .
0 otherwise,

or rather,

yr_) i@ =3
0 otherwise,

and so I(f~1) = I(f)*.

(iii) Consider arbitrary f L g € I(N); then

f&) @ edom(f)
(fve)(=)=1 g(z) z € dom(g)
undefined otherwise

and so
LA (Z) (Z%bw> Zaabwa%
1=0 =0

since f(j) defined implies g(j) undeﬁned and vice versa. Therefore,

l(fVag) (Zaz 1) = Zajbf(j) + Zajbg(j) = ((f)+ U9g)) (io: aibi> .

=0

Hence our result follows. O
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Example The above theorem gives the following strong embedding of P, into B(I?), as the image

of the interleaving embedding of P, into I(N):
P (Z aibi> =Y aabi, g (Z aibi) = ogi41bi,
1=0 1=0 1=0 1=0

and

(o] [ee] (e} [e.o]
p! (Z aibi) = Zaibm’ ) q_l (2 Olz'bz‘) = Zaz‘b2z‘+1-
=0 1=0 1=0

1=0

Consider the map T from the set of analytic square-integrable functions on the complex plane,
that are defineable by their Taylor series expansions, to /2. (the map is, of course, given by taking
the coefficients of 2' in the Taylor series). It is a classical result of functional analysis (see, for

example [24]) that this map is well-defined and injective. Then consider the orthogonal basis set

given by
bo = (1,0,0,0,...)
b, = (0,4,0,0,...)
bs = (0,0, %,0,...)
bs=(0,0,0,%,...)

and use this to construct a strong embedding of P, into B(I?), as in the example above (we

identify P, with its embedding, for clarity). An example of a bounded linear operator on this

basis is given by
d

T(f) = T(Lf) Vf:C=C.

We abuse notation, and denote this by %.

Proposition 19 With the above notation,

1. p7iT(e*) = T(e*) = ¢~ T(e),

Co

. p7'pT(e") = T(cos(2)),

B

- ¢~ 1T () = T (isin(2)),

5. €% = cos(z) + isin(2).
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Proof We denote the sum } {2, a;b; by (ag, @1, as,...) when this sum is defined. Then by the

basic construction of Taylor series,

(0,1,0,-1,0,1,0,-1,...)
(1,0,-1,0,1,0,-1,0,...)
1,1,1,1,1,1,1,1,1,..)
= (1,4,—1,~4,1,i,~1,—4,..)
(
(
(

1,0, 3,04, . . .)

~ S

o, 1, g, O3, . . . ag,0, 1,0, a9, ...)
0, @, 0,01,0,...)

P\Co, O, G2, O3, . . .

)
)
)
?)
Oigy 01, (lg, O3y« us) =
)
)
)
)

(
~H
1(oz ap, g, 03, ..
( = (ao,09,04,...)
q(ao, a1, a9, a3, . .. (o1, as,as,...)

Therefore, 1, 2, 3 and 4 follow immediately. 5 follows from 3 and 4, and from the fact that the
embedding of P; is strong, so p~!p 4 ¢~ '¢ = 1, and from the injectivity of the map 7. O
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Chapter 3

Applications of polycyclic monoids to

rings

3.1 Introduction

We demonstrate how matrices of different orders over a unitary ring form a symmetric monoidal
category, and give applications of polycyclic monoids to ring theory. We show (as a generalisation
of a construction of J-Y Girard for the C*-algebra B(I?), as found in [20]) how an embedding of P,
into a ring R allows us to define a composition and addition preserving map from the category of
matrices over R into R, which gives isomorphisms between the matrix rings over R, and corners of
the ring R, determined by some idempotent e. We use this to construct an isomorphism between
a ring R and its matrix rings, when e = 1. We then demonstrate how these self-embedding
results allow us to define a ring homomorphism from R X R to R which gives R the structure of
a one-object symmetric monoidal category, apart from the unit elements. Finally, these results
are applied to the construction of the Ky group of a ring B. We prove that an embedding of P,
into a ring R allows us to construct the K group of R solely from the idempotents of R; this
greatly simplifies the construction of Ko(R). This construction is a ring-theoretic version of the

‘Splitting Idempotents’ technique used in C*-algebra theory, which can be found in [48].

3.2 Categories arising from rings

Definitions 3.1

The category Ring is given by R € Ob(Ring) iff R is a ring, and f € Ring(R, S) iff f is a ring
homomorphism from R to S. We define IRing to be the subcategory of Ring consisting of all
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rings with an identity, together with all identity-preserving homomorphisms.

Given R € Ob(IRing), we define the matriz category of R, which we denote Matg, to have
objects given by Ob(Matgr) = N and morphisms given by A € Matg (a,b) iff A is a b x @ matrix
over R, together with the usual composition of matrices. (We denote the (0 x 0) matrix by (). The
category of proper matrices over R is defined to be the subcategory of Matr where all matrices
over R are of order 7 X 7 with ¢, 5 > 2. We denote this category by Mat%{z.

We define the functor category, Funpag, to have matrix categories of rings as objects, and

functors between matrix categories as morphisms, so Matg € Ob(Funpmat) iff R € IRing.
Proposition 1 There ezists a functor from IRing to Funpag

Proof Define M : IRing — Funpae by:
On objects, M (R) = Matg,
On morphisms, the functor M (f) is given by

e M(f)(n) =n € Ob(Matg), for all n € N,
o (M(f)(A))i; = f(A;;),forall 0 <i<b,0<j<awhere A € Matg(a,b).

As f is an identity-preserving ring homomorphism, this is clearly a functor from IRing to Funpzag.

O

3.2.1 Matg as a symmetric strict monoidal category
Definitions 3.2
We define a map U : Matg X Matr — Matg as follows:

e On objects, Uy =z + y € Ob(Matg),

0
0 B

e On morphisms, given A € Matg(a,b), B € Matr(c,d), then AUB =

Theorem 2 U is an addition-preserving functor from Matg X Matg to Matg that gives Matg

the structure of a symmetric strict monoidal category.

Proof Let X,Y, U,V be matrices over R of orders a X b, 7 X s, b X ¢, and s X t respectively. Then

it is immediate from the definition of matrix multiplication that

X 0 U o0 XU 0
0 Y 0 Vv 0 YV
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and so (XUY)(UUV) = (XUUYV). Hence U is a functor from Matgr x Matg to Matg. Also
it is immediate from the definition that U preserves addition.
Next, the operation U is associative on objects of Matgr, since + is associative on the natural

numbers. For morphisms, it also follows directly from the definition, so

For every pair of objects z,y € OB(Matg ), we define a morphism by

0 I
Sa:,y = v 3
I, 0
where I, = [[_;(1). Then from the definition of composition, for all M € Matg(a,z) and

N € Matg (b, y), this family of morphisms satisfies S, (M U N)Sp . = (N U M).
Finally, the 0 x 0 empty matrix () satisfies AU () = A = () U A, by definition of U. Therefore,

for every ring R with identity, (Matg,U) is a symmetric strict monoidal category. O

3.3 Maps between categories of matrices

In what follows, we will consider the category theory of matrices over rings in which polycyclic
monoids are embedded. These embeddings lead to functors between different categories of ma-
trices, and functors from a category of matrices to itself, under certain conditions. A corollary
of these results is the construction of isomorphisms between (corners of) matrix rings of different
orders, as a generalisation to arbitrary-rings of a construction of J-Y Girard, on the C*-algebra
B(I?), found in [20]. We then show that under certain conditions, these isomorphisms lead to

isomorphisms between M, (R) and R, for all n € N.

3.3.1 Preliminaries on embeddings of monoids in rings

Definitions 3.3

Let e? = e be an idempotent of a semigroup S. The local submonoid of S determined by e,
denoted eSe, is the subsemigroup of S specified by eSe = {ewe : w € S}, together with the

inherited composition. Note that e is an identity for eSe, and so eSe is a monoid. There is a

similar definition for rings, where the corner of the ring R determined by the idempotent e is
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specified by eRe = {ere : r € R}, together with the inherited composition and addition. Note
that e is then a multiplicative identity for the ring eRe, and so eRe is a ring with an identity. We
make a similar definition for categories. Let F be a set of idempotents of C indexed by the objects
of the category C,so E = {E%= E, € C(z,z) : ¢ € Ob(C)}. Then the corner of C determined
by E is specified by ECE = {E,FE, : F € C(z,y)}, together with the usual composition and
objects. Note that the identities at the objects of ECFE are given by E,, rather than by 1,. Also,
the endomorphism monoid of the object X in the category ECFE is clearly the local submonoid
ExC(X,X)Ex.

Let R be a ring with identity. By analogy with Definitions 1.6, Chapter 1, we say that
idempotents e, e’ € R are disjoint if they satisfy ee’ = 0 = ¢’e. We denote this by e L /. We say
that P, is embedded in R if there is a monoid homomorphism (preserving zeros) from P, to the
multiplicative monoid of R. By analogy with Definition 2.1, Chapter 2, we say that P, is strongly
embedded if it satisfies the further condition

n—1

Z pilpi=1.

i=0
(We will present a unifying categorical structure for the different definitions of weak and strong
embeddings of P, in Chapter 4). In what follows we shall identify embeddings of P, with their

images to simplify notation, unless the distinction is important.

Lemma 3 Let R be a unital ring. If P, is embedded in R, then
(i) en = 3070 pitp; is an idempotent.

(i) If P is strongly embedded in R, then so is P, for all n > 2.

Proof

(1) The element e, is clearly an idempotent, since it is the sum of pairwise disjoint idempotents.
(ii) We use the embedding of 8,, of P, into P, given in Theorem 8 of Chapter 1. The result holds
trivially for n = 2. If we denote 6,,(p;) by pn,i, for clarity, then

n n—1
Y BrtriPairi =0+ (Z PE,?Pnyi> q-
-

J=0

It follows that if P, is strongly embedded in R, then P,y is as well. Hence the result follows by

induction. O
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3.3.2 Contracting matrices

Let R be a unital ring in which P, is embedded. We construct morphisms of Matg that lead to
functors between matrix categories, and then to isomorphisms between matrix rings of different

orders. To define these functors, we first require the following:

Definitions 3.4

We define the following matrices for all n > 2:

G = I..o O 0 U= I,, 0 0

0o p' ¢! 0 p g

and, using the embedding 8, : P, — P, of Theorem 12, Chapter 1,

m=(mmw%@ﬂ-u%ww>
and

Vo= 6.(00) 0up1) ... Oulpacs) )

Lemma 4 Foralln > 2, H, =[[",G; and V! = ?=n UL,
Proof We prove this by induction. Note that, for i > 2,

IhCh+1==( 0:(pg") Gi(pr") ... G:(pY) 6Pt 6i(pity)e7? )

However, by definition of 8,,, from Theorem 12, Chapter 1,

0, (p;7 ") 0<i<n—2
Onir (P ) = 0n(p;2)p! i=n-1
On(prli)g™ i=n

Therefore,
HiGiyi = Hiyqg.
A similar calculation gives that

UiaVi = Vi

Finally, as Go = Hs, and U; = Vs, our result follows by induction. O

Lemma 5 Let ey be as defined in Lemma 3, and define E, = I,,_1 U (e2) for alln > 1. Then
UG, =1, ond G, = Eyy .

32



Proof It is immediate that

I'n,——2 0 0 In_z 0 0
UlG, = 0 pp! pgt | = 0 1 0 |=15h,
0 gp ! q¢! 0 0 1

by definition of the composition in P,. Similarly,

L 0
GnU:,, = ? = Fle .

0 plp+qglg

Therefore our result follows. O
Lemma 6 Let e, be as defined in Lemma 3. Then H,V)} = e, and V!H, = I,.

Proof By definition of composition in Py, [V} H,];; = pipjTl = 6;j. Therefore, V,!H,, = I,,. Simi-

larly, H,V}! = Z?;OI pz-_1 Ppi = ey, by definition of e,,. Therefore, our result follows. O

Using these results, we are able to construct maps between matrix categories, and corners of

matrix categories that reduce the orders of matrices.

Definitions 3.5

Let P, be embedded in a unital ring R. We define a map C : Matgr2? —+ EMatgE (where F is
the family of idempotents defined in Lemma 5) by C(A) = G; AU/ for all A € Matr22(4, 5), and
C(z) =z —1forall z > 2.

Theorem 7 C' is an injective functor that preserves addition.
Proof Consider A, A’ € Matg2?(i,j) and B € Matg2%(j, k). Then by definition of C,
C(B)C(A) = GkBU}GjAUf = GBI; AU} = C(BA),
by Lemma 5. Also,
C(A) + C(A) = GAU! + G, AU} = Gj(A+ A)UE = C(A+ A),

by the distributivity of composition over addition in a ring. Therefore C' preserves composition
and addition. Also, C(I,,) = G,I,U. = E,_, which is the identity at n — 1 in EMatrE, and so
C' is a functor.
Now consider A, A’ € Matr22(i, j) satisfying C(A) = C(A’). Then by definition of C, this
implies that
G;AUf = G;A'U;.
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We can multiply the both sides of the above equation by UJ’? on the left, and G; on the right, so
that

UiG;AUG; = UiG;A'U{G.

However, UG, = I forall z > 2, by Lemma 5, and so I; AI; = I;A'I;. Therefore, C is injective. O

Corollary 8 The restriction of C to M, (R) gives an injective ring homomorphism from M, (R)
to En—an—l (R)En_l

Proof Immediate from Theorem 7 above. O

We consider the theory given by iterating the above contraction maps, to give maps between the

category of proper matrices over R and corners of the ring R.

Theorem 9 For all n > 2, there exists an injective homomorphism from M, (R) to a corner of

H.

Proof The map C|agr) © Clagr) © - - - © Clam,(r) gives an injective ring homomorphism, by

iterating Corollary 8. O
Proposition 10 Consider A € Matg(n,n), where n > 2. Then C"1(A) = H,AV}! € R.
Proof For A € Matg(n,n),

C™(A) = GoGs...Gn G, AULUL (UL, .. UL,

However, by Lemma 4,

2
Hn:ﬁGi, vi=T1] Ut

1=2 i=n

Therefore, C"(A) = H,AV}! € e, Re,. O

This motivates the following definition:
Definitions 3.6

We define a map @ from the category Matg (excluding the empty matrix) to R, as follows:
On objects
®(n) =1Vn € Ob(Matg),
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On morphisms

HjXVZ-t VX € MatR(i,j), %] 22,

XV VX € Matgr(i,1), 7 > 2,
5(X) = : r(2,1)

HjX VX € MatR(l,j), j=22

X VX eR

Theorem 11 @ is a map from Matg to R that preserves the addition and multiplication opera-

tions, and is functorial when the embedding of Py into R is strong.

Proof Consider A, A’ € Matg(¢,5) and B € Matg(j, k), Then, assuming 7,5 > 2 (otherwise
this result is trivial), ®(B)®(A) = HyBV}H;AV}. However, by Lemma 5, VIH; = I}, and so
®(B)®(A) = HyAI; BV} = HyABV; = ®(BA). Therefore ® preserves composition. Also, by the

distributivity of composition over addition in a ring,
B(4) + B(4') = H; AV} + H;A'V! = Hy(A+ )V} = B(A + A).

Therefore @ preserves addition. Now assume that the embedding of P, into R is strong. In this

case, ®(I,,) = H,V, = e, = 1 for all n > 1, and so ® is functorial. O

Note that, unlike the functor, C': Mat-ﬁ2 — Matgr, @ is never injective.

Counterexample

100

1 0
®l010]=2

bl

0 plp+qlq
00 1

by definition of the map ®. However we do have the following weaker result:
Lemma 12 For fized 1,7 € N, the restriction of ® to Matr(¢,7) is injective.

Proof We assume that 4,j > 2, otherwise the result is trivial. Then consider A, A’ € Matg (3, 5)
satisfying ®(A4) = ®(A’). By definition of ®, this implies that H; AV} = H; A’V}, so we can multi-
ply both sides of this by V} on the left, and H; on the right, so that V}H; AV H; = VIH; A'V} H;.
However, V!H, = I, for all # > 2, so L;AI; = I;A'I;. Therefore, the restriction of ® to the

individual Hom sets is injective. O
Definitions 3.7

We denote the map given by restricting ® to Matg2%(n,n), and corestricting ® to e, Re, by
®, : M,,(R) — e, Rey,.
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Theorem 13 @, is an injective unitary ring homomorphism for all n > 2. When the embedding

of P, is strong, ®,, is an injective unitary ring homomorphism from M, (R) to R.

Proof It is immediate by Theorem 11 that ®,, preserves addition and multiplication, and by
Lemma 12 that ®,, is injective. Finally, ®,(I,) = H,V,! = e,,, by Lemma 6, which is the identity
of e, Re,. The final part follows by noting that in the strong case, e, = 1, for all n € N, by

Lemma 3. O

3.3.3 Expanding matrices

Definitions 3.8

Let P, be embedded in a unital ring B. We define a map D : EMatgr F — Matgr by D(X) =

Ui 1 XGiyy for all X € EMatrE(i, j) (where Uy and G, are as defined in Definitions 3.4), and
forall n e N, D(n) =n+1.

Theorem 14 D is an injective functor that preserves addition.
Proof Consider X, X' € EMatgF(%,j) and Y € EMatgrFE(j, k). Then
D(Y)D(X) = U,€+1YG]~+1U;+1XG,~+1 = U,EHYE]-XGiH = U,€+1YXGZ~+1 = DY X ),

and so D preserves composition. Also, D(E;) = Uf+1Gi+1Uf+1Gi+1 = Iiy1Liy1 = I;41, the identity
of i + 1 in Matg. Therefore, D is a functor.

Next, D(X) = D(X') implies that D(X) = Uf,; XGiy1 = Uj;, X'Giy1. We can multiply
both sides of this by Gj41 on the left and Uf,; on the right to deduce E;X E; = E;X'E;, and so
X = X/, since X, X' € EMatgE(i,j). Therefore, D is injective. O

Iterating the D functor gives the following theory:
Definitions 3.9
We define a map ¥, : e, Re, — Matg(n,n) by ¥, (r) = VirH,.

Theorem 15 VU, is an injective unitary ring homomorphism from e,Re, to M,(R), and an
injective unitary ring homomorphism from R to M,(R) when the embedding of P, into R is

strong.
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Proof For arbitrary r,s € R,
U, (8)U,(r) = VIsH;VirH; = Vise,rH; = U, (sr).
Therefore, ¥ preserves composition. Also,
U, (r) + U (s) = VirH; + VisH; = Vi (r + s)H; = U, (r + 5).

Therefore U, also preserves addition. Therefore, ¥ is a ring homomorphism.

Now consider 7,7’ € e,Re, satisfying ¥,(r) = ¥, (r'). Then V!rH, = Vir'H,. We can
multiply by H, on the left, and by V;! on the right, to deduce e,re, = e,r’'e,. However, r,r' €
e, Re,, and so this implies that 7 = r’, and so ¥,, is injective.

The final part follows from Lemma 3, which shows that, when the embedding of P, is strong,

e,=1forall n. O

Theorem 16 C and D are mutually inverse category isomorphisms that preserve addition.

Proof For all n € Ob(Mat%z) and m € Ob(EMatgrFE), it is immediate from the definitions of the

actions of C' and D on objects that CD(m) = m and DC(n) = n. Also, for all X € Matg22(i, §)
and Y € Matg(r, s),

COY) =0@ YU =G yU G, =LY . =Y,
and
DC(X) = D(U};1XGit1) = GiUi UG Ul = E;XE; = X,

by Lemma 5. Finally, we have already seen (Theorems 7 and 13) that C' and D are functors that

preserve addition. Therefore our result follows. O

We then have the following as a Corollary:
Theorem 17 For all n > 2, ®, and ¥,, are mutually inverse ring isomorphisms.

Proof Immediate from theorem 15 above, and the definition of ® and ¥ in terms of the iterations

of the C' and D functors respectively. O

In the strong case, the above results give the following Corollary:

Theorem 18 When the embedding of P, into R is strong, ®, and ¥, are mutually inverse

isomorphisms between M, (R) and R for all n € N.
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Proof Immediate from Theorem 17 above, and Lemma 3. O

3.4 Self-embeddings of rings, and monoidal structures

Let P, be embedded in a unital ring R. We consider what happens to the monoidal structure of
Matgr when we map Matgr into R using the ® map (which we have proved is a functor when the
embedding of P, into R is strong). We will demonstrate that this gives the ring R the structure of
a one-object symmetric monoidal category (apart from the units elements) when the embedding

is strong, and a similar, but weaker, structure when the embedding of P, is not strong.

Definitions 3.10

We define a map * from Matg x Matg (without the empty matrix) to R, as follows:
e On objects, a xb =1, for all a,b € N,

e On morphisms, UxV =®({U U V).

Proposition 19
(1) * preserves addition and composition,

(i) For all a,b € N, there ezists sqp satisfying s;1(U * V)sg; =V « U for all U € Matg (7, j) and
V € Matg(k,!).

(iii) For all 4,j,k € N, there exists t;ji,li; € R satisfying
toy,:(Ux (Vs W)t = (U*V) W),
for all U € Matgr(i,z), V € Matr(j,y), and W € Matg (k, 2).

Proof

(i) We have proved that U is an addition-preserving functor in Theorem 2, and have proved that
® preserves addition and composition in Theorem 11. Therefore, it is immediate by the definition
of * that it preserves addition and composition.

(ii) For all a, b > 1, define sqp = ®(Sgs), where S is as defined in Theorem 2. Then, as ® preserves
composition, and S;;(UUV)Sk; = VUU, we can deduce that ®(S;;(U U V)Sy;) = @(V UU), and
50 s;i(U*V)six =V *U.

(iii) For all a,b,c € N, define t}, , . = (Vi % Ic) (Lo * Hpyc) and tapc = (Hot % Ic) (Io* Vi, ). Then
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note that (I;UV}, ) (UU(V+W))(LUH k) = UUVUW. Also, (Hy4yUL)(UUVUW) (VY ,;UL) =
(U x V) U W. Therefore,

(g L L (L 1 Vyt+z)(U u(vVsWw))(ILu Hj+k)(V,~t.|_j Uly) =UxV)uWw.

Finally, recall that, by definition, A B = ®(A U B), and ® preserves composition and addition,

so we can apply ® to the above equation, and deduce that

(Hopy * LY Io x Vi) (U % (V « W) (I % Hjgr) (Vi * Ie) = (U V) « WL

And thisis t;,, (Ux (V«W)t. . = UxV)xW. O
'Yy Z,J,k

3.4.1 The symmetric monoidal structure of a ring

We will demonstrate how a restriction of the * map gives the ring R a similar but weaker structure
to a one-object symmetric monoidal category (without unit elements), and the structure of a one-
object symmetric monoidal category (again, without the unit elements) when the embedding of P,
into R is strong. Note that, although the category of matrices over a ring R is strictly monoidal,

the structure induced by the restriction of * is not strict; it is ‘monoidal up to isomorphism’.

Definitions 3.11

Let P, be embedded in a ring R. We define & to be the restriction of the map * : Matg x Matg —

R to members of R, considered as (1 x 1) matrices. So, for all a,b € R,

a 0 g -
aPb=P(ald) =Py, =p rap+q bgq.
0 b

Proposition 20
(1) @ ts a ring homomorphism.

(ii) There exists elements s,t,t’' of R satisfying, for all f,g,h € R,
1L é(fo(gah)=(fg) eh),
2.2 =(tot(1at),
3. s(fog)=(90 f)s,

4. tst=(s® (1D s).
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Proof

(i) This is immediate from the fact that ® preserves composition and addition (Theorem 11), and
the fact that U is an addition-preserving functor (Theorem 2).

(ii) We make the definitions s = 511, ¢ =t;1,1, and ¢/ =1} ; ;, as defined in Proposition 9. These
are given explicitly, as follows:

By definition,

01 L
=0 =P q+q p
10
Similarly,
p 0
S 1 0 0
t:(V2 *Il)(Il*Hz):Q ® q 0
0 p7t ¢t
01
p 0 _ . 1
=®| "~ |=pTP+ae+q I ap.
e g
Also
L 10
-1 gt g
t= Hpe L)LV =a| T ®| o
0 0 1
q
el el
g B b _
=Bl =p’p+p ¢ pg+ a7 g
q

Then our results are as follows:
1. This follows immediately, by the definition of ¢ and ¢/, and from Proposition 19 above.
2. We can expand t? as
t? =p°p+p ¢ ' pg+p7 ¢ g + 47
and, using the definition (a @ b) = p~lap + ¢ 'bq, we can expand (¢t ® 1)t(1Dt) as
(pMtp+a T (T P+ g g) =
N RS R TR R e

Therefore, t?2 = (t ® 1)t(1 @ t). Hence our result follows.

3. By definition of &,
s(f@g)=(¢"'p+p ') fr+9q790) = ¢fp™ +p9g = (9& f)s.
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4. We can expand tst and (s @ 1)t(1 @ s) in terms of p, ¢, so that
tst=p~'q" +p7 ¢ 'p+q .
and
solt@s)=(p"'sp+q ' Qtp'p+ a7 'sq) =p'¢* +p7 ¢ Ip+q  pg.
Therefore, tst = (s ® 1)t(1 & s).

Hence our results follow. O

This allows us to deduce the following:

Theorem 21 When the embedding of Py into R is strong, (R,®) has the structure of a (one-

object) symmetric monoidal category, apart from the unit elements.

Proof First note that 1@ 1 =p~'p+ ¢ ¢ = ey = 1 when the embedding of P; is strong, by the
definition of a strong embedding. Therefore, & is a functor from (R, ) x (R, -) to (R, -) (considered
as a one-object category).

Next, by definition,

, 01 01 10
=0 ® = =1,
10 10 0 1
by Theorem 18. Also,
0 1 g1 1 0
vt=0| * af? TPz =1,
p'q ¢! 0 ¢ 0 ¢ lq+p'p

by Theorem 18. Therefore, we can write ¢/ = ¢! and s = s~!. Then, by Proposition 20 above,

(R, ®) has the structure of a one-object symmetric monoidal category, apart from the unit ele-

ments. O

We will study the theory of one-object symmetric monoidal categories that do not have units

elements in more detail in Chapter 4. However, we first give an application of the above results

to the Ky theory of rings.
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3.5 Constructing the K; group of a ring using P,

Let R be a unital ring in which P, is embedded (this embedding need not be strong); we will
construct a semigroup from the idempotents of R. We will then show that this semigroup is
isomorphic to the semigroup of (equivalence classes of) idempotents of all matrix rings over R,
used in the construction of the Ky group of R. This allows us to construct the Ky group of R

solely from the idempotents of R, rather than from the idempotents of Matg .

3.5.1 The classical construction of the K, group of a ring
We recall standard definitions from the Ky theory of unital rings, taken from [24], p.135-145.

Definitions 3.12

The set of idempotents of all rings of matrices over R is denoted E(R), and is defined by

E(R) = G{A € M;(R): A? = A}.

=1
Note that, by the definition of an idempotent, any A € FE(R) must be a square matrix. An

equivalence relation ~ is then defined on F(R) by
E~F & 3X,Y: XY=E,YX=F, EXF=X, FYE=Y.

There is an associative composition U defined on E(R) as follows: Given an m X m idempotent

matrix e, and an nxn idempotent matrix f, over R, then el f is defined to be the (m+n) x (m+n)
matrix

e O
0 f

and the relation ~ is clearly a congruence with respect to this binary operation. (This operation

el f=

is the restriction to idempotents of the strict monoidal functor for Matg, the category of matrices
over R). A binary operation is defined on the ~ equivalence classes of E(R) by [e] +[f] = [eU f].
Then (E(R)/ ~,+) is clearly an abelian semigroup. We will refer to this as the Ko semigroup
of R, although this is not standard terminology. Finally, the group Ko(R) is defined to be the
abelian group given by constructing the Grothendieck group, or universal group of the commutative
semigroup (E(R)/ ~,+), as described in [24], p.295-297. This group has the universal property
that any homomorphism from the abelian semigroup (E(R)/ ~,+) into an arbitrary group G
factors through Ko(R).

We consider how this construction can be simplified under the assumption that P, is embedded

in R.
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3.5.2 Simplifying the K, construction using P,

Let P, be embedded in a ring R (we identify P, with its image under this embedding). We
consider the ~ relation on the idempotents of Matg, along with the @ operation of Definitions

3.11. For our results, we first require the following:
Lemma 22 Let E? = E € Matg (n,n) be an arbitrary idempotent. Then ®,(E) ~ E.

Proof Denote ®,(E) by e. Then e = H,EV! by definition of ®,,. If we define X = H,FE and
Y = EV}, then XY = H,E*V}! = H,EV}, by definition. Also, YX = EV!H,E = EI,E=FE?=
E. Finally,
eXE = H,EVH . EE = H,.El, B = H, F* = H . F = X,
and
EYe= EEV!H,EV! = E*[,EV: = E3V! = EV! = Y.

Therefore ®,,(E) ~ E, by definition of the relation ~. O

Definitions 3.13

We define e(R) to be the set of idempotents of R, and consider the restriction of the above ~
relation to e(R).

Proposition 23 (e(R)/ ~,®) is an abelian semigroup isomorphic to the Ky semigroup of R.

Proof For all A € E(R), define ¢ = ®(F). Then, by Lemma 22, a ~ A, and so [a]~ = [A]~.
Therefore, every idempotent of F(R)/ ~ has a representative in R. Next note that for all £ ~
F € E(R), by definition there exists X,Y € Matg satisfying XY = E,YX = F, EXF = X,
FY E = E. Therefore, if we define 2 = ®(X), and y = ®(Y), then ®(E) ~ ®(F), as ® preserves
composition and addition.

Hence the map [A] — [®(A)] from E(R)/ ~ to e(R)/ ~ is well-defined, and is a bijection.
Finally, we show that it preserves composition. Consider E? = E,F? = F € E(R). Then
(®(E)® ®(F)) = 2(®(E)U ®(F)), and so (B(E) @ ®(F)) ~ ®(E)U ®(F). Also, ®(E) ~ E and
®(F) ~ F. Therefore, (2(E)U ®(F)) ~ (EUF) as ~ is a congruence on the abelian semigroup
(E(R),U). Next, by Lemma 22, (EUF) ~ ®(E U F). Hence, as ~ is an equivalence relation,
(®(E)® ®(F)) ~®(FUF) in Matgr, and so ®(EUF) ~ ®(E) @ ®(F) in R.

Therefore, the map from E(R)/ ~ to e(R)/ ~ given by [A] — [®(A4)] is a well-defined bijec-

tion, and maps + to @. Hence it is a semigroup isomorphism, and so our result follows. O

We can deduce the following as a corollary:
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Theorem 24 The Kq group of R can be constructed by applying Grothendieck’s construction to

the abelian semigroup of Proposition 23 above.

Proof Immediate from the isomorphism between ({€? = e € R}/ ~,®) and the K semigroup of

R. O

Hence we have shown that constructing the Grothendieck group of (e(R)/ ~, @), as described in
[48] p.295-297, will give us the Ky group of the ring R, and so an embedding of P, in a unital
ring R allows us to greatly simplify the calculation of the Ky group of R.
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Chapter 4

Categorical self-similarity and

internalising monoidal structures

4.1 Introduction

We generalise the results of Chapters 2 and 3 to give a categorical interpretation of self-similarity,
in terms of self-similar objects of symmetric monoidal categories. This can be thought of as the
non-associative case of the ring theory results of Chapter 3 — in particular, the construction of a
one-object symmetric monoidal category (without unit elements). This motivates the definition
of M—monoids, which have a similar, but weaker, structure to one-object symmetric monoidal
categories (without unit elements). We then show how this implies (under certain conditions) the
existence of embeddings of the polycyclic monoid on two generators into endomorphism monoids
of self-similar objects of symmetric monoidal categories.

We also introduce several concepts which will be useful in later chapters, where we apply
our categorical structures to the study of algebraic models of logic. In particular, we introduce
the internal tensor product, and the concept of a fixed point for an internal tensor product —
examples of these will be constructed in Chapter 5.

Finally, as an application of the above theory, we demonstrate how to construct 1-object
analogues of the ‘internal hom.” of a Cartesian closed category at the endomorphism monoid of

a self-similar object.

4.1.1 One-object symmetric monoidal categories

Recall the definitions of symmetric monoidal categories from Definition 1.2, of Chapter 1. For

much of the remainder of this thesis, we will consider various symmetric monoidal categories
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without unit objects. This is because of the following;:

Proposition 1 Let (M, ®,t,s,I, A, p) be a symmetric monoidal category with one object. Then
M is a set with two (strictly) commutative associative operations. However, the same does not

apply to a symmetric monoidal category without units elements.

Proof Let (M, ®,t,s,I,A,p) be a symmetric monoidal category. Then, for all f : A — A,
g : B — B by naturality of the units maps, /\Elg = (11 ® g)/\]‘g1 and pzlf = (f®1np~ L
Therefore, pzlpr = (f®1r) and /\glg)\B = (17 ® g). However, as we are considering the one-
object case, A = B = I, and from Definitions 1.2, Chapter 1, A\ = p;. Therefore (f ® 1) =
pflfpj = )\flf/\f = (11 ® f), and so ® is commutative.

Similarly, the units triangle coherence condition gives (pr ® 11)tr,r,r = (11 ® Ar). However,
Ar = pr and we have proved that ® is strictly symmetric, so (17 ® Ar)trrr = (17 ® A7) and it is
immediate from this that ¢ is the identity. Finally, from [41], p.161, a strict symmetric monoidal
category with one object is an abelian monoid with respect to two commutative operations that
satisfy the interchange law.

The second part of our proof follows by example, from Theorem 21 of Chapter 3. O

Convention In view of the above result, we make the convention that when we refer to a one-

object symmetric monoidal category, we assume that it need not have unit elements.

4.2 Self-similarity in monoidal categories

We axiomatise our concepts of self-similarity, using the theory of symmetric monoidal categories!
We do this by defining what we mean by a self-similar object of a symmetric monoidal category,
and showing that this gives the endomorphism monoid of the self-similar object a similar structure

to a one-object symmetric monoidal category.

4.2.1 Self-similar objects

Definitions 4.1

Let (M,®) be a symmetric monoidal category. We say that N € Ob(M) is a self-similar object
if there exist morphisms ¢ € M(N @ N, N) and d € M(N, N ® N) that satisfy dc = 1ygn. We

In fact, the constructions of this chapter appear to work in the non-symmetric case. However, all the examples

we construct will be symmetric, so we restrict our definitions accordingly.
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call these morphisms the contraction and division morphisms of N. We say that N is strongly
self-similar, or is a strong self-similar object if it satisfies the further condition ¢d = 1y, so that
N2 N® N. If N is not strongly self-similar, we say that it is weakly self-similar, or just weak,
when the context is clear. If all the objects of M are self-similar, we say that M is a self-similar
category. It is immediate that if N is a (strongly) self-similar object of a subcategory S of a

category C, then N is a (strongly) self-similar object of C.

4.2.2 Free monoidal categories

In order to study the properties of self-similar objects of categories, we consider the ‘simplest

possible’ symmetric monoidal category, and self-similarity. We also consider the properties when

this self-similarity is strong.
Definitions 4.2

In [41], p.161, the freely generated symmetric monoidal category on one object, (W, ®) is defined.
This has objects given by binary bracketings of the symbol — (including the empty bracketing,
(); this is the unit object), and unique natural canonical morphisms, as given in Definitions 1.2,
Chapter 1. The same reference also defines, for any object B of a symmetric monoidal category

(M, ®), a unique functor of monoidal categories, ( )W — M. On objects, this is given by
e (-)p=5,
e (WO V)5 = (1) ® (v)s.

and we refer to [41] for its definition on morphisms.
We define the self-similar category (S, ®) to be the category W, together with the assumption

that the unique object (which we denote N for clarity) is self-similar. So, the morphisms of S are

specified by

e ccS(N®N,N),de S(N,N® N), so that dc = 1ngn-.

e Forall f,g € Arr(S), f® g € Arr(S).
We call S the strongly self-similar category when N is a strongly self-similar object.
Proposition 2 (S,®) is a regular category.

Proof Note that all the canonical isomorphisms have global inverses. Also, cdc = clygn = ¢ and

ded = 1ygnd = d, so ¢ and d are mutual generalised inverses. Next, let a, b be elements of S that
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have generalised inverses a=! and b~!. Then (¢®b)(a"'®b7!)(a®b) = (aa 1a®bb™1b) = (a®b)
and similarly, (¢! @0 (e ®@b) (e ' ®@b7!) = (e taa"! @ b710b7!) = (a1 @ b~!). Therefore,
when a and b have generalised inverses, so does (a®b). Finally, if ba is defined, then so is a=1b71,
and it is immediate from the definitions of the morphisms of S that a=!'6~! is the generalised

inverse of ba. Therefore, S is a regular category. O
Corollary 3 When S s the strong self-similar category, S ts a groupoid.

Proof When N is strongly self-similar, then ¢ and d satisfy ¢d = 1 and dc = 1ygn, and so, by

induction, all the elements of S have global inverses. Hence our result follows. O

4.2.3 Tensor categories of self-similar objects

Definitions 4.3

Let N be a self-similar object of the monoidal category (M, ®). We define the tensor category of

N, which we denote (®N), to be the full subcategory of M, whose objects are given inductively
by

e N € Ob(®N),
e X®Y € Ob(®N) for all X,Y € Ob(®N).

Note that if NV is a strongly self-similar object, then all endomorphism monoids of objects of (®N)
are isomorphic.

An important special case will be when the map ( )n : W — M is injective on objects. In this
case, each object corresponds to a unique bracketing of copies of N — or equivalently, to a unique
binary tree with leaves labelled by NV and nodes labelled by @ — as in the definition of W. When
(®N) satisfies this condition, we say that it has freely generated objects. In this case, many of
our results on self-similarity will be greatly simplified. For example, let N be a self-similar object
of a symmetric monoidal category (M, ®), and let (®N) be freely generated objects in M. For
all X € Ob(®N), we (recursively) define two families of morphisms, the division and contraction

morphisms, {dx € M(N,X)}, and {cx € M(X, N)}, as follows:
e dy =1y =cn.
o dygv = (du ® dv)d,
e cygv =c(cu @ cv).
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The fact that these morphisms are well-defined follows directly from the fact that @ N has freely
generated objects. We can then use these morphisms to define the contraction map ¢ from

Arr(®N) to M(N, N) by ¢(f) = ey fdx for all f € (QN)(X,Y).

Lemma 4 Let N be a self-similar object of a symmetric monoidal category, (M, ®), and let (QN)
have freely generated objects. Then, for all X € Ob(®N), dxcx = 1x. Also, when N is a strongly

self-similar object, cxdx = 1.

Proof First note that this result holds for X = N, by definition of d and ¢. Next, let U and V
be objects of (QIN) satisfying dyecy = 1y and dyey = 1y. Then

dugveugy = (du ® dv)de(cu @ ev) = (du ® dv)Ingn(cu ® cv)

= (duvcv @ dvey) = (lu ® 1v) = lygv.

Therefore, our result follows by induction. The second part of our proof follows by the definition

of a strongly self-similar object, and a similar induction argument. O

Theorem 5 Let N be a self-similar object of a symmetric monoidal category, (M, ®), and let

(®N) have freely generated objects in M. Then ¢(g)p(f) = ¢(g9f) for all f € (RN)(X,Y), and
g € (@N)(Y,2).

Proof By definition, ¢(g9)¢(f) = czgdycy fdx. However, by Lemma 4 above, dycy = 1y, and so
o(9)#(f) = czgfdx = ¢(gf). O

Corollary 6 When N is a strong self-similar object, ¢ defines a functor from (RN) to the one-
object category M(N, N).

Proof Define ¢ on Ob(®N) by ¢(X) = N for all X. Our result is then immediate, since by
the definition of a strongly self-similar object, and Theorem 5, ¢(1x) = 1y for all X, and
#(9)(f) = ¢(gf) whenever gf is defined. O

In the case where (®IN) does not have freely generated objects, the definitions of cx and dx do
not neccesarily uniquely specify elements of (®N), so we cannot define ¢ as above. For example,
when (M, ®) is a strict monoidal category, then N (NQN) = (N® N)® N, and so the elements
c(1y ® ¢), and ¢(c® 1n) both satisfy the definition of cxygngn-

We can however, unambiguously define a restriction of ¢, as follows:
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Definitions 4.4

Let N be a self-similar object of a symmetric monoidal category M. We define (®3N) to be the
full subcategory of M with two objects, N and N® N. We can then define a map ¢ : (®2N) = N
explicitly, by

¥ f € M(N,N)

M(N,N® N

$2(f) = & feM BN
fd feM(N®N,N)

| cfd feMWQN,NgN)

It is immediate that, when (®IN) has freely generated objects, the map ¢, is a restriction of ¢
to (®2N). Also, as dc = 1ngn, an identical argument to Theorem 5 gives that ¢, preserves the

composition of (®2N), and is a functor when N is strongly self-similar.

4.2.4 The internal tensor product

We demonstrate how endomorphism monoids of self-similar objects have a similar structure to
one-object symmetric monoidal categories, and are one-object symmetric monoidal categories

without units elements when the self-similarity is strong. However, we first require the following;:

Lemma 7 Let N be a self-similar object of a symmetric monoidal category (M, ®, s,t). Then for
all X,Y,Z € (®:2N)

(i) txyz = ((dx ®@dy) @dz)innn(cx @ (cy ® cz)),

(ii) sxy = (dy ® dx)sn,n(cx ®cy),

(iii) The above two results hold for all X,Y,Z € (QN) when (®N) has freely generated objects.

Proof By definition, 14 = dgcy for all A € Ob(®2N). Then
(i) By definition, txy,z =tx,y,z(1x @ (ly ® 1z)). Therefore

txyz =txyz(dxcx ® (dycy ® dzcz)),

and sotxy,z = ((dx ® dy) ® dz)tn N n(cx @ (cy @ cz)) by the naturality of txy,z in XY, Z.
(i) By definition, sxy = sxy(lx ® ly), and so sx,y = sx,y(dxcx @ dycy). Therefore, by the
naturality of sxy in X and Y, sxy = (dy ® cx)sn,n(cx ® dy).

(iii) This follows from the fact that 14 = dacga, for all A € Ob(®N) when (®N) has freely

generated objects. Then the above proofs suffice. O
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Definitions 4.5

Let (M, ®) be a symmetric monoidal category, and let N be a self-similar object of M. We define
the internal tensor product at N to be a map @ : M(N,N) X M(N,N) — M(N, N) given by
tdy=clry)d.

Proposition 8 Let N be a self-similar object of a symmetric monoidal category (M, ®), and let

the internal tensor product, @, be as defined above. Then

(1) @ is a semigroup homomorphism, and is a monoid homomorphism when N is strongly self-

similar.

(ii) ¢ maps @ to the internal tensor @; that is, ¢o(fQg) = d2(f) ®P2(g) for all f, g € M(N, N).
(iii) When (QN) has freely generated objects, ¢ maps @ to the internal tensor ®; that is, $(fQg) =
o(f) ® ¢(g) for all f € (®N)(U, X), g € (@N)(V,Y).

Proof
(i) Consider arbitrary a,b,z,y € M(N, N). Then

(a®b)(z®y) =cla®b)de(z@y)d =c(a®b)lygn(z® y)d = c(az ® by)d = az @ by.

Therefore @ is a semigroup homomorphism. Also, when N is strongly self-similar, 1 ® 1 =

c(1® 1)d=cd = 1y and so @ is a monoid homomorphism.

(ii) By definition, ¢2(f ® g) = ¢(f ® g)d and ¢2(f) = f, ¢2(g) = g for all f,g € M(N,N).

Therefore our result follows.

(iii) Assume (®N) has freely generated objects. Then by definition,

¢(f®9) =cxgy (f® g9)dugv = c(ex ® cy)(f ® g)(du ® dv)d.

However

3(f) ® ¢(9) = d(o(f) ® #(9)) = d(cx fdu ® cygdv) = c(ex fdu ® cygdv)d

=c(ex @ cy)(f ® 9)(du @ dv)d,

by definition of @. Therefore, ¢(f ® g) = ¢(f) ® ¢(g). O

Theorem 9 Let N be a self-similar object of a symmetric monoidal category (M, ®, sxy,txy,z)-
Then there ezists s,t € M (N, N) satisfying

(1) s(u®v) = (vOu)s,

(ii) (v ® (vO w)) = ((u S v) B w)t,
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(iii) 2= (@ 1)t(1 1),
(iv) tst = (s 1)t(1 P s),

(v) s and t have generalised inverses s™1,t! that satisfy
s=s!,¥=(010l),tt'=>101)el,tt=10011),

(vi) when N is strongly self-similar, (M (N, N),®) is a one-object symmetric monoidal category

without units elements.

Proof Define s = ¢(sy,n), where sx,y is the family of commutativity morphisms for (M, ®).
Similarly, define t = ¢(c¢ ® 1)tny,nN(1 ® d)d. (Note that, in the freely generated objects case,
t = c(neN)eNtN,NNINg(NeN) = #(tn,N,N)). Then

(1) This follows immediately, as ¢; is a semigroup homomorphism.

(i) Note that by definition of @, (v ® (v® w)) = ¢(u ® c¢(v @ w)d)d and ((u B v) & w) =
c(c(u ® v)d @ w)d. Therefore,

tud (vdw)) =cle® itnnn(1Qd)de(u® c(v®w)d)d
=c(e@itnnn(t@de(v@w)d)d=c(c® L)tnnn(v® (v w)d)d

=c(c®1)((v®@v) @ w)tnnnN(l® d)d.

Similarly,

(@ v) @ w)t = c(c(u®v)d @ w)de(c® )iy nn(1® d)d
= c(c(u® v)d @ w)(c® 1)ty N N(1® d)d
= ¢(c(u®@v) @ w)(d®1)(c® 1)tny (1 ® d)d
= ¢(c(u®v) @ W)ty yn(1® d)d
=c(c®1)((v®v) @ w)tn N N(1® d)d.

Therefore t(u @ (vd w)) = (B v) B w)t.
(iii) By definition of ¢,
t@ o) =

cle(e@ In)tnnN(IN® d)d® 1N)d
c(e® In)tn NN (IN @ d)d)
c(In®c(c@ In)tnnN(In ® d)d)d
=c(c(c® In)tn NN @ IN) (1IN ® d) ® 1N)
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tN,N,N
(AN ® (c® 1n)) (AN Qtn N N(1® d)d)d.
On the other hand,
t? = c(c® In)tnnN(IN @ d)de(c® 1n)tn N (1 ® d)d
=c(c® IN)tnNN(c® (1N ® 1N))
(Iv ® 1n) @ d)inN,N(In @ d)d
Which, by Lemma 7, gives
t* = c(c(c® 1n) ® IN)tNeN NNV N NoN (1N @ (In @ d)d)d.
However, by the MacLane Pentagon condition for a symmetric monoidal category, this is
t2 =c(c(c® 1n) @ IN) (tn, N @ )t neN NN @ tnnn) (In @ (In @ d)d)d.
Again, by Lemma 7, this is
t? = c(c(c® 1n) ® IN) (tn NN ® 1N)

(In®d) ® In)in, NN (1IN @ (¢ ® 1n))
(v @ty ) (In ® (In ® d)d)d
= c(c(c@ IN)tN NN @ IN) (1N ® d) ® 1)
tN,N,N
(In ® (c® I3)(In @ ty N N (1 ® d)d)d.

However, this is the expanded form of (¢t & 1)t(1 t), and so our result follows.

(iv) By definition of s and ¢ above,
(s®1)t(1 P s) =c(esn,nd Q@ 1n)de(c® In)tn, N NEN,NN(IN @ d)de(1n @ csy nd)d.
Similarly, tst = c(c® 1n)tn,nN(IN @ d)desy nde(c® 1n)tn v N(1v @ d)d and so, by Lemma 7,
tst = (c(c@n 1)tn,nNsSNeN N @ IN)(c® In)in NN (1IN @ d)d

=c(c® In)tnNNSNgN,NEN NN (1IN ® d)d

Therefore, by the hexagon condition for a symmetric monoidal category

t8t = c(c® 1N)(3N,N ® 1N)tN,N,N(1N ® SN,Nd)d
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=c(c®1)(snn® IN)tnNN(IN @ snN)(In ® d)d

and this is the expanded version of (s ® 1)t(1 @ s). Hence our result follows.

(v) We define s = d)z(s]_VTN), and t7! = ¢(1y ® c)t;,}N’N(d@) 1n)d. (Note that, in the freely
generated objects case, t7! = ¢(t]_v}N,N)). It is then immediate that s™! = s, as SJ—VTN = SN,N,
and it is immediate by (i) that s = (1& 1).

Also, tt7! = ¢(e® 1n)tnNN(IN @ d)de(In ® c)tl_\,}N,N(d ® 1n)d and so

it = c(c® 1N)tN,N,Nt]_v?N,N(d® In)d=c(c® INM((An® In)® 1N)(d® Ivd=(11)®1),

by definition of @. The identity t=1¢ = (1@ (1@ 1)) follows similarly.
(vi) We have seen that strong self-similarity implies that 1@ 1 = 1, in which case @ defines a

functor, and the axioms for a one-object symmetric monoidal category then follow immediately

from (i) to (v) above. O

4.3 Definitions and theory of M-monoids

We axiomatise the above properties of endomorphism monoids of self-similar objects.

Definitions 4.6

We define an M-monoid to be a monoid, M, together with a semigroup homomorphism & : M X

M — M that we call the internal tensor, and special elements s,t that we call the commutativity

and associativity elements, that satisfy
L tlu® (v w)) =((udv)dw)t.
2. s(udv) = (vOu)s.
3. 2= (to1)t(l@t).
4. tst =(s @ 1)t(1 P s).

5. s and t have generalised inverses satisfying s™' = 5,82 = (1® 1), tt7! = (1®1)® 1 and
tht=10(1al).

We call an M-monoid strong if it satisfies the further condition that @ is a monoid homomorphism.
This implies, and is implied by the condition that the generalised inverses of s, ¢ are global inverses
(i.e. s7's =1 and t71 = 1 = t¢t~1). Of course, strong M-monoids are one-object symmetric
monoidal categories, apart from the units conditions. The following results are then immediate

from Theorem 9:
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Proposition 10 Every endomorphism monoid of a self-similar object in a symmetric monoidal

category is an M-monoid. O

Corollary 11 Let N be a strongly self-similar object of a symmetric monoidal category. Then

the endomorphism monoid of N is a strong M-monoid. O

We can also deduce the following from Chapter 3:

Theorem 12 Let P, be embedded in a unital ring R. Then the monoid of R is an M-monoid,

and is strong when the embedding of Py is strong.

Proof We identify the generators of P, under the embedding claimed. Then the internal tensor
is defined by (r@s) = p~lrp® ¢ lsq for all r,s € R. The M-monoid structure of the monoid
of R then follows by Proposition 20 of Chapter 3, and the strongness result is a restatement of

Theorem 21 of Chapter 3. O

Note that this proof does not use the additive inverses of the ring R, and hence also holds for
semirings.
4.3.1 Constructing embeddings of polycyclic monoids

We relate the categorical approach to self-similarity given above to the inverse semigroup theoretic
approach given in Chapters 1 to 3. Specifically, we give sufficient conditions for the existence of

an embedding of the polycyclic monoid on two generators into the endomorphism monoid of a

self-similar object.

Definitions 4.7

Let N be a self-similar object of a symmetric monoidal category (M, ®), and let M (N, N) have
a zero, which we denote 0. We say that maps 71,7, € M(N ® N, N) are left and right projection
maps and iq1,i3 € M(N, N ® N) are their inclusion maps, if they satisfy

1. m1; = 1y and mate = 1p,

2. iimi =1y ®0 and i;m, =0Q® 1n.

Theorem 13 Let N be a self-similar object of a symmetric monoidal category (M, ®). If N has

projection and inclusion maps, then there exists an embedding of Py into M(N, N).
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Proof As ¢, preserves composition, ¢o(m1)¢2(i1) = In = ¢2(m2)P2(i2) and @2 (i1)¢2(m1) = 1@ 0,
and ¢q(i2)p2(m2) = 0 1. Hence, as @ is a semigroup homomorphism, ¢2(21)¢2(m1) P2 (i2)p2(m2) =
0 = ¢2(iz2)Pa(ma)d2(i1)d2(m1). Therefore, do(m1)d2(iz) = 0 = ¢da(m2)P2(i1), and so ¢a(m1), Pa(m2)
satisfy the axioms for the generators of P, and ¢9(i1), ¢2(i2) satisfy the conditions for their gen-
eralised inverses. Hence, by the definition of ¢, the embedding of P, into M(NV, N) is generated
by

p_l — Cil ) ‘fl =k Ci2)

and their generalised inverses

p—= md, ¢ Tod.

Therefore, we have constructed an embedding of P, into M(IN, N). O

Definitions 4.8

We refer to ¢o(m1) and ¢o(ms) as the left and right internal projections of @. Similarly, we refer
to ¢2(t1) and ¢2(i2) as the left and right internal inclusions of @. We identify the generators of

P, and their generalised inverses with their images under this embedding, for clarity.
Proposition 14 p~!(f@ g)p=f and ¢ (f ® g)g= g for all f,g € M(N, N).

Proof By definition, p™'(f @ g)p = ¢2(m1(f ® 9)i1) = ¢2(f) = f. Similarly, ¢7}(f ® g)g =
B2 (m2(f ® g)i2) = ¢2(g9) = g. Hence our result follows. O

Definitions 4.9

Let (M, ®) be an M-monoid with a zero. We say that it has internal projections if there exists an
embedding of P, into M satisfying p(f @ g)p~! = f and ¢(f D g)¢~! = g for all f,g € M. Simi-
larly, we say that it has internal inclusions if there exists an embedding of P, into M satisfying

plfp=f®0and ¢ lgg=0® g forall f,g € M.

From the above, we are in a position to prove the converse to Theorem 13, Chapter 3.

Theorem 15 Let R be a unital ring, and assume there ezists ¢ € Matr(2,1), d € Matg(1,2)

such that the map ¢ : Ma(R) — R, defined by ¢(X) = cXd, is an injective ring homomorphism.
Then P, is embedded in R.
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Proof First note that the condition on R is equivalent to stating that 1 is a self-similar object of

the category Matg. We demonstrate that Matg has inclusions and projections. Define
7y = (10) , w2 = (0 1),

and
1 ) 0

Z.1: y 12 =

0 1

Then it is immediate from the definition of composition in Matg that 71¢; = 1p = mq19, and

, 10 , 00
1T = y 02T =

0 0 01

Therefore, 7971 = 1U0 and i9m9 = 0U 1, and so Matgr has projections and inclusions. Therefore,

by Theorem 13 above, there exists an embedding of P, into R. O

4.3.2 Fixed points of internal tensors

We formalise the definition of a ‘fixed point’ for an internal tensor. This concept will be very
useful in the construction of algebraic models of logical systems, presented in Chapters 7 and 8,
and we will give a concrete example in Chapter 5. This definition was motivated by the properties

J.-Y. Girard requires for a model of the exponential operator of linear logic [17, 20, 21].

Definitions 4.10

Let (M, ®) be an M-monoid. We define a right fized point of an element f € M to be an element
F of M that satisfies f @ F' = F. Similarly, a left fized point of f is an element F’ that satisfies
F'@ f = F'. Note that these two definitions imply, for an M-monoid with internal projections,
p~!Fp= fand ¢"'Fq = F when F is a right fixed point of f. Similarly, for a left fixed point,
p~lF'p = F' and ¢7'F'q = f. If every element of an M-monoid M has a right (resp. left)
fixed point, we call M a right (resp. left) recursive M-monoid. Also, if there exists a semigroup
homomorphism Y : M — M where Y (f) is a right (resp. left) fixed point for f, for all f € M,

we call Y a right (resp. left) fized point or recursion homomorphism.

4.4 Expanding M-monoids into categories

Consider a self-similar object N of a symmetric monoidal category (M, ®). From the description

of the contraction of (®IN) into the endomorphism monoid of N, we can see that identities of
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objects of (®N) are mapped to partial identities (i.e. idempotents) of the endomorphism monoid
of N — in the case when N is a weak self-similar object, and (®N) has freely generated objects,
this is an injective correspondence. We consider how reversible this contraction process is, by
constructing categories from the idempotents of M—monoids. The standard technique for doing
this is the Karoubi envelope, and we define various restrictions of this, to give an inverse process

to the contraction map ¢. This allows us to consider ¢ to be a (partial) dual to the Karoubi

envelope.

4.4.1 The Karoubi envelope of an M-monoid

Definitions 4.11

Let M be a monoid. The Karoubi envelope of M is defined to be the category, which we denote
K, specified by, for all a,e, f € M,

e ¢ € Ob(Kuy) iff €2 = ¢,
e a € Kmle, f) iff fa=a = ae.

Note that the Karoubi envelope is in fact defined for arbitrary categories (see [38] for details of

the general construction). However, we are only interested in the one-object, or monoid case.

Proposition 16 Let (M,®) be an M-monoid. Then Ky is a symmetric monoidal category

without the unit object.

Proof Define the monoidal functor ® on Ky, as follows:
e e f=ed f,forall e, f € Ob(Km).
e a®@b=a@bforall a c Km(e f), b€ Km(€, f).

As @ is a semigroup homomorphism, (f ® f')(e ® b)(e @ ') = (a ® b) for all a € Kwm(e, f),
b e Km(e, '), by definition of Kp. Also, as @ is a semigroup homomorphism, (¢ ® b)(c® d) =
(ac ® bd) when ac and bd are defined in Kpg. Therefore, ® is a functor from Ky X Ky to K.
We can then define, for all e, f, g € Ob(Km),

® sef=(fDe)s(edf),
® lefg :((e@f)@g)t((f@(f@g)),

oty =(ed(f@®g)t(ed f) DY),
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where these composites are taken in M. From these definitions,

Se,f (S KM(e®faf®e) 3 te,f,g € KM(e®(f®g)a(e®f)®g),

and the axioms for a symmetric monoidal category (apart from the units conditions) follow im-
mediately from the axioms for an M-monoid (Definitions 4.6). Therefore, Ky has the structure

of a symmetric monoidal category apart from the units conditions. O

Proposition 17 The identity, 1, of an M-monoid (M, ®) is a self-similar object of the symmetric
monoidal category (Km, ®).

Proof We require elements ¢ € Kpm(1® 1,1) and d € Km(1,1® 1) that satisfy de = 1;51. Note
that 1(1® 1) = (1 1) = (14 1)1 in M, so we can define c = (14 1) € Km(1® 1,1) and
d=(1®1) € Km(1,1®1). Then it is immediate that dc = 1@® 1 = 13g;. Therefore, 1 is a

self-similar object of Ky, O

The above result is trivial when (M, ®) is a strong M-monoid, in which case 1 ® 1 is the same

object of Ky as 1.

Lemma 18 Let N be a self-similar object of a symmetric monoidal category (M, ®), and assume

(®N) has freely generated objects. Then we can define ¢ as in Definitions 4.3, and for all a €
(@N)(X,Y),

¢(a) € Knvw,ny(6(1x), #(1y)).

Proof As a € (®N)(X,Y), lyalx = a,and so, by Theorem 5, ¢(1y)d(a)é(lx) = ¢(a). There-

fore, our result follows, by definition of Kpy(y,ny- O

4.4.2 The tensor envelope of an M-monoid

In what follows we will use a restriction of the Karoubi envelope, to demonstrate the connection

between (weak) self-similarity and the idempotents of an M-monoid. This is defined as follows:

Definitions 4.12

Let (M, @) be an M-monoid. We define its Karoubi tensor envelope, or just tensor envelope, which

we denote K%I, to be the subcategory of Ky specified by

o 1€ ObKE).
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e Forall e, f € Ob(KE), (e® f) € Ob(KS).
e ac€ K%I(e, f) iff fa = a = ae, as before.
The following is then immediate from this definition:

Proposition 19 Let M, @ be a strong M-monoid. Then K%I is a one-object category isomorphic
to M.

Proof Immediate from the definition of a strong M-monoid, where 1 & 1 = 1, and from the

definition of K%[. O

Definitions 4.13

Let N be a weakly self-similar object of a symmetric monoidal category (M, ®), where (®N)
has freely generated objects, and denote the internalisation of ® at N by @. We define a map
$: (®N) — K%(N’N) as follows:

Let X and Y be arbitrary objects of (®N), and let @ € (N)(X,Y) be an arbitrary morphism.
Then

o O(X)=¢(lx) = cxdx,

o ®(a) = ¢(a) = cyadx € Kmn,n)(¢(1y), ¢(1x))-

We also define a map ¥ : K%(N’N) — (®N), as follows:
On objects,

e U(1)=N,
e U(X®Y)=U(X)Q®U(Y), forall X,Y ¢ Ob(K%(N,N)).
Note that for all e € Ob(K§;) this implies that ¥(e) = cxdx, for some unique X € Ob(®N), by

the freely generated objects condition. We can then define ¥ on morphisms by

e U(a) =dyacx for all a € (N)(®(X),2(Y)).
Theorem 20 ® and ¥ are mutually inverse @-preserving category isomorphisms.

Proof For all X € Ob(®N), ®(1x) = dxcx, the identity of ®(X). Also, for all b,a ‘composable
in (®N), ®(b)®(a) = ¢(b)$(a) = ¢(ba) = ®(ba). Therefore, @ is a functor.
Similarly, ¥(1.) = 1x for all e € Ob(K%’A(N N))’ where ®(X) = e. Also, for all

a € K§nn (@(X),2(Y)) , b€ Ky n)(B(Y), 2(2)),
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U(0)¥(a) = dgbcydyacxy = dzdblyacx = dzbacx = ¥(ba) by definition of W. Therefore, ¥ is

also a functor.

Next, for arbitrary X,Y € Ob(®N),
(X QY) = ¢(lxer) = ¢(1x ® 1y) = ¢(1x) ® ¢(1y) = &(X) ® 2(Y),
by definition of ® in K%(N,N). Similarly, for arbitrary a,b € Hom(QN),
D(a) @ ®(b) = ¢(a) ® ¢(b) = p(a®@b) = P(a® D).
Therefore, ® preserves ®.
The definition of ¥ gives ¥(e ® f) = ¥(e) ® ¥(f) for arbitrary e, f € Ob(Kiyn ny)- Also, for
arbitrary a € K%(N,N)(e, f),be K%(N’N)(e’, i A

U(a®b) =dygy(e®d)cxgxr),
where
Y =U(f), Y =¥(f),
X =1(e) , X! =W(e").
However, dygy' = (dy ® dy/)d, and cxgx’ = ¢(cx ® cx), by Definition 4.3, so

U(a®b) = (dy @ dy)d(a® b)c(cx ® cy) = (dy ® dy)de(a® b)de(cx @ cy)
— (dy ® dy/)(a(X) b)(CX ® CX/) = (dyaCX ® dy/bCX/) = \Il(a) ® \Il(b)
Therefore ¥ also preserves ®.

Hence ¥ and ® are both @ preserving functors.

Next, let X be an arbitrary object of (N). Then ¥(®(X)) = ¥(1x) = X. Conversely, let e be

an g,rbitrary object of K%I(N,N)' Then ¥(e) = X, for some X € Ob(®N) satisfying ®(X) = e.
Therefore, ®(¥(e)) = e.

Finally, consider arbitrary a € (N)(X,Y). By definition,

U (®(a)) = \I’(Cya,dx) =dycyadxcx = lyalxy = a € (QN)(X,Y).
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Conversely, consider arbitrary b € K%/I(N,N)(e’ f), where ®(X) =€ and ®(Y) = f. Then
Q)(lll(b)) = lI’(dybCX) = CydybCXdX = fbe = €.

Therefore, ® and ¥ are mutually inverse ®-preserving functors, and so Kle\’;I(N,N) = (®N). O

Hence, we are justified in considering the map ¢ from (®N) to the M-monoid (M(N, N),®)
to be a partial dual to the Karoubi envelope when (®N) has freely generated objects.

4.5 Self-similar objects in Cartesian closed categories

It is well known ([1, 23, 38]) that Cartesian closed categories are models of typed lambda calculi.
In a similar way, one-object Cartesian closed categories without the terminal object are models
of untyped lambda calculus. One-object Cartesian closed categories, or monoids, of this form
are called C-monoids, and it is a classical result th-at the Karoubi envelope of a C-monoid is a
Cartesian closed category. See [38] for details of the theory of C-monoids.

We consider the theory of endomorphism monoids of strongly self-similar objects of Cartesian
closed categories. This allows us to construct 1-object analogues of the ‘internal hom.’, which is

the essential part of the categorical closure.

Definitions 4.14

A Cartesian closed category is a category C, where the Cartesian product C x C — C is a functor

that satisfies, for all A, B,C € Ob(C) and f € C(C x A, B),

1. There exists a terminal object I; that is, for all A € Ob(C) there exists a unique arrow

ta:A—1I.
2. For all A, B € Ob(C) there exist projections 71 : AX B— A and 7y : A X B — B.
3. For all objects A, B,C and morphisms f € C(C X A, B) there exists:

e An object, which we denote [A — B],
e A morphism ¢ € C([A — B] x A, B) (the evaluation morphism),

e A unique morphism Af € C(C,[A — B]) (the abstraction morphism)

that satisfy e(Af x 14) = f.
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(We are following the conventions and notation of [1]; this is based on the description given in
[38], apart from the assumption that there is a ‘natural numbers object’).

We demonstrate how the existence of a strongly self-similar object (satisfying certain extra
conditions) in a Cartesian closed category allows us to construct a one-object analogue of axiom

3 above. Let us denote (N) by (XN) when ® is the cartesian product x. Then the following

theorem holds:

Theorem 21 Let N be a strongly self-similar object of a Cartesian closed category, C, where
Ob(xN) is closed under the [ — | operation. Then the endomorphism monoid of N in C has

elements a and n that satisfy the one-object analogues of the azioms for the evaluation and ab-

straction maps.

Proof We denote the internalisation of the Cartesian product by &. First note that, as the
Cartesian product has projections, A x B = A’ x B’ implies that (4 x B) = 71 (A’ X B’), and
so A = A’. Similarly, B = B’ and so (XNN) has freely generated objects. Therefore, we can
uniquely define cx and dx, for all X € Ob(xN) as shown in Definitions 4.3, and construct a map
¢ from (XN) to N that preserves composition, and maps X to @, as shown in Theorem 5 and
Proposition 8. Then for all f € C(N, N), we define n = ¢(¢) and a(f) = ¢(A(fc)), and this gives,
by definition, n(a(f) ® 1) = ¢(€)($(A(fe) 1)) = $()$(A(fe) @ 1) = d(e(A(fe) ® 1)) which is
#(fc), by definition of a Cartesian closed category. Finally, ¢(fc) = fed = f, by definition of ¢,
and the strong self-similarity of N. Therefore, n(a(f) @ 1) = f, for all f € C(N, N), which is the

one-object analogue of axiom 3 for a Cartesian closed category. O
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Chapter 5

The natural numbers as a self-similar

object

5.1 Introduction

We present the theory of the category of relations, with particular emphasis on the subcategory
of partial bijective maps. We show how the disjoint union of sets (a coproduct) is a symmetric
monoidal functor, and give a matrix representation of morphisms, along with the conditions for
a matrix to represent a partial bijective map.

We then show that the set of natural numbers is a self-similar object with respect to both
the disjoint union monoidal functor and the usual Cartesian product of sets. These two distinct
self-similar structures give rise to two distinct internal tensors on the inverse semigroup of par-
tial bijective maps on the natural numbers, with the internalisation of the disjoint union having
internal projections / inclusions, and the internalisation of the Cartesian product having internal
projections. We relate these properties to the embeddings of polycyclic monoids used to charac-
terise bijections from N to N x N and N UN in Chapter 2. Finally we demonstrate how under
certain conditions relating the Cartesian product to the coproduct, the internalised Cartesian
product can be used to construct an injective right fixed point homomorphism for the internalised

disjoint union.

5.2 The category of relations

Definitions 5.1

The category of relations, Rel, is the category with all sets as objects, and relations between
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sets as morphisms. So R € Rel(X,Y) is a relation R C Y x X. Given R € Rel(X,Y) and
S € Rel(Y,Z), their composite, SR € Rel(X,Z) is defined by (z,2) € SR iff there exist

y € Y satisfying (y,z) € R and (z,y) € S. The identities at objects are the diagonal rela-
tions Ax = {(z,z):z € X}.

Lemma 1 Composition in Rel distributes over union of sets. That is, given R € Rel(X,Y),

S,T € Rel(Y, Z), and U € Rel(Z,T), then (SUT)R=SRUTR and U(SUT) = USUUT.

Proof By definition of composition,

(z,2) € (SUT)R = FyeY: (y,2) €ER, (z,y) € (SUT).

However, this is equivalent to

(z,2) € (SUT)R = (y,z) € R, (2,y) € S or (z,y) € T for some y € Y.

Therefore, (SUT)R = SRUTR. A similar proof gives that U(SUT) = US U UT, and so

composition distributes over union. O

Definitions 5.2

The endomorphism monoid of a set X € Ob(Rel) is the monoid of relations from X to itself,
denoted B(X). Given arbitrary R € B(X), we define R", forn € N, by R® = Ax and R**! = RR'.
Given R € B(X), its transitive closure, R, is defined in [30] to be R*® = [J2, R", where it is
proved to be the smallest transitive relation containing R. Of more interest to us is the Kleene

star operation, denoted ( )*, defined (in [30]) on B(X) by R* = U2, R'.
Proposition 2 R* is the smallest reflezive transitive relation containing R.

Proof Clearly, R* contains R. Also, Ax C R, so R is reflexive. A relation p € B(X) is transitive
iff it satisfies (2,y), (y,2) € p = (z,z) € p or equivalently, p> C p. However, R is transitive,
and R* =T U R®, and so R* is clearly transitive.

Conversely, given any reflexive transitive relation S containing R, then Ax € S, since S is
reflexive, and by transitivity of S, R C S for all ¢ € N, and so R* C S. Therefore, R* is the

smallest reflexive transitive relation on X containing R. O
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5.2.1 The monoidal structure of the category of relations

Definitions 5.3

We define the coproduct on Rel to be the map U : Rel x Rel — Rel given by X UY = X x {0} U
Y x {1} on objects, and RU S = {((y,0), (z,0))}U {((v, 1), (u,1))} for all (y,z) € R, (v,u) € S

on morphisms.
Lemma 3 U is a functor from Rel x Rel to Rel.

Proof Consider arbitrary R € Rel(X,Y), S € Rel(Y, Z), T € Rel(A, B), U € Rel(B,C). We
will demonstrate that SRUUT = (SUU)(RUT).
First note that

SR ={(z,z): Jy € Y satisfying (y,z) € R, (z,y) € S}
and
UT = {(c,a) : 3b € B satistying (b,a) € T, (¢,b) € U}.

Then by definition of U,

(SRUUT) ={((2,0),(2,0)): (2,2) € SR}U{((c,1),(a,1)) : (c,a) e TU}.

Conversely,

RUT ={((y,0), (z,0)) : (y,z) € R} U{((b,1), (a,1)): (b,a) € T}
and

SuU={((2,0),(y,0) : (2,9) € S}U{((c, 1), (b,1)) : (¢, b) € U},

(SUU)RUT) ={((#0), (z,0)) : Iy € Y satisfying (y,z) € R, (z,y) € S} U
{((¢,1), (a,1)) : 3b € B satisfying (b,a) € T, (¢,b) € U}.

Therefore, SRUUT = (SUU)(RUT). Also, it is immediate that Ax UAy = Axyy and so U is

a functor. O

Definitions 5.4

For all sets X,Y, Z, we define relations that play the role of commutativity, associativity, and
units morphisms respectively. We also choose the empty set {}, to play the role of the identity

object. The special morphisms are denoted
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Sxy € Rel(X UY, Y UX)

Txyvz € Rel(X U (YU Z),(XUY)UZ)

px € Rel(X U {}, X)

Ax € Rel({} U X, X).
and these are defined as follows:
e Sxy ={((z,1),(2,0): 2 € X}U{((y,0),(y,1)):y €Y}

e Txy.z ={(((2,0),0),(2,0)) : 2 € X} U{(((y,1),0), ((5,0),1)) : y € Y} U
{((z1),((z,1),1)) : 2 € 2}

o px ={(2,(2,0):2 € X}
o \x ={(z,(z,1):z € X}.

These morphisms are all isomorphisms; their inverses are as follows:
o Sxy =1{((2,0),(2,1)) : 2 € X}U{(y,1), (1,0) :y € Y} = Syx

o Txyz={((2,0),((z,0),0):z € X} U {(((#0),1),((5,1),0)) : y € Y}
U{(((z1),1),(21)): z€ Z}

°® p)_(I = {((:E,O),(E) ‘T E X}
e 35 = {((®1),2) 7 € X)
Theorem 4 (Rel,U, S, T, p, A\, {}) is a symmetric monoidal category.

Proof We have already proved that U is a functor. Recall the axioms for a symmetric monoidal
category from Definitions 1.2, Chapter 1; then, for all sets X,Y, Z, by definition of composition

of relations, and the definitions of S, T, A, p above,

1. SxySxy = {((z,0),(2,0) : ¢ € X)}U{((5,1),(y,1)) : y € Y)} = Axyy. Similarly,
Sx¥Sxy = {((2,1),(2,1)) : 2 € X)} U{((5,0), (%,0)):y € Y)} = Ayux.

-1
TX,Y,ZTX Y Z =

{(("an)’ (z,O)) T e X} U
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{(((,0),1),((9,0),1)) :y €Y} U
{(((2,1),1),((z,1),1)) : z € Z} =
Axuyuz),
Txy,zTxy,z =
{(((z,0),0),((z,0),0)) : z € X} U
{(((,1),0),((y,1),0)) :y €Y} U
{((z1),(z1):z€ Z} =

Axuy)yuz-
3.
>‘;{1>‘X = {((Cl), 1)’ (:D, 1)) HES X} = A{}I_IX'J
AxAy = {(z,z):z € X} = Ax.
4.

pxpx ={((z,0),(z,0)) : z € X} = Axiig3
pxpx ={(z,2):2 € X} = Ax.

Hence the defining conditions for a symmetric monoidal category are satisfied

for arbitrary sets U, V, W, X,

1.
TwuywxTuyvwux) =
{(,B):ueUveV,weWze X} =
(Tuvw U Ax)Ty,wuw),x (Av U Ty,w,x),
where
B = (((x,0),((v,0), (w,0), (,1)),1),1)
and

a=(((v,0), (v,1)),0), (w,1),0), (2,1)))-

Therefore, the MacLane Pentagon condition holds.

2. (pvUAY)Typu={(60):u e UyweV}=(AyUAy), where § = ((v
€ = ((v,0), (u,1)). Therefore the units triangle condition holds.
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,0), ((v,1),1) and




3. TWU,VS(ULJV),WTU,V,W ={(v,0):velUveViwe W} = (SuywUAv)Tyuwyv(AvUSyw),
where = (s 0), (9:0), (1), 1) and = ((((19,0),(#, 1),0), (1> 1), 50 the commutativ-

ity hexagon condition holds.

Therefore, the coherence conditions are also satisfied.

Finally, to prove that the canonical morphisms are natural, consider arbitrary relations f €

Rel(X, A), g € Rel(Y, B) and g € Rel(Z,C). Then

fug={((a,0),(2,0)): (a,2) € FU{((6,1), (v, 1)) : (b;v) € g}.

Similarly,
guf={((e,1),(z,1)): (a,z) € FU{((5,0),(y,0)): (b,y) € g}
Therefore,
(gU f)Sxy ={((a,1),(2,0)): (a,2) € f}U{((b,0),(y,1)) : (b,9) € g}
Conversely,

SA,B(fl—lg) = {((a’ 1)a (3:10)) : (aax) € f} U {((b’ 0)’ (y, 1)) : (bv y) € g}:

and so (gU f)Sx,y = Sa,B(fUg), and hence Xxy is natural in X and Y.
Also,

fulguh)={((a,0),(,0)): (a,2) € f}U
{(((6,0),1),((y,0),1)) : (b,y) € g}V
{(((e,1),1),((%,1),1)) : (e, ) € h}.

Similarly,
(fug)uh=A{(((a,0),),((,0),0)): (a,z) € f}U
{(((6,1),0), ((y,1),0)) : (b,y) € g}U
{((¢,1),(2,1)) : (e,y) € h}.
Therefore,

(fug)URr)Txyz={(((¢,0),0),(2,0)): (a,2) € f}U
{(((6,1),0),((9,0),1) : (b,y) € g}
{((e,1), ((2,1),1)) : (e, 2) € R}
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Conversely,
Tapo(fu(guh))={(((a,0),0),(2,0)): (a,2) € f}U
{(((6,1),0), ((3,0),1) : (b, 9) € g}U

{((c,1),((2,1),1)) : (¢, 2) € h}.

Therefore, Ta 5.c(fU (gUh)) = ((fUg) Uh)Txyz and so Tx.y z in natural in X and Y and Z.
Finally, £ U {} = {((¢,0), (,0)) : (a,2) € f} and so
pa(fUly) ={(a,(2,0)): (a,2z) € f}.

Conversely,

frx ={(a,(2,0)): (a,2) € f}.

Therefore, pa(f U 1(;) = fpx and so px is natural in X. A similar proof suffices to show that

Ax is natural in X.
Therefore (Rel,U, T, S, A, p,{}) is a symmetric monoidal category. O
5.2.2 The matrix form of relations

We study the properties of relations of the form R € Rel(U UV, WU X), and demonstrate a close

connection with the algebra of matrices over a ring.

Proposition 5 Any relation in Rel(U U V,W U X)) determines four relations, in Rel(U, W),
Rel(U, X), Rel(V, W), Rel(V, X) respectively; conversely, any four relations of this form deter-
mine a relation in Rel(U UV, W U X).

Proof Given an arbitrary relation B € Rel(U UV, W U X), then
RC(Wx{0}uX x {1}) x (U x {0}uV x {1}),
or, equivalently, by using the distributivity of X over U,
RC (W x{0}) x (U x{0}) U (W x {0}) x (V x {1})

U(X x {1}) x (U x {0}) U (X x {1}) x (V x {1}).

So the relation R can be split up into the (disjoint) union of four relations, R = rooUrioUre1Uryy,

where

roo € Rel(U x {0}, W x {0}) , ri0 € Rel(V x {1}, W x {0}),

ro1 € Rel(U x {0}, X x {1}) , r11 € Rel(V x {1}, X x {1}).
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However, there exists an isomorphism oo from Rel(U x {0}, W x {0}) to Rel(U, W), given by
((w,0), (u,0)) € R iff (w,u) € Boo(R). Similarly, we can construct isomorphisms

B0 : Rel(V x {1}, W x {0}) — Rel(V, W),

Bo1 : Rel(U x {0}, X x {1}) — Rel(U, X),
P11 : Rel(V x {1}, X x {1}) = Rel(V, X).

Hence, the relation R uniquely determines four relations Boo(r00), B10(710), Bo1(ro1), and B11(r11)
in Rel(U, W), Rel(V, W), Rel(U, X), and Rel(V, X) respectively. So, we can refer to the function
B from R € Rel(U UV, W U X) to the 4-tuple of relations (Boo(r00), B10(710), Bo1(ro1), B11(r11))-
Conversely, given four relations a € Rel(U, W), b € Rel(V, W), c € Rel(U, X) and d € Rel(V, X),

we can define rog = Byg (@), r10 = Big (b), ro1 = ﬂo‘ll(c) and rq; = ﬁﬁl(d), and these satisfy
roo € Rel(U x {0}, W x {0}) , ri0 € Rel(V x {1}, W x {0}),

ro1 € Rel(U x {0}, X x {1}), r11 € Rel(V x {1}, X x {1}).

Therefore, we can define R = rog U r1o U ro; Uy, and say that R = 87 1(a,b, ¢, d).

Hence, any relation in Rel(U U V,W U X)) uniquely determines four relations in Rel(U, W),
Rel(U, X), Rel(V, W), Rel(V, X), and any four relations of this form uniquely determine a rela-
tion in Rel(U UV, W U X). Finally, note that 37!3(R) = R, and 8871(a,b,¢,d) = (a,b,c,d). O

a b
We write the 4-tuples of relations in matrix form, so that R = is shorthand for
c d

R = p~%(a,b,c,d) € Rel(U U V,W U X), as defined above, and consider how composition is

defined on 4-tuples of relations constructed in this way.

Theorem 6 Given Re€ Rel(UUV,WUX), S € Rel(WUX,Y UZ), defined by

b
B a 5= e f

¢ d g h

then their composite, SR € Rel(U UV,Y U Z) is given by

eaU fec ebU fd
gaUhc gbUhd

SR =

that s, the usual definition of matriz multiplication, with addition interpreted by union, and

multiplication interpreted by the composition of relations.
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Proof We have proved that, in Rel, composition distributes over union. So, given
R=rooUrioUro1Urii, S= oo UsoUsioUsi,
where R = 7(a,b,c,d), S = 371(e, f,9,h), then SR =
So0700 U o710 U Sp0701 U SoT11U

So01700 U S01710 U Sp1701 U Sp1711U
S10700 U S10710 U S10701 U S10711U
$11700 U S11710 U 811701 U 811711+

However, the members of rop and 719 are of the form ((w, 0), ¢), whereas the members of sg; and
s11 are of the form (g, (m,1)). Therefore, so1700 = S11700 = @ = S01710 = S11710. Conversely,
members of 79; and ry; are of the form ((v, 1), ¢), whereas member of sgg and sj¢ are of the form
(g, (m,0)). Therefore, sgoro1 = Soor11 = @ = Spor11 = S10711. Hence the product is given by

SH= S00700 U So1701 U Spo”10 U Sp1711 U S10700 U 811701 U S10710 U 811711 and splitting this up into

. . eaU fc ebU fd .
matrix form gives SR = , the required result. O

gaUhc gbUhd

The relations between U, V, W, XY, Z, and their composition can be represented diagramatically,
Y s w = U
g e
f b
Z % X 3 |4
becomes
Y =]

eaUfc

as follows:

gaUhc

ebUfd

ST
Z hdUgb L4

So, intuitively, composition can be thought of as taking the union of all paths from U to Y, U to
Z,VtoY,and V to Z.
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5.3 The category of partial bijective maps

Definitions 5.5

We define the category Inj to have sets as objects, and partial bijective maps between sets as
morphisms. Composition is the usual composition of partial bijective maps, and for any sets
X,Y there is a zero map Oxy satisfying fOxy = Ox4, and Oxyg = Oy for all f € Inj(Y, A),
g € Inj(B, X). The map Oxy is the map from X to Y with empty domain and image.

Proposition 7 Inj is an inverse category, and the monoid Inj(X, X) is the symmetric inverse

monoid on X.
Proof Given f € Inj(X,Y), define f~! € Inj(Y, X) by

() the unique z satisfying f(z) =y when defined,
y =

undefined otherwise.

Then clearly ff~'f = f, f7'ff ' = f1, and f! is the only morphism that will satisfy these
two identities. Therefore Inj is an inverse category. Also, Inj(X, X) = I(X) follows trivially from
the definition of the category of partial bijective maps and the definition of the symmetric inverse

monoid on a set (Definitions 1.5, Chapter 1). O
Proposition 8 Inj is isomorphic to a subcategory of Rel that has the same objects as Rel.

Proof Define a functor I' from Inj to Rel as follows: T is the identity map on objects, and given
f € Inj(X,Y), then T'(f) = {(f(z),2) : @ € X, f(2) is defined}. Clearly I'(f) C Y x X, and
I'(g)T(f) =T(gf). Therefore I' is an embedding of Inj into Rel. O

Convention We will refer to Inj as a subcategory of Rel, rather than referring to the existence

of an embedding of Inj into Rel.

5.3.1 The monoidal structure of the category of partial bijective maps

Theorem 9 Inj is a symmetric monoidal category.

Proof Given f € Inj(A, B) and g € Inj(X,Y), then fUg € Rel(AUX,AUY) is also a partial

bijective relation. It can be written as a function, as follows:

(fug)(u) =




Hence Inj is closed under L. Also, for all sets X, Y, Z, the special elements Txv,z, Sxv, Ax, px
are isomorphisms, and hence are contained in the subcategory of partial bijective maps. There-
fore, the proof that Rel is a monoidal category (Theorem 4) also suffices to show that Inj is a

symmetric monoidal category. O

5.3.2 The matrix form of partial bijective maps

As Inj is a subcategory of Rel, any morphism of the form F € Inj(U U V,W U X) can be

a b
written in matrix form as F = for some a € Inj(U, W), b € Inj(V,W), ¢ € Inj(U, X),
c d

d € Inj(V, X). Note that composition of partial bijective maps written in this form interprets as
matrix multiplication, as before; however, all unions considered must be disjoint, as all morphisms

are partial bijections.

Theorem 10 Given partial bijective maps a € Inj(U, W), b € Inj(V,W), ¢ € Inj(U, X) and

a b
d € Inj(V, X), then a necessary and sufficient condition for the matriz R = to represent

c d
a partial bijective map is that partial bijective maps in the same row of the matriz have disjoint

images, and partial bijective maps in the same column of the matriz have disjoint domains.

Proof

Explicitly, this condition can be written as
1. dom(a) Ndom(c) =0
2. dom(b)Ndom(d) =0
3. im(a) Nim(b) =0
4. im(c)Nim(d) =0

Our proofs are then as follows:

a b
(=) Assume R = € Inj(UUV,WUX). Then
c d

1. If we can find u € dom(a) N dom(c), then a(u) € W and c(u) € Y, so R is not well-defined

as a function. Therefore, we must have dom(a) N dom(c) =0

2. If we can find v € dom(b) N dom(d), then b(v) € W, and d(v) € X, so R is not well-defined

as a function. Therefore, we must have dom(b) N dom(d) = 0.
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3. If we can find w € im(a)Nim(b), then there must be some u € U and v € V satisfying a(v) =

w = b(z), so R is not a partial bijective function. Therefore, we must have im(a)Nim(b) = 0

4. If we can find z € im(c) N im(d), then there must be some v € U and v € V satisfying

c(u) =z = d(v), and so R is not a partial bijective function.

Therefore the above conditions are necessary for the map R to be a member of Inj(UUV, WU X).
(<) It is clear that U x {0} NV x {1} =0 and W x {0} N X X {1} = 0. Therefore conditions 1 —
4 are enough to ensure that 8=1(a), 871(b), B71(c), and B~1(d), as defined in Proposition 5, all

a b
have disjoint domains and images. Hence R = € Inj(UUV, WU X), and so the above
c d

conditions are also sufficient. O

A characterisation of conditions 1 — 4 above solely in terms of the partial bijective maps of Inj is

given by ac™! = 0xw = bd~! and a7'b = Oyy = ¢~ 1d.

5.4 The natural numbers as a self-similar object

Consider the category Inj. We demonstrate that the set of natural numbers (or indeed, any
countable set; however, we use the natural numbers for clarity) is a self-similar object, with respect
to both the coproduct U, which we have just proved in Theorem 4 is a monoidal fuctor, and the
Cartesian product of sets. We then consider the M-monoid structures of I(N), the endomorphism
monoid of N in Inj, generated by internalising the coproduct and the Cartesian product, and

show how these relate to embeddings of P, and P, respectively.

5.5 Internalising the coproduct on the natural numbers

Lemma 11 N is g strongly self-similar object of (Inj, L)

Proof Recall the definition of a strongly self-similar object, from Chapter 4, Definition 4.1. Hence
we require a bijective map from NUN to N. We have seen in Chapter 2, Lemma 2, that the exis-
tence of a bijective function from NUN to N (and hence its inverse) is equivalent to the existence of
a strong embedding of P; into I(N). Therefore, the embedding of Lemma 2, Chapter 2 (generated
by the ‘interleaving map’, ¢(n, i) = 2n+1, for n € N, 7 € {0,1}) is enough to demonstrate that N

is a strongly self-similar object of Inj. O
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We can deduce from the above that the endomorphism monoid of N has an M-monoid structure,
with internal inclusions / projections. We will give an explicit description, in terms of the embed-
ding of P, of the internalised coproduct, and commutativity and symmetry elements. In what
follows, we will identify the generators of P, with their images under this embedding, unless the

distinction is important.

We will denote the internalisation of the coproduct by ¢, and its internal symmetry and associa-

tivity morphisms by s and ¢ respectively.

Theorem 12

(i) The internalisation of U in I(N) is given by a ® b= p~lapV ¢~ 1bg.

(i) The commutativity morphism is given by s = p~1q V ¢~ p, and the associativity morphism is
given byt =p~*pVp~tq¢lpgV ¢ '¢?

(iii) (I(N),®) has internal projections / inclusions.

Proof

(i) Recall the definition of the internalisation of a monoidal functor from Definitions 4.5, Chapter
4, as a ® b = c(a ® b)d, where c is the contraction morphism in M(N ® N,N), and d is the
division morphism in M(N, N ® N). In this case, the contraction morphism is the bijection ¢,
and the division morphism is its inverse ¢~!. Hence, the internalised monoidal functor is given
by (a ®b) = ¢(a Ub)¢p~l. However, by the construction of a strong embedding of P, into I(N)
from a bijection ¢ : NUN — N, (Lemma 3, Chapter 2), p~1(n) = ¢(n,0), ¢"!(n) = ¢(n, 1), and
similarly, ¢~!(n) = p(n)Ug(n). (Note that this map is bijective, as p and ¢ have disjoint domains).
Therefore, we can conclude that ¢(a U b)¢~! = p~tapV ¢ 'bg. Hence, the internalisation of U in
I(N) is given by @, as defined above.

(ii) By definition, s> = p~!pV ¢ g = 1, so s is a self-inverse element of I(N), and
s(fog)=(¢""pVr ') foVaTleg) = fpVrTlga= (90 f)s.
Next, by definition of ¢t and &,
tla® (b®c) =t(p tapV g t(p~lopV g teq)q)

=p 2apVp~lgTMbpg Vgl eg® = ((a D) B o)t
Also, tt7! = p~1pvg~lq = t~'t, and since the embedding of P, into I(N)is strong, t 71t = 1 = t¢~1.
Finally, tst = p71¢*Vp~l¢ lpV g ipg and (s @ 1)t(1 @ s) = (p~rspV ¢ q)t(p~ pV ¢ lsq) =
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p1¢*Vp~lg lpV g pg. Therefore tst = (s@®1)t(1@ s). Hence ¢ and s satisfy the conditions for
the associativity and commutativity elements of the strong M-monoid, (I(N),®).

(iii) This is immediate from the definition of @ in terms of the embedding of P,. O

Corollary 13 The disjoint closure of P, in I(N) is a strong M-monoid with internal projections

and inclusions.
Proof Note that the internal tensor product, the associativity and commutativity elements, and
internal projections / inclusions are all defined in DCy(Ps). Therefore our result follows. O
) ) o
Corollary 14 Let a morphism F € I(NUN) be represented by the matriz F = . Then
the image of F' under the isomorphism from I(NUN) to I(N) is given by
S(F)=plrpvplsqVv g ltpV ¢ tug.

Proof Immediate from the definition of the map ¢ : NUN — N, and its inverse, ¢! : N - NUN
in terms of the embedding of P, into I(N). O

5.6 Internalising the Cartesian product on the natural numbers

We demonstrate that N is a strongly self-similar object of (Inj, X), and use this to construct an

alternative M-monoid structure on I(N).
Lemma 15 N is a strongly self-similar object of (Inj, X).

Proof Recall from Lemma 4, Chapter 2 that a strong embedding of P, into I(N) uniquely de-
termines, and is determined by, a bijection [, ] from N X N to N. So we can take [ , ] to be
the bijection derived from applying the construction of Lemma 7, Chapter 2, to the interleaving
embedding of P,, found in Definitions 2.2, Chapter 2. Then, as [, ] is a bijection, it has a global
inverse, and so c=[, ] € Inj(Nx N,N)and d = [, ]7! € I'nj(N,N x N) satisfy the conditions for

division and contraction maps of a strongly self-similar object. O

We identify the generators of Py, with their images under this embedding, unless the distinction

is important.

Proposition 16 The internalisation of X in I(N), which we denote by ®, is given in terms of

the embedding of Py, by

(v@v)= \/ p;(li)vpi.
1=0
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Proof We first prove that this disjoint join is well-defined. Note that the {p;}$2, have disjoint
domains, so the {p; 1}, have disjoint images. Hence the elements {p;(li)};?go have disjoint images,
as u is a partial bijective map. Therefore, the infinite join given above is well-defined as a partial
bijective map on N, as the individual terms in the join have disjoint domains / images.

Next, note that [a,b] can be written in terms of the embedding of P.,, by [a,b] = p;*(b), so

we just need to check that (v ® v)(p; (b)) = p;(la)v(b), for arbitrary a,b € N. We can expand the
left hand side of this as

(v®v)pz ' ( (\/ Pty vpz) (v (\/ Py > = Py (0)-

Therefore, as a and b were arbitrary natural numbers, (v®@w)([a, b]) = [u(a), v(b)]for all a,b € N. O

It is then immediate that (I(N),®) is a strong M-monoid (that is, a one-object symmetric

monoidal category without units). We consider the associativity and commutativity elements.

Proposition 17 The element 7 of I(N), defined by

oo

T= \/(p:I ® 1)?2‘;
1=0

satisfies 7([a, [b, ]]) = [[a,b],c] and 77T =777t = 1.

Proof We first show that the above disjoint join is well-defined. The definition of ® gives us

(L)

\=/ )PP

and so

n<8

Note that pjpipi_,lpg,l, = §;;10;#0;;» by the axioms for P,,. Hence, dom(p;p;) N dom(p;ip;) = 0
when 7 # 4/, j # j'. Therefore, the separate terms in the double join have disjoint domains. To
see that they also have disjoint images, note that pi_l(j) - pi_,l(j’) for all ¢ # ¢/, j # j'. Hence
im(ppi-1(j)) N im(ppi_ll(j,)) = ( for all i # ¢/, j # j'. Therefore, the individual terms in this join

have disjoint domains / images, and so the join is well-defined.

To prove that 7 has full image, note that

\/\/ '@ Dpipyt (p7 © 1)

1=0 j=0
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and by the composition of generators of P,

e §7 v(Pfl ® 1)éii(p; @ 1) = (7(10{1 ®1)(p; ' ®1),

$=0'7=0 =0

and since ® is a monoid homomorphism, 77=! = /2, (p; 'p; ® 1). By definition of ®, we can

write this as

\/ \/ pp,_lp (k)P

1=0 k=0
and as the embedding of P, into I(N) is strong, for eack k¥ € N there exists a unique ¢ € N

satisfying pi_lpi(k) =k, and p{lpj (k) is undefined for j # 7. Therefore,
o0
=\ ppiek =1,
k=0
as the embedding of P., into I(N) is strong. Therefore, 7 has full image.
To prove that 7 has full domain, note that

(e.e]
\/ P;l p; ®1)( ‘e 1)pi
0:=0

<8

3

and as ® is a monoid homomorphism,

Vo=

||
n <8

o0
p;l6iipi =\ pi'pi=1

||<g

as ® is a monoid homomorphism. Therefore, 7 has full domain.

Finally, we show that 7 has the given action on N. First note that for all a,b, ¢ € N,

0,1, el = 25 (44() » [[a,8), )= 534 (9)

So, we require 7(p;*(p; ' (c))) = p;_ll(b) (¢). However,

™, Py (\/ Vop o ])p;pz) Pz 'y (¢)

i=0j=0 '

-V,

Hence, as a, b, ¢ were arbitrary, 7 has the required action on N. O

u<8

(i) Pi%aDy ! =V Vo3 15y P %ia(9) = P2 ) (0)

1=07=0 Pi

Corollary 18 Let T € I(N) be as defined above. Then
(1) T(v® (v w)) = ((u®v) @w)T for arbitrary u,v,w € I(N).
(i) P =(re )r(1e7r).
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Proof

(i) Consider arbitrary n € N, and write it uniquely as n = [a, [b, ¢]]. Then

T(u® (v®w))(n) =7(v® (v @ w))([a, [b, cll) = T[u(a), [v(b), w(c)]] = [[u(a), v(b)], w(c)].
Conversely,
(u®v) @ w)r(n) = ((u @ v) @ w)T([a, b, )
= ((u ® v) ® w)[[a, b], c] = [[u(a), v(b)], w(c)] = 7(u @ (v @ w))(n).
Hence 1(u® (v@w)) = (v ®v) @ w)T.
(ii) Consider arbitrary n = [a, [, [c,d]]] € N. Then 72(n) = 7([[a, b], [¢, d]]) = [[[a, b], c], d] and

(r@ D)r(1@7)([a, [b,[c,d]]]) = (r @ 1)7([a, [[b, ], d]])
= (r®1)({[a, [b, ]}, d]) = [[[a, ], ], d].

Therefore, as n was chosen arbitrarily, 72 = (r® 1)r(1® 7). O

Proposition 19 There is a unique map o € I(N) that satisfies o([a,b]) = [b,a]. Moreover, this
map is not a member of DCy(Pex).

Proof As the map 9 = [, ] determined by the embedding of P, is a bijection from N? to N, and
the map Sy : (a,b) — (b, a) of I(N x N) is a bijection, we can define the map o =, ]Sun[, |7} :
N — N, and from the definition, we can see that o([a, b]) = [b, a] for all a,b € N.

To prove that o is not a member of the disjoint closure of P, in I(N), we use a topological
argument. Recall the construction of a topology on a set derived from an effective representation
of an inverse monoid as partial bijections (Theorem 9, Chapter 2). We apply this to our embedding
of P, into I(N) to deduce that T = {w(N) : w € {p;* : 0 < i < co}*} U {0} forms the basis of a
topology on N in which all the elements of P, are continuous.

Consider X = ¢(N) and Y = y(N) in T'. Then if z is a prefix of y, X NY =Y. Conversely, if y
is a prefix of x, then X NY = X. Otherwise, since the pi_l have full domains and disjoint ifnages,
X NY = 0. Hence, T is closed under finite intersections, and so does indeed form the basis of a
topology on N. Also, the members of DC'(P,,) map open sets to open sets, since for an arbitrary
set of pairwise disjoint elements {a; : ¢ € I'}, and an arbitrary basic open set X,

(\/ a,,-) (X) = (\/ amc) (N)= U a;z(N).
1€] €] €]
Hence, the disjoint join of pairwise disjoint elements maps open sets to open sets, and so is

continuous. Therefore, T is the basis for a topology on N in which all members of DC(P,,) are

continuous.
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Recall that the action of o on N is o([a,d]) = [b,a]. So, in terms of the generators of the
embedding of P, ap;1(b) = p; ' (a). Consider the action of o on an open set of N. For arbitrary
a €N, p;}(N) = {[a,n] : n € N} is open, by definition. Also, op;!(N) = {[n,a]: n € N}, and so
op;(N) = {p;(a) : n € N}. However, consider the intersection of op;*(N) with some basic open
set p71(N). Then {p;(a) : n € N}N{p;1(m) : m € N} = {p;!(a)}, and this is a singleton element
of N. However, any open set in the above topology is infinite (or empty), so we can deduce that
o is not a continuous map in this topology. Therefore, o is not a member of DC(P,,). O

Corollary 20 o satisfies o(u ® v) = (v® u)o, for all u,v € I(N).

Proof For arbitrary n = [a,b] € N,
7(u®v)(n) = o(u@v)([a,b]) = o([u(a), v(b)]) = [v(b), u(a)]

However, (v ® u)o([a,b]) = (v ® u)([b,a]) = [v(b),u(a)], and so o(u ® v) = (v ® u)o, for all
u,v € I(N). O

Corollary 21 o and r satisfy the condition ToT = (c @ 1)7(1® 0).
Proof For arbitrary n = [a, [b, ¢]] € N,
ro7(n) = ro(([a,8];¢,]) = 7([¢, [a, 0]])) = [[e, a], b],
and
(e®1)T(1®0)(n) = (6@ 1)7([a,[c,b]] = (¢ @ 1)([[a, c], b] = [[c, a], b].
Hence, as n was chosen arbitrarily, 7o = (¢ ® 1)7(1® 0). O

Theorem 22 The elements T and o of I(N), as defined above, are associativity and commutativity

elements of the M-monoid (I(N),®).

Proof Recall the definition of an M-monoid from definitions 4.6 of Chapter 4. Then 7 satisfies
conditions 1 and 3, by Corollary 18, o satisfies condition 2 by Corollary 20, and ¢ and 7 satisfy
condition 4 by Corollary 21. O

Proposition 23 The M-monoid (I(N),®) has internal projections, as defined in Definitions 4.9,
Chapter /.

Proof For arbitrary fixed 7 € N,

oo
pi(1® 9)p;" = pi (\/ pj"lgpj) pil =g,
J=0
and p;o(f® 1)o1p;! = pi(1® f)p;! = f. Therefore, we have constructed maps that satisfy the

conditions for internal projections. O
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5.7 Properties of the internalisation of the Cartesian product

We consider some algebraic properties of the ® homomorphism.

Definitions 5.6

Let [, ] and ® be as defined in Lemma 15 and Proposition 16 respectively. We define two maps
from I(N) to I(N) by ?(v) = (v® 1) and !(v) = (1 ®v).

Proposition 24
(1) ! and ? are monoid homomorphisms that commute with each other.
(ii) The map ? is given ezplicitly by
[e.e]
T(u) = \/ P;(li)Pi-
1=0
and is an embedding of I(N) into DCy(Py).
(iii) The map ! is given explicitly by
[ee]
'(v) =\ p; topi,
1=0
and hence satisfies p,!(v)p,! = v, for all n € N.

Proof

(1) As ® is a monoid homomorphism, it is immediate that the maps given by v — (v ® 1) and
v +— (1 ® v) are monoid homomorphisms. Also, for arbitrary n € N, (¢ ® b)(n) = (¢ ® b)[z, y],
for some unique ,y € N, and so [a(z),b(y)] = (1 @ b)[a(z),y] = (¢ ® 1)[z,b(y)]. Hence, as n was

arbitrary, our result follows.

(ii) By Proposition 16, the definition of ? in terms of the generators of Py is
[oe]
(uw)=@el)= \/ P;(li)Pi-
1=0

Note that u is an arbitrary member of I(N), but (v ® 1) is always a member of DC(Py). Also

we have already seen that ? is a monoid homomorphism. Finally, this map is injective, since
P y
[ee] o0
1=0 1=0

and multiplying on the right hand side by some fixed pj"l will give us p;(lj) = p;(lj), which is

equivalent to u(j) = v(j), and since j was chosen arbitrarily, we can deduce that u = v. Hence ?
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is an injective homomorphism from I(N) to DCy(Ps).

(iii) By definition of ® (Proposition 16),

( 1®'0 \/p1, vp;.

Therefore, for arbitrary n € N,

Pal(v (\/p, v:m) P \/6mv5m—v

1=0
Hence our result follows. O

We can consider the ! homomorphism to be ‘constructing an infinite number of copies of the action
of a function’, since p;!(a)p;* = a for all i € N, and dom(p;) N dom(p;) = B for all i # j, and so
there are an infinite number of disjoint internal projections.

Conversely, the ? operator takes a map » on the natural numbers, and ‘lifts’ it to a map that acts

on the (set-theoretic) domains of the {p;} by (u® 1)(dom(p;)) = dom(pu(i))-

5.7.1 Constructing fixed points for the coproduct using the Cartesian product

In the following, we take an embedding of P» into I(N) that satisfies the ‘no fized point’ condition

for the construction of a strong embedding of Py, into I(N), found in Lemma 6 of Chapter 2.

We show that the ! homomorphism can be thought of as an infinitary form of the direct sum

construction, and deduce from this that ! is a right fixed point homomorphism for the M-monoid

(I(N), ®).

Theorem 25 Let the internal tensor @ be defined in terms of an embedding of Py, into I(N),
derived from the right-associative embedding of Py, into P, (as given in Definitions 2.3, Chapter

2). Then the homomorphism ! is a right fized point homomorphism (as given in Definitions 4.10,
Chapter /) for the M-monoid (I(N),®).

Proof We have already seen that !, defined by !(f) = (1® f) is an injective monoid homomorphism.

Also, as we are using the right-associative embedding of P, into P,

felf)=p ' fovg! (\/ pffzn) g,

=0

and as p;* = ¢ 7'p~!

)

folf)=ptfpV (\/ q“lpflfpiq) =p~'fpv \ o foi =\ pi foi = (1Q f) =U(f).

=0 =1 1=0
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Therefore f@!(f) =!(f), and so!: I(N) — I(N) is a right fixed point homomorphism for (I(N), ®).
a

We also have the following identity connecting ? and .
Proposition 26 Given f,ag,a1,as,...,€ I(N), then

() Hao® a1 ®az...®an ®0)2(f) = (a50) ®a51) @ ... B an) 0),

where
afzy T €dom(f), f(z)<n

(If z) =
el 0 otherwise.

Proof By definition, (f® 1) (ap D a1 D az... ®a, 0)(f®1) =

o0

(v p,-lpf@-)) (\/ pzlajpj) (\/ p;ak)pk) — ' ¥ N i gt
1=0 7=0 k=0 1=0 j=0 k=0

== \/ Pi_laf(z')Pi = (ap)®as) D .. - ® apm) ®0).
=0

Hence our result follows. O
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Chapter 6

The categorical trace, and compact

closed categories

6.1 Introduction

The stated aim of this thesis was to understand the algebra and category theory behind the
geometry of interaction series of papers. In the previous 5 chapters, we have developed concepts
that we claim will be enough to model the logical operations, as they appear in [20, 21]. We next
present what we claim will be the correct model of the dynamical part of the system. This is the
categorical trace on symmetric monoidal categories, as presented in [35], and the related concept
of compact closed categories.

In particular, we consider the categorical trace on the category of relations, and demonstrate
how the category of partial bijective maps is also closed under this operation. We then show
how the trace can be internalised in the same way as the monoidal structure, as demonstrated in
Chapter 4 and use this to motivate the definition of a traced M-monoid, which is a one-object
~ traced symmetric monoidal category (without units) when the M-monoid structure is strong.

We present results of [35] on the connection between traced monoidal categories and compact
closed categories, give details of the construction of a compact closed category from the category
of relations, and demonstrate how it can be restricted to the subcategory of partial bijective maps
between sets.

Self-similarity considerations, and an alternative characterisation of compact closed categories,
are used to define compact closed M-monoids, and hence one-object compact closed categories
without units. Finally, we demonstrate how the results of Chapter 4 and 5 can be used to construct

self-similar objects of the category Rel, and use this to construct a one-object compact closed
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inverse monoid, which we describe explicitly.
Applications to J-Y Girard’s Geometry of Interaction 1 system [20], resolution and unification
over a term language and the Geometry of Interaction 3 system [13, 22], and two-way automata

[3], will be given in chapters 8, 9 and 10 respectively.

We will use ‘diagrammatic reasoning’, as introduced by A. Joyal, and R. Street in [33], and
formally justified in [33, 84], throughout this chapter, as an illustration of the underlying processes;
however, all original deductions will be justified algebraically.

6.2 The categorical trace

We present the theory of traced monoidal categories. This is due to A. Joyal, R. Street, and D.
Verity, [35]; however, we consider the case of symmetric monoidal categories, rather than the full

theory of balanced monoidal categories given in this paper.

Definitions 6.1

Let (V,®,s,t, A, p,I) be a symmetric monoidal category. A trace on it is defined in [35] to be a
family of functions, TTZ,B :V(AQU,BRU) — V(A, B), that are natural in X,Y, U, and satisfy
the following;:

1. Given f: X ®I =Y ® I, then Trg(,y(f) =pfg 2 : X Y.

2. Given f: AQ(U®V) = BQ® (U®V), then
Tri% (f) = Tr4 5(TrieuBev(tBUV fiuv))-
3. Given f: AQU - B®U, and g : C — D, then
Tr5 5(f) ® 9 = Trigc,pen(tBpu(1s ® spv)t5yp(f @ 9)tavc (14 ® scv)tity)

4, Trg,U(SU,U) =1

A symmetric monoidal category that has a trace is called a traced symmetric monoidal category.
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6.2.1 Diagrammatic reasoning and the categorical trace

In diagrammatic reasoning, as introduced and justified by A. Joyal and R. Street in [33, 34], a
morphism f: A® B — C ® D is represented by

c D

A B

the commutativity morphism sxy is represented by

Y X

X

x" Y
the left and right unit morphisms Ay , px are represented by

X X

I X X I
respectively. Note that there is no way to represent the associativity isomorphisms with diagram-

matic reasoning.

The trace Trgj(,y on a morphism f: X @ U - Y ® U is then represented by

Y

X

Using the above conventions, the axioms for a categorical trace are then represented as follows:
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—

—1

Px

UV

is the same as
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is the same as

)

L@
d

X A
Finally, the naturality of TrSJ(’Y in all three variables is represented as follows:

Naturality in U,

Y 9]
X U
is the same as
Y U
X 9]
Naturality in X and Y,
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is the same as

X

6.2.2 The trace on the category of relations

Theorem 1 (Due to A. Joyal, R. Street, D. Verity). The category of relations, Rel, is a traced

symmetric monoidal category, with trace defined as follows:

a b
Tr% y(R) = aUbd*c, where R = € Rel(X LU, Y UD).
c d

Proof This is proved in [35] by A. Joyal, R. Street, and D. Verity — It is derived from elementary

properties of the Kleene star on monoids of relations. O

Note that, with the intuitive idea of matrix multiplication as ‘finding all possible paths through

a graph’, as presented in Chapter 5, Section 5.2.2, we can represent the trace in the same way, as

follows:
Y U
a d dy
c b
X U
=
Y



=

Y
Taubd‘c

X

6.2.3 The trace on the category of partial bijective maps

Recall the subcategory of the category of relations, given by the partial bijective maps, as defined
in Definitions 5.5, Chapter 5, denoted Inj. We restrict Theorem 1 to the category of partial

injective maps, and demonstrate that this subcategory is also traced.

Theorem 2 Inj is closed under the trace operation inherited from the category of relations, and

hence is a traced symmetric monoidal subcategory of Rel.

b
Proof Consider R € Inj(XUU,YUU), represented by R = ¢ . The conditions on a, b, ¢, d
c d

for this matrix to represent a partial bijective map are given in Theorem 10 of Chapter 5. We
seek to prove that these conditions imply that the trace Tr)U(’Y = aUbd*c is also a partial bijective
map. Hence we need to prove that the distinct terms in this union have disjoint domains / images
(i.e. are disjoint).

First note that a(bd™c)™! = ac™'d™™b~! = 0 for all n € N, since ac™! = 0, by condition 1
of Theorem 10, Chapter 5. Also a~1bd"c = 0, since a~'b = 0, by condition 3 of Theorem 10,
Chapter 5. Therefore, a L bd"c for all n € N.

Secondly, (bd*c)(bdc)™! = bd*cc™1d~b~! = bd*d~teb™!, where e = d'cc™'d~t. Therefore, if
t> s, and so s —t = —r for some r > 1, then (bd®c)(bdic)™! = bd~"eb™! = 0 since bd~! = 0 by
condition 2 of Theorem 10, Chapter 5. Alternatively, if s > ¢, and so s —t = r for some r > 1,
then (bd®c)(bd'c)™! = bd*cc™1d'b~! = bfd"b~!, where f = d®cc™'d~°. However, bfd"b~! = 0,
since db=! = 0, by condition 2 of Theorem 10, Chapter 5. Therefore (bd®c)(bd'c)~! = 0 for all
s

Similarly, (bd®c)~1(bd'c) = c~ld=*b~lbdic = ¢ lgd~*d'c where g = d~°b"'bd®. So, if t —
s = —r, where r > 1, then (bd*c)~1(bd'c) = ¢ lgd="c = 0 since d~'c = 0, by condition 4 of
Theorem 10, Chapter 5. Alternatively, (bd®c)~!(bd'c) = c~1d=*d'hc, where h = d=tb~1bd". So, if
t—s=r>1, then (bd°c)~!(bd'c) = ¢ 'd"hc = 0 since c~'d = 0, by condition 4 of Theorem 10,
Chapter 5. Therefore, (bd°c)~!(bd'c) = 0 for all s # t.

Hence we can deduce that (bd*c)L(bdic) for all s # ¢ and as we have already proved that

albd™c for all n € N, we can deduce that all the terms in the union Tr%,y (R) are disjoint, and so
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Trg,Y(R) € Inj(X,Y). Therefore, Inj is closed under the trace, and hence is a traced symmetric

monoidal subcategory of Rel. O

6.3 The trace and self-similarity

We demonstrate how the endomorphism monoid of a self-similar object in a traced symmetric
monoidal category has an operation defined on it that satisfies many of the same properties
as the categorical trace, and gives a one-object traced symmetric monoidal category when the
self-similarity is strong.

We then use these results to motivate the definition of a traced M-monoid, and, as a check
that this is the ‘correct’ definition, demonstrate that the Karoubi tensor envelope of a traced M-
monoid is a traced symmetric monoidal category. Finally, we show that, when the tensor category
of a self-similar object is freely generated, the isomorphism between the tensor category, and the

tensor envelope of the endomorphism monoid of the self-similar object preserves the trace.

6.3.1 Internalising the trace at self-similar objects

Definitions 6.2

Let N be a self-similar object of a symmetric traced monoidal category (M, ®), as defined in Def-
initions 4.1, Chapter 4. We define the internalisation of the trace to be a map trace : M(N, N) —
M(N, N) given by trace(f) = Tr%,N(dfc) where ¢ and d are the contraction and division mor-
phisms of the self-similar object N. We will demonstrate that ¢race represents the categorical

trace under the internalisation process; however, we first require the following:

Lemma 3 Let N be a self-similar object of a traced symmetric monotidal category, and let ¢o be

as in Definition 4.4 of Chapter 4. Then Tr%,N(f) = trace(¢2(f)) for all f e M(NQ N,N® N).
Proof By definition, ¢3(f) = cfd, so trace(¢(f)) = Tr%,N(dcfdc) = TT‘%’N(f). ]
There is a natural extension of this result when (®N) is freely generated:

Theorem 4 Let N be a self-similar object of a traced monoidal category (M,®), and assume
that (®N) is freely generated in M, so we can define the contraction map ¢, as in Definitions

4.3, Chapter 4. Then trace(¢(F)) = qS(Trg](,Y(F)) forall F € (@N)(XQU,Y®U).
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Proof trace(¢(F)) = TT%’N(d¢(F)C) = Tr%’N(dCY@,UFdX@Uc) by definition of trace and ¢
However, cygu = c¢(cy ® cy) and dxgu = d(dx ®dy), by definition of the division and contraction

elements. Therefore

trace(¢p(F)) = Tr%’N(dc(cY ® cy)F(dx ® dy)de)

= Tryn((ey ® cv)Fdx ® dy)) = ey (T} vy ((ly ® cv) F(1x ® dv)))dx,

by the naturality of the trace in X and Y, and so

trace($(F)) = ey Try y(F(lx ® dycy))dx = ey Try y(F(1x ® 1p))dx = ey Trk y (F)dx,

by the naturality of the trace in U. Therefore trace(¢(F)) = ¢(Tr§,Y(F)), by the definition of
¢. 0.

These results allow us to deduce that the internalisation of the categorical trace satisfies many

similar properties to the categorical trace, as follows:

Theorem 5 Let N be a self-similar object of a traced symmetric monoidal category (M, ®), let

s,t,t7! be as defined in Theorem 9 of Chapter 4, and let the internalisation of the trace be as

defined above. Then

(i) trace(f(1® (1@ 1))) = trace(trace(tft=1)),

(ii) trace(f) ® g =trace(t(1 @ s)t 1 (f @ g)t(1 ® s)t™1),
(iii) trace(s) =1,

(iv) trace((h® 1) f(g ® 1)) = h(trace(f))y,

(v) trace(f(1® g)) = trace((1 D g) f).

Proof
(i) By definition of trace, t and t1,

trace(tft™1) = Tr%N(Tr%,N(dc(c@ iy N1 ®d)dfe(1® c)t;,fN’N(d ® 1)dc)c)
= TrN (TN n((e® Dinnn(1® d)dfe(1® )tyty, n(d @ 1))c)
which by the naturality of Trgj(,y in X and Y, is equal to
Ty N (de(TrNon non (NN N (1 ® d)dfe(1® o)ty n))do).

By axiom 2 for a traced symmetric monoidal category, this is equal to TT%%N (1®d)dfe(1®c))

which, by the naturality of Trgj(’y in U, is equal to Tr%,N(dfc(l ® cd)). Finally, note that, by

93



definition of trace and @, trace(f(1®(181))) = Tr%’N(dfc(l(X)cd)) and so trace(f(1(141))) =
trace(trace(tft™1)).

(ii) By definition, trace(t(1® s)t™ (f® g)t(1 D s)t™1) =
Tr%iN(dc(c(X) 1)innn(1® d)de(l® csy nd)d
c(l® c)t]_V%N,N(d ® 1)de(fQ g)de(e® 1)itnnn(l® d)d
c(1® csy nd)de(1® c)tN, N, N~} (d ® 1)dc)
=Try n((c® 1)innn(1 ® d)(1® csnnd) (1@ c)tyy n(d® 1)
(f®9)
(c®1)tnnn(1®d)(1® csynd)(1® o)ty y n(d® 1))
= Try n((c® 1)in v N1 ® sy )ty y n(dfe® g)tnnn(1 ® sy n)EN, N, N~ (d® 1))
and by the naturality of Trgj{’y in X and Y, this is equal to
e(TrNen NN (ENNN(L® sn )ty v(dfe® g)tnnn(1l® sy N)EN,N,N~1)d

which, by axiom 3 for a symmetric traced monoidal category, is equal to

o(Trin(dfc) ® g)d = c(trace(f) ® g)d = trace(f) & g,

by definition of trace and &.

(iii) Axiom 4 for a traced monoidal category states that Trg,U(sU,U) = 1y for all U € Ob(M).
Therefore Tr%,N(sN,N) = 1y, and so trace(s) = Tr%’N(dsc) = TT%N(SN,N) = 1, by definition
of s. Therefore trace(s) = 1.

(iv) By the definition of trace,
trace((h® 1) f(g® 1)) = Tri n(de(h @ 1)dfc(g ® 1)de)

=Trj (R ® 1)dfc(g® 1)) = KT} n(dfc)g

by the naturality of TT‘B](,Y in X and Y. However, this is just h(trace(f))g. Hence our result

follows.

(v) By definition,

trace(f(1@ g)) = Try n(dfe(1® g)de) = Try n(dfc(1® g)) = Try (1 ® g)dfc),

by the naturality of Tr)U{,Y in U. Similarly,

trace((1® 9)f) = Trj n(de(1 ® g)dfc) = Try (1 ® g)dfc).

However, this is trace(f(1 @ g)), from above. O
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6.3.2 Traced M-monoids

The above results motivate the following definitions:

Definitions 6.3

Let (M,®) be an M-monoid, and let ¢, s denote the associativity and commutativity elements
respectively. We say that M is traced if there exists a map trace : M — M, which we call the

internal trace, satisfying the following conditions:
1. trace(f(1® (1@ 1))) = trace(trace(tft=1))

2. trace(f) ® g = trace(t(1® s)t™1(f @ g)t(1 @ s)t™1)

3. trace(s) = 1.
4. trace((h® 1) f(g® 1)) = h(trace(f))g
5. trace(f(1® g)) = trace((1® g)f).

The axioms 1 to 3 can be thought of as the one-object case of the axioms 2 to 4 of a traced
monoidal category, and the axioms 4 and 5 can be thought of as the one-object analogues of the
naturality of the categorical trace. Of course, there is no analogue of axiom 1, as we do not have

analogues of units elements.

To demonstrate that this is the ‘correct’ axiomatisation for a traced M-monoid, consider the

following:

Theorem 6 Let (M, ®) be a traced M-monoid. Then the Karoubi tensor envelope of (M, ®) is a

traced symmetric monoidal category (without a unit object).

Proof Recall the definition of the tensor envelope as a subcategory of the Karoubi envelope,
from Definitions 4.12, Chapter 4. We have seen (Propositions 16 and 17 of Chapter 4) that
this is a symmetric monoidal category (without a unit object). We define a map on K%& by
Trif(a) = trace(a) for all a € K%(e ® g, f ® g), where trace is the internal trace of (M, ®).
Then ftrace(a)e = trace((f @ 1)a(e ® 1)), by axiom 4 for a traced M-monoid. However, a €
K¢ (e®g, f®g),s0 (f®1)a(e®l) = a. Therefore, Trg,f(a) € K (e, f) forall a € K§(e®yg, f®g),
and so T'r, as defined above, takes morphisms f: X @ U = Y ® U to morphisms Tr(f) : X = Y,

as required. We check the axioms for a traced symmetric monoidal category.
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1. This aziom is not considered, as K% does not have a unit object.
2. Foralla € K§(e® (9®h)), f® (g ® h)), by definition,
Tre 1 (Tregg rog(tranatsy 1)) = trace(trace(tygpat™ ¢ ).

Therefore, by definition of t. s, € K§; (from Proposition 16 of Chapter 4),

TT“Z’f (Trt};@g,f@g (tfagahate_,;,h)) =
trace(trace(((f @ g) ® h)t(f ® (9@ h))a(e® (9@ b))t ((e ® 9) @ h))),

= trace(trace(t(f® (9@ h))ale® (¢ & h))t_l))

and so, by axiom 1 for a traced M-monoid,

Tr? ((Trigg raq(trahalogs)) =
trace((f @ (9@ h))a(e® (9 ®R) (10 (18 1)))
= trace(f & (9@ h))a(e & (g & B))),

and as a € K§j(e ® (9@ h), f @ (9 ® h)),
trace((f @ (9 @ h))a(e ® (9 ® h))) = trace(a),

Therefore, Trg,f(T7‘2®g,f®g(tf,g,hat;;,h)) = Trgj?h(a).

3. Foralla e K (e®yg, f®g) and all b € K (h, k),

Trign tak(trkg(Lr ® Sty 1(a ®b) (tegn(le ® shg)tiy,) =
trace(((f @ k) ® 9)t(f & (k® 9))(f ® sg)(f @ (9@ k)t (f B 9) k)
(e @)

(e@g)@h)te® (9@ h))(eDss,)((e® (R g))t™ (e ®h) D))
= trace(((f® k) ® 9)t(f & (k& g))

(fo(kog)s(g@ k)

(fo@ar))(fog) ok
(e ®0)

((e®g) @ h)t(e® (9 ®R))
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(e® (9@ h)s(h®yg))
(e®(h®g))t ' ((c®h) ®9)
= trace(t(f ® (k@ h)) (1@ s)t N a@b)t(1@s)t  ((e®h) @ g))
= trace(t(1® s)t ™ ((f © 9) ® k) (a @ b) (e ® g) ® h)t(1 & s)t "

which equals trace((f @ g)a(e® g)) ® kbh, (by axiom 2 for a traced M-monoid). However,

acK§(e®g, f®g), and b € K§(h, k), so this is trace(a) & b. Therefore, by definition of
Tr in K%[,

- -1
Tr9on o trko(1r ® Sok)t72 4 (4 ® B)tegh(le ® shg)toh ) = Trd (a) @b,
and so the third axiom for a traced symmetric monoidal category is satisfied.

4. For all e € Ob(K$)), ,

Trg o(Se,e) = trace((e @ e)s(e D e)) = etrace((1 D e)s(1De))e

= etrace((e @ 1)s)e = e*trace(s)e = e.

by axioms 3, 4 and 5 for a traced M-monoid. Therefore, T'r satisfies axiom 4 for a traced

symmetric monoidal category.

Finally, naturality-of Trgyy in all three variables follows immediately from axioms 4 and 5 for a

traced M-monoid. Therefore, Tr is a categorical trace on the tensor envelope of the M-monoid

(M,®). O

We have proved that the tensor envelope of a traced M-monoid is a traced monoidal category
(without unit elements). However, recall that (from Proposition 19 of Chapter 4) the tensor
envelope of a strong M-monoid M is a one-object symmetric monoidal category isomorphic to M.
Therefore, we are justified in claiming that the definition of a trace given above (in the strong
case) is the correct definition of the categorical trace on a one-object symmetric monoidal category

without the unit object. In the weak case, we have the following expected result:

Theorem 7 Let N be a weak self-similar object of a symmetric traced monoidal category (M, ®),
and let (QN) be freely generated in M. Then the isomorphism ® between (QN) and K%(N N
(from Theorem 20 of Chapter 4) preserves the trace.
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Proof Recall the definition of ® as ®(X) = cxdx for all X € Ob(®N), and ®(a) = cyadx for all
a € (®N)(X,Y). By Theorem 4 above, trace(¢(a)) = ¢(T'r% y(a)),for all a € (N)(X @U,Y ®
U), where trace is the internalisation of the trace on (®N). If we denote the trace on K§; by

Tr', then Tr'(®(F)) = ®(Tr(F)) by definition of Tr’'. Hence the isomorphism @ preserves the

categorical trace. O

6.4 Compact closed categories and the categorical trace
6.4.1 Introduction

Up to this point, we have beeen considering the theory of traced symmetric monoidal categories.
However, as demonstrated in [35], traced monoidal categories have a very close connection with
tortile monoidal categories, and, in the symmetric case, with compact closed categories. We
present the definitions and basic theory of compact closed categories, which are special cases of
tortile monoidal categories ([46]), *-autonomous categories ([37]), and, of course, monoidal closed
categories ([37]).

Fundamental to the following sections will be a result of Joyal, Street, and Verity [35], showing
that every compact closed category has a canonical trace defined on it, and every traced symmetric
monoidal category (M, ®) gives rise to a compact closed category, denoted IntM, in which (M, ®)
is canonically embedded and the trace of (M, ®) is the canonical trace. (Note that their description
and construction was for tortile monoidal categories and arbitrary traced monoidal categories, of
which the compact closed categories result is the symmetric case).

We will present an explicit description of the compact closed category derived from the trace
on the category of relations (again due to Joyal, Street, and Verity, [35]), and show how the
compact closed category derived from the subcategory of partial bijective maps (which we have

proved in Theorem 2 is traced) is also an inverse category.

6.4.2 Compact closed categories
Definitions 6.4
Compact closed categories are the symmetric case of tortile monoidal categories, as defined in [46].

In [37], compact closed categories are defined explicitly, as follows: A compact closed category M

is a symmetric monoidal category, (M, ®,t, s, A, p, I) where there exists a self-inverse map! ( )V

'In fact, the general definition only requires the existence of left duals (and not uniqueness), and only requires

that (AY)Y = A for all A. However, all the examples we consider (i.e. all examples constructed from Joyal, Street,
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that takes an object A to its left dual AV. Also, for every A € Ob(M), there exists two morphisms,
the counit map €4 : AY® A — I, and the unit map 4 : I - A ® AV, that satisfy the following

coherence conditions:
1. pa(la®ea)tzyv 4(na®14)A5" =14
2. Aav(ea ® Lav)tav a,av(lav ® na)pyy = LY

Using the definitions of the unit and counit maps, the definition of the dual of a morphism is

given in [37], as follows:

For all f € M(A, B), the dual of f is a map fV : BY — AV, defined by the composite
fY'=2av(e ® 14v)tpv B,av(1pv ® (f ® 14v)) (1B ® 14)p5v-

Note that [46] defines compact closed categories (as special cases of the more general tortile
monoidal categories) in terms of right duals, rather than left duals; however, the two definitions
are interchangable. It is proved in [46] that the correct unit and counit maps for right duals,
e :U®UY — I and n; : I — UV QU, are given by ¢ = esyyv and 1’ = syv yn respectively.
We use left duals in order to follow the conventions of [35].

Joyal and Street’s diagrammatic reasoning, [33, 34], can also be used for compact closed

categories, as proved in [34]. The unit maps are represented as follows:

N

and the counit maps are represented by

€A
AV A
6.4.3 The canonical trace on a compact closed category

We present a result (due to Joyal, Street, and Verity) showing how every compact closed category

has a trace defined on it, called the canonical trace.

and Verity’s construction, [35]) satisfy this stronger condition.
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Theorem 8 (Due to [35]) In any compact closed category (M, ®,t,s,I,\, p,€,7,()V) a trace is
defined by

Trl 5(f) = pB(1B ® V) 5y uv(f @ luv)tavuv(1a ® nu)pz"

Proof It would not be useful to reproduce this proof here; a proof can be found in [35], in terms

of diagrammatic reasoning, and a formal justification of the diagram manipulations used can be

found in [33, 34]. O

The above definition of the trace on a compact closed category can be represented diagramatically

as follows:
B
B
B \ I
/N
U uv

N
A/

Comparing this diagram with the diagram for a categorical trace shows why UV, the dual of the

object U, has been described as ‘U moving in the opposite direction’.

6.4.4 Constructing compact closed categories from symmetric traced monoidal

categories

We present the dual result to theorem 8 above, which is again due to Joyal, Street, and Verity,
[35]. It gives a canonical way of constructing compact closed categories from symmetric traced
monoidal categories (in fact, their result was a construction of tortile monoidal categories from

arbitrary traced monoidal categories; we again present the symmetric case).
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They use this theorem to construct a compact closed category from the trace on the category
of relations; we prove that a compact closed category can be derived from the trace on the category

of partial bijective maps, which is an invere subcategory.

Theorem 9 (Due to [35], p.10-23) Let V be a symmetric traced monoidal category. A compact
closed compact closed category, denoted IntV, can be defined in terms of the objects and arrows

of V, and there ezxists an embedding of V into IntV, where the trace on 'V is the canonical trace

of IntV.

Proof The proof of this result is the symmetric case of the main theorem of [35]. O

We do not reproduce the proof here (see [35]), but give the construction of the category IntV in

terms of the objects, morphisms, and traced monoidal structure of V.
The construction is as follows:

Objects
The objects of IntV are defined to be pairs of objects of V, so

X,U € Ob(V) & (X,U) € Ob(IntV).

(In [35], it is stated that the object (X, U) should be thought of as a formalisation of X ® UV).

Also, the unit object is given by (I, I), where I is the unit object for the monoidal structure of

V.

Morphisms
The morphisms of IntV are defined in terms of morphisms of V', so F': (X,U) — (Y, V) in IntV
is given by a morphism f: X @V =Y ® U in V. We say that F' is specified by f. Hence there

is a bijection of morphisms between V(X @ V,Y ® U) and IntV ((X, U), (Y,V)) denoted f — F,
for all objects X,Y,U,V of V.

The composition of morphisms in IntV is defined as follows:

Composition
Given F : (X,U) — (Y,V), and G : (Y,V) — (Z,W), specified by f : X ®V — Y ® U, and
g:Y @W — Z ®V respectively, then their composite GF' : (X,U) — (Z, W) is specified by

TT}?@W,Z@U(CG,F)’

101



where Cor: (X @W)®V — (Z®U)®V is given by

Co.r =tzuv(1z ® svu)tzvy (9 ® 1u)tywu (ly ® suw)tvuw (f ® lw)txvw (1x ® swv )txwy
Identities

For all objects (X, U), the identity at the object (X, U) is specified by 1x @ 1y.

The monoidal functor

The monoidal functor of IntV, which we denote @ : IntV X IntV — IntV is defined (in terms
of the monoidal functor on V) on objects by (X,U)® (X', U’) = (X ® X',U'® U) and on arrows
by, for all F: (X,U) = (Y,V), and F': (X", U") — (Y', V'),

(FQF): (XX, UQU)—= (YRY,VRV)

is specified by
e e)((e et el)(s®s)

(@) @)1 )N ®1)H(s®s)

Where F is specified by f, and F’ is specified by f’. (Note that the subscripts on the canonical

isomorphisms have been omitted, for clarity).

The canonical isomorphisms

The canonical isomorphisms for IntV are defined as follows:

1. The commutativity isomorphism
S:(X,U)® (X, U)— (X, U)® (X,U)
is specified by the following composite in V.
(sxx Qsypy): (X@X)QU' QU) = (X' X)® (UU".
2. The associativity morphism

T:(X,U)e(Y,V)®(Z2,W) = (X, U)8(Y,V))® (Z,W)

is specified by the following tensor in V,

T=txyzQtwvu.
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3. The left unit map A: (I,I)® (A, B) — (A4, B) is specified by
(b5 ® Aa)s.
Similarly, the right unit map R : (A, B)® (I,I) — (A, B) is specified by
(A\5' ® pa)s.
The compact closed structure
The dual on objects is defined by (X,U)" = (U, X). The unit maps e x, : (U, X) ® (X,U) =
(I,1) are then specified by sygx,r and the counit maps nxry : (I,1) = (X,U) ® (U, X) are
specified by s1,(xgu)-
The dual on morphisms can then be directly defined as follows: Let F' : (X,U) — (Y,V) be
specified by f: X @V =Y @ U. Then FV : (U, X) — (V,Y) is specified by sy fsvx.

Note that this allows us to define the dual on objects without reference to the unit object or
elements of IntV. This will be important when we come to constructing one-object compact

closed categories (without units elements).

Finally, the embedding ¢ of V into IntV is given by
e On objects, «(X) = (X, I),
e On morphisms, ¢(f) = f® 11, forall f: X =Y.

It is proved in [35] that this is an injective functor, and the trace of V under this functor is the

canonical trace given by the compact closed structure of Int'V.

Note that the composition (in terms of the trace on the category V) can be represented

diagramatically, as follows:

Z U

[f

X w
We will denote this composite / trace in V by go f.
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6.4.5 The compact closed category derived from the category of relations

We apply the construction of Theorem 9 above to the traced symmetric monoidal category
(Rel, U), to construct a compact closed category IntRel, in which Rel is embedded, and where

the trace on (the embedding of) Rel is the canonical trace on the category. The following con-

struction is also due to [35].

Definitions 6.5

IntRel is defined to be the category constructed by applying the construction of Theorem 9 to

the traced symmetric monoidal category Rel. An explicit description of IntRel is given in [35],

as follows:

Objects

The objects of IntRel are pairs of objects of Rel; that is, they are pairs of sets (X, U), where
(X, U) is a formalisation of X ® I,

Morphisms

A morphism R € IntRel((X,U), (Y,V)) is specified by a morphism r € Rel(X UV, Y UU). The

a b
morphism r can be written as a matrix r = , where a € Rel(X,Y), b € Rel(V,Y),

c d
c € Rel(X,U), and d € Rel(V,U). So, given morphisms F' € IntRel((X,U), (Y,V)) and G €
a b e
IntRel((Y, V), (Z,W)) specified by f = and g = ! respectively, then their
c d g h
composite GF € IntRel((X,U), (Z,W)) is specified by TTY{@W,Z@U(CG,F) € Rel(XUW,UL Z),

where Cogr: (X QW)®V = (ZQU)®V is given by

Co,r =tzuv(lz ® svu)tzvw (9 ® Wo)tywu(ly ® suw)tvyw (f ® w)txvw (Lx ® swv)txiwy
So, the composite of the two matrices in IntRel is specified by

bg)* Ue(bg)*bh
gof=| cloye  Juel) € Rel(X UW, ZUU).
cUd(gb)*ga d(gb)*h

The monoidal functor

The definition of the tensor product in the category IntV, for a traced symmetric monoidal

category V gives the following definition of the tensor in IntRel:
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The tensor product of objects is defined by (X,U) ® (X',U’) = (X U X',U' U U), and for all
F € IntRel((X, V), (Y,V)) and G € IntRel((X’,U"), (Y', V")), specified by

a b a b
f = eRel(XUV,YUU), g= € Rel(X' UV, Y' LU,
c d d d

respectively, then their tensor product is defined as follows:

F®G e IntRel((X,U) ® (X, U"), (Y, V)® (Y', V')

is specified by

o) (i o) s}
o o & o
o & <« o
[~ o =) S

The dual structure

The dual on objects is given by (U,V)¥ = (V,U). The unit and counit maps are then de-
fined as follows: nx,uy : (I,I) = (X,U) ® (X,U)" is specified by s; xgu in Rel, and ¢xp) :
(X,U)VQ® (X,U) — (I,I) is specified by sygx,r in Rel.

From Theorem 9, FV, the dual of a morphism F, is specified by syuyfsyx : VUX - UUY in
Rel for all F': (X,U) — (Y, V) specified by f: XUV - Y UU in Rel.

In keeping with our intuitive idea of matrix multiplication and trace as ‘finding all possible paths

through a labelled digraph’, the composition of IntRel can be represented as the following ‘sum

over all paths’ construction:

becomes

105



cud(gb)*ga

U
e(bg)*a d(gb)*h
Z W

FUe(bg)*bh
6.4.6 The compact closed subcategory derived from the partial bijective maps

We have already proved that Inj is a traced symmetric monoidal subcategory of Rel (Theo-
rem 2 of this Chapter). Therefore, we can construct the compact closed category IntInj as
a compact closed subcategory of IntRel. The construction is as above. Hence the objects of
IntInj are pairs of objects of Inj, so X,Y € Ob(In)) iff (X,Y) € Ob(IntInj), and a morphism
F € IntInj((X,U),(Y,V)) is a morphism f: XUV — Y UU in Inj. Finally, the tensor product,

canonical morphisms, unit and counit for IntInj are as described above for the category IntRel.

We prove explicitly that IntInj is an inverse category.
Theorem 10 The subcategory IntInj of IntRel is an inverse category.

Proof In what follows, we make use of the conditions for a matriz of partial bijective maps to

represent a partial bijective map (Theorem 10 of Chapter 5).

a b
For every F' € IntInj((X,U),(Y,V)), specified by : XUV =Y UU we define F71 ¢

c d
gl 1
IntInj((Y, V), (X,U)), to be specified by f~! = : E YUU — X UV. So, using the
b=t d-

composition inherited from the category IntRel, F~!F € IntInj((X,U), (X,U)) is specified by
a1 (b V*a ¢ rVaTl(bb71)*bd!
eV d(b-1b)*b"a d(b='b)*d"!

Flof=

However, by condition 3 for the matrix f to represent a partial bijective map, a1 (bb~1)*a = a
and ¢!V a71(bb71)*bd~! = c¢7!. Also, by condition 2 for the matrix f to represent a partial

bijective map, ¢V d(b~1b)*d"1a = ¢ and d(b~1b)*d~! = dd~!. Therefore,

a ~a Cc

c dd~1

flof=

So, the composite FF~!F in IntInj is represented by

a(c7le)*ala bV a(cte)*c1d

cVddt(ccH*ca la  dd~l(cc)*d

fofltof=
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However, by condition 1 for the matrix f to represent a partial bijective map, cvVdd=!(cc™1)*ca™la =
¢, a(c7lc)*a"la = a and bV a(c7lc)*c™'d = b. Finally, by condition 4 for the matrix f to
represent a partial bijective map, dd~(cc™!)*d = d. Therefore, we can deduce that FF~!F €

a b
IntRel((X,U), (Y,V)) is specified by the matrix fo f™lof = = fandso FF~'F =F.
c d

Therefore, in IntInj, every element F has a generalised inverse F~! satisfying FF~1F = F. Also,
(F71)~! = F, so we can also deduce that F~!FF~! = F~!. Finally, uniqueness of the generalised
inverses satisfying these properties follows from the uniqueness of the generalised inverses in Inj.

Therefore, we have proved that IntInj is an inverse category. O

6.4.7 An alternative composition on IntRel and IntInj

The above description of the composition of morphisms of IntRel in terms of finding all possible

paths through a labelled digraph (from Definitions 6.5) suggests another possible composition on
morphisms of IntRel (and hence of IntInj); that is,

]
a d i u
Bt
becomes
t(dr)*c
A it E
aUb(rd)*rc uUt(dr)*ds
B b(rd)*s

We formalise this idea, and show that it gives an isomorphic category.
First note that the (partially defined) map o : Arr(Rel) X Arr(Rel) — Arr(Rel), together with

the specification of the identities at the objects, gives Arr(Rel) a category structure, by Theorem
9, and Definitions 6.5. We define another (partial) map, as follows:
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Definitions 6.6

Given morphisms a: AUC — BU D, and f:CUF — DU FE, represented by the matrices

resepctively, then the alternative composition (which we denote ) is given by

aUb(rd)*rc  b(rd)*s
t(dr)*c  wUt(dr)*ds

Bra=

Lemma 11 Given morphisms a« : AUD — BUD, and f: CUF — DU FE, represented by the

matrices
a b r s

c d t u

then the alternative composition satisfies - o = sgp(SpEf © SBc@).

&
Proof First note that sxy = : XUY =Y UX,sosgoa = and spgf =

t
. Therefore, by definition of o,

r 8

t(dr)*c wU t(dr)*ds
aUb(rd)*rec  b(rd)*s

(sposa)=

(We omit subscripts on commutativity morphisms, for clarity). Finally,

aUb(rd)*rc  b(rd)*s
t(dr)*c  wUt(dr)*ds

=a-f.

s(sposa) =

Therefore our result follows. O

Theorem 12 (Rel,0) = (Rel,-).

Proof The isomorphism S is defined on the underlying set of morphisms (in terms of the com-
position of Rel) as follows:
Forall f: AUX — BUY, S(f) : AUX — Y UB is defined by S(f) = sp,yf. Then, as sgy is an
isomorphism for all B,Y, we can deduce that this map is a bijection, and from Lemma 11 above,
1x
1y 0

S(fog)=S(f)-S(g). Finally, the identity arrows are those matrices of the form

and so the map S is a bijective functor. O
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6.5 Self-similarity in compact closed categories

6.5.1 Introduction

We wish to develop the theory of self-similarity in compact closed categories, with a view to defin-
ing and constructing examples of one-object compact closed categories (without units). However,
all the axioms for a compact closed category depend on the unit object, and as Proposition 1
of Chapter 4 shows, any one-object symmetric monoidal category with units elements has trivial
monoidal structure. On the other hand, we have also seen (Theorem 9 above) how the dual on
morphisms of IntV can be given without reference to the unit object or elements. This motivates
the construction of an alternative set of axioms for a compact closed category that do not depend
on unit object, and hence allows us to construct compact closed M-monoids in a similar way to
the construction of traced M-monoids, as in Section 6.3.

6.5.2 An alternative characterisation of compact closed categories

We give a set of axioms (in which the unit object is not fundamental) for a category that we prove

is equivalent to the set of axioms for a compact closed category.

Definitions 6.7

We define a pairing category to be a symmetric monoidal category (T, ®), where, for every object

A € Ob(T), there exists a dual object AV, together with morphisms that we call the pair-creation,

and pair destruction, maps
e kxa: X > (ARAY)® X
o dx4: XQ®AV®A) » X
that are natural in X, and satisfy the following axioms
Lo Saatgyv afaas =14,
2. 0AVASAVEA,AVEAYAAYSAQAY AVEAVA = lyav,
3. (pagavkia ® Lx)Ay' = kx4,
4. px(1x ® S1arzvga) = 6xA-
The condition that kx4 and dx 4 are natural in X can be written explicitly as, forall f: X — Y,
o (1la®1av)® f)kxa =kyaf,
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o foxa=13dva(f® (lav ®1a)).

We demonstrate that the axioms for pairing categories and compact closed categories are equiv-

alent.

Theorem 13 A category that satisfies the azioms for a compact closed category also satisfies the

azioms for a pairing category, and vice versa.

Proof

(=) Let (T, ®, 7, €) be a compact closed category (we use the standard notation for the canonical
associativity, commutativity, and units morphisms). We define kx4 = (n4 ® 1 X)/\;(1 and dx4 =

px(lx ® e4) for all X, A € Ob(T). Then consider arbitrary f: X — Y. By the definition of &,
and the naturality of Ax in X,

(Lagav ® f)exa = (Lagav ® f)(na® 1x)A%

=(Ma®1ly)(11® /)AY = Ma® ly)A\y' f = kyaf.

Therefore, kx4 is natural in X. Similarly, by definition of §, and the naturality of px in X,
foxa=fpx(1x ®ea) = py(f ® 11)(1x @ €4)

=py(ly ® €4)(f ® Lavea) = dya(f ® Lavea)-

Therefore, dx 4 is natural in X.

Also, by definition of k and §,

1. 6AAtZ}4VAnAA =psa(la® GA)chvA('f]A ® 1A)AZI = 14, by axiom 1 for a compact closed

category (Definitions 6.4).
2. 04vASAV@A,AVEAY ALV SAQAY,AVOAV A =
pav(lav ® €4)savea,avtavaavsagav,av(na @ 14)A5v,
by definition, and by the naturality of sxy in X and Y, this is equal to
pavsrav(esa ® 1av)tavaav (lav @ na)sav,rA,v.
Also, as pxsrx = Ax, this is equal to Agv(e4 ® 1av)tavaav(lav ® nA)pZ\l, and by axiom 2

for a compact closed category, this is 14v.
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3. (pagav ® 1x) (k14 ® 1x)Ax' = (pagav ® 1x) (14 @ 11) (' ® 1x)
=Ma®1x)(prA ' ®Lx)AY = MA@ 1x) (11 ® 1x) A% = (na ® 1x)Ax' = kxa
by the naturality of pz in Z, and the definition of kx 4.
4. px(1x ®614)(1x ® Ajvga) = px(1x @ p1(1r ® €4)) (1x @ AV g 4)

=px(Ix ®p1)(Ix @A) (1x ®€a) = px(1x @ prAT")(Ix ® ea) = px(1x @ €a) = x4,
by the definition of xk and the naturality of Az in Z.

Therefore, kx4 and dx 4 are morphisms that are natural in X, and satisfy the axioms for a pairing
category. Therefore, every compact closed category has the structure of a pairing category.

(<) Let (T, ®) be a pairing category, so kx4 : X = (A®AY)®X and dx4: (AVRA)®X — X
are as in Definitions 6.7. For all X, A € Ob(T), we define maps €4 : (AY® A) > T and 4 : [ —
(A® AY) by 14 = pagavrra and 4 = 614X vg 4-

We check the axioms for a compact closed category (Definitions 6.4).
1. pa(14a® eA)chvA(nA ® 1A))\Zl = F\‘,A,AchVA5AA = 14, by axiom 1 for a pairing category.

2. Aav(€av@Lav)tavaav (1av®@na)pav = Aav (814vAagav @ Lav)tav aav(Lav ®pagavkra)pay
by definition of € and 7. However, Agv = pgvsrav and pz\l, = sIAv/\Z\l,. Therefore, this is

equal to pavsra(drav ’\:1}®AV ®14v)tavaav(lav @ pagavkIa)SIAY )\;&, and by the naturality

of sxy in X and Y, the above is equal to

=il -1
pav(lav ® 01avA g av)savea,avtavaavsagay,av(pagavkra ® Lav)A .

Then by axioms 3, 4 for a pairing category, this is 04vASav@A,AvtAvAAYSAQAV,AVKAY A,

which is 14v, by axiom 2 for a pairing category.

Finally the naturality of € and 7 follows from the naturality of k, §, A and p in a pairing category.

Therefore, the axioms for a compact closed category are satisfied, and our result follows.

Note that the two definitions are interchangable; let T be a pairing category, and let ¢ and n be
defined in terms of x and d, as above. Then the above definition of x and § in terms of € and 5

gives the original k, and 4, as follows:

The definition of k in terms of 7 gives kx4 = (14 ® 1X)>\)_(1, and the definition of 7 in terms

of k gives kx4 = (pagavkia ® 1x)Ax'. However, by axiom 3 for a pairing category, this is just
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kx4, and our result follows. A similar proof holds for §.

Conversely, let T be a compact closed category, and let x and ¢ be defined in terms of € and 7.
Then the definition of € in terms of k gives €4 = 6IA}‘:1‘1’®A' However this is eApAv@,A)\Z\l,@A = €4,

by the naturality of p. A similar proof holds for 7. Therefore the two definitions are compatible. O

Convention In view of Theorem 13 above, we refer to the axioms for a pairing monoidal category
(Definitions 6.7) as the alternative azioms for a compact closed category, and refer to the axioms of
Definitions 6.4 as the standard axioms for a compact closed category. We also use the definitions
interchangably, with the assumption that «,d and €, n are related as in Theorem 13.

Note that, with the alternative axiom set for a compact closed category, the definition of the

canonical trace becomes the following:

Tri 5(f) = pB(1B ® V)t ypv(f @ luv)tavuv(la ® Mu)py’

-1
= 6Busawevv)tpuuv(f ® luv)tavuvsavguvkau-

Therefore, the trace is definable in terms of x and §, without reference to the unit object or
elements.
6.5.3 Self-similarity and one-object compact closed categories

We consider the role of self-similarity in constructing one-object compact closed categories (with-
out unit elements). For this to make any sense, we require self-similar objects in compact closed
categories that are self-dual; that is, they satisfy NV = N. This is not a major restriction, as, for
any object A, there exists an isomorphism between (A ® AY) and (A ® AY)Y (by the coherence

theorem for compact closed categories, as proved in [37]), and we will construct examples later

where this is a strict identity.

Definitions 6.8

Let (T,®) be a compact closed category. We say that an object N € Ob(T) is very (strongly)

self-similar if it satisfies
1. NV=N,
2. (X®Y)V=YVQX"foral X,Y € Ob(®N).

3. N is (strongly) self-similar in the sense of Definitions 4.1, Chapter 4.
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Lemma 14 Let (T,®) be a compact closed category, and let N be a very self-similar object of

T. Then (®QN) is a compact closed category (without unit elements).

Proof We merely need to prove that AY € Ob(®N) for all A € Ob(®N), as the canonical mor-
phisms will be inherited from T. Firstly, as N is self-dual, NV = N. Also, by axiom 2 for
a very self-similar object, (X @ V)V =YV ® XV € Ob(®N) for all X,Y € Ob(®N) satisfying
XV, YV € Ob(®N). Therefore our result follows by the inductive definition of objects of (IN)
(Definitions 4.3, Chapter 4). O

Theorem 15 Let N be a very self-similar object of a compact closed category (M, ®), and let
(®N) be freely. generated in M. Then for all X,Y € Ob(®QN), kxy and §xy can be ezpressed in
terms of kN N, ON,N, the canonical isomorphisms for the symmetric monoidal structure, and the
division / contraction morphisms for N.

We will prove this result in 6 steps, as follows:

(i) For all X, A, B € Ob(®N), there ezists a definition of kx agp in terms of Kx 4, and Kp av.
(i) For all X,Y € Ob(®N), there exists a definition of kxy in terms of Kxn.

(iii) For all X € Ob(®N), there exists a definition of Kxn in terms of KNN.

(iv) For all X, A, B € Ob(®N), there exists a definition of dx (agp) in terms of éx 4, v 4.

(v) For all X,Y € (®N), there ezists a definition of dxy in terms of §xn.

(vi) For all X € (®N), there exists a definition of §xn in terms of Oy -

The above 6 steps are then enough to give a definition of kxy and dxy in terms of Ky and

5N,N-

Proof (we use the description of k and ¢ in terms of € and 7).
(i) First note that, by the coherence theorem for compact closed categories ([37]), there exists a
canonical isomorphism uap : BY @ AY — (A® B)V, and the coherence theorem states that 74,

nB, and nagp are related as follows:

(lagB ® u3p)N4eB = t4,8,Bvesv) (14 @5 pv 4v) (14 ® (1B © 14v)) (14 ® A4V)na.

However, by axiom 2 for a very self-similar object, the canonical isomorphism u4p is the identity.

Therefore, nagp = tA,B’(BV®AV)(lA@té}Bv’Av)(1A®(773®1AV))(1A®/\Z\1/)7]A. Hence, for arbitrary
X € Ob(®N),

(naeB ® 1x)Ax' = ((ta,B,(Bv04v) (14 @ t5pv 4v) (14 ® (1B ® 14v)) (14 ® Az¥)n4) ® 1x) A%
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However, by definition of kxy in terms of 1, A, this becomes

KX,(A@B) = t4,B,Bv@av(la ® tB}Bv,Av)(lA ® (nB ®@1av)na ® 1x)A%

=t4,8,8v04" (14 ®t5'pv 4v) (14 ® kavB) ® 1x) (14 ® 1x) )"
=1t4,8,8vgAv (14 ® t5'gv 4v) (KavB ® 1x)kx 4

Hence we have expressed kx, 4gp in terms of kx 4, k4v, B, and the canonical isomorphisms ¢,¢™!.
(i) Immediate by the inductive definition of the objects of (®IN), and part (i) above.

(iii) As (®N) is freely generated, we can define dx, cx for all X € Ob(®N) as in Definitions 4.3,
Chapter 4. Then for all X € Ob(®N), the naturality of kxn in X gives us ((1®1)®dx)knnex =
kxNdxcx, and by Lemma 4 of Chapter 4, dxcx = 1x. Therefore, kxy = (1® 1) ® dx)rnnex.
Hence our result follows.

(iv) By the coherence theorem for compact closed categories,
eaoB = €B(pBv(1BY @ €4)tBvAvA ® 1B)tBVEAV, 4,B,
or, using the definition of ¢ in terms of e,
€B(0BvalBvava ® 1B)tBvgAY,4,B = €4B-

Therefore, this implies that
px(1x ® eB(dpvatBvava @ 1B)tpvgav,a,B) = px(1x @ €a9B),
and by definition of § in terms of e, this is
dxp(lx ® (5BV.AtBVAVA ® 1B)tBvgAv,.4,B) = 0X,AQB-

Hence we have expressed dx agp in terms of éxp and dpv4.
(v) Immediate from (iv) above, and the inductive definition of objects of (®N).
(vi) By the naturality of dx v in X, dxdnn(cx®(1®1)) = dxcxdxn, and by lemma 4 of Chapter

4,dxcx = 1x, and so §xny = dxdnn(cx @ (1® 1)). Hence our result follows. O

Using these results, we are able to demonstate how the endomorphism monoid of a very self-

similar object of a compact closed category has many of the same properties as a compact closed

category.
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Definitions 6.9

Let N be a very self-similar object of a compact closed category, (T, ®), and let (QN) be freely
generated in T, so the contraction map ¢, as given in Definitions 4.3, Chapter 4, is well-defined,
and the internal associativity and commutativity elements, which we denote ¢,¢7!, s satisfy ¢t =
(tNNN), 71 = ¢(tyvn) and s = d(syn). We define the internal pair-creation and internal

pair-destruction maps in terms of ¢ and k and §, by kK = ¢(knn), § = ¢(Snn) respectively.

Proposition 16 Let (T,Q®) be a compact closed category, denote the internalisation of the tensor
product by @, and let ¢, s,t,t~1 K, 8 be as defined above. Then

(i) 6t-lx=1,

(ii) dstsk =1,

(iii) (1e1) ®a)k = Ka,

(iv) a6 =6(a® (10 1)).

Proof Recall that the map ¢ preserves composition and maps ® to @, from Theorem 5 and
Proposition 8 of Chapter 4. Our results are then as follows:

(1) By axiom 1 of Definitions 6.7, 5NNt1_levNHNN = 1. However, by assumption, NV is a self-dual
object, and so dn th_leNK NN = 1n. Therefore, we can apply ¢ to both sides of this, and deduce
that ¢(5NNt]_VINNFvNN) = ¢(1n), and by definition of §, k,¢~!, this becomes 6t~k = 1.

(ii) By axiom 2 of Definitions 6.7, ényvNSNVeN,NVENVNNVSN@NY,NVENVN = 1Y, and as N is self-
dual, dnnSNeN,NENNNSNeN,NENN = 1n. Therefore, we can apply ¢ to both sides of the above,
to deduce that ¢(dnnSNgN NENNNSNeN,NENN) = ¢(1n) and so ¢(snen,N)tSNgN,NE = 1, by
definition of k, §, and ¢t. However, sygnv = (10 (1®1))s((1@ 1) @ 1) by the naturality of sxy
in X and Y, and so dstsk = 1.

(iii) (In®1nyv)®a)kNN = KNNa, for arbitrary @ € T(N, N), by the naturality of kxy and dxy
in X. Also, as N is self-dual, ((1y ® 1n) ® a)kyN = KNNa, and we can apply ¢ to both sides of
this equation, to deduce ¢(((1n @ 1n) ® a)knn) = ¢(knna). By definition of , d, this becomes
(1l 1)®a)k = ka.

(iv) In a similar way to (iii), adyny = dnn(e ® (1yv ® 1)) for arbitrary a € T(N, N), by the
naturality of dxy in X, and as N is self-dual, adyny = dnyn(a ® (1y ® 1n)). Therefore, we can
apply ¢ to both sides of the above to deduce that ¢(adyn) = ¢(dnn(a® (1n ® 1n))). However,
by definition of x and 6, ad = §(a ® (1@ 1)). Hence our result follows. O

Theorem 17 Let N be a very strongly self-similar object of a compact closed category (T,®) ,

and let (QN) be freely generated. Then the endomorphism monoid of N is a one-object compact
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closed category, without unit elements.

Proof As N is strongly self-similar, the map @ is a functor, and by Proposition 16 above, x and
§ satisfy the one-object analogues of the alternative axioms for a compact closed category. Also,

the same proposition also implies the one-object analogues of the naturality of x and §. Hence

our result follows. O

The above results motivate the following definitions:

6.5.4 Compact closed M-monoids

Definitions 6.10

We define a compact closed M-monoid to be an M-monoid (M, @) that has two distinguished
maps k and ¢ that satisfy, for all « € M,

1. 8tk =1,
2. dstsk = 1,
3. (1®1)®a)k = ka.

4. ad=6(ad (101)).

Proposition 18 Let N be a very self-similar object of a compact closed category (T,®), and let
(®N) be freely generated in T. Then the endomorphism monoid of N in (®N) is a compact closed

M-monoid.

Proof Immediate from the proof that T(N, N) is an M-monoid (Proposition 10, Chapter 4), and

from Proposition 16 above. O

The following theorem demonstrates that our axiomatisation of compact closed M-monoids is the

‘correct’ one.

Theorem 19 For any compact closed M-monoid (M, ®), the tensor envelope of M is a compact

closed category (without the unit object) with a very self-similar object N, satisfying Kf; = (®N).

Proof We denote the object of K§; given by the idempotent 1 € Ob(K§;) by N, for clarity.
Then, by Proposition 17 and Theorem 20 of Chapter 4, N is a self-similar object of K%{, and
(®N) 2 K$,.

We define left duals of the objects of K%{ as follows:
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s V=1,
® (e@f)V:fV®eV,

so by definition, N is a very self-similar object of K%{-

Next, we define kyny and dyny by kNN = K, Oy = §, and by axiom 3 for a compact closed
M-monoid, ((1® 1) ® 1)kl = & so kyn € K§ (N, (N ® N) ® N). Simiiarly, by axiom 4 for a
compact closed M-monoid, 16 =8 = §(1® (1@ 1) and so dyy € K§ (N ® (N® N), N).

Also, 5NNt]_\]1NvNK'NN = 1x by axiom 1 for a compact closed M-monoid, and dynvstseyvy =
1) by the self-duality of IV, and by axiom 2 for a compact closed M-monoid. Therefore, £y and
dnn satisfy the axioms for the pair creation/annihilation morphisms of a compact closed category
at V.

Finally, recall that by Theorem 15 of this Chapter, kxy and dxy are definable in terms of
knn and dnp, for all XY € (®N). coherence theorem for symmetric monoidal categories, kK xy
and dxy satisfy the axioms of Definitions 6.7 Therefore, we can construct kxy and dxy for all
X,Y € Ob(K§) that satisfy the alternative axiom set for a compact closed category (without
units).

Hence K%}J is a compact closed category (without the unit object) that has a very self-similar

object N satisfying K% = (®N), and this isomorphism preserves the compact closed structure.

Hence our result follows. O

Corollary 20 Let (T,®) be a compact closed category with a very self-similar object N (where
(®N) is freely generated), and let (M,®) be the M-monoid defined by T(N,N). Then K§; =
(®N).

Proof Recall the isomorphisms ¥ : K§; — (®N) and @ : (9N) — K§; of Definitions 4.13, Chap-
ter 4. Then from Theorem 20 of Chapter 4, ® and ¥ also preserve the monoidal structure, and
it is immediate from the above that xyn in K%B,I is the same as Kyg(n) y(v) In (®N). Therefore,

our result follows from the definition of kxy and dxy in terms of kyn and dy of Theorem 15. O

6.6 Constructing very self-similar objects of compact closed cat-

egories

Let (V,®) be a traced symmetric monoidal category. We demonstrate a routine method of

constructing very self-similar (resp. very strongly self-similar) objects of IntV from self-similar
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(resp. strongly self-similar) objects of V. We will use this method, together with the results from
the previous section, to construct a one-object compact closed category.

For our results and construction, we first require the following:

Lemma 21 Let IntV be the compact closed category derived from a traced symmetric monoidal
category V using the method of Theorem 9 of this Chapter, and let F : (X,U) — (Y,V) and
G: (Y,V)— (Z,W) be morphisms of IntV specified by morphisms f =a®b: X QV =Y QU
and g = cQd : YW — Z®V in V. Then GF € IntV((X,U),(Z,W)) is specified by
(ca®bd) e VIX@W,ZQU).

Proof We use the standard notation for the monoidal functor, canonical isomorphisms, and trace

of V. Then from Theorem 9, GF is specified by the trace at V of the composite
Cao,r = tywu(ly @ suw)tyyw (f @ Iw)txvw (1x ® swv )ty
However, by definition, f =a®band g=c®d, so Cg,r =
tzuv(1z ® svu)tzvy((c® d) ® lu)tywu(ly ® suw)

tyuw (2 ®b) ® lw)txvw (1x @ swy)txwy-

Then by axioms 1 and 2 for the canonical isomorphisms of a symmetric monoidal category,

(Definitions 1.2, Chapter 1), Cq r =
tzuv(1z®@ svu)(c® (d® 1v))(ly @ suw) (e ® (b® 1w))(1x @ swv)txwy
= tzuv(c® (lu ® d))(a® (b® 1w))(1x ® swv)txwy
=tzov(ca® (0@ d))(1x @ swy)txwv
= ((ca®1y) @ 1v)((1x ® b)) @ d)txvw (1x ® swv)txwv-

and the trace of this is, by the naturality of Tr_[,J{,Y in X and Y,

Tr(Cer) = (ca® 1p)Tr(((1x ® b) ® d)txvw (1x ® swv)txy)

= (ca®1y)(1x ®)Tr((1x ® 12) @ d)txvw(lx ® swv)txwv)
and by the naturality of s and ¢,

Tr(Ce,r) = (ca® 1y)(1x @ b)Tr((txvz(lx ® szv)txzy ((1® d) ® 1)))
which, by the naturality of Tr%Y in X and Y, gives
Tr(Cq,r) = (ca® lv)(1x @ 0)Tr((txvz(lx ® szv)txzv))(1x ® d)
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= (ca® 1y)(lx ® bd) = (ca ® bd),

by axiom 3 for a categorical trace. Hence our result follows. O

Proposition 22 Let N be a (strongly) self-similar object of a symmetric traced monoidal cate-

gory, V. Then @Q = (N, N) is a very (strongly) self-similar object of IntV.

Proof Denote the contraction and division morphisms of N in V by ¢ : N - N ® N and
d: N®N — N respectively, and let C' : Q® Q — @, and D : Q — Q ® Q be the maps in
IntV specified by d ® ¢ and ¢ ® d respectively. Then, from the definition of ® in IntV (from
Theorem 9), (N,N)® (N,N) = (N® N,N ® N), and from the characterisation of composition
in Lemma 21 above, DC = dc ® dc = 1(ngn)g(NgN), Which specifies the identity at @ ® @ in
IntV. Similarly, if N is a strongly self-similar object, CD = ¢d ® cd = 1nygn, which specifies the
identity of @ in IntV. Hence @) is a (strongly) self-similar object of IntV.

Next, consider X,Y € Ob(IntV), where X = (A, B),Y = (R, S) forsome A, B, R, S € Ob(V).
Then from Theorem 9, X ®Y = (AQ R, S® B) and so, from the description of the dual on objects
from Theorem 9, (X ® Y)V = (S® B, AQ® R). However, XV = (B, A) and YV = (S, R), and so
YVRXV=(S®B,A®R)=(X®Y)V. Hence for any object N of a traced symmetric monoidal
category V, (N, N)¥ = (N, N), and so Q = (N, N) is self-dual. This also gives, as a special case,
(X®Y)V=YV®XVY,forall X,Y € (9N). Hence the (strong) self-similarity of N in V implies
that (N, N) is a very (strong) self-similar object of IntV. O.

The above proposition gives us a routine method of constructing very (strongly) self-similar
objects of IntV from (strongly) self-similar objects of V. We use this to give an explicit example

of a one-object compact closed category (without units).

6.7 An explicit description of a one-object compact closed inverse

category

We demonstrate how the results of Chapter 4 on the natural numbers in the category of partial
bijective maps allow us to construct very strongly self-similar objects in the category IntRel,
and use this to construct one-object compact closed categories, and give an explicit description
of the composition, monoidal structure, and duality. We will demonstrate in Chapter 8 how this

is the underlying structure of Girard’s cut-elimination procedure in the ‘Geometry of Interaction
ying p

119



1’ paper, [20].

For our construction, we first require the following result:

Lemma 23 Let X be any object in the category of relations (resp. partial bijective maps). Then
the tensor category of X, denoted (UX), is freely generated in Rel (resp. Inj).

Proof Consider A, B, A", B’ € Ob(Rel) satisfying AU B = A’ U B’. Then we can write this
explicitly as (A x {0})U (B x {1}) = (A’ x {0}) U (B’ x {1}). However, it is immediate from this
that A= A’ and B = B’. Therefore, as this result follows for any A, B € Ob(Rel), it will clearly
follow for any A, B € Ob(UX). Hence any object of (UX) is uniquely determined by a unique
binary tree with nodes labelled by X, and so (UX) is freely generated in Rel. The result for Inj

follows immediately from the above, and the fact that Inj is a subcategory of Rel. O

Theorem 24 The endomorphism monoid of (N,N) in IntInj is a one-object compact closed in-

verse category without units..

Proof From Lemma 11 of Chapter 5, N is a strongly self-similar object of (Inj,U). Therefore,
from Proposition 23 above, (N, N) is a very strongly self-similar object of IntInj. Hence, as (LUN)
is freely generated in Inj, (U(N,N)) is freely generated in IntInj, and so by Theorem 17 above,

the endomorphism monoid of (N, N) in IntInj is a one-object compact closed strong M-monoid. O

For clarity, we will denote IntInj((N,N), (N,N)) by F. An explicit description of F, using Theorem
9 of this Chapter is as follows:

The elements of F are 2 X 2 matrices of partial injective maps on the natural numbers representing

a
a partial injective map on NUN, so f € F is of the form f = where elements in the

c d
same row of the matrix have disjoint images, and elements in the same column of the matrix have

disjoint domains. Composition of matrices of this form is given by

e | a b e(bg)*a  fVe(bg)*bh
g h c d cVd(gb)*ga  d(gb)*h

o
|

and the inverses are given by
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The internal tensor homomorphism is given as follows: Given elements of T,

a b r s
f: y § =
c d t u

then the internal tensor homomorphism, which we denote by @ is given by

1

p~lapVgTlrg ¢ lspVpTlbg

feg9= —1 =1 =1 =1
ptgVqgTiep pTrupV g dg

Finally, the dual on morphisms is defined as follows: Given

a b
fi=
c
in F, then then fV is given by
' = d ¢
b a

The monoid F also has an alternative composition -, as shown in Theorem 12. This is given

a b ros aVb(rd)*rc  b(rd)*s
c d t u t(dr)*c  wVit(dr)*ds

If we denote the elements of F, together with this composition by I, it is immediate from Theorem

12 that F 2 F.

121



Chapter 7

Linear logic and the Geometry of

Interaction I

7.1 Introduction

It is well-known ([38]) that Cartesian closed categories are models of typed lambda calculus and
one-object Cartesian closed categories (C-monoids) are models of untyped lambda calculus, and
in Chapter 4 we have shown how one-object analogues of the ‘internal hom.” for a Cartesian
closed category can be constructed from self-similar objects of Cartesian closed categories.

Our claim is that compact closure is the correct form of categorical closure to model a variation
on lambda calculus; we turn our attention to the Polymorphic Lambda Calculus, or Girard’s
System F — a lambda calculus type system whose computing power lies between that of the typed
and the untyped lambda calculii (see [23] for details of its construction). It is a type-based system,
where the operations of application and abstraction are applicable to types, as well as functions.

In [20], J.-Y. Girard claims that multiplicative linear logic (see [17] for details of the full
Linear Logic system!) has the same computing power as the polymorphic lambda calculus, and
introduces a model of (restricted) multiplicative linear logic in terms of matrices of operators from
B(I?); the C*-algebra of bounded linear operators on the Hilbert space. He also claims that the
polymorphic lambda calculus can be embedded in this restriction of multiplicative linear logic.

Over the next two chapters, we will show how his model is expressible in terms of the tools

developed in the previous 6 chapters. However, this chapter is purely expository. We give a

!Linear logic itself was first introduced by J.-Y. Girard in [17]. It was originally based on a decomposition of
Scott Domains (a classical model of untyped lambda calculus, see [38]); however, we follow the approach of [23],

and introduce it via a restriction on the structural rules of Gentzen’s sequent calculus [14].
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basic outline of linear logic — in particular, the multiplicative fragment and its cut-elimination
algorithm, and present the (original form of the) tools used in the ‘Geometry of Interaction 1’
system. In the next chapter, we will demonstrate how all the operators are defined in terms
of (an embedding into B(I?) of) the disjoint closure of P, in I(N), and have a close connection
with the canonical isomorphisms of the two distinct M-monoid structures on I(N) we constructed
in Chapter 5. We also show how the dynamical model of the cut-elimination algorithm is an
expression of the internalised trace, used to generate the composition in the one-object compact
closed category F. -

Note that the following introduction to linear logic is basically the same as that found in [23].

7.2 Sequent calculus

Definitions 7.1

A sequent is defined to be a term of the form A -+ B, where A = ay,a3,...,6, and B =by,...,b,
are finite sequences of formulee of some (unspecified) formal language. Intuitively, the sequent
A F B can be considered to be the statement that the assumption of all the formula on the
left hand side of F will allow us to deduce all® the formulae on the right hand side of . So,
classically, the comma on the LHS interprets as conjunction, the comma on the RHS interprets
as disjunction, and the I interprets as implication. Finally, if A is empty, the sequent asserts
the disjunction of {b;}, if B is empty, the sequent asserts the negation of the conjunction of {a;};
if both A and B are empty, then the sequent asserts a contradiction. Note that we adopt the
convention of using upper case letters for sequences of formule , and using lower case letters for
single formulee .

The sequent calculus is a method of formally manipulating sequents of this form. It uses
the symbols V A = =V 3 [ /] All these symbols are intended to model their informal
use in mathematical deduction, as conjunction, disjunction, implication, negation, universal and
existential quantification, and substitution for a free variable, respectively.

A logical rule, in this context, is a method of constructing new sequents from old. An ap-

plication of a logical rule R to the sequent A - B to get the sequent A’ - B’ is represented as

follows:
AFB
A+ B
20f course, this statement has many different interpretations, depending on the exact formalisation of ‘all’ and

‘deduce’.

R.
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A& B is called the premise, or assumption of the (application of the) rule, and A’ + B’ is called
the deduction or conclusion of the (application of the) rule. A proof of a sequent A + B from a
set of sequents {X; - Y;} is then a series of applications of logical rules that have {X; - Y;} as
assumptions, and A F B as conclusion. It would not be useful to present the full list of axioms
for Gentzen’s sequent calculus here (see [14] for details of the whole system). However, logical
rules which are important to the following discussion are the left and right weakening rules,

AFB
AF B,c

A+ B
A,cH B

RW,

LW,

the left and right contraction rules,
A,z,2+ B
A,z+B LE,
A B,y,y
At B,y e
and the Cut Rule,
A+C.B A CHB
A A+ B,B

An important result of Gentzen, [14], is that any sequent that is proved using a proof that uses

Cut.

C'ut can also be proved using a proof that does not use Cut. The procedure for doing so is referred

to as the Cut-elimination algorithm.

7.2.1 Cut-elimination in sequent calculus

The full set of rules for cut-elimination in sequent calculus, and an algorithm for their application
to any proof involving cuts, is given in [14]; however, these lead to the following:

Consider the application of the cut rule,

AFC,B D,C+E
ADFB,E

Cut.
This could derive from the following proof involving weakening,
AFB D-E
arcsBW porglW
A DF B E

Cut

Applying the cut-elimination algorithm to this will give us that the above proof then reduces to

either
A+ B
A,DF B,ELW’ i
or
DFE
A, D B,ELW’ b
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These are two very different proofs. So, cut-elimination is not deterministic. In what follows, we
consider the restriction of the structural rules that give us this non-determinism (the weakening

and contraction rules); this will lead to Linear Logic.

7.3 Introduction to linear logic

We follow the introduction to linear logic given in [23], where the basic idea behind (this approach
to) linear logic is that we are forbidding the structural rules that lead to the non-deterministic
behavior of cut-elimination. These are the contraction and weakening rules. The idea of (this
approach to) linear logic was to construct an expanded type system in which these operations are

made explicit. This was done by imposing linearity.

7.3.1 Linear systems

Definitions 7.2

We do not formally define linearity; however, intuitively, it can be thought of as follows:

A formal system? is called linear if each input to a process is used exactly once in producing
the output of the process. In this case, enforcing linearity will require revising the weakening
and contraction rules (equivalent to getting rid of the non-determinism in cut-elimination). We

reconsider the operations of Gentzen’s sequent calculus under these assumptions.

7.3.2 Reconsidering sequent calculus operations in terms of linearity

To start with, consider the conjunction operator, A. There are two possible ways the conjunction

is used:

1. Both components of the pair of terms input to the construction are used; this means that
we can no longer use the projection operators m; and 7, as this would involve discarding
inputs. Also, we can no longer form the diagonal z — z A z, as this would involve the

copying of inputs. This is called multiplicative conjunction, written ®.

2. We only use one component of the pair given as input to the construction. So, we can use the
projection operators, but we can only use one of them, and only once. The choice of which
projection is taken is made by the process that takes this conjunction as its input. This

conjunction is called additive conjunction, and is denoted &. An analogy can be made with

8 Also another term that we do not define formally.
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Heisenberg’s Uncertainty Principle — a particle may have both position and momentum,
but we can only observe one of these; the observer makes the choice of which one, and the

act of observing one removes the possibility of observing the other®.

The disjunction operators are defined in terms of the linear negation, L, which is required to
behave in the same way as the classical negation, (A+)* = A, and satisfy analogues of De Morgan’s
laws. The dual of the multiplicative conjunction is called the tensor sum, and is denoted + (it is

also sometimes denoted by an upside down &), and is defined in terms of ® and * by
(AQ B)* = A+ B+, (A+B)t = At @ B-.
Similarly, we have the dual of &, the direct sum, denoted @, defined in terms of @ and * by
(A&B)* = At ¢ B+,
(A® B)*: = At&B*.

We can then define linear implication, the linear analogue of =, which we denote — (note

that this is not a standard notation). This is defined by
(A BHYyt =4 +B=A—B

The interpretation of this can be thought of as ‘B can be deduced in a linear manner from
A’. However, as linear implication is defined in terms of the other operators, it is not explicitly
modelled in Girard’s Geometry of Interaction system, and hence plays no further part in this

discussion.

7.3.3 The one-sided sequent convention, and logical rules

Using the linear analogues of DeMorgan’s laws, we can convert a two-sided sequent Ay, Ag, ... A,
By, Bs, ... By, into a one-sided sequent - Ay, Ay, ..., Ax, By, By, ..., By, This is merely done as
a method of simplifying notation. The structural and logical rules can then be written in a much

more concise form, as follows:

e The exzchange rule; this is the only structural rule, and is given by

- A,C,D,B

m X change

This can be avoided if sequents are considered to be members of a free commutative semi-

group, instead of a free semigroup (however, we do not follow this approach). Alternatively,

*Of course, this is a gross oversimplification
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the exchange rule is not a part of non-commutative linear logic, although we do not consider

this.

e The aziom rule; this is

WA.’EZOTR
e The cut rule;
A FONB
t
FAB Y
e The multiplicative conjunction rule; this is
FC,A + D, B®
FC®D,A,B
e The additive conjunction rule;
FC,A FD,A &
FC&D, A
e The tensor sum rule;
+C,D, A
FC+D,A
e The first additive disjunction rule;
FC,A 16
FC@®D,A
e The second additive disjunction rule;
FD,A 2%
FCe®D,A

We also have the units; these are the linear analogues of the 7" and F in classical logic. So we

have 1 for ®, L for 4+, T for &, and 0 for @. These satisfy
1t=1, 1+t=1, Tt=0, 0+=T.
The rules for their introduction are as follows:

—1
F17’

A
FL,A

1,

+ T,AT'

Note that there is no rule for the introduction of 0.

127



7.3.4 Summary of LL operators

The linear logic connectives and units can be split up into two self-contained groups; the multi-

plicative and the additive groups.

e In the multiplicative group, we have ®, the conjunction, 4, the disjunction, 1, the analogue

of True, and L, the analogue of False.

e In the additive group, we have &, the conjunction, @, the disjunction, T, the analogue of

True, and 0, the analogue of False.

(Note that both groups are closed under the linear negation operator, ( )*). The differences
between the multiplicative and additive fragments can be illustrated using the conjunctions, as
follows:

For the multiplicative conjunction:
+FC,A FD,B
FC®D,A,B

®

For the additive conjunction:
FC,A DA
FC&D, A

&

7.3.5 The exponential operators

The concepts of weakening and contraction are not lost entirely, as mentioned earlier, they are
merely made explicit each time they are used. Two extra operators are introduced, ! and ?, called
of course, and why not respectively®. They are required to satisfy the following DeMorgan type
equalities:
(14)* =7(A%), (24)* =1(4%),
and have the following logical rules:
A

F7hA Weakening

F?246 4 ;
FTAT ! Introduction

F7b,7b, A ;
4 Contraction

Fb,A © o
=T} Dereliction

5Note that the same notation is used for these two logical operators, and the two monoid homomorphisms derived
from the decomposition of the internalised Cartesian product at N (see Section 5.7 of Chapter 4). The coincidence

of notation is not accidental, and it is hoped that the context will make the operator used apparent.
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7.4 Multiplicative linear logic

The first two parts of the Geometry of Interaction program ([19, 20, 21, 22]) that we are seeking
to model consists only of operators corresponding to the multiplicative fragment of linear logic.
There are two reasons for this; firstly, the system is based on proof nets (see [17]), which are only
properly formalised for the multiplicative connectives and constants, and secondly, the computing
power of multiplicative linear logic is equivalent to the computing power of J-Y Girard’s ‘system
F’, also known as ‘Polymorphic Lambda Calculus’, (see [16]), which we wish to study for its

categorical models.

7.4.1 Cut-elimination in MLL

We present the cut-elimination procedure for the multiplicative fragment of linear logic, as found

n [17]. The exchange rule will be used without being stated explicitly each time.

The rules for cut-elimination are as follows:

1. Given a proof m; with conclusion - a, B, and an axiom rule with conclusion  a',a, then

the cut between them,
Fa,B Fat,a
F B,a

is replaced by the proof 7; with conclusion + B, a.

Cut

2. Given a proof m; with conclusion F b, D, a proof 75, with conclusion ¢, F/, and a proof w3

that ends in
Foh, el F + Intro
Fol+cl, F '

then a cut between
Fb,D Fec, E

ST PN i

and the conclusion of 73, given by

Fb®c,D,E Fbttct F

FD,E F e

is replaced by the following cuts on the conclusions of 7y, 79, 73

Fe,E kbl et F
F b,D —TJ_,E,F—'C’UIF

FD,E,F
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3. Given a proof m; ending in the following application of a V introduction rule,

Fb,D

mB,—DVITLtTO,

and a proof 7y ending in the following application of an 3 elimination rule,

ol E

——————4Fl
Follc/a), E Ve
then the following cut between their conclusions,

FVYab,D +btlc/a),E
FD.E

is replaced by the following cut

Fb,D l—bJ-,Er,
Cut.
D, E

4. Given a proof 7; ending in the following ! introduction rule

b,7D
F16,7D

lintro,

and a proof 7y, ending in the following contraction rule

F2ot, 2t E

Contraction
2L, E ;
then a cut between them, given by

F16,?D F7L E
7D, E

Cut

is replaced by the following on the conclusions of 7 and 7,

F15,?D 7L 7L E
Hb,?D FT5L7D.E Cut

Cht.

+?D,?D.E .
DB Contraction

5. Given a proof m; ending in an application of the following ! introduction rule,

and a proof 7y ending in an application of the following dereliction rule,

bl E

———— Dereliction
21, F '
then the cut between their conclusions,

Hb,2D FL B
Cut
D, E

is replaced by the following cut

Fb,?2D FbLE
Cut
F?D,E
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6. Given a proof m; ending in the following application of an ! introduction rule,

Fb,7D
F18,7D

!Intro,

and a proof 7y ending in the following application of an ! introduction rule,

F7bL, 2B, ¢

e Y

then the cut between their conclusions,

H16,7D F2L7E, L

DB e CY

is replaced by the following
F5,?D F7b%,?E,c

F7D.7Ec
m.f’ntro

Cut

The proof that this procedure for cut-elimination terminates, and leads to a valid cut-free proof
of MLL can be found in [17], where estimates for its efficiency and the number of steps before

termination are also found.

7.5 The ‘Geometry of Interaction’ programme

' 7.5.1 Introduction

The Geometry of Interaction program was introduced by J-Y. Girard in [19]. Its aim was to
model logical deductions, via cut-elimination in linear logic, in terms of dynamic processes, and
so remove the dependence of logical systems on syntactic rules. Although this was a philosophical
idea — and the paper [19] is very philosophical in approach — it was motivated by the discovery
of proof nets, in which variable names are unimportant [17], and the paper [18], in which cut-
elimination in proof nets (for the multiplicative case only, and without quantifiers, exponentials
or constants) was modelled by means of iterations of finite permutations.

For our purposes, we present the system found in [20] purely as a formal system, without
reference to the program laid out in [19]. We refer to the formal system presented in [20] as

GOI1, and consider the translation of proofs from multiplicative linear logic into it.

7.5.2 MLL in The Geometry of Interaction, and its restrictions

The formal system presented in [20], which we refer to as GOI1, consists of two parts; the first
part is a representation of a limited class of multiplicative linear logic proofs as (finite) matrices

over the C* algebra of bounded linear operators on a Hilbert space, and the second part is a
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representation of the cut-elimination process for these matrices in terms of the solution of an
equation in B((?), called the ‘Resolution Formula’.

The restrictions on the types of proofs representable are found in [20], and are as follows:

1. The system is constant-free; i.e. it does not use the multiplicative analogues of True and

False, 1 and L respectively.

2. The system requires MLL proofs to memorise the formulese that cuts are made on. So, a
sequent - X that is proved using cuts on the formula ¢y, ¢3, ¢3 is written F [cy, 9, 3], X .

However, the symbols ¢y, g, c3 play no further part in the proof.

3. The system allows no a priori assumptions; we cannot start with an assumption F b, and

use it to deduce a conclusion; the only way of introducing formule is via the axiom link,

mAmom.

(This restriction is, however, common to many logical systems).

4. The context of an introduction rule is empty. This is a technical restriction on the form

of the proofs, and its implications are discussed in [20].

The restriction on how well the resolution formula models cut-elimination is as follows:

The result of applying cut-elimination to a proof I' must result in a proof whose conclusion is

a cut-free proof that does not contain 7 or 3.

However, this is not as serious a restriction as it first appears; the execution formula models
cut-elimination correctly when a proof involves 7 or 3, but not in the conclusion of the sequent.
In [20], p. 239-241, this restriction is discussed, and a method of modelling the natural numbers
(translated into MLL from Girard’s system F') is given that does not involve ? or 3 as the

conclusion of a proof.

7.6 The B(I?) representation of MLL

We present the representation of MLL proofs in terms of operators from the C*-algebra B((?),

as found in the first Geometry of Interaction paper, [20]. Of course, all proofs are subject to the

above restrictions.
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The translation is given inductively; the representation of axiom links is given, and the proce-
dures for representing the application of logical rules to proofs are given. Note that all matrices
are finite; however, the formulee modelling the cut-elimination procedure compose matrices of
different orders; so (for the purposes of this chapter), we consider all finite matrices over B(I?)
to be infinite matrices with a finite number of non-zero entries. To represent the logical rules as

matrices over B(I?), we first require the following operation:

Definitions 7.3

Given two n X m matrices over B((?),

apo ap1 ag,n—2 ap,n—1
ai0 a1 a1,n—2 a1,n—1
A=
an—2,0 0Gn-21 an—2n-2 QAn—2n-1
an—1,0 Gn-1,1 Un—1n-2 Qn-1,n-1
and
boo bo1 bo,n—2 bo,n—1
b1o b11 b1,n—2 b1,n—1
B =
bn—2,0 bn—2,1 bn—2,n—2 bn—2,n—1
bn—l,O b'n.—l,l bn—l,n—2 bn~l,n—1
then their shuffle, written Sh(A, B) is defined by Sh(A, B) =
i ago 0 ao1 0 agn—2 0 ag,n—1 0
0 boo 0 bo1 0 bo,n—2 0 bo,n—1
aig 0 ay 0 ain—2 0 a1,,n-1 0
0 b1o 0 b1 0 b1 n—2 0 bin-1
an—2,0 0 Un—2,1 0 Un—2,n—2 0 Un—2,n—1 0
0 bn—2,0 0 bn—2,1 0 bn—2,n—2 0 b'n.——2,n—1
an—-1,0 0 On—1,1 0 Op—1,n—2 0 Opn—1,n—1 0
L 0 b'n.—l,O 0 bn—l,l = e 0 bn—l,n—Z 0 bn—l,n——l |

When the two matrices are of different sizes, then an outer row/column of zeros is put onto the

smaller, until they are of the same size.
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The logical rules are then represented in the following manner:

First, a fixed representation of P, in B(/?) is chosen. We will abuse notation, and (in this chapter)
identify the elements of P, with their images under this embedding. This representation is required
to be weak; that is, it is required to satisfy pl_lpl + p3'py = e < 1. (Note that we denote the
generators of the weak embedding by p; and pg, rather than p and ¢. This is to emphasise that
we are using a weak embedding).

Then a fixed orthogonal basis set {b;}32, for I2 is chosen, along with a bijection [, ] from Nx N
to N. This then induces a map 8 : 12 x I2 — [? by B(b;, bj) = by; ;, and the system then requires
a map ® : B(I%) x B(I?) — B(I?) that satisfies (F ® G)(8(z,y)) = B(F(z),G(y)). However [20]

does not give an explicit description of this.

The logical rules are then represented as follows:

1
10

1. An axiom link is represented as the 2 X 2 antidiagonal matrix

2. Given matrices S, T, of orders (a x a) and (b x b) respectively, representing proofs of F
[X], A, b, and F [Y],C, d, then an application of the ® rule, to get a matrix representing the

proof ending in the deduction

F[X],A,b F[Y],C,d
FIX,Y],A,Cb®d

is given by shuffling the matrices S, T', and applying the map C' : My44(B(1?)) = Mayp—1(B(1?)

® Intro

as found in Chapter 3, Corollory 8, using the weak embedding of P in B(I?) specified above.

3. Given a matrix S representing a proof of - [X], A, b, ¢, then the application of the + rule,
to get a matrix representing the proof ending in the deduction

FX],A,b,c
F[X],Ab+c

is given by applying the contraction map C : M,(B(I?)) — M,_1(B(l?)), as found in

+ Intro

Chapter 3, Corollory 8, (again using our weak embedding of P,) to the matrix S.

4. Given a matrix R representing a proof of a sequent - [X], a, B, and a matrix S representing

a proof of a sequent - [Y],at,C, then the result of applying the cut rule to get a proof

ending in
F[X],e,B F[Y],at,C

~[X,Y.d,B,C "

is represented by Sh(R, S), given by shuffling the matrices R and S.
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5. Given an n X n matrix R representing a proof of a sequent - [X], A, b, then the result of

applying the dereliction rule to get a proof ending in

F[X],A,b
%Demliction
is given by the matrix
1 00 0 1 00 0
01 0 0 010 0
0 0 1 0o [RBR] 001 0
000 pit 000 P
6. Given a matrix
To0 To1 <.. Top—2 To,n—1
10 rii . T1,n-2 T,n—1
R=

Tn—2,0 Tn-2,1 T"n—2n-2 Tn—-2n—1
\ "m—1,0 Tn-1,1 -+« Tn-1n-2 Tn—-1n-1

representing a proof of a sequent - [X],7A, b, then the result of applying an ! introduction

rule to get a proof ending in

F[X], ?A,b'
W.I'ﬂtro
is given by the matrix
1 (1® reo)T 1 1®@re)r ... 1 (1®ron-1)
11 ®rio)T T 1Qry)T T (1®r1n-1)
71 (1 ® rn—Z,O)T 7-_1(1 ® 7'n—2,1)7_ T_l(l ® rn—2,n—1)
(1 ® 7‘n—l,())'r (1 ® rn—l,l)T e (1 ® Tn—l,n—l)

where ® : B(I?) x B(I?) — B(I?) is the operator specified in Definitions 7.3, and 7 is an
invertible element of B(I?) that is required to satisfy 7(v ® (v® w)) = ((v ® v) ® w)T and

7. Given a matrix R representing a proof of a sequent F [X], A, then the application of a
weakening rule to get a proof ending in

F[X], A .
mWeakemng

is given by adding an extra row / column of zeros to the outside of R.
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8. Given a matrix R representing a proof of a sequent - [X], A, ?b, 7b, then the result of applying

the contraction rule to get a proof ending in

- [X], A, ?b, 7

FTXT, A, 7 Contraction
is given by the matrix
1 00 0
1 00 0 0
010 0
010 0 0
0 0 1 0
0 0 1 0 0 R
000 (M ®1)
000 Pr'el) (r'®1)
000 (p2®1)

Note that this is the contraction map C : M, (B({?)) — M,_1(B(I?)) given in Corollory
8, Chapter 3. However, it uses the embedding of P, into B(I%) generated by (p; ® 1) and
(p2 ® 1) in place of p; and py, as used in the representation of the 4 rule.

9. The applications of 3 and V rules on proofs are represented by the identity maps on matrices.

10. Given a matrix R representing a proof of a sequent
F(X], a1,a2, ..., QGig1, ...y 0n

where | X| = z, then the result of applying the exchange rule to get a proof ending in the

deduction

F [X]valaa'% ey Big1, A4y - -5 Gy

is given by exchanging the rows / columns 2z 4+ ¢ — 1 and 2z + 7 respectively.

7.7 Cut-elimination in GOI1

The above system gives a (restricted) representation of MLL proofs in terms of matrices over B(I?).
However, an important part of the system is the representation the cut-elimination procedure
(what J.-Y. Girard refers to as ‘the dynamics’). This is given in terms of two formulz, the

execution formula and the resolution formula®. These formulz are defined as follows:

This is actually called the execution formula in [20]; however, we follow the conventions of [21] and [22], where

it (or a very similar formula) is referred to as the resolution formula.
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Definitions 7.4

Consider a matrix R of the GOI1 system, representing a proof of a sequent F [X], A, where

¢ = | X|. The feedback matriz, o, is defined to be the 2z x 2z matrix

0100 0 0
1000 0 0
0 001 0 0
0 010 0 0
0 00O 0 1
0 00O 10

that is, it is the disjoint union (in the sense of Definitions 3.2 of Chapter 3) of 2 antidiagonal

matrices . The Ezecution Formulais then defined to be the central part of the resolution
10

formula, given by
Ez(R,0)=(1-0R)™ =R+ RoR+ RoRoR+ RoRocRoR + ...,
and the Resolution Formula is defined to be a projection of the execution formula, given by
Res(R,0) = (1 - 0*)Ez(R,0)(1 - 0?),

or equivalently, Res(R,0) = (1 —0?)R(1 —oR)™!(1 — 0?%). Note that these two formulz are only
well-defined if the element oR is nilpotent; that is, it satisfies (¢ R)™ = 0 for some n € N. It is
proved in [20] that all matrices constructed from the GOI1 representation of MLL proofs satisfy

this property.

Theorem 1 The result of applying the resolution formula to R and o, as defined above, gives
the GOI1 representation of the proof found by applying the cut-elimination procedure to the proof

represented by R (up to an unspecified series of applications of the exzchange rule).

The proof of this is presented in [20] p.234 - 243, where it is also proved that it is well-defined for
any matrix arising from the geometry of interaction 1 system. In fact, the result of applying the
cut-elimination formula to R, o gives the translation of the cut-free proof required, with an extra
2n rows / columns of zeros at the beginning, where n is the number of cut variables. However,

this is equivalent to the matrix required, up to a number of applications of the exchange rule,
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and our assumption that all matrices of GOI1 are infinite, with a finite number of non-zero entries.
The proof given in [20] is long and unenlightening, so it is not presented here; however, in

the next chapter, we study the resolution formula, and the logical operations algebraically and

categorically, in terms of the results of Chapters 1 to 7.
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Chapter 8

Analysis of the Geometry of

Interaction 1

8.1 Introduction

In this chapter, we construct algebraic and categorical models of the operations of GOIl, as
presented in the last chapter. This requires the construction of an inverse monoid isomorphic to
I(N) whose elements are infinite matrices of elements of I(N), as an infinitary version of the self-
embedding results of Chapter 5 on the category of partial bijective maps. We demonstrate how the
GOI1 system can be represented in this monoid, and hence in I(N), and how the logical operations
depend fundamentally on the construction of M-monoids from the self-embedding results on P,
and P, from Chapters 2 and 5. We also demonstrate how the cut and cut-elimination procedures
depend on the internalised trace, as given in Chapter 6, and the definition of composition in the

one-object compact closed inverse category F, presented in Chapter 6.

8.2 Inverse semigroup preliminaries

Note that all the operations of GOI1 from Chapter 7 were defined in terms of (infinite rr_latrices
over) an embedding of I(N) into B(I?). Therefore, in this chapter we abuse notation, and work
entirely in (infinite matrices over) I(N). This is justified by the embedding [ : I(N) — B(I?), of
Theorem 18, Chapter 2.

139



8.2.1 Prerequisites on polycyclic monoids

We will require several algebraic tools for our representation of the system presented in Chapter
7. We require the strong embedding of P, into I(N) of Definitions 2.2, Chapter 2, generated by
p~1(n) = 2n, ¢"'(n) = 2n + 1 (the interleaving embedding). We identify elements of P with
their images under this embedding.

We also require the embedding of P, into P,, and hence into I(N), as given in Definitions
2.3, Chapter 2 by pi_l = ¢ 'p~! for all i € N (the right-associative embedding). We again identify
elements of Py, with their images under this embedding.

This then gives us (from Lemma 4, Chapter 2) a bijection [, ] from N x N to N, as required.

The system presented in Chapter 7 also requires a weak embedding of P,. We choose the
embedding generated by p; and py, together with their generalised inverses, for convenience;
however, any pair of generators from the above embedding of P, will suffice.

We also require @ : I(N) x I(N) — I(N), the internalisation of the disjoint union in Inj at N
(as defined in Theorem 12, Chapter 5 to be a®b = p~tapV ¢ 'bq), together with its associativity
and commutativity morphisms (denoted t, s repectively, and proved in Theorem 12 of Chapter 5
to be defined by t = p~2pV p~lqg7lpgV ¢ ¢? and s = ¢"lpV plg).

Similarly, we require ® : I(N) X I(N) — I(N), the internalisation of the cartesian product of
Inj at N, which is proved in Proposition 16, Chapter 5 to be

o
(@)= \/ pyvms
i=0
We also require its associativity and commutativity morphisms, which are denoted 7,0 respec-

tively. It is proved in Proposition 17, Chapter 5 that
[ee]
m=\/ (7" ®)p;,
1=0

and in Proposition 19, Chapter 5 that o is not a member of the disjoint closure of Py, in I(N).

8.2.2 Summary of algebra used

From the above prerequisites, the system requires the following:
e The strong interleaving embedding of P, into I(N), given by p~*(n) = 2n, ¢"!(n) = 2n+ 1.
e The strong right-associative embedding of P, into P, given by pz-_1 =g *p~1,

e The internalised coproduct, generated by the embedding of P, denoted &, together with

its canonical elements ¢, s.
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e The internalised cartesian product, generated by the embedding of P,,, denoted ®, together

with its canonical elements, 7, 0.

8.2.3 An infinite matrix semigroup isomorphic to /(N)

In Chapter 7, we considered operations defined in terms of infinite matrices over I(N) (or rather,
an embedding of I(N) into the C*—algebra B(I2)). This motivates the construction of an injective
map from a monoid of infinite matrices over the monoid of relations B(N) into B(N), which we

then restrict to I(N), as an inverse submonoid of B(N).

Definitions 8.1

We define M, (B(N)) to be the set of all infinite matrices over the monoid of relations on the
natural numbers, together with the composition given as follows:

Given A, B € M (B(N))

(AB); ), = U A;;Bjy.
7=0

It is immediate that this composition is associative, so My, (B(N)) is a semigroup. Also, the
element I satisfying I, , = &, is clearly an identity with respect to this composition, so M, (B(N))
is a monoid. Then assume the existence of a strong embedding of P, into B(N), and consider

the matrices

(we extend the above composition on My, (B(N)) to these matrices in the natural way). We then

have the following useful result:
Lemma 1 Let v, hoo be as defined above. Then heovi, =1 € B(N), vi heo = I € Moo (B(N)).

Proof From the definition of matrix multiplication above, [vi hoolij = p,pfl = 0;;, and so
v hoo = I € My (B(N)). Similarly, heov, = UL p; p; and as the embedding of P, speci-
fied is strong, this is the identity of B(N). O

Definitions 8.2

We define maps F : B(N) - M (B(N)) and G : Mo (B(N)) = B(N) by G(M) = heoMvt, and

F(r) = vl rhe respectively.
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Proposition 2 F and G are mutually inverse monoid isomorphisms.

Proof First note that, for all r, s € B(N),
F(r)F(s) = vl ,rhootlyshoo = Vo rheoVi 8hos = Vi rlshe = F(rs),
by Lemma 1 above. Similarly,
G(M)G(N) = hooMvi hoo NV, = hoo MINV.,, = G(MN),
by Lemma 1 above. To see that they are both monoid homomorphisms,
G(I) = hoovi, =1 € B(N), F(1) = v hoo = I € M (B(N)),

by Lemma 1 above. Finally, GF(r) = v}, heor heo = 1rl = r and FG(M) = hoovl, Mhoovt, =

IMI = M. Therefore, G and F are mutually inverse, and our result follows. O

Definitions 8.3

We denote the restriction of F to I(N) by ¥ and denote the image of ¥ by I (N). Similarly, we
denote the restriction of G to I (N) by ®. As F and G are mutually inverse monoid isomorphisms
(Proposition 2), I (N) is an inverse semigroup isomorphic to I(N), and ® and ¥ are mutually
inverse monoid isomorphisms. The definition of @ in inverse semigroup theoretic terms is

[c. ol ¢}

oM)=\/\ p;'mijp;,

1=0 =0
and it is immediate from the construction of I, (N) that this double infinite join is well-defined.
The construction of I, (N) can be thought of as the infinitary analogue of the conditions for a
2 x 2 matrix over I(X) to represent a partial bijective map in I(X U X)), as found in Theorem 10,
Chapter 5. In what follows, we prove that all matrices of GOI1 are of the form ¥(a), for some
a € DCy(P2), and hence, as ¥ is an isomorphism, the Geometry of Interaction 1 system can be

represented in DCy(P,).

8.3 Representing the basic operations of GOI1

In this context, we take ‘basic’ to be the matrix manipulations used in GOI1, rather than the
actual logical rules. We will indicate, along with each basic operation, which logical rules use it.

Note that our operations differ in the following way; all the matrix operations of GOI1 (apart
from the cut / cut-elimination process) are applied to the lower right rows / columns of matrices;
however, we consider them to be applied to the upper left rows / columns of matrices. The
resulting system is of course equivalent, because of the exchange rule, which allows unrestricted

(finite) permutations of rows / columns.
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8.3.1 The ‘permute rows / columns’ operation

This operation is used explicitly in the representation of the exchange rule, and implicitly in all

other operations.

Definitions 8.4

We define this operation to be the result of applying a finite permutation p of N to the indices of

some (infinite) matrix M. So, the result of applying this operation will give a matrix M’, where

Mii),005) = M-
Proposition 3 Let p be a permutation of N, and Let M' be derived from M, as above. Then
M = () MT((p)),
where ?(a) = (a ® 1), as defined in Definitions 5.6, Chapter 5.
Proof From the definition of the 7 homomorphism
p) = zp;(li)pi , Wp™h) = prlpp(j)
and so [¥(?(p))]ij = 8,(;),; from the definition of W. Similarly, [¥(?(p~"))]i; = &; »(j), and so
(2 (?(p)) ML (0™ Np(i)os) = [Mi-

Hence our result follows. O

8.3.2 The ‘shuffle’ operation

This operation is used in the representations of the @ and Cut rules.
Let M and N be two matrices over I(N). Then their shuffle is as defined in Definitions 7.3,

Chapter 7 (or rather, the natural extension of this to infinite matrices).
Proposition 4 Let M and N be as above. Then

Sh(M,N) =T (?(p~")) M (2(p)) V ¥(2(¢~")) N'E(?(q)),
where ?(a) = (a ® 1), as defined in Definitions 5.6, Chapter 5.

Proof By definition of 7 : I(N) — I(N),

Y07 =V ppmppio 20) = PP
=0 1=0
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However, as we are using the interleaving embedding of P, into I(N), we can write p(i) and p~1(3)

explicitly, and so
o0 [ee)
007 =\ pai'pi» 20) =\ 57 paie
=0 =0
Similarly,

o0 (oo}
g ) =V p3ipi s 2@) =V P p2i
1=0 1=0
Therefore,

(™)) =825 5 [Z(2(R)))ij = &i25-
and similarly
(g )))is = Saigr,5 > [P(?(9)))is = bijr-

This implies that

3 a [M);/2.j/2 14,] are even,
[ (p ) ME (?(p))];; = [z
0 otherwise.

and in a similar way

W NE(q))y = { L G/ B2 L are odd
0 otherwise.

Therefore, the join (?(p~ )M (?(p)) V ¥(?(¢~1))N¥(?(q)) is clearly defined, and equal to
Sh(M,N). O

8.3.3 The ‘contraction by p;,p,’ operation

This operation is used in the representation of the @ and + rules.

Definitions 8.5

Let M be a matrix over I(N), and let p, ¢, p1, p2 be as defined in Section 8.2.2 above. Then the

result of applying the contraction by p;, p; map, which contracts the first two rows / columns into

a single row / column, to a matrix M gives a matrix M’, where

-1 -1 0 0 D1 00
by Py
p2 0 O
, 0 0 10
M = M 0 1 0
0 0 01
0 0 1
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Proposition 5 Let M and M’ be as above. Then M' = U(¢')MY(¢'~1), where

t'=plprlpVvpTipytpg vl T =g q Vv ¢ p T pap Vo p T ipip.

Proof Denote ¥(t') by T, for clarity. Then by definition of ¥, T;; = pit’pj_l. Therefore,

Too = po(p~'p7 PV P~ 03 pg V ¢ )5t
However, pg = p, by definition of the right-associative embedding of P, into P,, and so Ty =
pp~ 'y pp! = pit. Also, Tor = p(p™'py 'pVe~ ' py ' pgVe ¢*)pi T and pit = ¢~ 'p~! by definition
of the right-associative embedding of Py into F,. Therefore, To; = p(p‘lpl_lp \% p“lpglpq \%
¢ 1¢®)q p~! = p;'. Next, Tj; = pi_lq‘quj_l for all ¢ # 0 and j # 0,1, and as p; = pg* and

py =gyl
Ti; =pg'q 'q i p = pg 1P q I p ! = pg g TIpTt = Gy
Therefore,
prt opt 00
) 0 0 10 }
(') = ;
0 0 01
and a similar proof gives that
pr 0 0
00
o= |
0 10

Hence our result follows. O

8.3.4 The ‘conjugate row/column by p;’ operation

This operation is used in the representation of the dereliction rule.
Definitions 8.6

Let M be a matrix over I(N). Then the result of applying the conjugate row / column by p; map
to M is the matrix M’, where

P1_1 00 pr 0 0

" 0 10 0 10
M' = M

0 01 0 0 1
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Proposition 6 Let M and M' be as above. Then M' = ¥ (p;' & 1)M U (p; @ 1).

Proof p71 @1 = p“lpl—lp V ¢ 'q, from the definition of @. Then, from the definition of ¥,
W ltel);=p (p_lpl”lqu_lq)pj_l, and from the definition of the right-associative embedding
of P, into P;,
-l i=j=0
[P @1 = _
d;; otherwise.
A similar proof gives that
p i=j=0
[Tpo 1) = ,
d;; otherwise,

and hence our result follows. O

8.3.5 The ‘apply ! to each element’ operation
This operation is used in the representation of the !-introduction rule

Definitions 8.7
Let M denote the matrix over I(N) given by

Mmoo ™Mo1

mio M1

Then the result of applying the apply ! to each element map to M is the matrix M’ satisfying

Proposition 7 Let M and M', as given above, be in Io(N). Then ®(M') =?(0)!(®(M))?(0).
Proof We denote @ (M) by a, and ®,,(M’) by a’. Then from the definition of the & homomor-
phism,
o0 [e.e]
a=\/ pi'mip;, b=\ pi'{(mi;)p;.
,7=0 1,9=0
Hence, by definition of ! : I(N) — I(N),

o0
a)= \/ pi'p; mijpipk,
1,5,k=0
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and by definition of 0 ® 1,

o0 o0
(c@)a)(o@l)= \/ pi'ppimimep; = \/ p7(mis)p),
i7j1k=0 Z’J:O

Therefore, b =?(c)!(a)?(0), and so our result follows. O

8.3.6 The ‘conjugate all rows/columns but one with 7’ operation

This operation is used in the !-introduction rule.

Definitions 8.8

Let M denote a matrix over I(N). Then the result of applying the conjugate all rows / colums

. but one with 7 map is given by the matrix M’, where

1 0 0 100
., o o 07 0
M = M

0 0 7! 00 7

Proposition 8 Let M and M’ be as above. Then M' = U(1!(r~1)) MU (1!(r)).

Proof From the definition of @,
1l (r ) =p pvg it Ng=p""pVvyq (\/ pflr‘lpi) q.
1=0

However, p; 1 = ¢=ip~1, by the definition of the right-associative embedding of P, into P, and

SO

) oo
1@!(7"1) =plpv \/ pl-_lr_lpi.

=1

Then it is immediate by definition of ¥ that

) 1 i=j=10
[1e!(r— )] =
7716;; otherwise.

An almost identical proof gives that

wael ) =4 70

T0;; otherwise.

Hence our result follows. O
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8.3.7 The ‘add inner zeros’ operation

Let M be a matrix over I(N), and let M’ denote the matrix that results from adding an inner

row/column of zeros to M.

Proposition 9 Let M and M’ be as above. Then M’ satisfies M' = ¥(¢g~1)MY(q) and hence
O(M'") =04 ®(M) when M € I (N).

Proof [¥(¢~")];j = pig~'p;' from the definition of W, and from the definition of the right-
associative embedding of P,, into P;, (flpj_1 = ¢ lg7ip! = ¢ 1pt = Pj_il- Therefore

[@(¢~1))i; = 6i,j+1, and similarly, [¥(g)];; = 8i+1,;. This implies that

" 'Mi—l,'—l 27.7 Z 1
(@ (g~ )MU(q));; = !
0 otherwise.

Hence the first part of our result follows. The second follows by definition of @. O

8.3.8 The ‘contract rows / columns using ?(p;), ?(p2)’ operation
This operation is used in the representation of the contraction rule.

Definitions 8.9

Let M be a matrix over I(N). Then the result of applying the contract rows / columns using

?(p1), ?(p2) operation to M is given by the matrix M’, where

? 0 0
") 205Y) 0 0 o
T(p2) 0 0
, 0 0 10
M = M 0 10
0 0 0 1
0 0 1

Proposition 10 Let M and M’ be as above. Then M' = U(t")M¥(t"~1), where
" =p7 2oy eV T M pa vV T, ¢ = g7V g p T  (p2)p V T ().

Proof The proof of this is practically identical to the proof of Proposition 5; it makes no difference
to the calculations of the proof to use the weak embedding of P, generated by (p;®1) and (p2®1)
in place of that generated by p; and ps. O
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8.4 Representing GOI1 in DCy(P,)

01
Lemma 11 The matrizc A = representing the aziom link satisfies ®(A) =t~ (s® 0)t.
10

Proof ®(A) = py'p1 V py 'po by definition of @, and ®(A) = p~pgV ¢~ *p~!p, by the definition
of the embedding 0., : Pooc — P,. Therefore, by definition of the associativity elements for the
M-monoid (I(N),®),

t@(A)t = (2 Vp e gV g ) (pT pg V¢ T ) (0 2g Vg p T gp v p T pP)

= (P paVp a7 p) (g2 gV ¢ ap VT PY) = p 2 VT g
However, by definition of the commutativity element for the M-monoid (I(N),®), and the def-
inition of the internalised disjoint union in terms of P, s® 0 = p~1(p~ gV ¢ ip)pV ¢ l0q =
p~2gpVp~lqlp?. Hence t®(A)t™! =s@® 0, and so ®(A) =t (s PO0)t,ast™t=1=t¢"1. O

Theorem 12 Every matriz M arising from the GOI1 system satisfies M = ¥, (a), for some
a € DCy(P) satisfying a™! = a.

Proof It is immediate that the axiom link satisfies this property, from Lemma 11 above. Also, for

arbitrary f € I(N), ?(f) € DCy(P,) by Proposition 24 of Chapter 5. Finally, given a,b, f € I(N),

where a™! = a, b~! = b, then

o (faf ™)t = faf™!

(avbd)l=alvbl=aVvd

(a@b)_lza_IEBb_lzaéBb

Therefore, the set of self-inverse elements of I(N) is closed under conjugation by arbitrary members
of I(N), disjoint join, and the ! and ? homomorphisms. Hence, as all the operations of Propositions

4 to 10 above are constructed in this way, our result follows by induction. O

8.5 Cut-elimination as the internal trace of an M-monoid

We claim that the resolution formula, which models cut-elimination in the GOI1 system, is given

by the internalisation of the trace (at N) in the category of partial bijective maps (up to an
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associativity and a commutativity isomorphism). We first construct an explicit description of the
internalisation of the trace at the strongly self-similar object N in the category (Inj, L), give the

‘opposite’ construction to it, and then demonstrate how the resolution formula is given in terms

of this.

8.5.1 The internal trace at N

Recall the definition of the trace on the category Inj from Theorem 2 of Chapter 6, as follows:

a b
Given a morphism F € Inj(X UU,Y UU) represented by the matrix then Tr_%y(F) =
c d

a V bd*c, and we have proved (Theorem 2, Chapter 6) that this is also a partial bijective map.
However, as N is a self-similar object of Inj we can construct the internalisation of the categorical
trace in the endomorphism monoid of N, as shown in Definitions 6.2, Chapter 6, and an explicit

description of this is as follows:

Proposition 13 For all f € I(N), the internal trace of f is given by

Trace(f) =pfp~ ' Vpf((0® 1) f)*(0® 1) f)p~"

Proof Recall the definition of the map from I(N) to I(NUN) of Theorem 12, Chapter 5, as

|

=1

Then by the definition of the trace in the category of partial bijective maps,

-1 -1

Y pfp~" »pfq

g =1

=pfp ' Vpfet(afg ) *afp7",
qfp

qfq?

and so, by definition of the internalisation of a trace, (Definitions 6.2, Chapter 6), trace(f) =
pfp~tVpfa(gfg ) *qfp~t. However, ¢ lq= 0@ 1, by definition of &, so

t=1

trace(f) = pfp~' V pf (\/ (0 1)f)i) pt=pfpt Vpf(0@ 1) f)* (0@ 1)f)p".
Hence our result follows. O
Definitions 8.10

We define the opposite trace, which we denote OpT'r, as follows:

a b
Let F € Inj(U U X,U UY) be represented by the matrix . Then OpTr¥ y = dV ca*b.
c d ’
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It is immediate that OpTrBJ(,Y = Trgj(’y(szFsU,X) so the theory of the opposite trace follows
immediately from the theory of the trace. In particular, at a self-similar object, we can define the
internalised opposite trace, which we denote OpTrace in the same way as the internalised trace
(Definitions 6.2, Chapter 6), and it is immediate that OpT'race(f) = trace(sfs), where s is the
internalisation of the commutativity morphism (as found in Theorem 9, Chapter 4). Also, we can

construct an explicit description of the internalised opposite trace as a corollary of Proposition

13 above.
Corollary 14 The internalisation of the opposite trace is given by, for all f € I(N),

OpTrace(f) = qf¢ " Valf(L@0)fI* (1 0) fg .

Proof Immediate from Proposition 13, and the definition of the opposite internal trace. O

8.5.2 Connecting the resolution formula and the internalised trace

Proposition 15 Given U, a matriz of GOI1, where ®(U) = u, for some u € I(N), and a matriz
S = WU(s), where s is the commutativity element for the M-monoid (I(N),®), then

Res(U,S) =¥ (0@ OpTrace((s® 1)u)).
Proof Let us denote (s@® 1)u by «, for clarity, so
OpTrace(a) = qaq™ ! V qla(1 ® 0)a]* (1D 0)ag™.
However, o = (p~!sp V ¢~1q)u, by definition of @, and so

' =spugt,

gap~l = qup™!,  qag' =qugt.

pap~t =spup™t, pag”

Hence OpTrace(a) = qug™! V qup™ (spup=1)*spug™!. Also, p~lsp = s @ 0, by definition of &,
=49

and so OpT'race(a) = qug™! V qu(s @ 0)(u(s ® 0))*¢~!. Therefore,
(0 ® OpTrace(a)) = ¢ 'qug™qV ¢ qu(s @ 0) (u(s ® 0))*¢'q.

Next, note that ¢"'¢ = 0@ 1 and so

(0@ OpTrace(a)) =0 1)u(0d 1)V (08 1)u(s® 0)(u(s® 0))* (0@ 1))

oo

=V (0® Du((s®0)u)' (0@ 1).
=0
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Finally, (s ®0)2 = (1@ 0), and (0 1)+ = 1@ 0. Therefore, (16 0) = ((s® 0)2)*, (where ( )+ is
as defined in Definitions 1.9, Chapter 1), and as ¥ is an isomorphism,
U (0@ Optrace(e)) = \IJ(\/ 0@ 1) (u((s®0)u) (0@ 1)).
1=0
As uw = ®(U) and s 0 = ®(S), we can write this as U(0 @ Optrace(a)) = (SH)LU(SU)*(S?)L,
and under the embedding of I(N) into B({?), this is the definition of the resolution formula of
Definitions 7.4, Chapter 7. Therefore, we have proved that, for any matrix U in GOI1, and matrix

S, as above, Res(U, S) is in I (N), and hence the resolution formula can also be represented in

I(N). O

8.5.3 Cut-elimination as the double internal trace

We consider the exact form of the categorical trace used in the Resolution formula, as found in

Chapter 7. For this, we require the following result:

Lemma 16 The map T : I(N) — I(N) defined by T(a) = t~'at, where t is the associativity

element for the strong M-monoid (I(N),®), is an M-monoid isomorphism.

Proof Note that tt=! = 1 = t~'t. Therefore T'(a)T(b) = t~tatt~'bt = t~labt = T(ab) and
T(1) = t7' = 1. Also, it is immediate that T(a vV b) = T(a) V T(b), and so the M-monoid

structure is also preserved. Therefore our result follows. O

Theorem 17 Let M be a matriz of GOIl representing a proof m of MLL with a single cut
variable (subject to the restrictions on MLL proofs given by Section 7.5.2 of Chapter 7), and let
n’ be the proof of MLL given by applying the cut-elimination procedure to w. Then the matriz M’

representing the translation of the proof © into GOII satisfies
®(M') = OpTrace’ (®(M(SUI))) = trace(s(trace(s(®(U)t™ (s @ 1)t)s))s).

Proof First note that the feedback matrix S used in the elimination of a single cut variable of
the GOI1 system is the same matrix as used in the axiom link, and we have proved (Lemma 11)
that this matrix is given by S = ¥ (¢~ (s@®0)t). Therefore, given a matrix M representing a proof

in GOI1, and the feedback matrix S, the result of applying the resolution formula satisfies
T(U(Res(M,S))) = (0@ OpTrace(T(®(M))(s® 1)) =06 (Optrace(T(2(M)2(S5)))).
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However, Optrace(t~tat) = OpTrace(OpTrace(a)), by the dual result to axiom 1 for a traced
strong M-monoid (Definitions 6.3, Chapter 6). Therefore,

T(U(Res(M,S))) = (0& (OpTrace(OpTrace(@(M(SUI))))).
Next, it is immediate that T-1(0® z) =0 (0 ® z), for all z € I(N). Therefore,
U(Res(M,S)) =08 (0@ (OpTrace*(@(M(SUI))))).

Finally, recall from Theorem 1, Chapter 7 that the resolution formula gives the representation of
the cut-free proof, with an extra 2n upper left rows / columns of zeros, where n is the number of
cut variables. Therefore, the translation of the cut proof is given by ¢*(¥(Res(M, S))g~% and, by
above, this is equal to OpTrace?(®(M (S UI))). Therefore, by definitions of OpTrace and of S,
the translation of the cut-free proof 7’ is given by trace(s(trace(s(®(U)t(s@® 1)t 1)s))s). Hence

our result follows. O

8.6 The cut / cut-elimination process as composition in F

We consider the consequences of combining the cut and cut-elimination processes (on a single
variable) to construct a binary operation on GOI1 matrices. In what follows, we abuse notation
by considering the cut / cut-elimination procedure on 2 X 2 matrices, representing morphisms in
I(NUN). However, in view of the isomorphisms between I(U*N), for countable «, this is not a

restriction.

Definitions 8.11

We define the computation operation to be a binary operation C : I(NUN) x I(NUN) — I(NUN)
that corresponds to applying the cut rule to a pair of 2 X 2 matrices over I(N), and then applying
the cut-elimination process (up to applications of the exchange rule), as given by the resolution
formula. Our aim is to demonstrate how this operation can be written in terms of the one-object

compact closed inverse category F, defined in Section 6.7, Chapter 6.

Theorem 18 Let F' and G be two square matrices over I(N), as above. Then C(F,QG) is given by

C(F,G) = FY -G, where () is the dual on the elements of F and - is the alternative composition,
as given in Section 6.7, Chapter 6.

a b €
Proof Let F'and G be represented by the matrices " ! respectively. The result

c d g h
of shuffling them (which, by Section 7.6 of Chapter 7 is the representation of the cut rule) is given
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a 0 b 0
0 f
c 0 d 0
0 g 0 h

®

Sh(F,G) =

We then apply the cut-elimination procedure, as given in Theorem 17 above.

First, we premultiply by the image of S U I, given by

01

o O

SuIl=9(t(se 1)) =

=
= o O O

0
00
0 0

o

to get
0 e O
a 0 b
c 0 d
0 g O

(SUID)Sh(F,G) =

D> O O

and then apply the (opposite) trace twice to get the matrix M’ representing the cut-free proof

we require (Theorem 17 above). Alternatively, we can contract the above into a (2 X 2) matrix,

which we denote

0 a 0 f
e 0 b 0
M = ,
c 0 d 0
0 g 0 h

and then (by the naturality of the categorical trace), apply a single (opposite) trace, to get the

A B
matrix M’. If we define M = where

¢ D
0 a 0
e 0 b 0
c 0 d 0 ,

C = D=
0 g 0 A
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Then the application of the opposite trace to M will give us M’ = D v CA*B. However, it is
: : (ea)’ e(ae)’
immediate that A* = |32, , | and so

aea)* (ae)’

c 0 (ea)t e(ae)’ 0 f

d 0 o
M = v/ , .
i=0 0 g a(ea)* (ae)’ b 0

0 h
Therefore,
o dV c(ea)*eb c(ea)* f
g(ae)*d  hVg(ae)*af

\"
a b
The definition of the dual on elements of F is given in Section 6.7 of Chapter 6 as =
c d
d : . i : :
. It is then immediate from this, and from the definition of the alternative composition
b a
on F that
d c e dV c(ea)*eb c(ea)*
e . . (ea) (ea)*f
b a g h g(ae)*d hV g(ae)*af

Hence our result follows. O

This then makes immediate what J.-Y. Girard refers to as the ‘essential case’ of the cut-elimination

theorem ([20], p.235), as follows:

Corollary 19 The matriz representing the application of the cut-elimination procedure to a ma-

triz representing a cut between two aziom links is another matriz representing an aziom link.
. L .. (10 -
Proof In the monoid (F, o), the identity matrix I is and this is clearly self-dual. Also,

0

under the isomorphism S :F — F | S(I) = , which is the representation of the axiom
10

link. Therefore, the result follows immediately from I -7 =1 in (F,-). O

8.7 Full linear logic, and the GOI3 system

The translation of the system presented in [20] and [21] into the closure of P, in I(N), and the
description of the resolution formula in terms of the categorical trace and the monoid F is enough

to model multiplicative linear logic (subject to the conditions presented in Section 7.6.2, Chapter
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7), and Girard’s System F. However, in [22], J.-Y. Girard claims a dynamical model of cut-
elimination for the whole of linear logic using the resolution formula (which we have seen is the
internalised trace of an M-monoid) and modelling the logical operators using the clause algebra —
a structure that we study in the next chapter. In particular, we prove that this is also an inverse
semigroup, and give a representation in terms of the inverse semigroup of partial bijective maps
on a term language, derived from the semilattice structure of a term language.

The system presented in [22] depends on the extension of Proof Nets (see [17]) to the whole
of linear logic, which is an unpublished result of J.-Y. Girard, and involves major changes to the
logical operations used and the cut-eliminations procedure. In view of this, we do not study the
clause algebra in terms of its applications to linear logic. We do, however, study its structure in

terms of inverse semigroup theory, and its resolution formula in terms of the categorical trace.
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Chapter 9

The clause semigroup and its

applications

9.1 Introduction

In this chapter, we demonstrate how the operations of unification, resolution and substitution,
defined on term-languages, can be represented in terms of semilattice and inverse semigroup
theory. The construction of the clause algebra, which is defined and used to model the third part
of the Geometry of Interaction system in [22], is given in terms of the inverse semigroup of partial
bijective maps on a term language, and its structure, and action on the term language is studied.

The conditions on a term language required by J.-Y. Girard for a representation of full linear
logic are also considered, and the Resolution formula, introduced for the clause algebra in [22]
and used to model computation, is proved to be the categorical trace in the category of partial

bijective maps.

9.2 Term languages, substitution, and unification

The following definitions are taken from [13].

Definitions 9.1

A ranked alphabet is defined to be a set X, together with a countably infinite subset of variable
symbols, written V C ¥, and an arity or rank function r : ¥ — N. Variables have rank 0, and
non-variable symbols of rank 0 are called constants. A Y -tree is defined to be a tree T' (in the
graph-theoretic sense), together with a function ¢ from the set of nodes of T', written dom(T'), to

the ranked alphabet 3. We define the domain function, d : dom(T) — N, that gives the number
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of outgoings of the node n, and require ¢ to satisfy d(n) = r(t(n)). L—-trees are also referred
to as Y—terms, or just terms. The set of variables in a term T is called the free variables of
T, and denoted FV(T). A ground term is a term G that contains no variable symbols, so that
FV(G) = 0. The set of all X—trees is called the term-language given by ¥, written Ly, or just L.
By convention, the tree structure is represented by bracketing.

A substitution is defined to be a map o : V — L that assigns a member of L to each variable.
The set of all substitutions on a term language L is denoted Subst(L). The set of variables
changed by a substitution o is called the support of o, written supp(c). The set of all terms of L
over the a subset of variables X C V is denoted L(X). In [13], p.342-344, it is proved that there
exists a unique extension of a substitution ¢ : V. — L to 6 : L — L, the (recursively defined)
function that replaces each occurence of a member of the support of ¢ occurring in a Y-term
T with its image under the substitution o. We abuse notation, and refer to the substitution
o : L — L, unless the distinction is important. Let L be the term language defined by the ranked
alphabet ¥, and consider an arbitrary subset S C L. A substitution ¢ : L — L is called a unifier
of the set S C L if o(s) = o(&') for all s,s' € S. The term ¢i,(S) = o(s) = o(s') is called the
common instance of the set S, generated by . A unifier o is called a most general unifier of the
set S if, given an arbitrary unifier o/, there exists a substitution 6 such that ¢/ = § o . We write
o € mgu(S). A common instance generated by a most general unifier is called a most common
instance, denoted o(s) € mci(S).

In [13], p.383, it is proved that, unless a set of terms is non-unifiable, then it has a most general
unifier, and most general unifiers are unique up to isomorphism (that is, renaming of variables).
There also exists a deterministic, terminating algorithm that can be proved to find a most general
unifier (if one exists) of a set of members of a term language. This algorithm (in LISP), along
with a proof of this result, can be found in [13] p.383-385.

We demonstrate how an inverse semigroup can be constructed from a semilattice structure
derived from the operations of unification of a term language. This inverse semigroup, along with
an action on the ground terms of a term language is used by J.-Y. Girard in [22] to construct a
C*—algebra of bounded linear operators acting on a Hilbert space of square-summable sequences
of complex numbers indexed by members of the term language. This construction first requires
an analysis of partial orders and preorders that can be defined on a term language using the

operations of substitution and unification, as follows:
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9.2.1 Partial orders and preorders on term languages

Definitions 9.2

We define a binary relation < on the term language Ly, as follows:

For arbitrary terms a,b € L, we say a < b iff there exists a substitution o satisfying a = o(b).
Lemma 1 < is a preorder on the term language L, but is not a partial order.

Proof Given a < b and b < c in L, we can find substitutions o, 7 such that a = o(b), b = 7(c).
Therefore, a = o7(c), and so a < c¢. Hence < is a preorder. However, 2 < y and y < z does not

imply that = y, as @ and y may differ by a renaming substitution. Therefore, < is not a partial

order. O

Definitions 9.3

Given a € L, we define its substitution class by [a] = {o(a) : 0 € Subst(L)}. We also define a
binary relation < on substitution classes by [a] < [b] iff for all z € [a], there exists y € [b] satisfying
z < Y.

Lemma 2 < is a partial order on the set of substitution classes of L.

Proof Given [a] < [b] and [b] < [¢], then for all z € [a] we can find y € [b] such that z = o(b),
for some substitution o. Also, by definition of [b] < [c], we can find z € [¢] such that y = 7(2),
for some substitution 7. Therefore, z = 07(z), and so the relation 7 is transitive. Also, given
[a] < [b], and [b] < [a], then @ and b must differ by a fenaming substitution, and it is immediate

that [a] = [b]. Therefore, < is a partial order. O

Lemma 3 Let a,b € L satisfy FV(a) N FV(b) = 0. Then [a] N [b] = [mci(a,b)], when a most

common instance of a and b exists.

Proof (We assume that [a] N [b] # 0). From the definition of substitution classes, it is immediate
that = € [a] N [b] implies that z is a common instance of a and b. Also, by [13] p.383, for any
(unifiable) pair of terms there is a unique (up to a renaming substitution) most common instance,
which we denote a A b. Then by definition of most common instance of a pair of terms, z is a
common instance of @ and b implies that there exists a substitution x satisfying ¢ = x(a A b).

Therefore, € [a] N [b] iff z € [a A b]. Hence our result follows. O
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9.2.2 Relations on a term language, and the clause semigroup

Definitions 9.4

We define LP C Ly X Ly, the set of linear pairs of L, by (u,v) € LP iff FV (u) = FV (v),

and define a relation < on LP by (a,b) < (c,d) iff there exists exists a substitution o satisfying
a=o0(c)and b= o(d).

Lemma 4 < is a preorder on LP but is not a partial order.

Proof Given (a,b) < (¢,d) and (¢,d) < (e, f) in LP, we can find substitutions o, 7 such that
a=oc(c),b=0(d),and c = 7(e), d = 7(f). Therefore, a = o7(e), b = o7(f) and so (a,d) < (e, f).
Hence < is a preorder on LP. However, (u,v) < (z,y) and (z,y) < (u,v) does not imply that

(u,v) = (z,y), as (z,u) and (y,v) may differ by a renaming substitution. Hence < is not a partial

order. O
Definitions 9.5
Given a linear pair (z,y) € LP, we define its substitution class by

[e,4] = {(0(2), 0(y)) : & € Subst(L)} = {(w,v) : (1,0) < (=,5)}
We then define a relation < on substitution classes of members of LP by

[a,b] < [c,d] & Y(u,v) € [a,b] I(z,y) € [¢,d] s.t. (u,v) < (z,y).
Lemma 5 < is a partial order on substitution classes of LP. |

Proof Given [a,b] < [¢,d] and [c,d] < [e, f], then for all (z,y) € [a,b] we can find (z,t) € [c,d]
such that (z,y) < (z,t). Also, by definition of [¢,d] < [e, f], we can find (u,v) € [e, f] such
that (z,t) < (u,v). Therefore, (z,y) < (u,v), and so the relation 7 is transitive. Also, given
[a,b] < [e,d], and [c,d] < [a,b], then a and ¢, and b and d must differ by (the same) renaming

substitution, and it is immediate that [a, b] = [c, d]. Therefore, < is a partial order.O
Note that each substitution class of a linear pair is a relation on L. We consider the set of
substitution classes of LP, together with the usual composition of relations,
SR ={(z,z): 3y s.t.(z,y) € S, (y,z) € R}.
In terms of substitution classes of linear pairs, this becomes
[u, v][w,z] = {(¢,a) : b € Ly, s.t. (¢,b) € [u,v], (b,a) € [w,z]}.
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We will demonstrate that the set of substitution classes of linear pairs (together with the empty

relation, denoted 0) is closed under this composition, and forms an inverse monoid. However, we

first require the following:

Lemma 6 For all a,b € Ly, there exists u,v € Ly, satisfying [a] = [u], [b] = [v], and FV (u) N
FV (v) = 0.

Proof Denote the set of variables of X by {z;}$2,, and consider arbitrary A, B C {z;}2,. Consider
the renaming substitutions a(z;) = z9; and f(z;) = @g;41. Then it is immediate that a(A4) N
B(B) = 0, and so the extensions of the maps «, B to the whole term language (which we also

denote by a and ) satisfy FV (a(a)) N FV(6(b)) = 0, and our result is an application of this. O

Theorem 7 The set of substitution classes of linear pairs (including the empty relation 0), to-

gether with the above composition, is an inverse submonoid of 1(L).

Proof For any (z,y) € [u,v], ¢ = o(u), y = o(v), for the same substitution o, by definition of
substitution classes of linear pairs. Therefore, as u,v have the same free variables, any element
(z,y') € [u,v] must satisfy ¥y’ = o(v) = y. Similarly, any element (z’,y) must satisfy ¢’ = o(u) =
z. Therefore, [u, v] is a partial bijective relation. and so the set of substitution classes of members

of P is a subset of the set of partial bijective maps on L.

Consider linear pairs (a, b) and (c, d) satisfying [a, b][c, d] # 0. We can assume without loss of
generality (by Lemma 6), that FV (b) N FV (¢) = . Then

{s:(rs) ele,b],(sst) ele,dl} ={s:s=0(b) =7(c)} =[] N [c] =[bAC].

So, we can find substitutions v, d satisfying y(b) = b A ¢ and é(¢) = b A c. This implies that
FV(y(a)) = FV(6(d)) and so (r,t) € [a,b][c,d] iff (r,t) < (6(a),7v(d)) Therefore [a,b][c,d] =
[mgu(b, c)(a), mgu(c,b)(d)] and hence the set of substitution classes of members of LP is closed
under composition.

So, we have seen that the substitution classes of members of L P are partial bijective relations
on the set Ly, and are closed under composition. Also, it is immediate that [a,b]~! = [b, a], from
the description in terms of partial bijective relations. Finally, to see that the identity of I(L) is
a substitution class of a linear pair, note that for an arbitrary variable symbol z, ¢t < 2 for every

term ¢t € L. Therefore, [a,b][z, 2] = [a,b] = [z, z][a, b], and hence our result follows. O
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Definitions 9.6

Following the terminology of [22], we call the set of substitution classes of linear pairs, together
with the above composition, the clause semigroup on L, which we denote CI(L). This semigroup
(or rather, the contracted semigroup ring ZCI(L)) is used by J.-Y. Girard in [22] to construct a
dynamical model of the whole of linear logic (with significant modifications); see [22] for more
details on how linear logic is represented.

Note that this semigroup has also been constructed, as a specific example of a general con-
struction of inverse semigroups from category actions on sets, in [40], where a description of the

polycyclic monoids in the same terms is also given.

9.3 The clause semigroup in the Geometry of Interaction

We study how the clause semigroup is used in the third part of the Geometry of Interaction series
of papers, [22]. We do not study the representations of the logical operators, for the following
reasons:

(i) The representation of linear logic is not standard — in particular, the representation of the ?
rule requires significant modifications of the syntax of the sequent calculus, and applications of
the cut rule require the introduction of a new constant, b.

(ii) The algebra of clauses can be thought of as the ‘operations behind the Geometry of Interaction’
as all the operations of linear logic (if the claim of [22] is correct) can be modelled using the
following structures, assuming certain conditions on the term language, that we will consider in

what follows.

9.3.1 The action of the clause semigroup on the term language

Definitions 9.7

In [22], J-Y Girard defines the (partial) action of CI(L) on G, the set of ground terms of L, as
follows: Consider [P,Q] € CI(L) and g € G. The action is defined by [P, Q](g) = 0(P), where
6 = mgu(g, Q). Note that this is also a ground term, since if g unifies with @, then § = mgu(g, Q)
is also a unifier of P and Q. Hence #(P) is a ground term. However, J.-Y. Girard does not prove
that this action is independent of the representative of [P,Q]. To prove this, we require the
following:

First note that by definition, there is a bijection between substitution classes of members of L,
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and idempotents of CI(L), given by [T'] — [T, T]. Next, for an arbitrary inverse semigroup, the

following result is classical (see [30]).

Lemma 8 For any e,z € S where S is an inverse semigroup, and e* = e, there exists e’ € S

such that ze = €'z.

Proof Define ¢/ = zez™!, so that e’z = zez 1z = 2z~ lze = ze. O
b

The application of this result to the clause semigroup gives the following;:

Proposition 9 [A4, B][t,t] = [t,t'][A, B], where [t',t'] = [mgu(t, B)(A), mgu(t, B)(A)], for any
[t,t],[A, B] € CI(L).

Proof [A, B][t,t] = [A, B][t, t][A, B]"![A, B]. However,

[A, B[t, t][B, A] = [A, B][mgu(t, B)(t), mgu(t, B)(A)] = [mgu(t, B)(A), mgu(t, B) (A)] = [t', ¢'].
Therefore, our result follows. O

Definitions 9.8

We use the above result to define the action of CI(L) on substitution classes by [A, B]([T]) =
[mgu(T, B)(A)] and from above, this is well-defined, and unique.

Proposition 10 The action of the clause semigroup CI(L) on the ground terms G, as defined by
J.-Y. Girard in [22] to be [A, B](g) = mgu(B, g)(A) is independent of the representative of [A, B]

chosen.

Proof First note that, by definition of substitution classes of a term language, [¢] = {g}, for
all ground terms g. Next note that, from above, the action of CI(L) on substitution classs of a
term language is well-defined, and restricts to J.-Y. Girard’s definition for ground terms. Our

result then follows from the bijection between ground terms, and the substitution classes they

determine. O

Finally, note that the action of CI(L) on substitution classes of L (and hence Girard’s action of

CIl(L) on ground terms) is compatible with composition; that is:

Proposition 11 For all [A,B],[C,D] € CI(L) and T € L, denote [A, B]([T]) by [T']. Then
[C, DI(IT"]) = (IC, DA, B)(IT))-

Proof Denote [A, B], [C, D], [T,T] and [T",T'] by z,y,e and e’ respectively, for clarity. Then
ye'y~! = yzez~'y, and so [C, D]([T"]) = ([C, D][4, B))([T]). O

163



9.3.2 Self-similarity and the clause semigroup

In [22], J.-Y. Girard specifies two conditions on a term language that he requires for his represen-

tation of full linear logic. These are as follows:

1. The term language is required to have a binary operation ®, and two constant symbols g

and d.

2. The ranked alphabet ¥ is required to have a countably infinite number of terms of rank 2,

which we denote A4;( , ) for i € N. (We use a different notation to [22], to avoid a conflict

with previously defined concepts).

We demonstrate how these two conditions relate to the ideas of self-similarity (although not in a

well-defined categorical sense) as presented in previous chapters.

Proposition 12 For any term language Ly, where ¥ has a binary function symbol ® and two

constant symbols, g,d, there exists an embedding of P, into CI(L).

Proof Given a variable symbol z, we define clauses p = [z,9 ® z] and ¢ = [z,d © z]. Their
generalised inverses are given by p~! = [¢ ® z,2] and ¢~ = [d ® z,z]. From the definition of
composition in the clause semigroup we can see that pp™! = [2,2] = ¢¢™', and the clause [z, 2]
has been shown to be the identity of CI(L); also, pg~! = 0 = gp~? since ¢ ® z and d ® z are
non-unifiable. Therefore, the elements p~!, ¢! satisfy the axioms for the generators of Py, and

as polycyclic monoids are congruence-free, they generate an inverse submonoid of CI(L) that is

isomorphic to P,. O

Corollary 13 For any term language satisfying the above condition, there ezists an embedding

of Py into CI(L), for any countable c.

Proof Immediate by the above result, and the embeddings of P, (for all n € N) and P, into P,
as found in Theorems 8 and 9 of Chapter 1. O
The second condition then gives us the following result:

Proposition 14 Given a term language Ly, where ¥ has a countably infinite number of terms of
rank 2, which we denote A;( , ) for i € N, then there exists a countably infinite number of distinct

injective functions from L x L to L with disjoint images.
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Proof Consider a binary term A;, and define a map (, ); : L x L — L by (a,b); = A;(a,b). Then
by definition of a term language, A;(a,b) = A;(a/,b’) implies that ¢ = o’ and b = b’. Therefore,
the map (, ); is injective for all ¢ € N. Next note that the A; are distinct, so 4;(z,y) = A;(z',y)

implies that ¢ = j, and from above, z = ',y = 3. Therefore, the functions ( , ); for i € N all

have distinct images. O

9.3.3 Girard’s execution and resolution formulese and the clause semigroup

We study how computation is modelled in the clause semigroup by J.Y. Girard, in the third part
of the Geometry of Interaction series ([22]). This is by means of the ‘execution’ and ‘resolution’
formulae, which are defined in a very similar way to Definitions 7.4 of Chapter 7. However, we use
the embedding of the clause semigroup in I(L), even though [22] (implicitly) uses the contracted
semigroup ring Z(CI(L)). This is because

(i) We are interested in the action of the clause semigroup on the term language L,

(ii) The resolution formula and the categorical trace may not always be defined in Z(CI(L))
(because they may involve infinite sums) although they are always defined in I(L) (because
infinite disjoint unions are well-defined).

In their original form (taken from [22]), the resolution and execution formula were defined on
the contracted semigroup ring of the clause semigroup, in an analogous way to the execution and
resolution formulae used in the first two Geometry of Interaction papers (see Definitions 7.4 and
Theorem 1 of Chapter 7 for an exposition of this), as follows:

The resolution formula has 2 inputs, U, o, formal sums of pairwise disjoint elements of members

of Cl(L), that are required to satisfy the following conditions
e 0 is a partial symmetry; that is, 0! = 0.
e oU is nilpotent; that is, there exists n # 0 satisfying (cU)™ = 0.

The Execution formula is then defined to be the following sum in ZCI(L)

Ex(U,0) = T‘z‘:l U(l-oU)™' = Unz—:l(UU)ka
k=0 k=0

and the Resolution formula is defined to be the following projection of the Execution formula

Res(U,0) = (1 — 0®)Ez(U,0)(1 - 0%) = ni(l — e U(el)*(1 - o).
k=0

As we are working in the monoid of relations on a term language L, we make the following

definitions, by analogy with the above constructions in ZC1(L):
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Definitions 9.9

The ezecution formulais defined by Ez(U, 0) = U(cU)*, and the resolution formula is a projection
of this, defined by Res(U,0) = (02)*U(cU)*(c?)t. We wish to study these formule in terms
of the categorical trace. However, as there is no M-monoid structure apparent on (the disjoint
closure of) the clause semigroup, we take the following naive approach to the categorical trace on
I(L): Recall that CL(L) is an inverse submonoid of I(L), from Theorem 7 above. Then given
f € I(L), together with two disjoint subsets, G, D C L, we can construct a map Ag,p from I(L)
lefle laflp

Ipfle 1pflp

to I(G U D) by Agp(f) =

Proposition 15 Agp, as defined above, is an inverse monoid homomorphism, and is an iso-

morphism when GU D = L.

Proof Consider the local submonoid of I(L) determined by the idempotent e = 1V 1p. Then
it is immediate from Proposition 5 and Theorem 6 of Chapter 5 that A is a map from I(L) to (a
monoid isomorphic to) el(L)e, given by f — efe. Hence, it is immediate that Apg is a monoid

homomorphism, and the second part of our result follows by e = 1, when GU D = L. O

We have seen in Theorem 2 of Chapter 6 that the categorical trace can be applied to partial

bijective maps written in matrix form to give another partial bijective map in I(G) < I(L), as
follows: ‘

b o
7 =av \bdice 1(G).

c d =0

D
TTG,G

This then gives us the categorical interpretation of the Resolution formula:

Theorem 16 Consider U, € I(L), where 0 = 0='. We denote the partial identity on D =
dom(o) by m, and the partial identity of its complement G = L\ dom(c) by ©t. Then the

resolution formula satisfies Res(U, o) = TrgﬁG(A,er((a v &)
Proof First note that

i Gt 0 1 0 atUrt nlUrn
Alov ™) = = , AU) =
0 TOoT 0 o rUnt rUn

Therefore,
N tUrt #lUr
A((ocvmH)U) =
onUrt woUn
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and so Trg’G(AWL,,r((a Vr)U) = ntUrt vV rtU(roUr)*onUnt, and as dom(o) = im(o) = 7,
this is equal to 7+Unt V 71U (cU)*r(cU)nt = 71U (cU)*r* = Res(U, o). Therefore our result

follows. O
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Chapter 10
Applications of the trace to automata

10.1 Introduction

We apply the results of Chapter 6 on the trace on the category of relations, and the compact closed
category IntRel, to the theory of two-way automata. We show how the global transition relations
for a two-way automaton! can be derived in a categorical way, in terms of the construction of the
compact closed monoidal category IntRel from the traced symmetric monoidal category Rel. We
then show how the action of a two-way automaton can be reconstructed from the action of the
left and right moving one-way automata determined by it, using a semigroup-theoretic version of
Girard’s resolution formula, similar to that found in Chapter 9.

The results of this Chapter can either be thought of as a concrete application of the trace,
compact closure, and the resolution formula, or can be thought of as an automata-theoretic

interpretation of (some of) the constructions presented in Chapters 7 to 9.

10.2 The basic theory of automata
Definitions 10.1
An automaton A is specified by the following data: A = (Q, X, o, go, F'), where

o () is the set of states,

e X is the input alphabet,

!We use a slightly different model of 2-way automata to [3], who in turn uses a slightly different model to [28].
However the equivalences of the models of [3] and [28] is proved in [3], and the equivalence of our model to that of
[3] is almost trivial.
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e 0:Y X Q — P(Q) is the nezt state function,
e qo € Q is the initial state,
e F C () is the set of terminal states.

If 2 0 ¢ is a single element set for all ¢ € @), = € X, the automaton A is called deterministic, and

we refer to the next state function o : ¥ x QQ — Q.

The function o : ¥ x @ — P(Q) can be extended to to £* x @ — P(Q) (it is conventional to

use the same notation for both) by
e \og =g, where X\ denotes the empty word, and
e wrog=wo(zogq) forall we X* and z € ¥.

This allows us to construct the transition function, t : ©* — B(()) as follows:
(d,9) €t(z) & ¢ €zog,

(¢",q) € t(wz) & ¢ €zogst. (¢",¢) € t(w).

Clearly, t is a monoid homomorphism from the free monoid ¥* to the monoid of relations on @),

B(Q), that satisfies t(u) = t(v) iff uo g = vogq for all ¢ € Q. The transition congruence on ¥*,
denoted ~, is defined by

ur~v & t(u) =t(v),
and the transition monoid of the automaton A is defined to be

E*

~

1%

Im(t) < B(Q).

A word w € ¥* is said to be recognised by the automaton A if (f,qo) € t(w) for some f € F.
The set of all words recognised by an automaton A is called the language recognised by A, written
Rec(A), and a language L C ¥* is called recognisable if L = Rec(A) for some automaton A. The
theory of recognisable languages of finite-state automata is well-known; see, for example, [28, 29].

We are interested in studying transitions of automata, rather than the languages recognised
by them, so for the remainder of this chapter, we will refer to the automaton A = (Q,X,0). An

automaton specified solely by this data is uniquely determined by a monoid homomorphism from

¥* into B(Q).
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10.2.1 Dual automata

Definitions 10.2

Given an automaton A = (@, X, 0), we define its dual automaton A(A4) = (Q,%,5), where & :
Q X X — P(Q) is defined by, for all z € X, ¢ € Q, ¢goz = z 0 ¢. As before, there is a natural
extension of this map to5: Q x ¥* — P(Q) by

q6)\ =4q,

gozw = (goz)ow.

(Again, we use the same notation for both). This allows us to construct the transition antiho-
momorphism t : * — B(Q), where (z) = t(z) and t(wz) = t(z)t(w), for all z € ¥ and w € I*.
This antihomomorphism satisfies t(u) = ¢(v) iff gou = ¢ov for all ¢ € Q.

Intuitively, we can think of an automaton A as receiving a word w of X* written on a tape, and
reading each symbol of w, from right to left, and applying the appropriate transition to its set of
states. Conversely, its dual automaton A(A) can be though of as receiving a word w written on a
tape, and reading each symbol of w from left to right, and applying the appropriate transition to

its set of states. We refer to A as a left moving automaton and to A(A) a right moving automaton.

10.3 2-way automata

Note that the following definition of 2-way automata is that of J. Birget, [4]. However, he proves

in [3] that his model of 2-way automata is equivalent to the model of 2-way automata found in

[28].
Definitions 10.3
A two-way automaton is specified by the following data: A = (Q = QU Q,, £, 0, go, F'), where

e (Q; is the set of left moving states and @, is the set of right moving states (Note that we do
not assume that @Q; N Q, = 0),

3 is the input alphabet,

0: X X @ — P(Q) is the transition function,

go € @ is the initial state,

F C @ is the set of terminal states.
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As before, we are interested in the transitions of 2-way automata, rather than the languages
recognised by them, so we will refer to 2-way automata as being of the form A = (Q = Q; U
Qr,2,0). A configuration of the automaton A is given by a set of expressions of the form u (@) o,
where u,v € 2%, ¢ € Q;UQ,. This is drawn as a tape, together with a read head, labelled by a
state, with the read head on the boundary between cells on the tape. The transition function has
the following action on the set of configurations of the automaton:

Given a configuration
. Qp_10k (@) Akt10k42 - --
with a; € 33, ¢ € Q, then the set of next configurations is given by the union of
{ar-1arart1 @) apys , ¢ €arpiog: g€ Q)
and
{ar-1 @) ararsrarya , ¢ €arogiqe Q).
Two-way automata have the (possibly more appropriate) description as Turing machines that

do not write. However, they have the same recognising power as one-way automata [45], so are

usually studied in the context of automata theory.

10.3.1 Algebraic models of 2-way automata

The following algebraic method of studying transitions of 2-way automata is taken from [3].

Definitions 10.4

Given a 2-way automaton A, as above, then for every word w € 3, there are four associated

relations, as follows:

e [& w] € B(Q), given by (¢',q) € [& w] if and only if there exists a computation of A,

starting in configuration @y and finishing in configuration (@), with ¢’ € Q; and ¢ € Q.

e [—w —] € B(Q), given by (¢',q) € [-w —] if and only if there exists a computation of A,

starting in configuration (Dw and finishing in configuration w(¢), with ¢, ¢’ € Q..

e [« w—] € B(Q), given by (¢, q) € [+ w—] if and only if there exists a computation of A,

starting in configuration w(@ and finishing in configuration (q')w, with ¢,¢' € Q.

e [w =] € B(Q), given by (¢',q) € [w =] if and only if there exists a computation of A,
starting in configuration w(?) and finishing in configuration w?), with ¢ € Q; and ¢’ € Q,.
These relations were first introduced explicitly in [3], where they are considered in terms of the

monoid B(Q, U @;); however, they feature implicitly in the earlier work [45].
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10.3.2 The composition of global transition relations

The composition of global transition relations of a two-way automaton, determined by words in

*, was first described in [4], where the following theorem is proved:

Theorem 1 Given a two-way automaton A = (Q = Q;UQ,,X,0), and u,v € (X)*, then the global
transition relations for the composite uv are defined in terms of the global transition relations of

u and v, as follows:
o [~uv =] = [-v =] ([u =] o)) [-u -],
o [uv =] = [v=]U[-v 2]u == v)[u =) v-],
o [= w]=[=yU[e v-][= v]([u =] v])[-u =],
o [ uw—]= [ u-]([= v][u=]) [ v-].

Proof Found in [4]. O

Definitions 10.5

Note that any word w € (¥)* determines 4 relations a,b,¢,d € B(Q), where a = [« w-],

b=[= w], ¢ =[w=], and d = [-~w —]. Then from Proposition 5 of Chapter 5, these relations

a
determine a single relation in B(Q U @), which_we write as [w] = and refer to as the

c d

global transition relation determined by w.
Also, by Definitions 6.5 of Chapter 6, any relation R € Rel(X UV, YUU) uniquely determines,
and is uniquely determined by, a morphism R € IntRel((X,U), (Y,V)). Therefore, the global

transition relation [w] uniquely determines a morphism from (Q,Q) to (@,Q) in IntRel. This

gives us the following result.

Theorem 2 Given u,v € (X)*, then [vu] = [v] o [u], where o is the representation in Rel of the

composition of IntRel given in Definitions 6.5 of Chapter 6.

Proof Given

m=| "] w=|°"
c d g h

then from the composition rules for global transition relations given above,

e(bg)*a fUe(bg)*bh
cUd(gb)*ga  d(gb)*h

[vu] =
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Therefore, from the definition of the composition in the category IntRel, [uv] = [u] o [v], and so

our result follows. O

Corollary 3 For all global transition relations [u], [v],[w] of some 2-way automaton,

Proof By definition, IntRel((Q, @), (Q,Q)) is the endomorphism monoid of the object (Q, Q) of

IntRel. Therefore, as IntRel is a category, the composition is associative. O

Definitions 10.6

We refer to the image of ¥* under the map [ ] : ¥* — IntRel((@,Q), (Q,Q)) as the global

transition monoid of the two-way automaton A.

Theorem 4 Finite state 2-way automata can be simulated by finite state one-way automata. —
Note that by ‘stmulated by’, we mean that for every finite state 2-way automaton, we can construct

a finite state one-way automaton with an isomorphic transition monoid.

Proof By the construction of IntRel (Definitions 6.5, Chapter 6), IntRel((Q,Q), (?,Q)) is
finite, For every finite set Q). Also, by [30], there is a representation of every finite monoid in the
monoid of relations on a finite set. Therefore, the global transition monoid of a 2-way automaton
is uniquely determined by a homomorphism from ¥* into a finite monoid of relations on a set.

Therefore, our result follows by the definition of a one-way automaton (Definitions 10.1). O

10.4 An alternative model of 2-way automata

We introduce a slightly different model of 2-way automata to that given in [3]. However, we

demonstrate that the two definitions are equivalent.

Definitions 10.7

We define a two-way automaton to be specified by the data A = (Q, X, 0,5,), where @ is the
set of states, 3 is the input alphabet, configurations are as in Definitions 10.3, and we have two

next-state functions, o; : ¥ X Q@ — P(Q), and &; : @ X ¥ — P(Q). These act on the set of

configurations as follows:

Given a configuration ...z;_92;_; () T;Tiy1 ..., then the next set of configurations is given by
! 1"
{oozicg Dz yazi... id €ezisqorgt U {...zisqz; @) 2., :q" € 45, ; k.
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The equivalence between the model of 2-way automata due to J.-C. Birget (Definitions 10.3), and

the above model of 2-way automata above is as follows:
It is clear that the above model contains Birget’s definition as a special case; given an automaton

(Q =QiUQr,X,0) as defined by Birget, we can define an automaton as above by

(@,2,00: ExQ = P(Q),5,: Q XX — P(Q))

where
Togq T € Q)
zorq=
] otherwise
and
zog ©EQ,
gorT =

0 otherwise
Conversely, given an automaton as defined above, we define @Q; = {¢ € Q : ¥ o; ¢ # 0} and

Q- ={q € Q : ¢go, ¥ # 0}. However, note that in our model we do not have z 0o; ¢ = g o, z, in

general. This corresponds to the following:

Consider g € Q; N Q,, together with the computations

In Birget’s model, {¢;} must be the same as {g;}; in our model they may differ.

The translation is then as follows: Given an automaton A = (Q,%,0;,5;), we deﬁné an
automaton (as specified by Birget) by (Q;UQ,X,0: XX Q — @), where @ and Q, are as above,
QUQ,=Q; x{0}UQ, x {1}, and o is defined by
zojqg 1=0

Folgt)=
§go, 4 1=1

This then gives an equivalent two-way automaton where the left-moving states are distinct from
the right-moving states, so the above problem does not arise. This is an example of the use of
a construction of J.-C. Birget that is used for constructing deterministic two-way automata from

non-deterministic two-way automata. See [3] for details of this.

In our model, 4; = (Q,%,0;) is the restriction of A to its left-moving action, and A, =
(@, X, 0,) is the restriction of A to its right-moving action. So, A; is a (one-way) automaton
that reads an input word from right to left, and A, is a (one-way) dual automaton that reads

an input word from left to right. Note that this definition of two-way automata allows us to
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extend the definition of the direction symmetry operator A to two-way automata, and in this
case, A?(A) = A.

This operator also has a categorical interpretation. Recall the definition of the left dual of a
morphism in IntRel, from Definitions 6.5, Chapter 6. This allows us to describe the A operator

categorically.

Proposition 5 Let [w] be the global transition relation of a word w for the two-way automaton
A. Then the global transition relation of the word w for the dual automaton A(A) is given by
[w], the left dual of [w].

Proof Immediate from the description of the global transition relations of a two-way automaton,
and the description of the A operator as interchanging the réles of the left and right moving

states. O.

10.5 The one-way automata associated with a 2-way automaton

The alternative definition of a 2-way automaton given above allows a natural decomposition of a

two-way automaton into two one-way automata, as follows:

Definitions 10.8

Given a two-way automaton, A = (@, X, 0;,5;), we define the associated left and right moving
automata A; and A,, by A; = (Q,%,0;) and A, = (Q,X,5,). We can also construct ¢; : ¥* —
B(Q), the transition homomorphism of A;, and ¢, : ¥* — B(Q), the transition antihomomorphism
of A,.

10.6 Global transition relations, and Girard’s resolution formula

In what follows, we demonstrate how the global transition monoid of A can be reconstructed from
the next-state functions of A; and A,. First note that the action of A; is uniquely determined by
the action of ¢; on X, and the action of A, is uniquely determined by the action of ¢, on . Also,
as we know that the composition of global transition relations is the composition of IntRel at

the monoid IntRel((Q,Q), (Q,Q)), the action of A is uniquely determined by the images of the
elements of ¥ under the [ ]: £¥* — IntRel((Q,Q), (Q,Q)) map.
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Definitions 10.9

Given a two-way automaton A = (@, X, 0;,5,), we define the left and right projection maps to

be 7, m : @ — @Q, where 7; is the partial identity on @; C @, and 7, is the partial identity on
Qr CQ.

Proposition 6 Let A = (Q, X, 0,5;), be a two-way automaton, and let x € ¥.. Then if we denote

ti(z) by k, and t.(z) by j, the global transition of z is given by

mk(jk)*m mi(kj)(kg)
mr(5k) (Gk) m g (kg)
Proof First note that the possible transitions on a singleton word @ can be summarised by the

following diagram:

i=t (=)

Y

(G 2(2)

A J

P
Then all the possible transitions from configurations of the form (9z to configurations of the form
(@)g are
5, (k)2 (69)%, . .

Therefore, [+ z] is the intersection of (kj)(kj)* with Q; X @, and so [& «] = m(kj)(kj)*n,. A
similar proof gives [z =] = m,.(jk)(jk)*r;. Also, all possible transitions from configurations of the
form Wz to z(¢) are

3, 3kj, i (k3)* 5 (k)% -
so [—z —] is the intersection of j(kj)* with @, x Q;. Therefore [z —] = =,.j(kj)*m;, and a
similar proof then gives [« ©—] = mk(jk)*n,. Therefore, the global transition relation of z is as

above. So we have deduced the required formula for [z]. O

Theorem 7 Let A = (Q,%,0,,5,) be a two-way automaton. Then the global transition relation
of a member of ¥ is given by the following version of Girard’s resolution formula in the monoid

of relations on @ X Q :
[z] = Res(U,0) = 7U(1 — oU) " 'r = U (cU)*r,

where



(As before, we define j =t.(z), k =t;(z)).

Proof First note that

01 E 0 (0
10 0 j ko)
S0
2n
0 1 k0 (7k)™ 0
10 0 j 0 (k)" |
and
2n+1
0 1 kE 0 _ 0 (k)5
10 0 j (kj)"k 0
Therefore,
0 1 k0 B (5k)* 0 ¥ 0 JU(Gk)*k
10 0 g4 0 (kj)* kU (kj)*s 0
)3
kJ
and so

(k) (GR)*  J(k5)"
Therefore, Res(U,0) =

*

( (kj)*k ,
Eo)[[ o ( K(R)" (k) (ki)"
m 0
0 mn,
mk(jk)*m  m(kj)(kj) n,
T (5k) (Gk)* T w5 (kg)*m,

and we have seen from above that this is the global transition relation of z. O
Therefore, we have proved that the global transition relations of a two-way automaton can be

reconstructed from its associated left and right moving automata, using a version of Girard’s res-

olution formula, and the composition on the endomorphism monoid of a compact closed category.

177



Appendix A

Critique, and ideas for future work

We review the previous 10 Chapters, with specific reference to further work that can be developed

from the concepts introduced.

A.1 Introduction

The stated aim of this thesis was to understand the algebra and category theory arising from the
Geometry of Interaction series of papers ([20, 21, 22]). The attempt to do so led to a number of
interesting new structures, both algebraic and categorical, so it can be considered a worthwhile
project. However, many of the new structures, and results, are tangentially related to the original
program — so much so that we have not had the time or the space to develop them for their own
sake. In light of this, our review of the thesis mainly takes the form of ideas for extra work, as

well as a critique of the way we chose to study the concepts introduced.

A.2 Review of Chapters

Chapter 1

As an introduction of basic concepts in algebra and category theory, the first few sections are
basically self-contained. However, the disjoint closure (in its various forms) is new, and can be
considered to be the inverse semigroup analogue of the power set construction. Extra work is
needed to consider the properties of this map; in particular, the relation of the natural partial
order to set-theoretic inclusion. To study the categorical trace, as presented in Chapter 6, it is also
worth studying the conditions for terms built up from elements of an inverse semigroup, together

with the Kleene star, to be members of the disjoint closure in a symmetric inverse monoid.
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Potential for extra work also arises with the introduction of P, and its embeddings into
symmetric inverse monoids. Our work mainly considered the monoids P, and P.,; however,
considering the strong embeddings of P, into I(X), given by a strong embedding of P, into I(X)
would be an interesting problem; we can reasonably expect the number of distinct embeddings to
be given by the enumeration of distinct binary trees (i.e. the Catalan numbers) when a = 2, and

presumably the general case would best be considered in terms of coding theory.

Chapter 2

At this point, we chose to develop the thesis in terms of embeddings into the natural numbers,
rather than the Cantor set, for consistency with (some of) the structures of the Geometry of
Interaction series; however, the Cantor set can be considered a more natural (and graphical)
representation of self-similarity.

The self-embedding results on the natural numbers are basically self-contained, although they
can of course be written in terms of the M-monoid structures of the endomorphism monoid of N
in Inj. (For example, the embedding of P into I(N) determined by an embedding of Py, into
I(N) has a natural definition in terms of the ? operator introduced in Chapter 5).

The connection between the Cantor set and the natural numbers representations of polycyclic
monoids is not as straightforward as it might appear; although the constructions of topologies on
the Cantor set and N from an embedding of P, gives a bijection between the basic open sets of
each, the underlying set of the Cantor set is uncountable, whereas that of the natural numbers,
by definition, is countable. There is also a connection between the embeddings of P, chosen for
the Cantor set, and the natural numbers; consider binary representations of the natural numbers.
Let w be a word in {0, 1} representing a natural number. Then 2 X w is written as w0, 2 X w+1
is written as wl, and the connection with the action of P, on the Cantor set is apparent.

Finally, the results generated by the embedding of P, into C* algebras — in particular e* as
a fixed point of p,q, the connection with differentiation, and Euler’s identity — are well worth

further study. However this would require additional expertise in functional analysis.

Chapter 3

The results on ring theory are interesting concrete examples of self-similarity considerations.
Although they follow almost trivially as corollories of categorical self-similarity, as presented in
Chapter 4, they form a motivating example that is self-contained. However, all the results also

seem to follow for semi-rings, so perhaps this chapter would have been better phrased in terms of
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additive categories, rather than just rings.
Also, we have not given any concrete examples of constructing the Ky group of a ring using

an embedding of P, — perhaps this could be used (along with the embedding of P, into B(I?) of
Chapter 2) to demonstrate that the Ko group of B(I2) is trivial.

Chapter 4

The concept of self-similarity in its categorical form needs a great deal of extra study. In particular,
we would like to be able to prove that when the tensor category of a self-similar object is an X —
category, (where X is symmetric monoidal, Cartesian closed, traced, compact closed, or whatever),
the endomorphism monoid of the self-similar object is an X M-monoid, and an X — one-object
category (without unit conditions) when the self-similarity is strong. Of course, the difficulty with
this is formalising the idea precisely.

Also, some analogue of a coherence condition for a symmetric monoidal category with self-
similarity morphisms at some object would be useful. This is presumably related to proving that
the (weakly) self-similar category S is inverse, and not just regular — this is why we did not
attempt to prove this, although we expect it to be true.

More concretely, we could develop the connections between self-similarity and embeddings
of polycyclic monoids, in light of the result (from [38]) that idempotents of a Karoubi envelope
are splitting idempotents. This would be connected with studying the endomorphism monoid of
the distinguished self-similar element of the self-similar category S in the weak and strong cases.
This would hopefully shed light on the category theory, via the congruence-freeness of polycyclic
monoids.

Finally, it would be interesting, and probably enlightening, to study Dana Scott’s original
construction of a C-monoid in terms of categorical self-similarity. This would also involve finding
the conditions for the tensor category of an object of a Cartesian closed category to be a Carte-
sian closed subcategory (without unit elements). A good starting point for this would be the

interleaving embedding of P, he implicitly uses (again, see [38]).

Chapter 5

This Chapter is concerned with providing examples of previously defined concepts (although,as
we later show, it also forms the algebraic framework for our models of Geometry of Interaction).
It would be useful to find an entirely categorical interpretation of the various connections between

the two distinct strong M-monoid structures on I(N). A start has been made on this with the
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identification of the !(a) = (1®a) map as a right fixed point homomorphism for (I(N), @), however,
much remains to be done.

Also, it is somewhat surprising that the commutativity morphism o for ® is not representable
in terms of the disjoint closure of P, in J(N), and a proof of this that did not depend on constructing
a topology on the underlying set would clearly be more general. Similarly, it is surprising to find
a naturally arising right fixed point homomorphism in DC(P,), but not a left one (although we

have not proved that one does not exist). These results are presumably related.

Chapter 6

This Chapter introduces a large number of new structures, and as such, a great deal of further
work remains to be done. In particular, we restricted our consideration to symmetric traced
monoidal categories — and hence- to compact closed categories, via the construction of Joyal,
Street, and Verity. The natural thing to do is to consider the general case of braided traced
monoidal categories — and hence tortile monoidal categories, via the same construction. This
would necessarily depend heavily on the use of diagrammatic reasoning, and correctly defining
braided M-monoids.

Also, a formalisation of the ‘summing over all possible paths’ explanation we gave for matrix
multiplication, the trace, and composition in IntRel seems feasible. A method of computing such
sums (or rather, unions and disjoint unions) seems possible using analogues of Kauffman’s state
summation in bracket polynomials, for splitting up diagrams — in fact, he presents a method of
calculating matrix determinants from state summations in [36].

Work also remains to be done on understanding our alternative characterisation of compact
closed categories — in particular, whether the axiom set can be simplified. Ideally, we would find
an equivalent set of axioms that do not mention the units elements at all.

In terms of self-similarity, the most obvious omission is a method of constructing compact
closed M-monoids directly from traced M-monoids. However, the proofs associated with the
construction of compact closed categories from traced symmetric monoidal categories were phrased
in terms of diagrammatic reasoning, so this would probably require an analogue of diagrammatic
reasoning for M-monoids, and a proof of its validity. Also, we did not study the case when an
object N was a very self-similar object of a compact closed category (T,®) but (®N) was not
freely generated in T. This is because the specific case we required was freely generated, and this

simplified calculations considerably.

Finally, the monoid F we introduced requires a great deal of extra study. Categorically, we
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have not given explicit descriptions of the x and § maps for it (although the dual on elements was
enough for our analysis of cut-elimination in GOI1). In terms of semigroup theory, computing
Green’s relations, the semilattice structure of the idempotents, its representations in symmetric
inverse monoids, and other standard inverse semigroup theoretic tools would shed more light on its
structure. Also, it appears that (two copies of) the disjoint closure of P, in I(N) is closed under all
the operations presented, and perhaps this would give the correct definition of the inverse monoid
behind the Geometry of Interaction 1.

On a more speculative level, the diagrammatic reasoning representation of the object / dual
object creation and destruction operators of compact closed categories are very reminiscent of
Feynman diagrams — as is the ‘summing over all possible paths’ interpretation. However, a great
deal of speculation has been done on the connections between linear logic and theoretical physics

without producing any concrete results (see [19] for comments on this).

Chapter 7

Although this Chapter is an exposition of pre-existing work, it does raise several interesting points:

Firstly, the question of the exact computing power of the GOI1 system remains open. Although
it is an interpretation of (a variant of) multiplicative linear logic, and as such, Girard’s system F is
expressible in it, he also makes the comment ‘Actually, an interpretation of pure lambda calculus
seems at hand, since our system forgets types’ — [20], and a similar, although not identical
interpretation of untyped lambda calculus in terms of the same algebraic tools is given in [9]. On
the other hand, we later demonstrate that the correct categorical model of GOI1 seems to be
that of (one-object) compact closed categories, and the standard model of pure lambda calculus
is one-object Cartesian closed categories. Also, it is well-known that Turing Machines have the
same computing power as pure lambda calculus (and as such, should have the same categorical
models), and we have used compact closed categories to model Turing machines that do not write
(i.e. 2-way automata) in Chapter 10. Clearly, much work remains to be done.

Secondly, there is a concrete interpretation of the members of P, in terms of the basic opera-
-

tions of computers; the generators p,q, p~!,¢~! can be considered to be the operations

e Push 0 onto a stack,
e Push 1 onto a stack,
e Pop the first member of a stack, and check for equality to 0,

e Pop the first member of a stack, and check for equality to 1,
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respectively. These operations are fundamental to all computer design, and there is a similar
way of representing words of P, in their canonical form, and their composition. Also, matrix
multiplication is the standard method of implementing parallel computation, and as most the
entries of matrices from this system are zero (we can simplify computation considerably by the
result that M;; = MJ-_z-l, for all matrices in this system), the matrices are ‘sparse arrays’, for which
fast parallel multiplication algorithms exist. Finally, although the ! operator is used, which seems
to imply infinite copies of words, its characterisation as a fixed point operator allows a finite (and

indeed, simple) description of its conjugation by words of P,. In view of this, it seems that the

GOI1 system can be though of as a very concrete specification of a low-level parallel computing

system.

Chapter 8

Although the introduction to this Chapter was phrased in terms of categorical models of lambda
calculi, it is really about the Geometry of Interaction 1 system; categorical models of polymor-
phism have been constructed (see, for example, [31]), and using the Geometry of Interaction
system does not appear to be the right approach. A direct approach to this seems better.

The main feature that this chapter requires, and does not have, is a categorical interpretation
of the (multiplicative) operations of Linear Logic. Even though the GOI1 operations are repre-
sentable in terms of the canonical elements of the M-monoid structures on I(N) (or variations
of thém), the reason for their use in this form is not clear (except perhaps for the axiom link,
and the cut / cut-elimination process). If the GOIl system is the ‘right’ representation (and
some doubt is cast on this claim by the restrictions on, and non-standard treatment of some of
the operations), we would expect canonical categorical interpretations of the logical operators in
terms of the canonical morphisms of one-object compact closed categories. However, this may
just be because we lack details of the interaction of the two distinct M-monoid structures on /(N),
and the M-monoid structures they induce on F.

More concretely, as the interpretaion of the cut-elimination process is phrased in terms of the
opposite trace, and the alternative composition on the monoid F, it would probably have been
better to write Chapter 6 in terms of right duals, rather than left ones.

Also, the ‘infinite matrices with a finite number of non-zero elements’ interpretation of GOI1

matrices may not be the correct one; however, it is difficult to see how an alternative interpretation

would allow the unrestricted compositions required.
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Chapter 9

In terms of interpreting the GOI3 system, this chapter must be considered to be only just started,
as opposed to requiring extra work — the only concrete results on the GOI3 system are that it
is modelled in terms of inverse semigroups, and the resolution formula is defined in terms of the
categorical trace. The difficulty with the self-similarity approach (which is again only just started)
is finding a natural choice of category in which the clause semigroups are the endomorphism
monoids. What was hoped for, and does not seem apparent, is an M-monoid structure on the
clause semigroups used, hopefully involving compact closure. However, work has not really started
on analysing the representations of the logical rules of full linear logic in this system — possibly
the structures we are looking for will be apparent then.

In terms of an algebraic approach, the representation of the clause semigroup in the symmetric
inverse monoid of partial injective maps on a term language, and its action on substitution classes,
uses a lot of semilattice theoretic constructions, and these have not been studied in great depth.

Also, in [22], the connection between the clause algebra and the computer language Prolog
is commented on. However, this is not the standard representation of computation in Prolog
(which is given in terms of the Kleene star on the monoid of relations on a term language [6]),
so a comparison of the two would be useful, possibly in terms of the usual sequent-calculus
interpretation of substitution, unification, and composition in B(L).

Finally, when the logical operations have been analysed, it would seem reasonable to attempt

to model GOI3 computations in Prolog, or a related language. However, this is a long way off at

the moment.

Chapter 10

The natural next step from this chapter is to consider algebraic models of automata that rewrite
the tape they are reading, and use the method of ‘sticking together’ two one-way automata, to
construct categorical models of Turing machines, in terms of compact closed categories (however,
see the comments made on this in the critique of Chapter 7 above). Work has already started on
this, by requiring symmetry between the set of states, and the input alphabet in the definition of
a (one-way) automaton. The correct algebraic model of this seems to be Rees matrix semigroups,
and work is progressing on the best way to ‘stick together’ two automata of this form, by analogy
with the compact closed category construction for standard two-way automata.

An alternative extension of this chapter would be to attempt an automata theoretic interpre-

tation of the way the trace and compact closed category composition are used in GOI1. This
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would require automata-theoretic interpretations of such things as inverse transition monoids,
global symmetry between left and right parts of a two-way moving automaton, and the con-
traction maps (not to mention fixed point homomorphisms and associativity and commutativity
operators) — it is unclear at the moment whether this approach would shed any light on either
the Geometry of Interaction, or on the theory of two-way automata. However, polycyclic monoids
are used in modelling pushdown automata, [15] so perhaps this is reasonable after all. At the very
least, it would appear that 2-way pushdown automaton would have analogues of global transition

relations that look very much like (fragments of) the Geometry of Interaction 1 system.
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